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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” +bx+c¢ =0

—b+~JB* —4ac

2a

X =

Binomial expansion

(a+b) =d" +[TJa”‘1b J{;] a"’p? +...+[”}a”‘-’br +..+b",

¥

-1)...(n—-r+1
where # is a positive integer and % s s e’ L v )
r) rli(n-r)! r!

1. TRIGONOMETRY
Identities
sin® A+cos” A=1
sec’ A=1+tan’ 4
cosec’4=1+cot’ 4
sin(A4+ B)=sin Acos Bxcos Asin B
cos(A+ B)=cos Acos BFsin Asin B

tand+tan B
lr-tan Atan B
sin2A4=2sin 4cos 4

tan(4 £ B)=

c0s24=cos® A—sin®? 4=2cos* 4A—1=1-2sin* 4
2tan 4

tan24=-—"—""
1—tan® 4

Formula for AABC

a b e
sind sinB sinC

a* =b%+¢> —2bccos A

A =labs'mC
2
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Find the set of values of x for which (2+3x)(x—5)>2+3x. [3]

2
A curve is such that ‘jﬁ;: 9x +1. The gradient of the curve at the point (2,16) is 18. Find

the equation of the curve. [6]
2 :

(i) On the same axes sketch the curves of y=2x * and y° =x for x>0. [2]

(i)  Find the coordinates of the point of intersection of the two curves. [3]

The variables x and y are such that when the values of ~ are plotted against x a straight line
Y

graph is obtained. It is given that the line passes through the point (3\5 : 4) and forms an

angle of 60° with the x-axis. Express y in terms of x. [4]
) By using long division, divide 2x’ —6x* +x—3 by x—3. [1]
3x% +21x+5

in partial fractions. [5]

il Express
(i) g 2x° —6x* +x—3

The equation of a curve is y = %ez" —7e* +6x.

; " . dy dy ;
i Write down expressions for —— and ’ 2
(1) rite down exp o o [2]
(i)  Find the exact x-coordinates of the stationary points on the curve. [4]
(iii)  Determine the nature of each of these stationary points. [3]
Find
@ I3x4 —5cos6x dx, - [2]
(ii) _[ sin x +sec’ (5 + Zﬁx) dx. [2]
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8 As part of a garden design, there are plans to put aside a rectangular space which has sides of
lengths » m and / m. This rectangular space is to include a quadrant-shaped water feature and

a lawn. The area of the lawn is to be 360 m2.

LAWN
/m
WATER
FEATURE
¥m
g 2 oy 720
(i) Show that the perimeter, P m, of the lawn is given by P =——+7zr. [4]

F
A hedge is to be planted along the perimeter of the lawn.

(ii)  Given that » can vary, find the dimensions of the rectangular space which can allow

the shortest length of hedge to be planted along the perimeter of the lawn. [6]
tan” x—1
9 @) Show that ———=1-2cos’x. [3]
tan® x+1
- : : .. tan®x—1 1
(i) Hence find, for 0 < x <5, the values of x in radians for which ———=—. [3]
tan“"x+1 2
10 The roots of the quadratic equation 4x* —6x+3=0 are z and i Find a quadratic
a
equation with roots ¢® and 5°. [6]

Need a home tutor? Visit smiletutor.sg



11

12

15

A rectangular piece of cardboard has the dimensions 18 cm by 5— V3 om.

(1) Find the exact value of the square of its diagonal. [2]

A small square piece with sides 1+ V3 cm is cut out from the rectangular piece of cardboard.

a+b\/§

(ii)  Express in the form

, the area of the small square as a fraction of the area of

c
the rectangular piece of cardboard. [3]
T d
()  Giventhat y=xv/5x* -6, find Ey. 2]
5x%* -3

4
(i)  Hence, evaluate L

= g, (3]
\5x2 -6

The equation of the tangent to a circle at the point A(8,9) is given by 4y +3x =60. The line

y =4x—7 passes through the centre, P, of the circle.

1) Find the coordinates of P. [4]

(ii)  Find the equation of the circle. [3]

The tangent to the circle at 4 meets the y-axis at point B.

(iii) Find the equation of another circle with BP as diameter. [4]
END OF PAPER
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+c =0,

_—bEAb’ —4ac

2a

X

Binomial expansion

(@+b) =a” +(H}a”‘]b+(nla”‘zbz +...+[nja”"’b’ .+...+b” ,
1 2 r)

n]: n n(n—l)‘.;ﬁ(lrz—r+1)

4 r!(n—r)!

where » is a positive integer and [

2. TRIGONOMETRY

ldentities
sin* 4+cos* A=1
sec’ A=1+tan” 4
cose? A =1+cot* 4
sin(4 + B)=sin Acos B+ cos 4sin B
cos(4+ B)= cos Acos BF sin Asin B
ta.n(AiB)z tanA+tan B
lF¥tan Atan B
sin2A4 = 2sin Acos 4
c0s2A4 =cos® A—sin* A=2cos* A—1=1-2sin" 4

tan2.4 = ﬂ
l1—tan® 4
Formulae for AABC
a b c

sin A % sinB N sinC
a* =b*+¢* —2bccos A

A =—1~bcsinA
2
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The curve y=f(x) is such that f'(x)=3—sinx.

(i) Explain why the curve y =f(x) has no turning points. [2]
(i) Given that the curve passes through the origin, find an expression for

¢ [3]

(x)-
The equation of a curve is y = L +41 :
x —_—

) State, with explanation, whether y is an increasing or decreasing

function. [4]
(1) A particle moves along the curve y=— 41 in such a way that the y-

x —

coordinate of the particle is increasing at a constant rate of 0.5 units per

second.

Find the rate at which the x-coordinate of the particle is changing at the

instant when x=2. [3]
(1) Using sin3x=sin(2x+x), show that sin3x =3sinx—4sin’ x. [3]
(i) Find all the values of x between 0 and 2z for which sin3x =sin” x. [4]

i) Express +/3sin@+cos@ in the form Rsin(@+a), where R and o are

constants to be found. [3]

(11) Using your values of R andea, evaluate j{; /3 sinx + cos x dx , leaving

your answer in exact form. [4]
(1) By considering the general term in the binomial expansion of

[kx -—?]7 , where ks a constant, explain why there are no even powers

of x in this expansion. [5]
(i)  Given that the coefficient of the third term is thrice the coefficient of the

second term, find the value of k. [3]
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) Find the coordinates of all the points at which the graph of

y= ‘,’Zx —3| —4 meets the coordinates axes. [4]
(i)  Sketch the graph of y =|2x—3|-4. [2]
(ili)  Solvethe equation x+4 =|2x—3|. [3]

It is given that £(x)=2x"+6x" +6x+5.

(i)  Find the remainder when f(x) is divided by (x+1). 2]
(ii) Hence, show that f(x) can be expressed in the form
>
f(x)=a(x+1) +b. i
determine

(iii)  Find the coordinates of the stationary point(s) and state the nature of the

stationary point(s). [5]
(iv)  Using your answer in part (iii), explain why the graph of y=1 (x] +k

will always cut the x-axis only once for all real values of £. [1]
Answer the whole of this question on a piece of graph paper.
A cuboid box of volume ¥ ¢cm® has a height of x cm and a rectangular base of
area (a.x2 +b)cm2. Corresponding values of x and V7 are shown in the table
below.

X 2 4 6 8
vV 24 72 168 336

@) Using suitable variables, draw, on graph paper, a straight line graph and

hence estimate the value of each of the constants @ and b. [6]
(i)  When a ball is placed in the box, the ball touches every inner side of the

box. By drawing a suitable line, find the diameter of the ball. [4]
(iiily  Using your values of @ and b, calculate the value of x for which the

condition in (ii) can be satisfied. [2]

Need a home tutor? Visit smiletutor.sg



10

11

(a)  Solve the equation log, (2x+1)—log, (x+1)=1. [4]
(b)  Given that (log, ¢)(log, @)(Ina) =16, express a in terms of b. [4]
(¢)  On the same axes, sketch the graphs of y=e¢* and ¢’ = L :
x
Hence, determine the number of solutions for e* +Inx=0. [4]
(a) Without using a calculator, find the rational numbers, a and b, for which
J5+43 '
= """ can be expressed as a+/2 +5+/30. =
\/1—0_ \/g p 2 [4]
(b) (i) Express 5% =5 +1 as a quadratic equation in 5* and hence
find, correct to 2 decimal places, the value of x which satisfies
the equation 5% =57 +1. [5]
(1) Find the range of values of % such that the equation
523 _5%1 L k=0 has no solution. [3]
y
1 A(6.8)
0 -
D -~
B /
£
The diagram shows a trapezium 4BCD with vertex 4 (6, 8) . The sides AB and
DC are parallel. 4B cuts through the origin O and its length is given to be 15
units. C and D lies on the y-axis and x-axis respectively.
(1) Find the coordinates of vertex B. [4]
(ii) Show that equation of BC'is 4y+3x+25=0. [3]
(iii)  Find the coordinates of vertices C and D. (4]

END OF PAPER
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2019 4E5N MYE Additional Mathematics Paper 1 Solutions

Qn Solution
1

(2+3x)(x—5)>2+3x
(2+3x)(x-5)-(2+3x)>0
(2+3x)(x—6)>0

+ +
——Z-U
3

.'.x<—-3— orx>6

2 2
ix{=9x+1

%=J(9x+1) dx
9 4
=—x"+x+c
2

When x=2, i"z=18
x

%(2)1+2+c-_—13

3()
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3(i)

=1.26 (3s.f.)
Coordinates of the point of intersection are (2,1.26)

m=1an60° =3
Subm=+3, (3J§, 4) into (1):
4=\/§(3-\/§)+c

c=-5

i=\/§x~5
Y

y= z
ng——ﬁ

5(i)

o
\

26+l A\
x—3) 2%’ —6x* +x—-3
—(2x3 ~6x" %

-

SO &
06
@ 6\‘\;\66

)
=
kg c\f@?@

O
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3% +21x+5 | 3xX+21x+5

5(i)
22 -6 +x-3 (x-3)(2x" +1)
32 +21x+5 A Bx+C
let W e
(wa)(2x -!;—1) x—3 2x*+1
!
3 +21x+5 = 4 (2 +1)+ (Bx+C)(x-3)
Subx=3: 95=194
A=35
Subx=0: 5=5-3C
€=
Subx=1: 29=15-28
B=1'—7
3% +21x+ !H 5 Ix
27 -6 +%—3 x—3 2 +1
6(i -’
o P= —l-e”‘ —7e" +6x
2 (]
|
6(i)
oG | 2%
i{-{* %\%Se ¢ _7e™ =300
dx xs.nﬁ ‘
The curve has aminimum point at x =In 6.
d’y 0 0
=2e —T7e =-5<0
dxz x=0 i 1,
The curve has ajmaximum point at x=0.
7(i !
® I(Bx"~50056x}dx=§—x5—~5—sin6x+c
: 5 6
(i)

j(sinx+scc’ (5 +27rx)) dx = —cosx+2—1-tan (5+27x)+c
_ 1
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8(1)

Area of lawn:

lr—-’%’-:%ﬂ

2

o
oo, 4

F

360 &r
P B0 LB g
4 (1)

r
Perimeter of lawn;

P= I+r+(l—r)+%(2?rr)

8(iD)

% L04\g\@5’»f)>o

= Shm\@?enmatcr

;360 +;r(15 138)
©15.138 4
=357 (3s.f)

The shortest hedge can be planted when the
rectangular space is 15.1cm by 35.7cm.
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9(i)

tan® x—1
tan® x+1
sin” x 1
” cos:z
szx 1
cos” x
_ sin® x—cos’ x
~ sin® x+cos® x

=sin® x—cos’ x
=1-cos? x—cos’ x
=1-2cos® x (shown)

o)

1
1-2¢c08® x=—
2
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10 4x* —6x+3=0
A

E B -(1)

(iR

o+ ﬂ P
From (1) ,6' 2 (3)

From (2). aff = 5 --------- 4)

Sub (3) into (4): a+ B =2 -——(5)

o+ =(a+p)(a’-apf+ A7)
=(a+8)((+B)" - 3a8)

:@)@1_3@)
(@) (8 . /
s '/

3>

The equan -j %%@60

11(1) hag j re@ / @\} O(\\\i
qu% ﬁ? = \%@QQ
i

11(ii) SQ’J/J 6\\“
@‘; 5

\& _ 44243 [5+I]

18(5-+3)5+3

_20+10M3+443+6
18(25-3)

_26+1443
396

_13+743
198
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121) y=x\5x"~6 |
1 1
ot o

_5x*—6+5%"
5%x>~6
2(5x*~3)]

\5x2—6

12(1) | w4 5x* -3 e
2 J5x%*~6
il 42(53:2—3
=5L V53t -6

= %1:::\}5:;2 - 6_4

ta

1 AN
=5[4J7_4 -2J14]
~13.5 (3s.£)

—

dx

130 | 4y+3x=060

P(21)

13G3) (:c—?.)2 +(y—1?2 =it
Sub (8,9): »* =100
Equation of cirdle is (x—2)" +(»—1)° =100.
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13(ii)

Whenx =0, 4y+3(0) =60
y=15

B(0,1 S)
Centre of circle = [,%ig, ﬂ]
2 2
=(1,8)

BP=4/(2-0) +(1-15)"
=10v2
Radius = 5v/2

(x=1)"+(p-8)" =(5v2)

Equation of circle is (x—1)" +(y~8)" =50.
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CWSS 4E AM 2019 MYE P2 SOLUTION

1(1) =l<sinx<1
~]€=-sinx=1
—l+3<€—sinx+3<1+3
2<f'(x)<4

Since f'(x)is always more than 0, there are no stationary points on the curve.
1) f(x) =_|-3—sinxa‘.r
f{x)=3x+msx+c

Since curve passes through origin,
0=3(0)+cos(0)+c

c=-1

f{x)=3x+cosx—1

20) 2x+1
e || ¥ 4
dy _2(x-4)-1{2x+1) /
dx‘_ (‘t’"" >\ rb’\
2. /)/\ %‘Q’Q

f glk‘\(j /3\3“ {0? real §M al! real values of x.
Hen \

2(n) V x
@ ax/gg\ \% nﬁ\i\
5. /@

B oo
\d{ %@u‘s per second

3(1) sm?x~sm2xcusx+m52xsinx
sin3x = 2sin xcos xcns::+(1—zsin’ x)sinx

g

/\C/"
&

sin3x =sin JE(Z{:-:'-Sz x+1-2sin® x)

sin3x =sin ::[2 (1-51:1: x)—f*1-=2.si3:L2 x]

sm3r=3sinx—4sin’ x

Need a home tutor? Visit smiletutor.sg



3(u) sin3x=sin’x

3sinx—4sin’ x=sin" x
sinx(4sinx—3){sinx+1)=0
sinx=0, s'u:x:-ﬁ-, sinr=-1

x=m, x=03848(3s), :—3;

B S
R=2

= J_
T

& =—
(4]

J_smﬁ' +cosd = Zsm[ﬂ e

) _[ -\r 3sinx+cosxdr

=

5

e

‘"E) s [r] (B (1) 4

Since the powerof xis 7—4r =2‘[3-—2r)+1wﬂl always be odd, there are no even
powers of x for this expansion.

T
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S({u)

e =

21(k)° =-3(7) (8)°
=-1

6@

When x=0, y=|ﬂ-3|_4
y==1
When y=0,0=|2x-3|-4
[2x—3|=4
2x-3=4 or 2x-3=—4
7 1
r=— X==——
2 2
Points are (0,-1), [-—%ﬂ] and [ :

&)

{ \f??\ﬁ v’AQ
6@\ / T+ 5 AR K\@\‘v“‘
Nm§2x@% fex-s \x\\v\

Py

2> A (@ e\
;@\(/:5 e

70) =200+ 6(-1)7 +6(~1)+3
A
7(ii) £(x) =(x+1)(2¢ +4.r+2)+3 o

f(x)=2(x+1) +3
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7(in)

2

f'(x)=6x"+12x+6 or f'(x)=6(x+1)
6x* +12x+6=0 or (x+1)° =0
©+2x+1=0

(x+1)°=0
x=-1
y=2(-1+1)" +3
y=3
By first denivative test,
= -1 =0
positive 0 positive

E lnialx

e | s

(-1,3) is a point of inflexion.

7(iv)

As the praph is an increasing function with no tupfhg

the x-axis only once.
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d 5=10

35=25
50-30

—dan

From the graph

a
a




8(i1)

V=x
Add the line £ = *onto graph
x

From the graph, x* =20
Diameter of the ball =~/20=2/5cm

&)

e =x(—1~r‘ +10J
2

1o

—x =10x=0

2

x=0or x*=20
Since x =0, the diameter of the ball =20 =2/5cm

o{a)

log, (2x+1) ~log, (x+1) =1

log, (x+1) —log, 2

log, (2x+1) 0.4 =log,

log, (2x+1)—— la::vg1 (x+D)=log,2

log. {Jl] =log, 2
2x+1=2x+1 QQ)’\
4x* +4x+1-dx+4

6@
2 o\
4x* =3 < )

EA l\"E v @Q s o

9(b)

Wgsl)(loy ) (1)~ é\g @> \\\K\a\‘s"‘

\
X{%& 6@‘9 {®<>@\\\3@ﬂ

1
¥,
lng= In ﬁm\\ b

a=>5' oreée\%\
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9(c)

y=¢
e

—_——

ylne=Inx"
y=-Inx

g +Ilnx=0
g"=—lnx
From the graph, there is only one point of interse ctio

10(a)

W

e JEJJ—J
S| x'/

T A

N J’Mi”i:
o0&

3 S%N\/i’”

10

5+

10(b)(®

62 *m%\,?ws =0

=0.090246 and y=-0.088545
=0.090246 and 5 =-0.088646(1zject)
- In 0.090246
In5

x=—-149(2 dp)
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10(b)(u)

Let y=5"
125_1:"5—%-!*!::{]
625y —y+5k=0

(~1)° ~4(625)(5k) <0
1-12500k <0

1
T r——
’ 12500

11(i)

Length of A0=/6* +8* =10
Length of OB=15-10=3

JE P =5 aud%=§

By substitution or by Pythagoras triplets,
x=-3 and y=-4

B(-3,-4)

11(i)

Gradient of BC=—

11(iii)
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Mathematical Formulae
j £ ALGEBRA
Quadratic Equation

For the equation ax” +bhx+¢ =0

—bx+b* —4ac

2a

Binomial expansion

(a+b)"=a”+( ’; ]a”“b-i-( ; )a"'zb2+...+[ " Ja“"b’+.“+b”,
r

where n is a positive integer and

r

( n ) n! _n(n—-l),..(n—lr+l)

=r!(n-r)!_ r!

2, TRIGONOMETRY

Identities

sin?A+cos’ A=1

sec’ A=1+tan’ A

cosec’A=1+cot’ A
sin(A=B)=sin AcosBxcosAsinB
cos(A=B)=cosAcosBFsinAsinB
tanA+tanB
lFtanAtan B
sin2A=2sinAcosA

cos2A=cos’A—sin?A=2cos’A-1=1-2sin* A

tan(Ax B) =

tan2A = —gﬂ
I-tan® A
Formulae for AABC
a b ¢

sinA " sinB - sinC
a® =b*+c¢* -2bccos A

A=lbcsinA
2
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A triangle has an area of (58+8\/§) cm’and a height of (?+3J§) cm.

Without using a calculator, find the exact length of its base, expressing in the
form a + b~/5, where a and b are integers. [4]
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(0 On the same diagram, sketch the curves y =9x 2 and y* = 4x. [2]

(i) Find the coordinates of the point(s) of intersection of the two curves.

2]
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The equation of a curve is y =2xe™™, where k is a constant. The curve
passes through the point (5,10).

Q) Find the value of k. [2]

(ii) For what values of x is y an increasing function of x? [3]
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Express

16x*-9x+18 .

—————— in partial fractions.

x +3x

(3]
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The function fis given by f(x)=—3sin g +2.

(i) State the amplitude and period of f. (2]

(ii) Sketch the graph of y =f(x) for 0 <x<4n. By drawing a
suitable straight line on the same axes, state the number of solutions

to the equation 4n — x—6n5in% =0for0<x<4n. [5]
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@) Given that cos(4+ B)=3cos(A—B) and tan 4 = —g , find the

value of cot B. [3]
- 1+tan’ x
(if) Prove that ———— =sec2x. [3]
l1-tan” x
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The roots of the quadratic equation 2x* +x+6 =0 are & and £.

()  Express @’ ~af+f* interms of (@ + /) and of. [1]

ii Form a quadratic equation whose roots are ¢’ and 4°. 5
q q
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An antique grandfather clock manufactured using the finest wood in 1850 had
an initial value $2000. The clock appreciated in its value such that its value $V
can be modelled by the equation ¥ =20000—Ae , where ¢ is the number of

years after its manufacture date.

(i) Find the value of 4. [2]
(ii) In the year 1880, the clock reached five times its initial value.

,SQOW that £ =-0.01959 correct to 4 significant figures. [3]
(iii) Explain why the value of the clock will not exceed $20000. [2]
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The diagram shows the graph of y = |6 - 2x| -1.

Ny
>_

0\/' i

T B
(i) Find the coordinates of 4 and of B. (2]

(ii) By solving the equation |6 - ?_x‘ =3x+1, find the x-coordinate of

the point(s) of intersection between the graphs y = {6 - 2x‘ -1

and y=3x. [3]

(iii) State the range of values of m for the equation ‘6 - 2x[ =mx+1 to

have no solution. (2]
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12

A circle passes through the points P{0,E) and ((8,12). The p-axisis a

tangent to the circle at P.
—

(M

Find the equation of the circle.

3]
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The tangent to the circle at Q intersects the x-axis and y-axis at 4 and B
respectively.

(ii) Find the ratio of 40 :0B. [3]
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)

(i)

14

Expand (1-2x)’ in ascending powers of x up to the term in x°. [2]

Find the value of k, given that the coefficient of x in the expansion

of (3x+-fgx1-2—](1—2x)9 is —53. [3]
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12 The equation of a curve is given by y =In

Ox+4

(i) Find % expressing it as a single fraction. (3]

(ii) Find the rate at which x is changing when the graph crosses the
x-axis, given that y is increasing at a rate of 0.3 units per second.  [4]
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Solutions to this question by accurate drawing will not be accepted.

N
13 ’
\
‘ R(12,4)
P(-4,00\/ O
2y =9x-100

The diagram, which is not drawn to scale, shows a triangle POR in which
PO =Q0R. The coordinates of the points P and R are (—4,0) and (12,4)

respectively.

(i) Find the equation of the perpendicular bisector of PR. [3]
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The equation of the line QR is 2y =9x-100.

(ii) Find the coordinates of Q. (2]

I‘I
(iii) Find the coordinates of S if PORS forms a rhombus.
Hence, or otherwise, find the area of the rhombus PORS. [4]

End of paper
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Mathematical Formulae

L. ALGEBRA
Quadratic Equation

For the equation gx” +bx +¢ =0
B —bx~/b* -4ac

X =
2a

Binomial expansion

(_a+b')”=a"+( " )a”"b+( & \a"‘zb2+...+[ e Ja""b’+,,,+b“,
I 2 r

where n is a positive integer and

( n ) n!  nn-1..(n-r+1)

r ri{n-r)! r!

2. TRIGONOMETRY

Identities

sin* A+cos* A=1

sec’ A=1+tan’ A

cosec’A =1+cot’ A
sin(A+B)=sinAcosBxcosAsinB
cos(A=B)=cosAcos BFsinAsinB
tan A*=tan B
lxtanAtan B
sin2A =2sinAcosA

tan(A= B) =

cos2A=cos’A-sin? A=2cos? A-1=1-2sin’ A

tan2A = ﬂfi
I-tan” A
Formulae for AABC
a b e

sinA N sinB N sinC
a =b% +c*-2bccosA

A= lbr:sin A
2
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3

The polynomial f (x) =2x" +ax’ +bx+8, where a and b are constants, has a factor (x+2)

and leaves a remainder of 10 when divided by (2x~1).

@ Find the value of ¢ and of b. [4]
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(ii) Using the values of @ and & found 1n part (i), explain why the equation f(x) =0 has

only one real root. Find this root. [4]

(iii) Hence, solve x* +3x> +4x+32=0. [2]
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2 (a) Find the range of values of k for which [(k —3);«)2 +4x+k is always positive
for all real values of x. (4]

(b) Show that the roots of the equation 6x* +4(m—1) =2(x+m) are real if m< 2%2. (3]
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: 1 »
(¢) Solve the equation log;(2x—1) *E log,(x” +2)=log,; 5. [5]
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4 In a Science experiment, a container of liquid was heated to a temperature of K °C.
It was then left to cool in a chiller such that its temperature, 7 °C, ¢ minutes after removing
the heat, is given by 7 = Ke™ , where ¢ 1s a constant.

Measured values of t and 7 are given in the following table.

{ (minutes) 2 4 7 10 12

T°C 71.1 57.0 40.8 203 23.4

(i) Usinga scale of 1 ecm to 1 unit on the -axis and 4 cm to 1 unit on the In 7- axis, plot

In T against 7 and draw a straight line graph. [2]

(ii) Use the graph to estimate the value of K and of 4. (4]
/

(iii) Estimate the temperature of the liquid 8 minutes after it was left to cool. [2]
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5 (a) (i) Provethat - + il = XOoLx (4]
secx+1 secx-—1
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Hence find, for 0 < x <4, the exact solutions of the equation
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(b) Given that @ is obtuse and that sinf = a2

7

in the form Va —+/b where a and b are integers. [4]

express, without the use of a calculator,

sin@ —cosé
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i = [4)
i) The equation of a curve is y =—+bx 1, where ¢ and b are constants. The normal to the
y

curve at the point O(1,~1) 1is parallel to the line 4y —x = 20. This normal meets the curve
again at point P.

(i) Find the value of @ and of b. [5]
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(i) Find the coordinates of point P. [3]
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4 = 5 X
7 The equation of a curve1s y = —l, where x # 1.
= e

(i) Obtain an expression for & and d_":. (4]

dx dx
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(i) Find the coordinates of the stationary points of the curve and determine their nature. [4]
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8 (a) Differentiate cot” (%—2_.\'] with respect to x. [3]

(b) Given that a curve has the equation y =3sin2x—cosx, find the gradient of the curve

T ; ;
when x = 3’ leaving your answer in exact form. [3]
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The diagram shows the top view of a rectangular desk, PORS, in a corner of a room.
The desk has a length of 1.5 m and width 0.8 m, ZPOS = ZSTR =90° and LOPS =8.

(i) Show that OT =(1.5sin@+0.8cos @) m. [3]

(ii) Express OT in the form Rsin(t9+a), where R >0 and « is acute. [3]
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(iii) Given that @ can vary, find the maximum value of OT and the corresponding value

of 8. [3]

/ End of paper

Need a home tutor? Visit smiletutor.sg



Need a home tutor? Visit smiletutor.sg



Need a home tutor? Visit smiletutor.sg




)

The equation of a curveis ¥ = 2xe*~¥, where k is a constant. The curve passes through the
point (5, 10).

O]
®

Find the value of k.

For what values of x is y an increasing function of x,

[2]
[3]

y = 2xe* ¥
When x = §,y =10,

Ex [5]

2. J
mj%ﬁ)in partial fractions.
g

2019 Additional Mathematics Paper 1 Sec 4 MYE (Solutions) 3
1 A triangle has an area of (58 + 8v/S) cm? and a height of (7 + 3v/5) cm. Without using a
calculator, find the exact length of its base, expressing in the form +5v/5 , where @ and b are
integers. [4]
1 Length of the base :
_ 2(58 +8v5) 3(i)
T 7435
_ 116+1e\!§x7—3v’§
C O 7+3/5  7-345
_ 812 —348V5 + 112V5 - 240
B 49 — 45
_ 572 -236V5
——— 4
2
=143 - 59V cm <\
2 (i) On the same diagram, sketch the curves y = 9x'§ and y? = 4x [2
(ii)  Find the coordinates of the point(s) of intersection of the two curves.
: K 4
2(1) 3 =
> i
= gx'é @@ 61&Qﬁ
IN\TAS I
Fx \@
; |
] £ Q\ o
T oIS ™
yE=dx —(2) 06
Sub (1) into (2): (9x72)% = 4x .
Blx™' = 4x \68
28 6\3\\
=l -2
x= zlor = (reject) 6\‘3-(\
Whenx = -:-.y = 9(%)“5.
=9+ ;i
=3V2

The coordinates of the point of intersection is

(43,3V2).

1657 Y92+ 18 16x2—9x+18

43 X (x+3)
16x'-9x+18_4 B C_
£+32  x X x+3

163" ~9x+18 = Ax(x+3)+ B(x+3)+C¢
Letx=-3, 16(-3)"-9(-3)+18=9C

9C =189
=21
Letx =10, 18=3B
B=6
Comparing X2 term, 16x% = Ax? + Cx?
A+C=16
A+21 =16
A=-5
16" -9x+18_—5 6 21
X +3x x o x43




The function f is given by f(x) = ~3 sin% +2.
(i) State the amplitude and period of f.

(2]

(ii) Sketch the graph of y = f(x) for 0 < x < 4m. By drawing a suitable straight line on

the same axes, state the number of solutions to the equation 4m — x — 67 sin;—' =0
for 0 € x <4nm.

[5]

5(i)

Amplitude=3
Period = 27 +§
= 4r

(i)

x
==3sin-4+2
¥ sinz

4n —x — 6msing =0
q-rr—x—ﬁﬂstns [i]

2n n

X X

2- o 3sin 7= 0
-3 sini +2= s
2 2n

Since there are 3 points of intersection bstwee th graphs y =

there are 3 solutions,

(i) Given that cos(4 + B)
value of cot B.

1+tan x

(ii)  Provethat ———

Vi
= sec2 //\@

6(i)

cos(4 +B) = 3cns(A B)
cosAcosB —sinAsinB =3 (cos A
cosAcosB —sinAsinB = 3 cos A cos
—4sinAsinB = 2cosAcos B

s B+ smA si
+ smASmB

>

—4sinAsin8 _ 2cosAcos8
cosAcosB - cosAcosB \66
—4tanAtanB =2
5
SubtanA=—-, \(al(\
—4(—5)t nB =2 \o
z)Ene =
10tanB =2
1
tan B =§
cotB =5

\\\\

(if)

sin? 2
1_9%.&5
1 sin®x

tostx

1+tan® x
1-tan® x

LHS =

2
1\_'_s.‘il'l 3

|hixx
- o5tz

-1 4

cos® x
cos? x

_ cos? x+sin? x

(1]

[5]

a—@guatiun isx? — (£)x+27=0

or 8x*—-35x+216=10

An antique grandfather clock manufactured using the finest wood in 1850 was valued at $2000.
The clock appreciated in its value such that its value $¥ can be modelled by the equation
V = 20000 — Ae*t, where ¢ was the number of years after its manufacture date.

(i) Find the value of A.
(ii)  Inthe year 1880, the clock reached five times its initial value.
k = —0.01959 correct to 4 significant figures.
(iii)

(2]
Show that
EY
(2]

8(1)

Explain why the value of the clock will not exceed $20000.
When t =0,

V = 2000
2000 = 20000 — Aek®
A = 20000 - 2000
= 18000

(i)

V = 20000 — 18000e**
In the year 1880, t =30, V =5(2000)
20000 — 18000e°°¢ = 10000
—~18000e%* = —10000

30k _ 5
e Q




)

10 | A circle passes through the points P(0,8) and Q(8,12). The y-axisis a tangent to the circle at
P.
(i) Find the equation of the circle. [5]
The tangent to the circle at Q intersects the x-axis and y-axis at A and B respectively.
(ii) _ Find the ratio of AQ:QB. [3]
10(i | ¥ — coordinate of centre of circle = 8

-5¥+(x 5

G t of lm%g@‘l’o centre of circle= —B

4
T3
@ ngem at Q(8,12):
3
p y—12=—2(x~-8)
y= —':-x +18
Wheny =0, x = 24
A(24,0)
When x =0, y = 18,

B(0,18)

For the points A(24,0), Q(8,12) and B(0,18),
AQ:QB =24—8: 8—0 (Comparing difference in

g™t = In%
30k = In>
111;
k==
30
= -0.019592 ... or3....
= —0.01959 (4 sf)(shown)
(i) | Forall valuesoft >0, e %01%% >
—18000e~001%5% < o
20000 — 18000e"91%59% < 20000
V < 20000
Hence the value of the clock will not exceed $20000.
9 The diagram shows the graph of y = |6 — 2x| -
1 ¥
X_\
o Y
E .
(i) Find the coordinates of 4 and
(ii) By solving the equati
the point(s) of int
andy =
(iii)  State the range of/values 6
solution. -
9()) | When x=0, y= |6 2(0)]
A(0, 5)
At B, y is minimum when 6 — 2x =
i i 6@
_g \
B(3,-1)
(ii) |6 =2x|=3x+1

6-2x=3x+1 or 6-2x=-3x+1 6\
—b5x=-=5 x = —7 (reject)
x=1

(iii)

For |6 — 2x| = mx + 1 to have no solutions

i L
=&EMm 3

=211 x or y-coordinates)
11 | (i) Expand (1 — 2x)? in ascending powers of x up to the term in x*, [2]
(i) Find thc value of k, given that the coefficient of x in the expansion of
(3x+ ) (1 —2x)° is 53, (3]
1I(i)

(1-2%)° = (D] (—22)° + G) (20 + (Z) (-2%)?
+ (g) (—2x)*+
=1—18x + 144x2 — 672%3 +




(i)

1
R s v
(Sx + kx22 (1-2x)
= (Bx +W) (1 ~18x + 144x? — 67223 + )

Termin x = 3x(1) + ;?:(—672x3}

coefficient of x =—53

672
3 ek =53

=12

12

The equation of a curve is'given by y =In L:—x ]

4.

] Find :—i , expressing it as a single fraction. [3]
(ii)  Find the rate at which x is changing when the graph crosses the x-axis, given that
yis increasing at a rate of 0.3 units per second. [4]

()

- 5x
Y= l5x+a

=~ [In5x — In(9x + 4)]
dy 115 9

2 (9x+4) = x(9x+4)
—1[_4 ]
T 2 Lx(ox+4)
2

= X(oxed) N -

(i)

Let y =0, ln [===0 \> v
~[In5x —In(9x +4)} = 0 6
In5x — In(9x +4) =
In5x = In(9% + 4) (
Sx=9x+4

x=-=1
dy_gzxdx
dt ~ dx " dt

03 % 2 >':a:ix

T x(9x+4) T dt 0
dx ; 2

When x=-1, —=03+—--—

e T T e
3

. C}\N\

. . 3 .
x is increasing at a rate of - units per second. &

13

Solutions to this question by aceurate drawing wWeeepted.
The diagram, which is not/drawn to scale, shows a triangle POR in which PQ = QR.
The coordinates ofithe points P and Rare (—4,0) and (12, 4) respectively.

(i) Find the equation of the perpendicular bisector of PR. [3]
The equation of the line QR is 2y = 9x — 100.
(ii)  Find the coordinates of Q. [2]

(iii)  Find the coordinates of § if PORS forms a rhombus.

Hence, or otherwise, find the area of thombus PORS. [4]

6
- a6=9x—100

=8
r@'(\\\\ ;=—14
Thegop tes of Q are (8,—14).

he’coordinates of S be (xg, ¥s). If PORS forms a rhombus, then
point of Q5 = Midpoint of PR
8+ xs —14+}75) -
(= E)=en
8 + xs =
xs =0
= s
2 =
¥s =18
The coordinates of S are (0, 18).
Area of the thombus PORS
_ly—-4 8 12 0 ~4‘
210 -14 4 18 0
=-;—|(56+32+215+0) —(0—168+0-72)]

4

2

1
= E|544I
= 272 unit sq
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2019 Mid-Year Scc 4 AM Paper 2 Solution

The polynomial f(x)=2x"+ax’ +bx+8§, where a and b are constants, has a factor

{x+2) and leaves a remainder of 10 when divided by ( 2x-1).

(i)  Find the value of @ and of b.

(i)  Using the values of @ and of b found in part (i), explain why the equation f(x)=0

has only one real root. Find this root.

(iii)  Hence, solve x* +3x° +4x+32=0.

1| f(x)=2x" +ax +bx+8

O | f(=2)=2(-2)" +a(-2) +b(-2)+8=0
4q-2b=8 - Eqn(l)
i L
f(i]zz(l] +a(lJ +b[l]+s=m
2 2 2 2
a+2b=T e Eqn (2)

Solving the equations, b=2, a=7-2(2)=3

(] f(x)=2x"+3x" +2x+8
=(x+2)(2x2+bx+4)

Terminx®: 3x° =bx’ +4x°, b=-1

f(x)=2x‘+3x3+21+8

=(x+2)[2;c3vx+ [Gefting Quadbatic fadtor by lo gdivisiona

For the factor 2x* —x +
Discriminant = 1-4(2)(4
=-31<0
Hence, the equation 2x° —x+
real root. The rootis x=-2

has no real roots. m

has only 1

2 +3x°0 +2x+32=0 K j{b
6@
\

() () o
B2 CORG SRR

x=—4

(i

(b)

2019 Mid-Year Sec 4 AM Paper 2 Solution

Find the range of values of k for which (k —3)x™ + 4x+k is always positive
for all real values of x. (4]
Show that the roots of the equation 6x° +4(m—1)=2(x+ m) are real

i 1
fims2—.
it m B [3]

(k-3)x" 0 for all values of x
Discrimigant <0
16—
= k=1
—-Bk-4>0
e A8k +1)
kg4 orkg-1
Smice k-3> 0,

o ()

(m=1)

2x+ 28— N
riminant =100 - %;00(5

em=< 2%%6
1
@ 20

mce discriminant = 0,

6x* +4(m—1)=2(x+m) has real roots if m < 2%

3 (a)

(b)

(<)

9”l +18(3°)

Simplify —— <27 without the use of a calculator, [4]
Solve the equation 4**' =18(2*)~8, [4]
Solve the equation log,(2x~1) —-;~10g3(.7c1 +2)=log.; 5. [51
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9 4 18(3*)

3{-“] 32-x 5 27.!44 .
3 32(#4!) + ]8(32r)
3@t 18y
o e
2321(3]}
3l
=L
32
=-l.
9
(b) | 4™ =18(2") -8
a(27)=18(2")-8
4(27) -18(2")+8=0 !
Let 2" = 4,
44 3—18A+8-0
24°-94+4=0
(2A-1)A-4)=0
A=l or A=4
2
2":1 2':
2
-1 or x=2 (_)
(© | log,(2x- l)——-l(}g‘(x 2)\117@,\ \)1/ /_/\\

2log,(2x~1)~ log,(x* +2

log,[(zf—l}‘]ﬂ
X +2

(2x=12=3(x*+2)
¥ =4x-5=0
(x=5)x+1)=0

X -~
55

LN (‘\(b'(\

x=35 or x=-1(rej)

2019 Mid-Year Sec 4 AM Paper 2 Solution

4 InaScience experiment, a container of liquid was heated to a temperature of K °C.

1t was then left to cool in a chiller such that its temperature,

7 °C, t minutes after removing

the heat, is given by 7' = Ke™" , where g is a consiant.

Measured values of

‘e given in the following table.

In ;\q:‘g:?io

7 10 12

40.8 293 234

J

iithe -axis and 4 cm to | unit on the InT- axis, plot

ine graph (2]
371 3.38 3.15
7 10 12
the vaIue 0 Aq of g. (4]
; of th E ninutes after it was left to cool. 2]

(}&}l‘en{ 3. 15 445

2=

InK =4.475
K = o1
=87.8

(iii)

T =87.8¢

=369
Temperature is 36.9°.

Alternatively from graph,

1=8,In7=3.6
T=e" 2366

Temperature is 36.6°,




5 @ O

(i1)

- (b) Given that @ is obtuse and that sin# = e

sinf —cosd

2019 Mid-Year Sec 4 AM Paper 2 Solution

sin x sin x
s

Prove that =2cot x. (4]

secx+1 secx—1
Hence find, for 0 £ x < 4, the exact solution of the equation

sinx sinx  2tanx
secx+l secx-I 3

[3]

express, without the use of a calculator,

T

! in the form & —+/b where @ and b are integers. 4]

sinx sin x
._-,_.+ —

s

LHS =
secx+1 secx—1
_ sinx(secx—1)+sinx(secx +1)
- sec’ x-1
_ tanx—sinx+tan x+sinx <
- see’ x—1
S(a)(i) 2 tah &
" sec? x-1
_2tanx
tan® x
=2cotx
= RHS (proved) ~ (\ N <\/
sinx | sinx _2w@nx ==
secx+1 secx—1 3 (
2tanx
2cotx=
3
tan‘x=3 : ;
tanx=t\f§
(i) e\\\

&>
-\

\@“(w\d

)

R
3 3

2019 Mid-Year Sec 4 AM Paper 2 Solution

sb. | 242 = (V3]

x=+2

0039—-ﬁ
J3

1 1
sin f —cos @

Q2
6t ans %0
oo

(ii) Find the ¢ aj
BV

of point £.

bx—1, where a and & are constants. The normal to the

allel to the ling 4y — x = 20. This normal meets the curve

(5]

[3]

.ab Equation of line;: y=—x+5

Gradient of tangent = —4

1
: ; 4
0 @Y\@\% At x =1, gradient of normal =i

Q:w—ﬂ-kb
6() | de x

—-a+b=-4 -~ Eqn(1)

sub(1,-1) intoy——-3+bx—l
x

Solving: a=2,b=-2
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(ii)

¥ =g-2x—1
X

Equation of normal is

SO O
X 4 4
8-8x"-4x=x"-5x
9x* ~x—-8=0
(Ox+8)Yx-=1)=0

&
x=—— or x=1
9

:y+l=%(x—l_)

sl
4" 4

{3

B2
36

Coordinates of P is [ g

2019 Mid-Year Sec 4 AM Paper 2 Solution

L

. x
7 The equation of a curve is y = b where x#1.
x.—

. d’
(i) Obtain an expression for day and EJ,-{ [4]

of the stationary points of the curve and determine their nature. [4]

(ii) Find the coordinates

For sta

o
O -1}~
xP=2x=0
x(x-=2)=0
x=0 or2

; dy
t, —=0
poin .

0

whenx=0,y=0
d’y 2
-1
=-2<0
(0,0) is a maximum point.

whenx=2,y=4
dy 2
o @1
=2>0
(2,4) is a minimum point.




2019 Mid-Year Sec 4 AM Paper 2 Solution

8 (a) Differentiate cot® [%—23:) with respect to x.

(3]

(b) Given that the curve has the equation y =3sin2x~cosx, find the gradient of the curve

when ng, leaving your answer in exact form. [3]
8 (a) Lety:cot‘[%—Zx]
N S
tan® (%—Zx]
=1
 cot*(2x)
=tan" 2x
Y~ gtan® (2)5)[2&;&(:2 {2.:)]
=8 tan’ (2x)sec’ (2x)
OR \‘>
- e
tan® [-’%—Zx
:tan"[i_Zx) s )
2 -
it v &)
——=-4fan”| —-2x || —2sec
dx
=8tan” ——2x {(X\ @
8(b) | y=3sin2x—-cosx, \ (/;\/ (\\\X
i=60932x+smx \> \\e‘\\
Atx— , Gradient = 600s~—+s ﬁ;g 06\\
6@
A\\\\\

2019 Mid-Year Sec 4 AM Paper 2 Solution

[3]
3]

(3]

=(1.5sin@ +0.8cosf)m (Shown)

OT =1.55sin6+0.8cos @ = Rsin (6 +a)

where R =+/1.5° +0.8° =1.7
tana =%§.:} a=28.072

or =l.'t‘sin(8+28.l') (correct to 1 d.p.)

(iii)

Maximum value of 0T =1.7m
when sin(6+28.072°) =1
£+28,072" =90°
6=61.9" (1dp)
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Additional material: Writing paper

INSTRUCTIONS TO CANDIDATES

Do not open this booklet until you are told to do so.

Write your name, register number and class on all the work you hand in.
Write in dark blue or black pen.

You may use a pencil for any diagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid.
Answer ALL questions.

Write your answers on the writing paper provided.

If working is needed for any question, it must be shown with the answer.
Omission of essential working will result in loss of marks.

Write the brand and model of your calculator in the space provided below.

INFORMATION FOR CANDIDATES

You are expected to use an electronic calculator to evaluate explicit numerical expressions.

If the degree of accuracy is not specified in the question, and if the answer is not exact, the answer should

be given to three significant figures. Answers in degrees should be given to one decimal place.
For 1, use either your calculator value or 3.142, unless the question requires the answer in terms of 7 .

The number of marks is given in brackets [ ] at the end of each question or part question.

The total number of marks for this paper is 80.

For Examiner’s Use

Brand / Model of Calculator

This question paper consists of 7 printed pages, including the cover page.
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Quadratic Equation

1. ALGEBRA

For the equation ax® + bx + ¢ =0,

Binomial expansion

_ —b++/b? —4ac

2a

X

(@a+b)"=a™+ (}a" b+ (})a™2b* + -+ (1)a™"b" + -+ b™,

n! _ n(n-1)..(n-r+1)

where N is a positive integer and (f) = =

Identities

Formulae for AABC

(n—-r)'r! r!

2. TRIGONOMETRY

siff A+cos?A=1
sec?A=1+tan’A
cosec > A= 1+ cot %A
sin (A+ B )=sin Acos B+ cosAsinB
cos (A+B)=cosAcosB + sinAsinB
tanA + tanB
1 + tanAtanB
sin 2A =2 sin A cos A
cos2A=cos?A—-sin?A=2cos?A-1=1-2sin’A
2tanA
1-tanA

tan(A + B) =

tan 2A =

a b ¢
sinA sinB sinC

a’=Db?+c?>—2bc cos A
Area of A :Eab sinC

Need a home tutor? Visit smiletutor.sg
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3

) On the same diagram sketch the curve y? = 8x and y = 6x72. [2]

(i) Find the coordinates of the point of intersection of the two curves. [3]

Need a home tutor? Visit smiletutor.sg
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4

A particle moves along the curve y = e?* in such a way that the y-coordinate of the particle
is increasing at a constant rate of 0.3 units per second. Find the y-coordinate of the particle at

the instant when the X-coordinate of the particle is increasing at 0.01 units per second.

[4]

The equation of a curve is y = 3x? — kx + 2k — 4, where K is a constant. Show that the

line y = 2x + 5 intersects the curve for all real values of k. [5]

Need a home tutor? Visit smiletutor.sg
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5

4 (a)  Giventhat (3*%2)(2¥2) = 62* , find the value of 6% . [3]

(b) The side of an equilateral triangle is 6(v/3 — 1) cm. Without using a calculator,

find the exact value of the area of the equilateral triangle in the form

(a + bv/c) cm?, where a, b and ¢ are integers. [4]
5 Find the range of values of X for which the gradient of the graph y = x* — 3x3 — 6x% + 6 is
increasing. [5]

Need a home tutor? Visit smiletutor.sg
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6

A curve has the equation y = (2x —3)? — 1.

(i) Find the coordinates of the points at which the curve intersects the X-axis. [2]

(ii)  Sketch the graph of y = |(2x — 3)? — 1]. [3]

(iii)  Using your graph, state the range of values of k for which |(2x —3)? — 1| = k has

4 solutions. [1]

Need a home tutor? Visit smiletutor.sg
[Turn over



7

3
R

Show that f"(x) + 16f(x) = 8x? + 17 .. [5]

7 It is given that f'(x) = x + sin4x and f(0) =

8 Solve the equation 6sin?x + 5cosx = 5 for 0° < x < 360°. [5]

Need a home tutor? Visit smiletutor.sg
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8
(a) Given that the first two non-zero terms in the expansion, in ascending powers of X, of

(1+ bx)(1 + ax)® are 1 and —24—1x2 and that a > 0, find the value of a and of b.

[5]

. . . . 1\°
(b) Find the term independent of X in the expansion of (Zx + ;) . [3]

Need a home tutor? Visit smiletutor.sg
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2
The equation of a curve is y = 2;6_1 .
(i) Find the coordinates of the stationary points of the curve. [4]
(i) Determine the nature of each of the stationary points of the curve. [4]

Need a home tutor? Visit smiletutor.sg
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10

A
Q\y 12
(Bx+2)?
L
-
0 B X
12
The diagram shows part of the curve y = Gr12)? meeting the y-axis at point A. The

tangent to the curve at A intersects the x-axis at point B. Point C lies on the curve such that

BC is parallel to the y-axis. Find

@) the equation of AB, [4]

(ii) the area of the shaded region. [5]

Need a home tutor? Visit smiletutor.sg
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12 (a) State the values between which the principal value of tan™!x must lie. Give your

answer in terms of T . [1]

(b) The diagram below shows triangle ABC where AD =2 m, DC =3 m and BD = h m.
BD is perpendicular to AC and 64 + 6, = 45°.

B
%
hm
2m = 3m
A D C
By using a suitable formula for tan(6; + 6,) , find the value of h. [5]

Need a home tutor? Visit smiletutor.sg
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13

The Ultraviolet Index describes the level of solar radiation on the earth’s surface. The
Ultraviolet Index, U, measured from the top of a building is given by U = 6 — 5cosqt,
where t is the time in hours, 0 < t < 20, from the lowest value of Ultraviolet Index and q is

a constant. It takes 10 hours for the Ultraviolet Index to reach its lowest value again.

(i) Explain why it is impossible to measure a Ultraviolet Index of 12. [1]

(i)  Show that q = g . [1]
@iii)  The top of the building is equipped with solar panels that supply power to the building

when the Ultraviolet Index is at least 3.5. Find the duration, in hours and minutes, that

the building is supplied with power by the solar panels. [5]

END OF PAPER
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Candidates answer on the question paper.
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Do not open this booklet until you are told to do so.

Write your name, register number and class on all the work you hand in.
Write in dark blue or black pen.

You may use a pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

Answer ALL questions.

Write your answers in the spaces provided on the question paper.

If working is needed for any question, it must be shown with the answer.
Omission of essential working will result in loss of marks.

Write the brand and model of your calculator in the space provided below.
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You are expected to use a scientific calculator to evaluate explicit numerical expressions.

The use of an approved scientific calculator is expected, where appropriate.

If the degree of accuracy is not specified in the question, and if the answer is not exact, give the answer to
three significant figures. Give answers in degrees to one decimal place.
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1. ALGEBRA

Quadratic Equation
For the equation ax> + bx + ¢ =0,

_ —b++/b* —4ac

2a

n_ AN n n-1 n n-2p42 n n—r.r n
(a+b)"=a"+ . a b+ 5 avb +...+ ] a’b" +...+b

n'  n(n=1)...(n—r+1)
r!(n—r)!_ r!

X

Binomial expansion

n
where N is a positive integer and ( j =
r

2. TRIGONOMETRY
Identities

sin® A+cos” A=1

sec’ A=1+tan® A

cosec’A=1+cot’ A
sin(A+ B) =sin Acos B+ cos Asin B
cos(A+B)=cos Acos B+sin 4sin B

tan At tan B

tan(AtB)=———
1+ tan Atan B

sin2A=2sin Acos A
cos2A=cos’ A—sin’ A=2cos’* A—1=1-2sin’* A

tan2A = ﬂ
1—tan” A

Formulae for AABC
a b c

sinA sinB sinC
a’=b?+c? —2bccos A

AzlesinA
2

Need a home tutor? Visit smiletutor.sg
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For For
Benners |1 The roots of the quadratic equation 2X> —8X+9 = 0are  and 3. P
(i) Show that the value of o’ + 3’ is 10. [3]
(ii) Find a quadratic equation whose roots are —; and ! > [4]
a +p a+pf

Need a home tutor? Visit smiletutor.sg
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For For

iner’ . . Examiner
Exa[,“s'ge” 2 The function f(X)=6x"+ax’ +bx—12, where a and b are constants, is exactly Xaﬂ"s"e‘e“

divisible by X + 2 and leaves a remainder of 5 when divided by X + 1.

(i) Find the value of a and of b. [4]
(i) By showing your working clearly, factorise f(X). [3]
(iii) Hence, solve the equation 6(2°7)+ 2" —2¥** —12 =2% [4]

Need a home tutor? Visit smiletutor.sg
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For For
Examiner's 3 Examiner's
Use (i) Express —; 2x+16 in partial fractions. [5]] Use

(X" +4)(2x-1)
(i) Differentiate In(x* +4) with respect to X. [2]

X+8
(x> +4)(2x-1)

[4]

(iii) Hence, using your results in (i) and (ii), find I

Need a home tutor? Visit smiletutor.sg
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For For
Bramners 14 Prove the following identities. Branners
(a) (sec x—tan X)(cosec X+1) =cot X [3]

LHS = (secx —tanx)(cosecx + 1)

1—cost+s1nX:tanX 3]

(b) —;
sin 2X + cos X

Need a home tutor? Visit smiletutor.sg
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For For

Bramners |5 The lines y =8 and 4x+3y =30are tangent to a circle C at the points(~1,8) and Eraminer's

(3,6) respectively.

(i) Show that the equation of C is X* + y* +2X—6y—15=0. [5]

(ii) Explain whether or not the x-axis is tangent to C. (3]

(iii) The points Q and R also lie on the circle, and the length of the chord QR is 2
units. Calculate the shortest distance from the center of C to the chord QR. [2

Need a home tutor? Visit smiletutor.sg
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6

The table shows experimental values of two variables X and y, which are known to
be connected by the equation yx" = A, where n and A are constants.

X

1.0

1.5

2.0

2.5

3.0

y

22.0

13.0

8.9

6.9

53

(i) Plotlgy against Ig X and draw a straight line graph.

For

Examiner's

Use

Need a home tutor? Visit smiletutor.sg

[Turn over



For For
Examiner's Examiner's
Use .. ) Use

(ii) Use your graph to estimate the value of A and of n. [4]

(iii) On the same diagram, draw the line representing the equation y = x> and hence
find the value of x which satisfies the equation X"** = A. [2]

Need a home tutor? Visit smiletutor.sg
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For For

Bxaminers |7 The diagram shows a trapezium with vertices A(-2.5,0), B(0, p),C(1,3) and D. Examiner's

Use Use
The sides AB and DC are parallel and the angle DAB is 90°.
Angle ABO is equal to angle CBO.

C(1,3)

A(-Q..ﬁ,ﬂ]\/é

D

Y
&

(i) Express the gradients of the lines AB and CB in terms of p and hence, or
otherwise, show that p=35. [3]

Need a home tutor? Visit smiletutor.sg
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For For
Examiner's Examiner's
Use . . Use

(ii) Find the coordinates of D. [4]
(iii) Find the area of the trapezium ABCD. [2]
Need a home tutor? Visit smiletutor.sg
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For For

Bramners 18 (a) Solve the equation3log, 3=8—4log, X . [5]] Ffumers

—

(b) It is given that log, X=p and log, y=(Q.
Express log, ax’y’ in terms of p and q. (3]

Need a home tutor? Visit smiletutor.sg
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9

13

The figure shows a stage prop ABC used by a member of the theatre, leaning against
a vertical wall OP. It is given that AB =30 cm, BC =100 cm, ZABC = ZAOC =90°
and Z/BCO=4.

¢
(i) Show that OC =(100cos & +30sin#) cm . [2]
Let D be foot of B on OC, let E be foot of A on BD.

(ii) Express OC in terms of Rcos(d —«), where R is a positive constant and a is

an acute angle. [3]
(iii) State the maximum value of OC and the corresponding value of 6. [2]
(iv) Find the value of & for which OC = 80 cm. (3]

For
Examiner's
Use
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14

10 Given that y =a+bcos4x, where a and b are integers, and X is in radians,
(i) state the period of'y. [1]

Given that the maximum and minimum values of y are 3 and — 5 respectively, find
(ii) the amplitude of y, [1]

[2]

Using the values of a and b found in part (iii),
(iv) sketch the graph of y=a+bcos4x for 0<x<rx. [3]

(v) On the same set of axes, sketch the graph of y = |4 sin3X|, and hence state the

number of solutions of a-+bcos4x =|4sin3x|. [3]

For

Examiner's

Use
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For For
E"ag‘s"e‘er's 11 The dimensions of a cuboid are 3x cm by 2x cm by h cm and its total surface area is| &%
312 cm?. The volume of the cuboid is V cm?.

(i) Express h in terms of X. [2]

(i) Show that V = % X(26—Xx2). 2]

(iii) Find the maximum volume of the cuboid as X varies, giving your answer to the
nearest cm’. [5]

Need a home tutor? Visit smiletutor.sg
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Additional material: Writing paper
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Do not open this booklet until you are told to do so.

Write your name, register number and class on all the work you hand in.
Write in dark blue or black pen.

You may use a pencil for any diagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid.
Answer ALL questions.

Write your answers on the writing paper provided.

If working is needed for any question, it must be shown Wwith the-ahswer.
Omission of essential working will result in loss of marks.

Write the brand and model of your calculator in the space provided below.

INFORMATION FOR CANDIDATES

You are expected to use an electronic calculator to evaluate explicit numerical expressions.

If the degree of accuracy is not specified in the question, and if the answer is not exact, the answer should

be given to three significant figures. Answers in degrees should be given to one decimal place.
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Quadratic Equation

1. ALGEBRA

For the equation ax? + bx + ¢ =0,

Binomial expansion

where N is a positive integer and (7:) =

ldentities

Formulae for AABC

_ —b++b? —4ac

2a

X

(a+b)"=a"+ (})a™ b+ (3)a" 2b* + -+ (1)a™"b" + -+ b",

n! _ nn-1)..(n-r+1)
(n—-r)ir! - r!

2. TRIGONOMETRY

sin? A+ cos > A= 1

sec 2 A =1+ tan %A

cosec A =1+ cot ’A
sin (A+ B )=sin Acos Bt cosAsinB
cos (A+B)=cosAcosB +sinAsin B
tanA + tanB
1 + tanAtanB

sin 2A =2 sin A cos A

cos2A=cos*A—sin2A=2cos?A-1=1-2sin2A
2tanA
1-tanA

tan(A + B) =

tan 2A =

a b ¢
sinA sinB sinC

a’> = b? +c?> —2bc cos A
Area of A =5ab sinC
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3

(i) On the same diagram sketch the curve y? = 8x and y = 6x72.

Intersection: (1.35, 3.29)

(2]
(ii)  Find the coordinates of the point of intersection of the two curves. [3]
Qn Solution Mark
i | |‘| B1 for y? = 8x
I"‘I "‘.‘ Bl fory = 6x~2
/ \\.
R
. |
i y?=8x———(1)
y=6x"%-—--(2)
Sub (2) into (1): (6x72)? = 8x M1 for substitution
36
x—4 = 8x
x> =45
x = 1.3509 M1 for value of X or y
y = 3.2877

Al
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4

A particle moves along the curve y = e?* in such a way that the y-coordinate of the particle
is increasing at a constant rate of 0.3 units per second. Find the y-coordinate of the particle at

the instant when the X-coordinate of the particle is increasing at 0.01 units per second.

[4]

Solution Mark
y = e?*
d_y _ e M1 for dy/dx
dx
dy dy dx
dx_dt dt _ '
2e?* = 0.3 +0.01 M1 for sub into equation
e2X = 15 connecting dy/dx, dy/dt, dx/dt
In15
x=— M1 for x = 25 or 2% = 15
2
Sub x = In 15
n
y=e?C2) =15 Al

The equation of a curve is ¥ = 3x% — kx + 2k — 4 , where K is a constant. Show that the

line y = 2x # 5 intersects the curve for all real values of k. [5]
Solution Mark
y=3x?2—kx+2k—4-———(1)
y=2x+5——-——-(2) N '
(D)=(2):3x2—kx+2k—4=2x+5 M1 for combining equations
3x? —kx—2x+2k—-9=0
3x2 —(k+2Dx+2k—9=0 M1 for ax? + bx +c =0
b% — 4ac = [—(k + 2)]2 — 4(3)(2k — 9) M1 for subs into b? — 4ac
=k? + 4k + 4 — 24k + 108
= k? — 20k + 111
= (k—10)%2—-10% + 112
=(k—-10)?+12 M1 for (k — 10)? + 12
Since (k — 10)? + 12 > 0,b? — 4ac > 0 and line Al for conclusion
intersects the curve for all real values of k.
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(a)  Giventhat (3**2)(2%¥72) = 62*, find the value of 6% . [3]
(b)  The side of an equilateral triangle is 6(v/3 — 1) cm. Without using a calculator,
find the exact value of the area of the equilateral triangle in the form
(a + b\/c) cm?, where a, b and ¢ are integers. [4]
Qn Solution Mark
a (3x+2)(2x—2) — 62x
3*(3%)(2%)(27%) = 6** M1 for 3%(32) or (2%)(272)
9
x () = g2x i
6 <4> 6 M1 for 6% (2)
6% = 2 Al
=N :
b 2
Area = > [6(V3 —1)] sin60 M1

= %(36)(3 —2V3+1) <§)

= 9V3(4 — 2V3)
= 36V3 — 54
= —54 4+ 36V3

Ml for (3 —2v3 + 1)
M1 for (\/2—5)

Al

Find the range of values of X for which the gradient of the graph y = x* — 3x3 — 6x? + 6 is

increasing. [5]
Qn Solution Mark
y=x*—-3x3-6x2+6
dy y
e 4x3 — 9x? — 12x M for ==

d?y
W =12x% —18x — 12

12x%2—-18x—12>0

2x2—-3x—-2>0

2x+1)(x—2)>0
1

L == 0
x 51X

2
M1 for 2y
dx?

2
M1 ford—z >0
dx

M1 for factorised form

Al
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A curve has the equation y = (2x —3)2 — 1.

(i) Find the coordinates of the points at which the curve intersects the x-axis. [2]

(ii)  Sketch the graph of y = |(2x — 3)% — 1].

[3]

(iii)  Using your graph, state the range of values of k for which [(2x —3)? — 1| = k has

4 solutions.

[1]

Qn Solution Mark
i (2x—=3)2-1=0 Ml
2x —3=+1
x =1, x=2
(1,0) (2,0 Al or B2

i

T1 for turning point (1.5, 1)
P1 for (1, 0) and (2, 0)

C1 for shape of graph

il

B1 (no mark if students got
part ii wrong)
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7 It is given that f'(x) = x + sin4x and f(0) = % )

Show that f"(x) + 16f(x) = 8x? + 17 .

[5]

Qn Solution Mark
x?> cos4x x?>  cos4x
f(x)=7— 2 c leor;—
3 0 1 N
AR
c=1 , -
x? cos4x Ml for f(x) == -2 41
f(x) = 2T 2 2 4
F7(x) = 1 + 4 cos 4x M1 for 1 + 4 cos 4x
2 cosdx M1 for sub into f"'(x) +
f"(x) +16f (x) = 1+ 4cos 4x +16(— ———+1) 16f (x)
=1+4cos4x +8x? —4cosdx + 16 | A1
= 8x%+ 17 ‘
8 Solve the equation 6sin?x + 5cosx = 5 for 0° < x < 360°. [5]
Qn Solution Mark

6(1—cos?x)+5cosx =5
6 —6cos’x+5cosx—5=0
6cos’x —5cosx—1=0
(6cosx +1)(cosx—1) =0

M1 for 1 — cos? x

M1 for equation

_ 1 M1 forcosx=—l
cosx——g, cosx =1 6
a = 80.405 (Rej) M1 for basic angle

x =180 — ,180 # &
x =99.6°, 260.4°

A1 for both answers
Ignore if students do not reject
cosx =1
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8
(a) Given that the first two non-zero terms in the expansion, in ascending powers of X, of

(14 bx)(1 + ax)® are 1 and —%xz and that a > 0, find the value of a and of b.

[3]

9
(b) Find the term independent of X in the expansion of (Zx + xiz) . [3]
Solution Mark
(1+a0® =1+ ($) 3@ + (3) () (an)? + -
=1+ 6ax + 15a%x? + - M1 for 1 + 6ax + 15a*x?
(1+bx)(1+ax)® =1+ bx)(1+ 6ax + 15a%x? + ---)
=1+ 6ax + bx + 15a%x? + 6abx? + -
6a+b=0 Ml for6a+b =0
b=—6a———(1)
15a2+6ab:—2———(2) M1f0r15a2+6ab=—%
4
21
sub (1) into (2): 15a* + 6a(—6a) = 3
212 = 21
a 1— 2
2 —
a 14
—— Al
)
bh=-3 Al
9 (1Y 9 or (1Y
Tr+1 = (T) (2x)9 A <F> M1 for (r) (Zx) (xz)
For x°, x°7"(x)72" = x°
r =g Ml forr =3
3
9 .1
Ty = (3) @077 ()
_ 6(+)—6
= 84(2x)°(x) Al
= 5376
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2

The equation of a curve is y =

2x-1"
(i) Find the coordinates of the stationary points of the curve. [4]
(i) Determine the nature of each of the stationary points of the curve. [4]
Qn Solution Mark
i x?
YT -1 |
dy 2x(2x —1) — 2x? M1 for quotient or product rule
dx  (2x-1)2
_ 2x*—2x
~ (2x — 1)2
dy 2x?% — 2x o2
h R 0'— =0 . x“—2x —
when I 2x —1)2 M for 12 0
2x(x—1)=0
x=0x=1 M1 for both
y=0,y=1

A1 for both coordinates

1

d’y  (4x —2)(2x — 1)* — 4(2x — D (2x* — 2x)
dx? (2x —1)*
Whenx=0,w —-2x<0

(0,0) is maximum point.

d?y

hengl 1 - |
whenx = 1,—-—= =

(1,1) is minimum point.

d?y
M1 fOI' @

M1 for sub either x=0orx=1

d?%y

nto )
A1 for (0, 0) max pt

Al for (1, 1) min pt

M1 for 1% derivative test

A1 for (0, 0) max pt

M1 for 1% derivative test

OR
X -0.1 0 0.1
dy >0 0 <0
dx
(0,0) is maximum point.
X 0.9 1 1.1
d_y <0 0 >0
dx

(1, 1) is minimum point.

Al for (1, 1) min pt
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11
v
A
C
(Bx+2)?
L
-
0 B X
12
The diagram shows part of the curve y = Grt2)? meeting the y-axis at point A. The
tangent to the curve at A intersects the x-axis at point B. Point C lies on the curve such that
BC is parallel to the y-axis. Find
(i) the equation of AB, [4]
(i) the area of the shaded region. [5]
Qn Solution Mark
i _ 12
Y= Bx+2)2
_y = —24(3x + 2)—3(3) M1 for dy/dx
dx
B 72
 (Bx+2)3
d
when x = 0,% - 9 M1 for dy/dx at A
whenx =0,y = 3 Ml fory =3
Line AB:y = —9x + 3 Al
i suby =0,0=—-9x + 3
1
x=3 M1 for x-coordinate of B
B = (1 0)
=(3
Need-a-home tutor? Visit smiletutor.s
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1

3
Area of 0ACB = f 12(3x + 2) 2% dx

0
~ [12(3x +2) 11

3
-1(3) 0

3
=1— 3
3x+20

=_L_(_L
3 (L 3(0) + 2

1/1
Area of AOAB = 5 (g) 3) =

2
Area of shaded region = 3~

)

1
2
1
2

= — unit?
6

M1 for — —— (independent of
3x+2
limits)

M1 for area of OACB

M1 for area of tri OAB

Al
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12 (a) State the values between which the principal value of tan™!x must lie. Give your
answer in terms of 7 . [1]
(b) The diagram below shows triangle ABC where AD =2 m, DC =3 m and BD = h m.
BD is perpendicular to AC and 6, + 6, = 45°.
o
o~ 7
Be / ! )
3 m
By using a suitable formula for tan(8; + 6,) , find the value of h. [5]
Qn Solution Mark
i i3
a —E<tan_\1x'<§ Bl
b tan 8; + tan 8, M1 for tan addition formula
tan (6; + 0,) =
an (6; +6,) 1 —tan6, tané,
2 3
77 : 2
tan 45 = M1 for either tan 8; = = or
1 2 3) 3 h
- () (& tan6, =2
2 3
1= R R M1 for tan 45 =1
- (7))
1 6 5
h2  h
h? —=5h—6=10 M1 for h> —=5h— 6 =0
(h—6)(h+1)=0
h=6, h=-—1(rej
(rej) Al
Need a home tutor? Visit smiletutor.sg
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13 The Ultraviolet Index describes the level of solar radiation on the earth’s surface. The
Ultraviolet Index, U, measured from the top of a building is given by U = 6 — 5cosqt,
where t is the time in hours, 0 < t < 20, from the lowest value of Ultraviolet Index and q is
a constant. It takes 10 hours for the Ultraviolet Index to reach its lowest value again.

(i) Explain why it is impossible to measure a Ultraviolet Index of 12. [1]
(i)  Show that q = g . [1]
(iii)  The top of the building is equipped with solar panels that supply power to the building
when the Ultraviolet Index is at least 3.5. Find the duration, in hours and minutes, that
the building is supplied with power by the solar panels. [5]
Qn Solution Mark
1 MaxU =6+5=11 B1 for stating max value of U
Since max value of U = 11, we cannot measure a Ultraviolet
Index of 12.
i 21
il 10= 2"
q
2w
q = —= — _ 2_7-[
10 5 Bl for g = n
iii 6—5costt =35 M1 for forming equation
T . 1
cos 57.[ =3
a=z M1 for basic angle
s s T s T n
§t=§,2ﬂ—§,§+2ﬂ,2ﬂ—§+2ﬂ leOIE,ZT[—E
t = 1.6666,8.3333,11.66,18.33 M for all 4 values
Duration = (8.3333 — 1.6666) + (18.33 — 11.66)
= 13.3367
= 13 hours 20 mins Al

END OF PAPER
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1. ALGEBEA

Ouadratic Equation
For the equation ax” + bx + ¢ =0,

I=—biqu*—4ac

2a

Binomial expansion

(a+bY =a" -[Ua"-‘mg}aﬂbﬂ —...+[:Jr’b’ +. 4D

. L nl nl  np-1)..(a-r+l)
where n 15 a posifive mieger and [r]_r![n—r]!_ 3

2. TRIGONOMETRY
Tdentities
sin® 4+cos’ A=1
sec” A=1+tan" 4
cosec’d =1 +cot* 4
sinf.4+ B)=%m 4Acos Btcos.Asin B
cos(4d+ B)=cos Acos B sm.AsmB

. tan A +tam B
tan( 4 =
(AT H) 1¥tan Atan B

sm 24 =2z dcos A
cds2d=cos A—zsin* 4=2cos* A-1=1-2=zmn’* 4
2tan A
tan 2d=——0—
e tan 4
Formulae for AABC

ﬂ=b=c
smd smB =m{

al=b*+e* —2bccos A

a=Lpesin 4
3
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MARK SCHEME 3

For

Exaﬂqsizervs 1 The roots of the quadratic equation 2X” —8x+9 =0are ¢ and 3.

(i) Show that the value of o’ + 3’ is 10.

9
a+ﬁ:4’“ﬁ’:§ [Ml—sum&pdt ]

a?+ p? = (a+p)?—2ap
a®+p° = (a + p)(a* — af + p*)
(73

= 10 (shown)

For
Examiner’s
Use

[3]

. . . 1
(ii) Find a quadratic equation whose roots are —; and ! = [4]
a +p a+pf
v 1 . 1 a+p’+a”+p
ew sum: — T8 e @+ )@+ B [Allow for ECF ]

_ wF¥pP+al+p
a3+ BaF a?B% + B3

_ 4%7
1047+ (3)
_44
T 139
N dt X ! = !
WP S B a v g2 (@ + B)(a+ B2)
_ 1
_10+9+(9)2
2 2
-
139
N B A S
eweqn: x° —oX + =5 =

139x% —44x +4 =0
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MARK SCHEME 4

For
Examiner's
Use

MFSS/4E5N/4047/2/SA1/2019

The function f (x)=6x"+ax>+bx—12, where a and b are constants, is exactly
divisible by X + 2 and leaves a remainder of 5 when divided by X + 1.

(i) Find the value of a and of b. [4]

f(=2)=0

—48+4a—-2b—-12=0

f(-1) =5 —
—-6+a—-b—-12=5 M1
a—b=23---- Eqn 2 P
Al
Egnl1 —Eqn2:a=7 —
Sub into Eqn 1: b = —16 Al
(ii) By showing your working clearly, factorise f (x). [3]

6x3 +7x? —16x — 12 = (x + 2)(Ax*> + Bx + C)
By observation: A = 6,C = —6

= 6x3 4+ 7x% —16x — 12 = (x + 2)(6x% 4 Bx — 6)

Let x = 1:
6+7—-16—-12=3)(6+ B —6)
—15 =3B

B =-5

6x3 + 7x% —16x — 12 = (x + 2)(6x% — 5x — 6)
= (x4 2)(3x + 2)(2x - 3)

(iii) Hence, solve the equation 6(2°7)+ 2" —2Y** —12 =2% [4]

6(233/) + 22y+3 _ 2y+4- —12 = 22y
6(23) +8(2%Y) —16(2Y) — 12 = 2%
6(2Y)3 +7(2¥)2 — 16(2¥) — 12 = 0

Let x = 2Y
= (x+2)Bx+2)(2x—3) =0
— 3 23
x="2-33
2 3
2V = =2 (rej.),—g(rej.),z
In2 =1 3
yln2 = n2
_ln1.5_0585 3

For
Examiner’s
Use
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MARK SCHEME 5

2X+16

(i) Express o+ ) 2x_1)

in partial fractions.

2x + 16 _Ax+B+ C
(x2+4)2x—-1) x2+4 2x—-1
2x+16 = (Ax+B)(2x — 1) + C(x* + 4)

Let x = 0.5:
17 = c(”)
4
Let x = 0:
16 = B(—1) + 4(4)
Let x = —1:
14 = —-A(-3) + 20
34 =-6
A= -2
2x + 16

y
x24+4 2x—1 Al

(ii) Differentiate In(x* +4) with respect to X.

Tt hH2x—1)

d 2x

‘
dx ¥ 2

[InCx* + )] = -

For
Examiner’s
Use

[5]

[2]

X+8
iii) Hence, using your results in (i) and (ii), find 4
(iif) gy (i) and (i) j(x2+4)(2x_1) [4]
f x+8 d _1]‘ 2x + 16 J
Zrdex—-1D T T2 v —n
_1J<—Zx N 4 )d '
=Sl \exaT a1 [Mlpartlalfrac
- 1] 2 xtr@2In@x—1)+c) (1)
T T2) s T ‘(M1
1 1 —
=—Eln(x2+4)+cz+1n(2x—1)+§c1 M1
1
=ln(2x—1)—§1n(x2+4)+c Al
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MARK SCHEME 6

Prove the following identities.
(a) (secx—tan X)(cosec X+1) =cot X

LHS = (secx —tanx)(cosecx + 1)

( 1 sinx)( 1 N
“\cosx cosx/ \sinx

_ (1 —sinx)(1+ sinx)
N cos x sinx

sin x

sin x

1 —sin®x
"~ cosxsinx
cos? x
"~ cos xsinx
cos x

sin x
= cotx

= RHS (proven)

1—cos2X+sin X B

(b) = tan X

sin 2X + cos X

1 —cos2x <+ sinx

LHS =
Sin 2x + cos x

_1—(1-2sin’x) +sihx
" 2sinxcosx + cosx

2 sin? x + sinx

p cosx (2sinx + 1)
_ sinx (Zsinx ¥ 1)
~ cosx(25inx + 1)

sin x

COS X

= tanx

= RHS (proven)

MFSS/4E5N/4047/2/SA1/2019

For
Examiner’s
Use

[3]

)[ M1 sin and cos only ]

[Ml single fraction ]

_ [Ml cos™2 +sin™2 =1 J

[3]

[Ml cosine double angle ]

[Ml sine double angle J

[Ml factorise and cancel ]
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MARK SCHEME 7

For
Examiner's
Use

MFSS/4E5N/4047/2/SA1/2019

The lines y =8 and 4x+3Yy =30 are tangent to a circle C at the points(—1,8) and
(3,6) respectively.

(i) Show that the equation of C is X* +y* +2X—6y—15=0. [5]

Let centre of circle be O.
Horizontal tangent at (—1,8) means that O is on the line X = — 1.

To find normal of circle at (3,6):

4x + 3y = 30
4
y=—§x+10

3

“ Mpormal = Z

3
eqnof normal:y — 6 = Z(x -3)
Whenx = -1,y = 3.= 0(—1,3)

Horizontal tangent is y = 8. Henee radius {s 5!

(x+1)?%+ (y—3)2 =52

x2+2x+1+y2—6x49=25
x%2 4+ y%+ 2x — 6y — 15 = 0 (shown)

(ii) Explain whether or not the X-axis is tangent to C. [3]

C has centre (—1,3) and radius 5.
Hence its horizontal tangentsare y =3+ 5=>y =8ory = -2

x-axis is y = 0, which is between the two horizontal tangents.
Hence the x-axis will cut through C at two points.

Hence the x-axis is not tangent to C.

Alternative solution: Sub y = 0 into eqn of C, show that b? — 4ac # 0.

(iii) The points Q and R also lie on the circle, and the length of the chord QR is 2
units. Calculate the shortest distance from the center of C to the chord QR. [2]

Let M be midpoint of QR. Hence OM perpendicular to QR.
Hence, OM is shortest distance from C to chord QR.
Consider right-angled triangle OMR.

By Pythagoras Theorem,
2\ 2
.
=24 =2V6

=490 3sf) |A1

For
Examiner’s
Use
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MARK SCHEME 8

For
The table shows experimental values of two variables X and y, which are known to | ®@Tners
be connected by the equation yx" = A, where n and A are constants.
X 1.0 1.5 2.0 2.5 3.0
y 22.0 13.0 8.9 6.9 5.3
(i) PlotIgy against Ig X and draw a straight line graph. [3]
SR
lg X 0 0.176 0.301 0.398 0.477 T1 table of
lgy 1.34 1.11 0.949 0.839 0.724 values

x P1 plot of

i —

lgy/lgx

L1 scale &

best fit line

Scale: 4 cm to 0.1 units on X-axis, 2 cm to 0.1 units on Y-axis.
Scale used must be appropriate in order to award L1.

sz i niE i e EHE R s BiER
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(ii) Use your graph to estimate the value of A and of n. [4]

yx" =A

lgy+nlgx =1gA

lgy=—-nlgx +1gA

Y=mX+c
>m=-n,c=1g4

_ 0.7 —1.34

m="05-0 lM!
=—-1.28

n=1.28
c=1.34

lgA =134
A= 10134

~ 219

(iii) On the same diagram, draw the line representing the equation y = x> and hence

find the value of x which satisfies the equation X" = A. [2]
y =x?
lgy =2lgx

Draw:Y = 2X M1 for drawing line ]

.X'n+2 =A
(n+2)Igx=1gA
2lgx = —nlgx +1gA

Let graph 1 be lgy = 21gx, and
Let graph2belgy = —nlgx +1gA

From graph, let intersection be (X, Y).
(X,Y) =(0.41,0.82)
lgx =041
x = 100.41

~ 257
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Examiner’s
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MARK SCHEME 10

For For

Bxaminers |7 The diagram shows a trapezium with vertices A(=2.5,0), B(0, p),C(1,3) and D. | Bxaminers

Use Use
The sides AB and DC are parallel and the angle DAB is 90°.
Angle ABO is equal to angle CBO.

C(1,3)

/

| 7 |
A(_z.ss,n)\/? /4

(3))\
(i) Express the gradlﬁthe kﬁiA’B}&l’ld CB in terms of@@@g} hence, or
otherwise, W & %%
&8 \2 o™

[3]

/P

Q
o9
'ax\c"

p = 5 (shown)

Need a home tutor? Visit smiletutor.sg
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(i) Find the coordinates of D. [4]

Mep = Myp = 2

1
mAD = _E O AD 1 CD [Ml mimp; = -1 ]

Let D(k, h)
_3—h

mCD_l_k
_3-h
11—k

3—h=2-2k

EqnlinEqn2: 2QRk+1)=—-k—2.5
5k=-2-25
k=-09 [Ml solving either unknown]

Eqn1 4+ 2 X Eqh 2: 5h = —4
h=-0.8

- D(-05,-08)

Alternative method: finding eqn of line AD and eqn of line CD.

(iii) Find the”area of the trapezium ABCD. [2]

Areq— 1|1 0 —25 —09 11 | Ml shoelace method
213 5 0 -08 3 Or attempt to cut up trapezium

=%K5+2—;)—0425—0®]

= 21 units?
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MARK SCHEME 12

(a) Solve the equation3log, 3 =8—-4log, X.

3logy3 =8—4log; x

=8—4logs x [Ml common log base 3 eqn ]

logs x
Lety =log; x
E =8—4y
y
3=8y—4y*
4y2 -8y +3=0 (M1 simplify to quad eqnj

y—-3)2y-1=0

y=150r0.5 Ml l

x = 315 or 305

=27 orvV3 |Al,Al I

(b) It is given that log, X=p and log, y.=(.

Express log, ax’y’ in terms of p and g.

logy ax?y® = logy a + 2log, x + Blog, ¥ M1 splitting of logs ]
1 log, x
= 428”3 M1 l
logq y logay

1 2
e Al |
qa q

For
Examiner’s
[5 ] Use

[3]
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9

The figure shows a stage prop ABC used by a member of the theatre, leaning against
a vertical wall OP. It is given that AB =30 cm, BC =100 cm, ZABC = ZAOC =90°
and Z/BCO=4.

¢ 0 ; )

(i) Show that OC =(100cos @+ 30sind) cm . [2]
Let D be foot of B on OC, let E be foot of A on BD.

CD
cos =——=CD =100cos b

100
AE
sinf === = AF = 30sin0

OC =CD + AE = 100 ¢cos 8 + 30sin6
(ii) Express OC in terms of Rcos(d —«), where R is a positive constant and a is

an acute angle. [3]
R =+/1002 + 302 M1 for R
= 100v109
=t -1(30) (M1 for alpha |
a=tan"" (55 or alpha
= 16.7°(1dp)
~ 0C =10V109 cos(8 — 16.7°)

(iii) State the maximum value of OC and the corresponding value of 6. [2]

0C,q = 10Y109 | B1
9 =16.7° Bl

(iv) Find the value of & for which OC = 80 cm. [3]

80 = 10v/109 cos(8 — 16.7°)
6 —16.7°) g
COS — . = —
755

0 —16.7° = 39.98° (0 is acute)

o =67

For
Examiner’s
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MARK SCHEME 14

For For
Exaa’sizer's 10 Given that y =a+bcos4x, where a and b are integers, and X is in radians, ExalTs'gerys
(i) state the period of'y. [1]
T
:
Given that the maximum and minimum values of y are 3 and — 5 respectively, find
(ii) the amplitude of'y, [1]
3—(-5
amplitude = %
(iii) the value of a and of b. [2]

a=-1 (Bl

Using the values of a and b found in part (iii),
(iv) sketch the graph of y=a+bcos4x for 0<x<r. [3]

C1 shape (cos)

P1 two periods

I1 impt coords

LECF max 2 marks J

[Sl shape (sin) ]

[Ml modulus ]

(v) On the same set of axes, sketch the graph of y = |4 sin3X

, and hence state the

number of solutions of a+bcos4x = |4 sin 3X| . (3]

Number of solutions = 2

Need a home tutor? Visit smiletutor.sg
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For
Examiner's

Use g
312 cm?. The volume of the cuboid is V cm’.

(i) Express h in terms of X.

2[3x(2x) + 3xh + 2xh] = 312 [Ml form eqn of total SA ]
6x? + 5xh = 156

.2
. 156 — 6x

5x

(ii) Show that V :%x(%—xz).

156 — 6x?
V=002 (T)
156 — 6x?
e

36
= ?x(26 — x?)

3

nearest cm”.
dv 36
— =—[(26 — x?) + x(—2x)]
dx 5
36 . )
=5 [—3x2 + 26] [Ml differentiate ]
av
dx
3x2—-26=0
26
2 —
T3
26
x == 3 (rej.—ve x> 0) [Ml solve for x ]
d?v _ 36 6
2 -5 %)
d*v 36 26 T
i ?(—6) 3 < 0= max [Ml 2" deriv. test]

11 The dimensions of a cuboid are 3X cm by 2X cm by h cm and its total surface area is

[2]

[2]

(iii) Find the maximum volume of the cuboid as X varies, giving your answer to the

[3]

For
Examiner’s
Use
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c¢=0,

—bi\/b*z—tiac
2a

Binomial expansion
(@+by* = a"+ (7)a b+ (5) a2 b2 + o+ (1) am7b" 4 o4 b7,

where 7 is a positive integer and | | = a_ _we=b.(@r+l)
. r (n=r)ir! rl
2. TRIGONOMETRY

Identities
sin® A+cos’ A=1
sec’ A=1+tan’ A
cosec’ A=1+cot® A

sin(A4 + B) =sin Acos B+ cos Asin B

cos(A4 + B) = cosAcosB F sindsinB
tanA + tanB
tan(4 +B) =

1 ¥F tanA tanB

sin2A4 =2sinAcosA
cos24=cos’ A—sin’ A=2cos’ A—1=1-2sin’ 4

2
tan24 = —t%
1-tan” 4
Formulae for AABC
a b c

sind sinB sinC
a’=b’+¢’ —2bccos A

A= l1’;»:;sin A
2

Need a home tutor? Visit smiletutor.sg




1 Given that V64* =

1-2x ?

3Zx+1 find the value of x. 3]

1+sinx
e [2]

2 Prove the identity (tan x + secx)? = ——.
1-sinx
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3

2x*

The equation of a curve is y = el

(i) Find an expression for Z—:. [2]

(i)  Given that x is changing at a constant rate of 0.05 units per second, find the rate

of change of y when x = 3. (2]
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—4x34+11x%-16x+9

. , ‘ ’
o partial fractions. (7]

4 Express
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2
(i) Express (—g—i—g) in the form a + bV/15, where a and b are integers. [4]

(i) Giventhaty = 2x* — px + 8 and that y < 0 only when (V3 — 1) < x <k,
find the exact value of p and of k. [5]

Need a home tutor? Visit smiletutor.sg



6 (i) Sketch the graph of y = 2vx3 forx = 0. [1]

(ii) Find the coordinates of the pointg of intersection of the curve y = 2vVx3 and

the liney = —2x + 4. [5]
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7 Solve each of the following equations.

(i) 10'°8sx =5 [3]

(i) log(6 —x) —log,(x —2) = 3 —log,(2x + 1) (4]
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8

A curve is such that z—i = 2x2 —x — 10. The curve has a maximum y value of 13. Find

the equation of the curve. [6]
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9  Itis given that y = ~>In(3x — 2) — 2x + 3 for x >§.

()  Determine, with appropriate workings, whether y is increasing or decreasing. [5]

(i) Find the range of values of x for which g—i is increasing,. [2]

10
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10

Solutions to this question by accurate drawing will not be accepted.

The diagram shows a right-angled triangle ABC such that ZABC = 90°. Given that the
coordinates of 4, B and C are (—5,9), (2, h) and (k, —1) respectively where & and k are
integers. The line y = 3x + 2 meets AC at P such that 5AP = 2AC.

Clls =1)

B(2, h
Find ( )
(i) the coordinates of P, [2]
(i) the value of k and of 4, [4]
(iii) the area of the triangle ABC. [2]

11
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11 @) Find the range of values of x for which [2x — 3| > 7. [3]

(ii) Given that the coordinates of the maximum point of the graph
y=albx—3|+cis G, 5), where a, b and c are integers. The y-intercept of

the graph is —4.

(a) Find the value of @, of b and of c. [3]
(b) Find the coordinates of the x-intercepts. [4]
12
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12 Itis given that y = 2cos?x — 4sin®x for 0 < x < 2m.

(i) Express y in the form a 4+ b cos 2x, where a and b are integers. [3]
(i) Hence, state the period and amplitude ot y. [2]
(iii) Sketch the graph of y = 2cos?x — 4sin’x for 0 < x < 2m. [3]

(iv) On the same axes, draw a suitable straight line to find the number of solutions

that satisfy the equation x = 2m — 3ncos2x for 0 < x < 2m7. [3]

--- End of Paper ---

13
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax? + bx + ¢ = 0,
—b +Vb?% — 4ac
K=
2a

Binomial expansion

(a+b)"=a" + (n) a®1h + (n) a™?h? + -+ (?) a™ Th" + -

1 2

_ n! =1 sm=v+1)
T =t r!

. X : g
where # is a positive intege (r)
and

2. TRIGONOMETRY
Identities

sin?A4 + cos?4 = 1
sec?A = 1 + tan?4
cosec’A = 1 + cot?4

sin(A + B) =sinAcosB + cosAsinB
cos(A+ B) =cosAcosB FsinAsinB
tanA +tanB
tan(A+B) = ——mm—
(41 B) 1+tanAtanB
sin2A4 = 2sinAcos A
c0s2A = cos? A —sin?A =2cos?A—1=1-2sin%4
2tanA

tan24 = ———
1—tan24

Formulae for AABC

a b _ ¢
sinA  sinB _ sinC

a? =b2+c¢?2—2bccosA

1
A= —=bcsinA
5 besin
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(@)

(b)

State the values between which each of the following must lie:

(i) the principal value of tan™" x, [1]
(if) the principal value of cos™ x. (1]
Without using a calculator, find the exact value of tan 105°. [3]
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2

. d 36
2. A curve is such that =2 =

v The gradient of the tangent at the point (=1, 3)

is % Find the equation of the curve. (5]
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3.  The roots of the equation x2 + mx +n = 0 are a and f, where « § > 0.

Given that a? — B2 = 13, @ — B = —1 and 23% = 72, find the value of m and of n. (7]
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4. Giventhat y = (k — 2)x* — kx + k — x — 2, find the range of values of k for which

v is always positive. [7]
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An object is heated until it reaches a temperature of T, °C. It is then allowed to cool. Its

temperature, T °C, when it has been cooled for n minutes, is given by the equation

3
T=33+12e +.
(i) Find the value of Tj. [1]

(ii) Find the value of n when 7'= 37 °C. [1]

(iii) Find the value of n at which the rate of decrease of temperature is
0.67 °C/minute.

(2]

(iv) Explain why the temperature of the object is always greater than 33 °C. [1]
3

(V) Sketch the graph of T = 33 + 12¢”+". 2]
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6. The polynomial f(x) = ax? + x? + bx + 6 has a factor of (x + 2) and leaves a remainder
of 18 when divided by (x — 1).
(i)  Find the value of @ and of b. [4]
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(i) Factorise f(x) = ax® + x* 4+ bx + 6 completely. [2]

(iii) Hence, using the values of a and b found in (i), solve the equation

aly-13+ (@ —-1)2+b(y—-1)+6=0. [2]
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7.

10

(i)  Differentiate sin2x with respect to x.

(i)  Hence evaluate the following

(2) JS sin?2xcos2x dx
0

(b) f cos32x dx

[2]

[4]
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8. In the expansion of (3 + 5x)", the value obtained when coefficient of x? is divided by

coefficient of x3 is 0.3.

@) Find the value of ». [4]
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(i)  Hence, find the term independent of x in the expansion of (3 + 5x)" (1 — E)2. (5]
x
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9. In the diagram below, BE is perpendicular to AD.
Given that ZBAC = 6. where 6 is an acute angle, 4B = 15 cm and DE = 12 em.

B

an angl

() Express the AD in the form R cos (8 — @), where R is positive and a is acute.  [4]
A »
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(i)

(iii)

14

Find the value of € for which 4D = 16.5 cm. [3]

Given that AD is the diameter, find the length of 4D and the corresponding
value of 6. [3]

Need a home tutor? Visit smiletutor.sg



15

10. The table shows experimental values of two variables x and y. The two variables are related

by the equation bﬁ = ab + ax?, where a and b are non-zero constants. One of the y values

have been misprinted.
X 1 1.5 2 2.5 3 3:5
y 523 6.98 7.88 143 20.9 30.3

(i) Usinga scale of 1 cm to 1 unit on the x? axis and 2 cm to 1 unit on the Jy axis,

plot x? against ﬁ and draw a straight line graph on the grid provided. (3]

I
]
i

1

NN I EREEE
A 0 O 0 A

L 1R Lt 1l ]

L L.}
s
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(ii)  Use your graph to estimate the value of @ and of b. [4]

(iii) Using your graph, identify the abnormal reading and estimate its correct value.  [3]
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11 (a) Find the exact coordinates of the stationary points of the curve y = 5%%e %

and determine the nature of the stationary points. (6]
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X

3
:2. Find the value of k for which the line

(b) A curve has the equation y = =

27 i
v+ SX= k is a normal to the curve. [6]

Need a home tutor? Visit smiletutor.sg



19

12. A circle, Cy, has equation 2x? — 3x + 2y? —-%(432 -3)=0.

(i)  Find the coordinates of the centre and the radius of C;. [3]

(i) Show your working clearly whether the point P (=1,2) lies inside or

outside C;. [2]
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(iii)  Find the equation of another circle, C,, which is a reflection of C; in the line

y—x—3=0. [7]

- End of Paper -
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NCHS Sec 4 Mid-Year Exam 2019

Additional Mathematics Paper 1
1 fax — 85 4| -4x*+11x*-16249 A, B | Cx+D
64 = 331*23 2x-1(243) | x| 2x-1 | 2243
3x+3
2% = (zs-mx) 3 z
259 —4x® +11x% - 16x +9
2% = —;:o-m =AQx -2 +3) +Bx(x? +3) +x(Cx + D)(2x - 1)

6x = 6x + 6 — (10 — 20x)
20x =4

=1
x=c or0.2

(tanx + secx)?
_ [sinx 1 42
-
- (siuxu)z

cosx
_ (sinx+ 1)2

cos?x
_ (sinx+ 1)?

1-sin? x
(sinx +1)2

- (1-sinx)(1+sinx)
_ l4sinx

 1-sinx

Letx =0,

=3
l..etx—z.

Compare x3;

Letx =1,

- +

-4=24+B+2C
€=0
D=4

4

2x— x%43

3i

_ 2x?
¥ 1-3x
dy _ 4x(1-3x)-2x%(-3)
dx (1-3x)%

4x-12x% +6x%
= Tane
_ 4x—-6x?

T (1-3x)2
o 2x(2-3x)
(1-3x)2

3ii

& =005 unit/s, x =3
(ly dy ., dx

a —2?3)(2 %)
=gt X005
= _T‘ or —0.0328 units/s

-‘-::(\Hz

—2(2T+
=6v3+2

V3-2)
2)+2V3-2

6i

6ii

Tii

4x° — 4x?

x-l

x = 58S
=3.08

=
log, Ex—:;

(x-2)

¥=
3+\| 185

Z

ay spection,

Compare x* f—4& b

b0 Q

+ 16=(x— 1)(423@0
x=1=0 %%=

TBJecled)

12x+ 6 -
2x% —3x —

3+/(=3)2-4(2)(-22)

y=2/x%

en x=
Coordmat

5’&? 10g10 5

logz(6 — x) — logy(x — 2) = 3 — logz(2x + 1)
logy(6 — x) — logg(x — 2) + logz(2x + 1) = 3

x(2x+1)=

(E=0@x+1) _ o3

2x? —x=8(x-2)
22=0

2(2)
(@.15) or 21 (—2.65)(reject)

2x2—x—-10=0
(x+2)(2x-5)=0
x==2o0r25

Y gx-1

dxz
:x,—4(25) 1=9>0, minywhenx=2.5

dx’

=4(=2)-1=-9<0, maxywhenx=-2

= fz:rz-x—lﬂdx

22 x

2
—T—?—IOI+C

9i

9ii

i

_"3(3x~2)'2

tSinge!x—2>0 3{1? 2)(.0

dy
< 0 or m 2<0 )
Therefore y is decreasing forx > 3.

2
& = lGe-27®
1

“Bx-2)2

(3x G-

Therefore x > ;.

10i

10ii

y=-1+5(3) =5
5=3x+2
x=1

P(1,5)

k=‘“‘7‘5’-(5)—5= 10

o) =
(9—h)(1+h)=-56
h*—8h—65=0

h=13(rej)or—5




06 |, _1|-5 2 10 -5 11iib | 0= —3[4x— 3| +5
=5 5
2|9 -5 -1 9 |[4x —3| ==
3
=170 .
4x—-3=7 or4x-—-3=-:
7 1
x=z orx=3
7 1
(5.0)ma(3.0)
11i (2x —3)?> 49 12i | y =2cos%x — 4(1 — cos?*x)

x?—-3x—-10>0
x—5)(x+2)>0
x<—-2o0rx>5
OR
2x—3>7 or 2x—-3< -7
x>5 or x<-2

y = 6cos’x — 4
y = 3(cos2x + 1) — 4
y =3cos2x — 1

11liia

y=al4x—-3|+5
—4 =al|-3|+5
a=-3,

12iii

>~
\\& I| | \L\,P
12iv =3cos2x —1 \\2"
Ji: 2 — 3cos2 \/ @06@
= ¥
T \%\
3cos2x =2 ——
- x
3cos2x—1=1—-—
i T
y=1--
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B = = R = I e i
fai [=90 < tan'x <90 or Ay 9 1 [[F o= e 2) 1 T“i 2 1 o ll [8 cosPRidE
i i T dx (1= 2 | b2 dac<d -6
-5 <tantx <-2— o m ; l l
.I 2 | y=[9{1-2x)7— Ed‘x | ‘ [~k + 1)) — 4k — 2)(k—2)<0 _I"’ cost2xcos2x dx
s | f o iy X |kt 42k +1- 40K 4k +4) <0 '.
ait | o ==X + | = (31 — sin‘2x) 4
|0 scostx s 180 or ¥ 2(1—2x) 2 | Il —3k% + 18k — 15 <0 = j’aﬂ{l sintZ2xicos2x dx
‘ Ve Subx =-1,y=13, \ ‘ —k*4+6k—-5<0 | j' * cosudx — r b sint2Ecosix dx
9 1 | |
; =zt i‘k'sm'”}o | - R sinz lsmszx]%
| = [=sin2x — =5 :
‘ d= § ! |k-clar5<k | [2 6 0
y 2 d l [E=EEe | = 0.295 (3sD)
| S T L A " N Y S B i v U e
| n-2x) 2 ‘ %k)] ( ){”“ ‘('31)"‘ = “in 1 _}n ?(‘;_r b,
b B tan lﬂS“ B 3 = —m i . I = g _nn=1n-2) oy y 4
i 3 g+ fl=-m - (J(g)n *(5x) L 3-4(126x7)
i = lan(ﬁll =+ 45") ﬂ.’ﬁ =N | n(n—113,‘-z(25x1) 3
| tansl +tanss - —_ 2 P2 i,
E T ranst’ n:ns (@+p)a _ Fln=l i "i“_._’.g.'L‘.‘_lsn—auzsm 10
e \.‘Jf_i i 14v3 (o +B)(-1)=13 i 3 3
| =B 3 s Fmm 10
i= Vit '1 =
= P _
| 20 P73 | W = 5{n—2)
| &3 | 14Dy -1+ 320 - | g=n—12
I__\‘r-_z i 1)i113=0 | |_n:
g E— orne-H@-D=0 | (@ arsoa-»
dx (1 2x) y=—1405 ! ' " T
| 5 : - —— i = (345041t
i Q =[36(1 - 2x)dx 7i = (sin*2x) = 3sin*2x(2c052x) i l' # -j 7% ¥
| 36(1-2x)" dx L e (Y60
1= T d : ' ' . .
| =at=2) O E;(sin32x) = 6sin“2xcos2x 1 = 87480 x
= El_—!}zﬁi +e | x4 rerm: (g)(3)“(5ﬂz
— \N\ . — ' - 510300 x?
bk =—=hgr = Z' (\6 0 Term independent of X
! i - |ma| R —98(])— + 1300
[ ST (-3\@’ ! I 3 = ' r sin? 2xcos2x dx | 1 38(1) — 4 (87480) + 4 (510300)
I * \ I \ | —Ba-2b+10=10 o ) | r_mwa“
- T . | Ba+2b=10 LI L | B
EI datb= Sl ’EJ:, P

f(1) = 10 - ) R e ——

= - = 7 ]

l [a+h=11--12} T ] " ilsmazﬂg — 0.0589 (3s) |
(1]

|I —




o

Fj

|

|

I same

angle DEC — 6 (angle
segment)

15¢cos0 + 12 5ing

= V152 + 122 cos(o —

tan ! GE))

= 3T cos( 8 - 38.79)
=192 cos( 0 — 38.7°)

165 = 3ViTcos(d — 38.65981)
cos(6 - 38.65981) = 0.85896
Basic angle = 30.80°
0 = ~30.80°,69.16028°

= 7.9° 69.5°

Full mark was given
even though students |
i missed out 7.9%,

b= 7.0388
ji= T.06

_{f,\ (& S

| o _i .—1 = CGE’Z{ .t(} = 33.55{;81}_5—}.__ 10 | Abhormal icadiing T —
i Max value = 3v41 1, J:; =281
| cos( 0 - 38.65981) = 1 Correct fy should be 3,13, y - 9.92
|
i - 3865981 =0 F 3s.0)

[  le=387 Accept |y -3.05-3.15

_[ _ Accept y = 9.3025 — 10.5625

100 [fx®| 1 ]225] 4 |625] 9 | 550 ||11a |y =5xe 3% ()
ﬁ 229 | 264 | 281|378 4571228 dy = 10ve~** 4 51‘2&'_”(—3)

= S5xe~3%(2 - 3x)

N
\ ol
m poin:

(ZAS

[ 057 [0.67 |0.77 |
s ‘0 =
bax L [
Sketch of ] 1
{wngent 1 |
{.'5 28 ) is @ maximum point
7' 9e2 " L. 2ol

11 xtd

Distance of P from centre

) ETY) or b

Xyt = 15—y +075=0

Centre = (1_?;- )= (0.75,05)

Radius = v0.752 + 054 — 0,75
=1).25

=J(0.75 + 1)2 + (0.5 — 2)2
= 23049 = radius

Hence, P lies outside the circle.

— ——
2x‘-3x+2y*'—5(4y—3)=[1

[ 12

|
‘
|

\

ly=v+73
| #

Gradient = |

Perpendicular gradient = -1
Eguation: of the ime joming
centres:

y—05=—(x - .75)
y= x1125. . (1)
Voo xR i)
Sub (2) inta (1),

x+3F=-x4+125
X = —2

u -
Subx = --;inlu (2).

1
y=2;

i Let centre of C; be (x, »),

DTGyl s )

7 1
(—5:8g = ¢

2 "2
x = =L5
1
=3~
y 4

Equation of Ca:

G+ 28) + (y-33) =

i6

|
[

+ |
By Tany |
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Mathematical Formulae
1. ALGEBRA
Quadratic Equation
2
~b+Vb? -
For the equation ax? +bx+c=0, s bt ; 4ac
a
Binomial expansion
@+b)" =a" +|" |a"o+|" |a" 22 + ..+ " |a" 0" + ... 46",
| 2 p
| N .
where n is a positive integer and n__n  _ a(n=1)..(n=r+1)
r) r'(n-r)! r!

2. TRIGONOMETRY
Identities sin® A+cos® A=1
sec? A=1+1tan? 4
cosec’A =1+cot® 4
sin(A + B)=sin Acos B+ cos Asin B
cos(A+ B)=cosAcos BFsinAsinB

tan 4 + tan B

ta{ A+ B)y=——M—
o ) l1¥tanA4dtan 8

sin2A4 =2sin Acos A

cosZA::cos2 A——sin2 A= 2cmrs2 A-1 =lv25in2 A

tan 2A =_2ta;f
l1-tan™ A4
Formul AABC, I
aivvige ot ‘ sind sinB sinC
a2 =b* + ¢ —2bccos 4
| ;
A=—absinC
2
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Need a home tutor? Visit smiletutor.sg



1. ALGEBEA

Ouadratic Equation
For the equation ax” + bx + ¢ =0,

__cbib —dac

2a

Binomial expansion

(@+b) =a" —[Ua""b+@]a"‘*!ﬁ —...+[:Jr'b* 4

| — e
where n 15 a positive integer and [H] al __na@-D..(a—r+l)

r =r![n—rj!_ il

2. TRIGONOMETRY
Identities
sin® A+cos’ A=1
sec” A=1+tan" 4
cosec’d = 1 +cot® 4
sin{ 4+ B)=%m.4cos B *cos Asimm B
cos(4+ B)=cosAcosB smAsmB

. tan A+tan B
tan AT B) = m—mm—
ani A+ B) Tom B

sin 2?4 =2sn dcos A
cds2d=cos A—smm* A=2cos* A-1=1-2smn’* 4

Jam A

tan24=_-12mAd
A e 4

Formulae for AABC
a b _ ¢
smd smB s=smC

a’=b'4+e’ —Ibocos A

A=Lbesin4
3
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2 @) A prism with a trapezium base has a volume of 24 4+ 17v/2 cm®. The
trapezium has a height of V2 cm and its parallel sides are 3V2 + 2 c¢m and

2 em respectively. Find the height of the prism, leaving your answer in the

form av2 + b cm, where a and b are integers. (3]
G SimbEy = #2450 — = . 2]
Py 2 N
[Turn over
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3 Variables x and y are related by the equation y = -1-?—;1 . Given that x and y are

functions of ¢t and that y increases from an initial value of 2.9 at a constant rate of

0.005 units/s, find the corresponding rate of change of x after 20 seconds. [5]

SMSS 2019 [Turn over
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4 The diagram shows a trapezium BDEA in which BD is parallel to AE. The side ED is
parallel to the x-axis. It is extended to meet at point C' which has coordinates (-1, 3).
The equation of AE' is 2x — 5y = 4 and the equation of ACisy + x -2 = 0.

C(—13) D E
B 2x -5y =4
y+x-2=0
> X

0 A
Find
@) the coordinates of 4, £ and D. (4]

SMSS 2019
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e

7
(i)  the ratio of area of triangle BCD to area of trapezium BDEA., (m
s @) Differentiate x2 In x with respect to x, (2]
(i) Hence find [ xIn x dx. 3]

SMSS 2019
[Turn over
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. g 24 " 3
6 Given thatsin 4 = = where 4 is acute, tan B = i and that 4 and B are in different

quadrants, find, without evaluating 4 or B, the value of

(i) sin(4+B), (3]
(i) cos (-;) . [2]
SMSS 2019 [Turn over
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7 It is given that a curve has equation = f(x) , where f(x) = (2x + 3)(x - 2)2,

() Find the coordinates of the stationary points of the curve,

(4]
(i)  Hence, determine the nature of these stationary points. 31
SMSS 2019 [Turn over
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10

(iii)  Sketch the graph of f’(x) against x. (2)

SMSS 2019 [Turn over
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11

8 (i) The quadratic function is defined by y = 2x2 — 8x — 15, where x is real,

(@)  Find the set of values of x for which y < 3x2, (3]

(b)  Find the sct of values of & for which the equation y = kx — 23 has

no real roots. [3]

SMSS 2019 [Turn over
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12

(i)  Show that the line y = % + % is a tangent to the curve y? = 2x for all real

values of p. (3]

SMSS 2019 [Turn over
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13

9 ® Sketch the graph of = 3vx . (1]
y
&
T
(i) Onth kevchithe graphot v B P90 [
¢ same axes, sketch the graph of y = 7= ,x>0.

(iii)  Calculate the x co-ordinate of the point of intersection of your graphs

in exact form. [2]

SMSS 2019 (Turn over
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14

(iv) Determine, with explanation, whether the tangents to the graphs at the point of

intersection are perpendicular, [4)

SMSS 2019 [Turn over
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10

Y

y=3-4—x

o( \‘}”

The diagram shows part of the graph y = 3 — |4 — x| intersecting the y-axis at U.

I is the highest point on the graph.

) Find the coordinates of U and V. (2]
The equation of a lineis y = mx + 3. where m is a constant.
(ii) In the case where m = —2, find the coordinates of any point of intersection of
the line and the graph of y =3 — |4 —x]|. 3]
(iii) Determine the range of values of m for which the line intersects the graph of
y=3~—|4—x| intwo points. [2]
[Turn over
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1 The roots of the quadratic equation 2x2? + 5x - 4 = 0 are arand g,

Find
: Yoo/l
0] the value of " + 7, (4]
. . . : 1 I
(11) a quadratic equation with roots el and ? . (4]
SMSS 2019 e
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4 cos 2x .
12 ® Show that can be written as +bsec?x , where a and b are

1+cos2x
integers. [4]
i 0° 180° , th et X franx 5 [4)
(11) Solve, for0? < x < , the equation  SE— .
4co0s2x

p i i = 4tanx —5in
(iii)  State the number of solutions of the equation T 4ta

the range —360° < x < 360°. (1]

SMSS 2019
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Mathematical Formulae

1. ALGEBRA

Quadranc Equation

For the equation ax? 4 bx4cm0 ; X = ——

Binomial expansion

(¢ +b)" =a" +LTJ a" by (;J ", -F(HJ """ .. +b",
p.

n]ﬁ n__nn=l)..(n-r+l)
ri(n=r) !

where » is a positive integer and [
y

2. TRIGONOMETRY
Identities sin? A+cos? A=
sec? A=1+1wn? 4
cosec® A =1+cot? 4
sin{A* B) =sinAcos B tcos Asin B
cos(Ax B)=cosAcosBFsindsinB

lan A+ tan B

(A4t B)=————m——
K ) 1Ftun Awn 8

sin2A=2sinAdcos A

cos2d = cusz A —.~siu2 A= 2cos“' A-1=1- ZZsin2 A
wunAd= —z—m-'l-;-—
|l—twn*® 4
Formulae for AABC, I .
ae for s . . =
IS sind sinB sinC

a? =b? +¢% =2bccos A

| .
A=-absinC
2
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A curve has the equation v =2 ¢? ™'

Find the range of values of x for which y is an increasing function of . [3]

2 Find all the exact values of x which satisfies the equation

8cosx—2sinxcosx+4—sinx=0for 0<x<9. [3]

¢

SMSS 2019 [Turn over
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3 Differentiate xe™ with respect to x, Hence find Jxe" dx. (4]

4 Evaluate the following definite integrals, giving your answer in exact form.

Sx
(@) r 3e 7 a5

0 eZ.r

I 4—cos’ 2x

b S ———

(®) -[: 1—sin’ 2x
SMSS 2019
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3
X . C D
~————— inthe form 4dx + B + + ——, where 4, B,
Express x’+3x+2l 3 T where 4, B, C and D are

3

constants. Hence evaluate I 5
x“+3x+2

(6]

SMSS 2019 Turn over
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6 (i) Find the number of real roots of the equation 3x* + 2x2 + 10 = 3x. (4]
(ii) Hence solve the equation 3 + 2y — 3% + 10y> = 0. (2]
SMSS 2019
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7 The diagram shows part of a graph whosc gradicent function is given by

dv :
d;‘ = 2.¢os 2x—2sinx. A, B and C are stationary points on the graph.
»

B
{i) Show that C is a point of inflexion. (4]
(i) Find the equation of the curve. (2]
[Turn over
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8  The diagram shows the arch AFTEB of a stone bridge. The bridge forms an arc of a
circle and the length 4B forms a chord of the circle. 48 is 8 m and the top of the bridge
Tis 1 m vertically above AB. C and D are the midpoints of OA4 and OB. CF and DE are

two vertical pillars supporting the arch.

y
A
TO, D
F %E\
- | C) ¢ |
(i)  Show that the equation of the circle is x*+)*+ 15y 16 =0. [4]

(ii) Find the height of the pillar CF. 12)

SMSS 2019
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9 (i) Given thaty=cos’x, show that % =3 sin’x -3 sinx. 2]

(i) Hence evaluate E sin® x dx. (5]

10 (a) Solvetheequationln(2x+e)=1+ lol , leaving your answer in the
{ -4

£

exact form. (3]

SMSS 2019 [Turn over
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10

10 (b) Without using a calculator, find the exact value of yif (5 y)"" = (2 y)’"z ) (5]
11  Answer the whole question on a sheet of graph paper.
The table below shows the experimental values of the variables x and y.
X 0.5 1.5 3 4.5 5.5 6
y 4.43 6.24 7.44 114 15.7 18.7
It is known that x and y are rclated by an equation of the form y = ¢ + ab”.
One of the y values is incorrect.
(1)  Plot a straight line graph of In (y — ¢) against x. (4]
(ii)  Use your graph to identify the abnormal reading and estimate its correct
value, (2]
(iii) Use the graph to estimate the value of a and of b, (2]
SMSS 2019
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12

12 A solid right circular cylinder with base radius » cm and height 4 ¢cm has a hemisphere

hollowed out from each end as shown in the diagram.,

Given that the surface area is 1281 cm?,

(i)  show that the volume of the solid, ¥ cm? , is given by V= 2%(96—5:-1). [3]

SMSS 2019
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13

(i) find the value of r for which V is stationary, 2]

(iii) find the corresponding value of ¥ and determine whether it is a maximum

or a minimum value. 3]

SMSS 2019 [Turn over
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13 A waterwheel rotates 5 revolutions anticlockwise in | minute. A bucket B is attached to
the waterwheel. Tammy starts a stopwatch when the bucket B is at its highest height

above water level. The radius of the waterwheel is 8 m and its centre is 5 m above the

water level.

5m

Water

The height of the bucket B above water level is given by & = a cos bt + ¢, where
¢ is the time, in seconds, since Tammy started the stopwatch.

(i)  Determine the value of each of the constant a4, b, and c. [5]

SMSS 2019
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N

(i1)  For how long in cach revolution is h < 07

(3]
(1)  Explain what does the answer in (ii) mean. [
SMSS 2019 [Turn over
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In
14 (a) In the expansion of [x"' —5]-;] , determine if there is a x term. [3]

8
(b)(1) Find the first three terms in the expansion of (2 — i] in descending
X

powers of x. (2]

(i) Hence find the values of g, b and ¢ given that the first three terms in the

: Y
expansion of (a + bx) [2 - —-] are 128x, — 256 and < respectively. [5]
; x

SMSS 2019 Need a home tutor? Visit smiletutor.sg
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15  Anopen cylindrical tank with O as the centre of the basc is shown in the diagram.
It is given that ZEOF = 26 where 0° <@ <90° and OF =2 cm.

The exteral total surface arca of the cylindrical tank is § cm?,

_/"
20 7
N
o __“
(i) Show that S =27 (2sin26 —cos 20+ 1). (4]
SMSS 2019 [Turn over
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(i) Express §=2x(2sin 20 — cos 26+ 1) in the form 27 [R sin (26 — a) + 1]

where R > 0 and 0° < 8 <90°. [3]

(iii) Find the maximum possible value of S and the corresponding value of 6. [3]

SMSS 2019
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2mr 4m 8rm
2 TRy
3 —(x95X__ 6,53::)+
5 C:
4 ol o i "
@ e +iaTs ® 2v3-Z

2
S S=3x+8In(x+2)-In(x+1)+C
6(1) | real root (i) -0.5
T(i1) v=sin2x+2cosx

8(ii) 0.761 m, — 15.8 (reject)

i) =

10(a) x = -ﬁ; (b) 0.

(iii) -

12(ii) -- @

13(i) - @

(i) Itis %\F@' eu@ \cket is in the water.

1024 1792
14(a) nox’ ten'q \@(ﬁ‘)256_ = +?.+

(c) a=1,b=05,¢c=-128
15(i) S = 2m[V5sin(26 — 26.6°) + 1]

(1ii) . max s = 20.3 cm? when 0 = 58.3°

‘ [Turn over
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1. ALGEBRA

Quadratic Equation
For the equation ax? +bx+e=0,
e ~b2Vb® —4dac

2a

Bingmial expansion

(@+b)" =d" +(r:}z""b +(;]a"'2b2 +...+[n]a""b’ +o.th"
r

: - n Al nin—N..(n—r+1
where 1 is a positive integer and = =
r) rigp-r! r!

2. TRIGONOMETRY

ldentities
sin? A+cos” Ad=1
sec® A=1+tan* 4
cosec’4=1+cot® 4
sin(A & B) = sin Acos B £ cos Asin B
cos( A+ B) = cos Acos B Fsin Asin B

tan(A:+ B) = tand+tan B
1Ftan Atan B

sin 24 = 2sin Acos A
cos2A4=cos A—sin? A=2cos? A~1=1~2sin” 4
2tan A
1-tan® A
Formulae for AABC

a b _ ¢
sind sinB sinC
a? =52 +c? —2bccos 4

Areaof A =%absinC
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3

Rashid bought a hot bow! of soup and he left it 1o cool on the table. The temperature
of the soup, T7°C, at time, ¢ minutes, is given by Newton’s Law of Cooling formula,
T=Ae™+T, , where A and kare positive constants and 7, is the ambient

temperature or the temperatuse of the surroundings. When the temperature of the soup
was first taken, its temperature was 81°C and the ambient temperature was 31°C.

After 10 minutes, the temperature of the soup was 51°C, with no change in the

ambient temperature.
(i} Calculate the value of 4 and of k. [3]

(i)  Tf Rashid wants the soup to be at most 35°C when he drinks it, determine the
minimum number of minutes he has to wait, assuming no change to the
ambient temperature, 2]

2019 AHS SA2 AM P1 Need a home tutor? Visit %‘i’l'é'ﬂﬂg?rsg
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2 Solutions to this question by accurate drawing will not be accepted.

8
4

4 B

/.

1
o

In the diagram, O is the origin. The points, C and G, lic on the x-axis, The line BCDE
is parallel to the ling AGF and perpendicular to the line £F. The coordinates of 4, B

and D ase (~2,3), (3,k) and {0,—3) respectively. The lengthof BD is v/45, and
L

AF 3

()  Find the value of &. 3]

2019 AHS SA2 AM P1 Need a home tutor? Visit smiletutor.sg
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: 13
(i)  Show that the coordinates of F are (—?,— 6] i [2]

(iii)  Find the coordinates of E. 3]

Turn over
2019 AHS SA2 AM P1 Need a home tutor? Visit s[miletutor.sg
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3 In the diagram, 4CDE is a cyelic quadrilateral. Lines GAB and FEHC are parallel,
and line GA4B is a tangent to the circle at 4. Lines 4D and EC meet at H.

Prove that
(i) triangle ABD and triangle CBA are similar,

(ii) triangle ACH and triangle ADC are similar,

2019 AHS SA2 AM P1

(2]

2]

Need a home tutor? Visit smiletutor.sg



(itiy  AD bisects angle CDE, [1]
(ivy ABxAH=ACxBC. 2]
2019 AHS SA2 AM P1 [Tarn over
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(i) Express 12sinfcosf ~ 8 cos® @ +7 in the form

Asin28+ Bcos28+C , where 4, B and C are constants. [2]
(ii)  Solve 12sin{/cos O—8cos2@+7=0 for 0° <@ <180° (5]
2019 AHS 5A2 AM P1
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5 (a) Giventhat y= '—tz—, find the range of values of x for which y is an increasing
e

function, [4]

(b)  The equation of acurve is y=(x—-1)In(1-x). Find the exact x-coordinate of
the point at which the normal is parallel to the y-aXis. [41

2019 AHS SA2 AM P Need a home tutor? VisitSmieiator.sg
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10

A particle P leaves a fixed point O and moves in a siraight line so that, 7 seconds after

leaving O, its velocity vem slisgivenby v= ¢% ~14¢+48. Calculate

(i) the minimum velocity of P, 2}

(i)  the values of ¢ when P is instantaneously at rest, {23

2019 AHS SA2 AM P1 Need a home tutor? Visit smiletutor.sg
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(iii) the distance travelled by P in the first 10 seconds. 4]
(iv)  Show that the particle will not retumn to O, [1]
2019 AHS SA2 AM P1 [Turan over
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12

A right circular cone of depth 40 cm and radius 10 cm is held with vertex downwards. It

contains water which leaks out through a hole at a rate of 8 em3s™ . Find the rate at
which the water level is decreasing when the radius of the surface of the water is 4 cm.

16]

2019 AHS SA2 AMP] - :
Need a home tutor? Visit smiletutor.sg
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Determine the number of

24 6logg x=

antn ATTR €A AM P1

i o et

13

solutions for the equation
logs{9x~15)
logs 2

(51

Need a home tutor? Visit smiletutor.sg
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9x—x2 lics above the curve

(4]

9 Find the range of values of x such that the curve y=

=252 +17x~42.

{0 (z) Find, interms ofm, the value of | ;’ sinZxcos® x dx. (4]

2019 AHS SA2 AM Pl Need a home tutor? Visit smiletutor.sg ;
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(h)  The diagram shows parl of the curve y= _1_!25_ . Also shown are lines perpendicular
x

to the x-axis at the points with x-coordinates I, k and 4.

yJL

o

Given that the areas of the regions marked A4 and B are equal, find the value of £.

(7]

2019 AHS SA2 AM Pi Need a home tutor? Visit stiSI8¥ <G
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§ The tabie shows experimental values of two variables, x and y, which are connected
by an equation of the form y™x =k, where k and = are constants.

X 2 4 6 8 10
y 6.25 1.56 0.694 | 0.391 | 0.250

@ Plot In y against Inx, and draw a straight line graph. {31

(ii)  Use your graph to estimate the value of £ and of m. 41

(iii) By adding a suitable straight line {o the same diagram, find the solution to

the pair of simultaneous cquations y"x=k and y=¥x. [3]

End of Paper

> \fiai :
2019 AHS SA2 AM P1 Need a home tutor? Visit smiletutor.sg
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The roots of the equation 3x% - 6x+5=0are qand £. Given that the rools of

2 2
x*+ px+q="0are £ na %, find the value of p and of ¢. [5]
o

Turn over
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()] Show that —x? +x—(1+ hz) is always negative for all values of & [2]

(i)  Find the possible values of & for which the line y =2x+k is tangent to the curve

P =1-242. 3]

2019 AHS SA2 AM PI Need a home tutor? Visit smiletutor.sg
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(iii)  Find the range of valucs of x which satisfies x+25 x* <16. [4]
3 (i) Solve the equalion x—1-2x =-17. [3]
[Turn ove
201 KHSRaE AN Need a home tutor? Visit smiletutor.sg

(W



21
(i)  Solve the simultaneous equations

3x

=8 and #0Y) = 5]

N

Need a home tutor? Visit smiletutor.sg
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(iii)  The trapezium ABCD, where 4B is paraliel to DC, and has an area of

12+6Jl_6 cm?. A 4 B

D “ e

Given that the length of 4B is v2 ++/5 cm and the length of DC is 2 times of
AB, find,

(a) the height, BC of the rapezium in the form aJb , where a and b are

integers. [43

[Turn over
Need a home tutor? Visit smiletutor.sg
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(iii) (b)  theexact valie of AD? in the form c+d+/10, where c and d are integers.
[2]

4 ()  Thefunclion f(x)=x  +ax®-2x~36 is divisible by x~2.Find the value of
[11

2019 AHS SA2 AM P! Need a home tutor? Visit smiletutor.sg
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(ii)  Given that 4552 ~2x-24= (:c+1)2(x+b)+cx—27 for all values of x, find

the

value of b and of c.
3]

(iii) The graph of a cubic polynomial expression, y = f(x) hes a coefficient of w for

x3 .
This graph cuts the x-axis at (=3, 0), (-1, 0), (4, 0) and the y-axis at (0, 24).
Find an expression for f(x).

{3}
2019 AHS SA2 AM Pi Need a home tutor? Visit smiletutor.sg
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5 @ Sketch the graph of y= |x2 + 4x| showing the x-intercepts and the

coordinates of the turning pomt. [Turn over

[31

(ii)  State the number of solutions to the equation ‘xz +4x1 =x+4 bydrawinga

suitable

line on the same axes.

2]
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8
()  Find the middle term of [x—%} .
2x
[2]

(1)  The first 3 terms of (2a+x)1-3x)" is 4- 59x 4 bx? . Find the value of a, of »
and

of b.
[5]

2019 AHS 5A2 AM P Need a home tutor? Visit smiletutg
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4 The points A(S5, -7) and B(6, 0) lie on a circle, with centre C.
Given that the point C lics on the line y = 5x — 13.

(i) Find the equation of the circle.
[7]

L Need a home tutor? Visit smiletutor.sg
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A second circle with radius r units and centre P, also passes through the points 4 and B.

(i)  Find the exact smallest possible value of r.
i2]

(i)  State the coordinates of centre P,

[1]

2019 AHS 5A2 AMP1 Need a home tutor? Visit smiletutor.sg U(
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8 (i) Show that cot @+ tan & =2 cosec 20,
i4]

2

: x x i ;
(ii)  Hence, solve the eguation cot 3 Tian = cosecTx - 3, giving your answers i

radians and within the principal range.
[51

Need ? Visi i
2019 AHS SA2 AM P1 eed a home tutor? Visit smiletutor.sg
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5 ()  Skeich, on the same axes, the graphs of y=2sinx—3 and y=4lcosx| for

— XX

Hence, deduce the value of m for which the equation 2 sinx — 3 m4|r:0$;r| + m has
1 solution in this range.

(5]

[5

Need a home tutor? Visit smiletut
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(i) A student reasoned that since the range of values of y for both equations y = sin x
andy=cosx are between — 1 and 1 inclusive, then the range of values of the
expression 8 sin x+ 5 cosx can be obtain as follow

—8<8sinx<8§
-5%5¢cosx<S
=y - 13<8sinx+5¢cosx<13

(a) Without performing any calculations, explain why this reasoning is
incorrect.

£}

(b) Find the range of values of 8§ sinx + 5 cos x.

[4]
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10 (i)  Express -3—2in partial fraction.
X" +6x° +9x
[5]
2010 AHS SA? AM P1 Need a home tutor? Visit smiletutor.sg
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(i)  Hence, or otherwise, find the equation of the curve where the gradient is

x—9
X +6x +9x
[5]

and passes through the point (3, In 2).

2019 AHS SAZ AM P1 Need a home tutor? Visit smiletutor.sg
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11 Given that y=3(x— 1)4 —4(x~1)* +5, find and determine the nature of the stationary
poinis.
[63

2019 AHS SA2 AMP1 Need a home tutor? Visit smiletutor.§lg
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12 (i) Sketch the graph of y =3 In (x — 2}, clearly showing {he asymptote and the point

where the curve crosses the x-axis.

B

2019 AHS SA2 AMPI - :
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- . d =% ' K R
(i) Find E[ms E] and hence e:valuatej0 cos” sin dx

{53

2019 AHS SAZ AM P1
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AM-2019-AHS-Prelim-P1 — Marking Scheme

1() T=Ae 4T,
t=0,T,=31,T=81
81=Ae 03]
A=50

t=10,T, =31, T =51

51=50e K10 1 3]
o-10k _ 20
50

k=—ixln(zj
10 5

=0.091629
=0.0916

(ii) T = 5000:091629t | 37

35— 50 o~0-091629t , 3

0091620t _ 4
50

-0.091629¢ = ln(ij
25

1 2
ft=—— xIn| =
~0.091629 (25}
= 27.565

=27.6

Rashid must wait for at least 27.6 minutes before he can drink the soup.

2(i) BD =+/45
J3-0P + (k=) =35
9+k% +6k+9=45
k?+6k—27=0
(k+9)(k=3)=0
k=-9(NA),
k=3

(i) A(-2,3), B(3,3), D(0,-3)

Need a home tutor? Visit smiletutor.sg



4(-2,3)

B(3,3)
6
u D(0.-3)
3
F
\Y

AF 3 AF 3
BD 2 BD 2
g_g v 3
6 2 3 2
u=9 9
V==
2

Coordinates of F :(—2—%, 3-9 j:(_g’_6j

() _,

Equation of line BCDE is y =2x-3

(iii)
Gradient of BCDE =

Gradient of EE = —%

Equation of line EF

Solving the pair of simultaneous equations

2x—3:—lx—§Z
4 5
5 37 yzz(——j—S
—X=——+3 2
2 4
5 =8
X=—=
2

Coordinates of E = (—%, —8)
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3(i) ZCAB = ZCDA (Alternate Segment Theorem)
And ZBDA = ZCDA (same angle)

ZABC = ZABD (Common angle)

Triangle ABD is similar to triangle CBA. (AA)

(ii) ZCAB = ZCDA (Alternate Segment Theorem)
ZCAB = ZACH (Alternate angles, GAB//FEHC)
Hence ZACH = ZCDA

/ZHAC = ZDAC (Common angle)

Triangle ACH is similar to triangle ADC. (AA)

(iii) From (ii), ZACH = ZCDA

ZACH = ZADE (Angles in the same segment)
Hence ZADE = ZCDA

Therefore AD bisects angle CDE.

(iv) Triangle ABD is similar to triangle CBA.
AB AD
BC AC
Triangle ACH is similar to triangle ADC.
AC AD
AH AC
Hence
AB AC
BC AH
ABx AH = ACxBC

4@ 125sin 6.cos 0 =8 cos? e T= 6(2sin§cos )-8 cos? O+7
=6sin 26—8(%j+7

=6sin260 —4cos20+3

(ii) 6sin29’—8c0526’+7=0
6sin28@ —4cos20+3=0
Let 6sin26 —4cos26 = Rsin(2<9—a)

R=v6%+4 =+/52
4
tano = —
6
o = 33.690°
ﬁsin(29—33.690°)+3=0
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sin(29—33.69o°):_i

J52

basic angle = 24.583°
260-33.690° =—-24.583° or 26-33.690° =180° +24.583°
0 =4.553° 0=119.137°
0=4.6° =119.1°

3(a)

dy eX (2x)- x%e*

“y
dy 2x-x?
dx e

) L ) . d
Since Y is an increasing function, & >0
2X + xfZ

X
€

>0

Since 645 0, 2x~ %> >0
0 <xx2

(b)

y=(xHn(1-x)
Yo (x=1) (1) + () n(1-x)

1-x
%zlﬂn(l—x)

Given that normal is parallel to the y-axis,

Need a home tutor? Visit smiletutor.sg




1+In(1-X) =0
In(1-x)=-1

l1-X=¢e

6(i)

v=t>—14t+48
LU
dt

For minimium velocity,
av
s
2t—-14=0
t=7

Minimum v =7% ~14(7)+48=-1m/s

0

(i)

v=t% 1497+ 48

When P is instantaneous at rest,
v=0

t2-14i +48 =0

t=6 or t=8

Need a home tutor? Visit smiletutor.sg



(iii)

V=t —14t+48
s:jt2—14t+48dt

t3
s:?—7t2+48t+c
Whent=0,5=0, c=0
5
S=——Tt" +48t
3
Whent=6, s=108

Whent =8, s= 106%

Whent =10, S:113%

Total distance = 108+(108—106§]+(1 13%—106%} =116 m

@iv)

5
s= =70+ 48t

When P returns to O,
s=0

t3
5 AT 4810

£(t2—21z+144);¢0
3
t=0 or t>-2lt+144=0
Discriminant = (—21)2 —4(1)(144)

=-135<0

The particle does not return to O.
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By similar triangles,

10_r
40 h
h
r=—
4
V:lm‘zh
3
2
)
3 \4
=Lﬂ'h3
48
v _1
dh 16

Whenr=4, h=16 cm.

Rate at which the volume is decreasing, E

Using chain rule,

av _dvdn

dt  dh  dt

—8=in(16)2x@
16 dt

dh 1

dt 2z

Rate at which the water level is decreasing is 2— cms”.

T
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Determine the number of solutions for the equation
logs (9x—15)

2+6logg X = 5
g8 logs 2 [5]
1 9x-15
246 ]0g8 X = M
logs 2
6log, X
2422827 _1og, (9%-15)
log, 8
2+ 082X _ 1og) (9x-15)
log, 2 M2 — apply rules
1 of logarithms
p Slogy X log, (9x—15) and change of
3log; base to obtain
2+2logy X =log, (9x—-15) fhe quadratic
i
2+2log, x=log, (9x—15) cquation
2+log, x* = log, (9x~15)
log, (9x—15)—log, x2 =2
9x-15
log; (—2) =
¥
9x—15
(9 : ) 52
X
9x—15 = 4x2 Al - quadratic
) equation
9x—-15=4x
4x* 9% +15=0
Discriminant = (-9)” - 4(4)(15) M1
=-159<0 Al
The equation has no real roots, hence there are zero solutions.
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9 Find the range of values of X such that the curve y=2x- x? lies above the curve

y=2x% +17x-42. [4]

9 2X—x2>2x% +17x—42
M1
2X— X2 —2x2 —17X+42>0
3% —15x+42>0
3x2 +15x—42<0
X2 +5x—14<0
(x—2)(x+7)<0 MI
W/ > M1
-7 2
—T<x<?2 Al

Need a home tutor? Visit smiletutor.sg
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[4]

(a) Find, in terms of =, the value of J: sin®xcos? X dx.
(b) The diagram shows part of the curve Y =—-. Also shown are lines
X
perpendicular to the x-axis at the points with X-coordinates 1, k and 4.
B
)= 16
x2
B N
> X
0 4 “_:'“':;
Given that the areas of the regions marked A and B are equal , find the value of k. [7]
10(a)

s1n2X cos? X dx

'—;

sin X cos x d=x

I
I (—sm 2xj dx

= Z jo” sit 22 dx

_lJ'ﬂ 1—cos4x dx

2
1{ sin4XT
=—|. X—
8 4
vV
8

Ml

Ml

Ml

Al
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(b)

16
When x =k, y=—
k2
Area of A
k 16 16
oo 1)

_{_&}k_ 16_16
x 1 Uk k2
16 16 16 16
= -—— -4 —
k ( 1) k k2

Il

|
—
><|O\
| I
= E

Area of A= Area of B

—3—2+16+£:—4+E
k 2 k

E—§+ZO:”'O

k2 Kk

16— 48k +20k” =0

5k2 12k +4=0

(k—2)(5k-2)=0

k=2 or k=0.4(N.A))

Ml

Al

Mil

Al

Ml

M1

Al
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11 The table shows experimental values of two variables, X and y, which are connected

by an equation of the form y" x =k, where k and m are constants.

X 2 4 6 8 10

y 6.25 1.56 0.694 | 0391 | 0.250
i) Plot Iny against In X , and draw a straight line graph. [3]
(i)  Use your graph to estimate the value of k and of m. (4]

(iii) By adding a suitable straight line to the same diagram, find the solution to

the pair of simultaneous equations me =k and y= Ix. [3]

113)

In X 0.693 1.386 1.792 | 2.079 | 2.303
Iny 1.833 0.445 | -0.365 | -0.939 | -1.386

2.5

—@—Iny —@—Iny
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(i)

y™x =k
ln(ymx):lnk

Iny™+Inx=Ink
miny=—-Inx+Ink

1ny=—llnx+llnk
) ) 1
Gradient of the line = ——

. 1
Y-intercept =—Ink
m

Gradient of the line =2 (Accept —1.7 to —2.3)

Y-intercept =3.217859  (Accept 3.1 to 3.3)

llnk =3.217589

m

Lln'k=3.217589
0.5

Ink=0.5%3.217589
k = p0-53.217589

m=0.5 (Accept 0.435 to 0.588)

=5 (Accept 3.8 t0 6.2)

(iii)

y=3/x
9
y=x3
1
Iny= gln X
In X 1 2
Iny 0.333 0.667

At intersection point,

Inx=1.2 (Accept 1.0 to 1.4)

x—el?2

=332 (Accept 2.7 to 4.1)
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AM-2019-AHS-SA2-P2-Marking Scheme

1

6 5
a+pf=— aff ==
g 3 g 3

=2
ﬂZ aZ

Sum of roots: —+—=—-p
a

L+
-~
(a+ﬂ)(a2 —aﬂ+ﬂ2)
of
(a+ﬂ)[(a+ﬁ)2 —Zaﬂ—aﬂ}
-p=
op

, .5
2{(2) —3><3}

>
3

{or 1l or 1.2}
5

ﬂ2‘ h a2

_X_=q
a

-p=

-p=

o
5

Productof roots:

aZﬂQ
=

23i)

D =b*—4ac of —x*+x—(1+h?)
=1 —4(-1)(-1-h?)
=1-4-4h’

=-3-4h’

<0

alternative

<

x> +X—(1+h?)
—(X* =x)=(1+h*)
1o, 1 2
{(X_E) 4} (1+h%)
1o 1
—(X—E) +Z (1+h%)

o 3.0
—(X=2) =G+

0

2019 AHS SA2 AM P2 Suggested solutions
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Since D (b*- 4ac) is always negative for all values of h and coefficient of X?is -1, then
—Xx* +X—h? —1is always negative.

2(i1) | Subst y =2x+k intoy* =1-2x>
(2x+k)> =1-2x’
4x> +4kx +k* =1-2x%>
6X” +4kx+k*-1=0
For line to be tangent to curve, discriminant =0
(4k)* —4(6)(k* -1)=0
16k> —24k* +24=0
8k* =24

k=+V3

23iii) | x+2<x*<16 o

v
v

\! -1 2
Therefore the range of values of x are

—4<x<-1 or 2<x<4

2019 AHS SA2 AM P2 Suggested solutions
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3(1)

x—1-2x =7
X+7=~1-2x

Square both sides

X* +14x+49=1-2x
X*+16x+48=0
(X+4)(x+12)=0

Xx=—-4 or x=-12(reject)

2019 AHS SA2 AM P2 Suggested solutions
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3Gi) | 3 1
=81 and 4*(2¥)=—
o an 2°7) \/§
3)(
oy =81 (1)
« 1
L R @)

Eq(l) 3*=9"7Y(81)
3x — 32—2y(34)
SoX=6-2y 00 (3)

3

Eq(2) 2*(2")=22
22x+3y:27%

3

2x+3y:—5 ————————=——(4)
Sub Eq(3) into Eq(4)
2(6—2y)+3y=—%
3
12—4)//;!;3y=,—s§
y=2L lor 132 or 135
2 2
Sub j,’=277into Eq(3)

27
X=6-2(—
)

=21

2019 AHS SA2 AM P2 Suggested solutions
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3(iii)

(a)

Area of Trapezium =12 + 6@

LiaB+cD Height =12+ 6+/10
2

2(12+6410)

()

_(24+12\/E)X\5_\g
3(\5+£) V2-45

_ 2442412420 - 2445 - 12450

3(2-5)

Height =

_ 242 +12(24/5) - 2445 -12(5\2)
-9
_-36\2

-9

= 4J§cm

(b)

AD? =(\2¥ 5 +{ay2)
=2+2(\\)E‘)(\B)«25w16(2)
=593 210

4(1)

f(2)=0

(2) +a(2)* -2(2)-36=0

8+4a-4-36=0
4a=32

a=2_8

2019 AHS SA2 AM P2 Suggested solutions
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(i1) X +5%* —2X—24 = (x+1)*(x+b) +cx—27
Let x=-1
—1+5+2-24=—c-27
c=-27+1-5-2+24
c=-9
Letx=0
24=(1*b-27
b=3

Alternatively
Using comparison method,

x> +5%% —2X =24 = (x> +2X+1)(X+b) + cx - 27
XP+5%% —2X—24 = x> + x> +2x> +2bX + X + b +cx — 27
X H+5X7—2Xx=24=x"+(b+2)X* +(2b+1+¢)x + het 27
By comparing constant
S=24=b-27

b=3
By comparing coefficient of X
2 =2(3)+1+¢C

c=-9

4Gi) | F(X)=w(X+3)(X+1)(x=4)
At (0;29)

24 =wE)(1)-4)

w=-2

S E ) =225 +3)(Xx+1)(x—4)

2019 AHS SA2 AM P2 Suggested solutions
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(1)

5(ii)

Ty =x+4

Deduct 1 mark if axes and graphs are not labelled.

G1 for correct shape of y = ‘Xz +4X‘ .

Gl for indicating -4 and 0 as X-intercepts along the X-axds.
G1 for indicating coordinates of turning point ¢-2,4) on the graph.

Gl for correct sketch of y=x+4
B1 for stating 3 solutions. No B1 marks if graph is not drawn.

6(i)

8
Middle term of (x - QL) is

2
8 1Y
T ={/° |x*[ =
: @X [\zx?)

X
35

8x*

6(ii)

(2a+x)(1-3x)"
— Qa+x)[I" +(Tj1‘” (—3x)+(2j1”‘2(—3x)2 +.]

2
_ (2a+ x)[1—3nx+ 20N =DX

]

=2a—6anx+9an(n—1)x> +x—3nx> +...
=2a+(1-6an)x+[9an(n—1)-3n]x’

Comparing expression with (4 — 59x + bx?),
Constant: 2a=4

2019 AHS SA2 AM P2 Suggested solutions
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a=2

Coeff. of X: 1-6an=-59
1-6(2)n=-59
n=>5

Coeff. of x*: 9an(n —1)-3n=b
92)(5)(5 - 1) = 3(5)=b
b =345

7(i)

Mid-point of AB = (5%6 _7; Oj

[

Gradient of AB = _57—_0

=7
Equation of the perpendicular bisector of AB

36x=72
X=2
sub X = 2 into (2),
y=52)-13
=-3
Centre (2, — 3)

Radius = /(2 — 6)2 + (=3 — 0)2
= 5 units
Equation of the circle:
(x=2)*+(y+3)°=25
[OR  x2+y?—4x+6y—12=0]

2019 AHS SA2 AM P2 Suggested solutions
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(i) The exact smallest possible value of r
1
= Ex\/(5—6)2 + (=7 -0)?
50
2
52
2
(iii) Coordinates of the centre P are (5.5, -3.5) [OR (—12—1 e g) ] Bl
8(1) Method 1 Method 2
LHS = cot 8+ tan & LHS = cot @+ tan 6
cosf sin@ 1 .
=227 =——+tan @
sin@ cos@ tan B
_ cos? 0+ sin?6 _ 1+tan?d
~ sinfcos@ tan 6
_ 1 sec?6
sin @ cos 8 tan 6
_ 2 1 cos@
2 sin @ cos O " 0526 X sin @
2 1
sin 260  sinfcos@
=2 cosec 20 _ 2
=RHS (shown) 2sin6cosf
2
B sin 260
=2 cosec 20

=RHS (Shown)

2019 AHS SA2 AM P2 Suggested solutions
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— = =
(ii) cot ~ + tan 5= cosec’X —3

2 cosec X = cosec’X — 3
cosec’X —2 cosecX—3=0

(cosec X —3)(cosec X+ 1)=0

cosec X =3 or cosec X =—1
1 1
— =3 —=-1
sSinx " Sinx
sinx=§ sinx =-1
X =0.33983

Ans: X ~ 0.340, —% (or-1.57)

=_Z (or-1.5707)
2

M[1] -- QE
M[1] — factorization / formula

M][1] — in terms of sine

A[l, 1] --- deduct 1 mk if ans
in degree.

.Il.l \._ -._-.._._._.‘ » .'__.;__:_f = i : '
W /] V1140
For 2 si \/f 3 4|c0 \H/ril tQ %\i/l sc;futlo\f@\ﬂ%range -t <X<m
% ({f\“%\
1% N
: QQ\
9(iia) ,_.&/ mlm%ﬁn Values of each curve do not occur at the same value of X.
[max & i pts % h curves do not occur simultaneously.]
**Accept S\O‘l_l‘l\@ where students sketch the graphs to explain.
9 (i1) Method 1 Method 2
Lety=8sinx+5 X
o5, el ey =S sincs S os
8 —y=8cosx—5cosx
=32.005° dx
dy
8 sin X + 5 cos X let dx 0,

89 sin(x — 32.0°)

.. The range of 8 sin X + 5 cos X
—/89 <8 sinx+SCosXSx/@

8cosX—5sinx=0
8
tan X = —

X =157.994°, 237.994°

2019 AHS SA2 AM P2 Suggested solutions

Need a home tutor? Visit smiletutor.sg




11

Or when X = 57.994°,
—9.4339 <8 sin X+ 5 cos X <9.4339 8 sin 57.994° + 5 cos 57.994°
—9043<8sinXx+5cosx<943 =9.4339

when x = 237.994°,

8 sin 237.994° + 5 cos 237.994°
=-904339
5.—943<8sinX+5cosXx<9.43

2019 AHS SA2 AM P2 Suggested solutions
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10(i) 2x—18 _ 2x—18
X +6X°+9x  X(X+3)?
2x-18 A B C

e 2
X(X+3) X X+3 (x+3)
2X — 18 = A(X + 3)> + Bx(x + 3) + Cx

letx=0, —18=A(9)
A=

letx = -3, 2(-3) - 18 = C(-3)
c=38

B=2

. 2x-18
COX(x+3)?

2 8
X+3  (x+3)

2
=—"+
X

letx=1, 2(1) - 18 = (=2)(4)? + B(1)(4) + (8)(1)

2019 AHS SA2 AM P2 Suggested solutions
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(i)

X—9
X +6X* +9x

dy
dx

Given that —

o reve
3

%[—2lnx+2ln(x+3)+

]

(__

2x—18
x(x+3)

X X+3

=—Inx+In(X+3)—
S SEN
X (x+3)
Sub (3, In 2) into the above eqn
m2=m>2__% ¢
3 343
2
c==
3
Hence the equation of the curve is
X+3 4 2
y= lh—— +=
X 1+ (x+3) 3
2
OR y=In(x+3)-Inx— +—
(x+3) 3

dx
x+3)2)

8(x+3)™ }C
(=bHd)

[+

+3)

+C

(x+3)

2019 AHS SA2 AM P2 Suggested solutions
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11 Jy=3x-1)*-4(x-17>+5
dy_ 12(x— 1)* = 12(x — 1)?
dx
Let d—y= 0,
dx
12(x— 1) = 12(x - 1)’=0
12(x = 1?’[(x—1)- 1)]=0
x-1)*=0 or x-=2)=0
x=1 X=2
whenx=1, y=3(1-1*-41-1y>+5
=5
X <1 =1 >1
Sketch of \
tangent \ -
- (1, 5) is a point of inflexion
whenx=2, y=32-1)"-4@2-1)>°+5
=4
X <2 =2 >2
Sketch of
tangent \ / “1 (2, 4) is a minimum point
12(1) | y=31In (x - 2)

The range of value of X is X > 2.
The curve crosses the x-axis at the point (3, 0)
y..

.
VgQQ y=3In(x-2)

2019 AHS SA2 AM P2 Suggested solutions
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12{(m) d r.n:::us." J:']
&\ 2
1 Xy, - Xl
3 .x . x
—_ECGE ES]JIE
X . X
j oS E511:1E dx
2 ¥ X. X
=_§-|'D[—E]m5‘j5m; dx
10 ¥ i
=—2 cns*—]
3L 24
o
=—% _n:n::f % —cog’ '[I]
nr § &
2
3
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ex® +bx+c=10,

—bxb? —4ac

2a

x=

Binomial expansion

(a+b) =a"+ [T)a""b + [;]a""b‘ Hall (n]a”"b’ ot b,
r

e ! (= r+t]
where 1 is a positive integer and oy - POl A D
r) riin—r)t rl

2. TRIGONOMETRY
Tdentities
sin*A+cos? A=1
secl A=t+tan* A
cosecid=1+cot’ A4
sin{ 4 £ #) = sin A cos B £cos Asin B
cos{ A £ B) = cos Acos B T sin Asin B
tan Ax1an B
TF tan Atan B

sin 24 = 2sin Acos A
cos 2A=cos? A—sin* A=2cos'A=1=1-2smn* 4
2tan 4
1-tan® A

an(A+ B) =

tan2.4 =

Formulae for AABC
a b ¢

sinA:sinB=sInC

a? = b +c¢? —2bccos A

A= -l—absin C
2

EMS(S) Sec 4 BExpress Preliminary Examination 2019
Additional Mathematics Paper 1

Need a home tutor? Visit smiletutor.sg



Name: { ) Class:

1 Solvethe equation § siny cos y—3 cos’y =0 for (° <y <360°. {41

FMS(S) Sec 4 Express Preliminary Examination 2019
Additional Mathematics Paper 1

Need a home tutor? Visit smiletutor.sg



Name: { } Class:

2 The figure shows parl of a straight line graph obtained by plotting In ¥ against X%, iogether with
the coordinates of a point («5 ,5) on the line. Express y as a function of x. [4]

Iny

ANEE

120°

FMS(S) Sec 4 Express Preliminary Examination 2019 4
Additionat Mathernatics Paper 1
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Name:; { ) Class:

3 The diagram shows part of the curve y = L (x> 0) and y* = x which intersect at 4, Caleulate
X

the area of the shaded region.
[5]

L 4
*

FMS(S) Sec 4 Express Preliminary Exarnination 2019 5
Additional Mathematics Paper 1
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Name: { ) Class:

4
The diagram shows a package in the shape of a rectangutar block whose sides are of length
x em, 2x cm and y cm. The package is secured by two pieces of ribbon, ABCDA and EFGHE.
whese total length is 312 cm. The velume of the package is Ve,
() Shew that V= 312x* —8x". i2]
FMS(S) Sec 4 Express Preliminary Examlnation 2019 ' 6

Additlonal Mathematics Paper 1
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Name: ( ) Class:;

4 (i) Giventhatx can vary, find the dimensions of the block that make ¥ a maximum. {3}

FMS(S) Sec 4 Express Prefliminary Examination 2019
Additional Mathematics Paper 1
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Name: { ) Class:

The diagram shows a circle with centre O, passing through poins 4, B, C and D. GAH is a
tangent to the circle at point A. Tt is given that 84 = BC and FC = FD. It is also given that £is
a point on AC such that BE is perpendicular to AC and BE passes through O.

(i) Show that A8 bisecls LCAH, 31

FMS(S) Sec 4 Express Preliminary Bxamination 2019 8
Additional Mathemalics Paper 1

Need a home tutor? Visit smiletutor.sg

4)



Name: { ) Class:

5 (i) Showthat FEis parallel to DA. ‘ 31

FMS(S) Sec 4 Express Preliminary Examination 2019 8
Additional Mathematics Paper 1
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Name: { ) Class:

6 The dizgram shows part of the curve y =‘ax’ + br +cl , where a > 0. The curve touches the x-oxis

at 4{r,0) and 8({1,0) and has a maximum point at {-2.27).

¥
; y= Iax’ +bx + cl
(=2 27)
r 7 | "ol
@ Show that r =—5. 1
(ii). Determine the value of 4, & and c. i4]

@iii)  Stalcthe value of g for which the line v = g intersects the curve at exactly 3 points. 1]

FMS(S) Sec 4 Express Preliminary Examinafion 2018 10

Additional Mathematics Paper 1
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Nama: ( )

7 (a) Without using a calculator, show that cosec 105° = J2 (\E'; - l) o [E]

FMS(S) Sec 4 Express Preliminary Examination 2019 11

Addilional Mathematics Paper 1
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7  (b) Provethat tanx + cotx =2 cosec 2x. [41

FMS(S} Sec 4 Express Preliminary Examination 2019 12
Additional Mathematics Paper 1
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1, ok
8 Thecurve y=¢* +ke f,whm'ckisaconstamhasastationarypointatx=ln 3

(i) Show thal the value of k= 3. [3]

FMS(S) Sec 4 Express Preliminary Examination 2019 13
Additional Mathematics Paper 1
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Name: { 1} Class:

3 (i) Hence, find the )~coordinate of the stationary point in the form avb where aand b are

integers, and determine the nature of the stationary point. 4]

FMS(S) Sec 4 Express Preliminary Examination 2019 14

Additional Mathematics Paper 1
Need a home tutor? Visit smiletutor.sg O



Name: { ) Class:

9 (1) Thecoefficientof x™ inthe expansion of (1—3] , where n is a positive integer, is 819,
x

Find the value of a. [4}

FMS(S) Sec 4 Express Preliminary Examination 2019 i5

Addilional Mathematics Paper 1
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Name: { ) Class:

9 (b) Write down, and simplify, the first 4 terms in the expansion of (1+ p)g in ascending

powers of p. Hence, find the coefficient of x” in the expansion of {l —x—ZxZ)g : [l

FMS(S) Sec 4 Express Preliminary Examination 2019 16

Additienal Mathematics Paper 1
Need a home tutor? Visit smiletutor.sg O



Name: ( } Class:

10  The equation of the curve Cis 2y = x* +4. The equation of the line L is y =3x—k, where & is

an integer.
(i) Find the largest value of the integer & for which L intersects C. [4]
FMS(S) Sec 4 Express Preliminary Examination 2019 17

Additional Mathematics Paper 4
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Name: ( ) Class:

10 (i) Inthe case where k= —2, show that the line joining the points of intersection of L and C

is bisected by the line p=2x+5. 4

FMS(S) Sec 4 Express Preliminary Examination 2019 18

Additional Mathematics Paper 1
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Name:

11 (a) A curve is such that Q = s . The equation of the norral 1o the curve at the

dx  (x-4)

point where the curve crosses the x-axis is givenby y=2x+4.

Find the value of & and hence find the equation of the curve. [5]

FMS(S) Sec 4 Express Preliminary Examination 2013 19

Additional Mathematics Paper 1
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Name: { ) Class:

11 () Showthat —‘i(cos’xﬁSwusx)-——ﬁsin’x.
dx

Hence, evaluate E}(Ssiu’x-%inx}dx. (5]

FMS(S) Sec 4 Express Preliminary Examination 2019 20

Additional Mathematics Paper 1
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Name: { ) Class:

12 The linex =17 is atangent to a circle and the points A(1, 9) and B(1, — 7} lie on the circle.
{i}  Show that the radius of the circle is 10 unils. f4]
FMS(5} Sec 4 Express Preliminary Examination 2019 21

Additional Mathematics Paper 1
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Name:
12 (i) State the coordinates of the centre of the circle. 1]
{iiij) Write down the equation of the circle in the form x% + p* + px+gy+r=0. [2]

{(iv) The circle is refected along the line y = ~1. Determine whether the point (3, 10) lies on

or inside or outside the reflected circle. [3]

~ End of Paper ~

FMS(S) Sec 4 Express Preliminary Exarnination 2019 22
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Paper 2

Name: { ) Class:

Muathematical Formulae
1. ALGEBRA

Quadratic Equation

- 1
For the equation 8%~ +bx+c = 0,

_—~bxAb’ —dac

L
2a

Binomial expansion

(a+b) =a" +(’;]a""b+(;)a"‘2bl +..-+[n]a"“'b’ +..+b"
r

]

n} o nn—1..(n—r+l

; P T A=t !
where n is a positive integer and [r ln—r}t =

2. TRIGONOMETRY
fdentifies

sin® A+cos® A =1

sec? A=1+tan® 4
cosec2A=1+cot? 4

sin{A4+ B) = gin Acos BLcos Asin B

cos(A % B) = cos Acos B {1sin 4sin B

tan A+t tan B

ran(A By =
1{]tan Atan B

sin2A=2sinAcosA

cos2Ad=cos? A—sin? A=2cos? A-1=1~2sin’ 4
Ztan A

fan2A4d = ———5—
i—tan® A

Formulae for AABC

a b o

sin A ﬁsinB-__ sinC

al=b*+c?-2bccos A

A= 1—c:urab:;ir: c
2
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14—-@)

1 A cuboid has a square base of side ( ) cm and a volume of ( cm?®. Find the

(a+b\/§)

height of the cuboid in the form cm, where @ and b are
integers.

[4]

FMS(S) Sec 4 Express Preliminary Examination 2019 Need a o \ici . 4 T
Additional Mathematics Paper 2 home tutor? Visit smiletutor.sg ((/



Name: { 3} Class:

2 A flock of 20 Yellow-crested Cockatoos was introduced to an island where it is not a native

at

species. The population of Cockatoos is predicted to increase so that after a period of 1
_ k
years, the population, P, is givenby ~ 1+4€™"“  where k is 2 constant.
@) Show that k£ = 100.
{1l

(ii) Find the number of Cockatoos present after 10 years. Give your answer correct to the

nearest infeger.

[2]

(iii) Find the value of P as £ becomes very large. Explain the significance of this

value. [2]

FMS(S) Sec 4 Express Preliminary Examination 2019
Additional Mathematics Paper 2



Name: { ) Class:

£y
ra

e iy A e o e R B A it

By  ———

The diagram below shows the graph of ¥ = @ €08 bx+¢ \wherea, b and ¢ are

integers.

EMS(S) Sec 4 Express Preliminary Examination 2019 Need a home tutor? Visi .
Additional Mathematics Paper 2 utor? Visit smiletufor.sg



Name: ( ) Class:

(i) From the graph above, find the values of a, band c.
[3]

(ii) Sketch on the same diagram, the graph of » = I=2SINX for the interval 0S XS 7

State the number of solutions in the interval 0 <X =7 of the equation

geosbx+e=1-2sinx

B3]

Need a home tutor? Visit smiletutor.sg
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( 6+2x
= )
4 A curve has the equation 5x=3/,
Y _x
(i) Express dx in the form (3+xX55—3)  \here k is a constant.

[4]

4 (i) Show thaty is a decreasing function for
3

X >—

. 12

Need a home tutor? \isit Smi!etutcr.sg
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5 Theroots of the equation X° —2x+7 =0 gre & and

(i) Show that
&+ pP=-34

4]

Need a home tutor? Visit smiletutor.sg
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Name: (

—]—-+2

5 (ii) Given that the roots of X’ +ax+b=0 grc &’

and » where g and b are constants.

(4]

)

Class:

L+2

and A’

, find the values of a

FMS(S) Sec 4 Express Preliminary Examination 2019
Additional Mathematics Paper 2
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6  Solution to this question by accurate drawing will not be accepted.

y
D A
A(l, 5)
> > X
¢k
B(7.)

The figure above shows a sketch of a quadrilateral ABCD. The coordinates of 4 and B are
(1, 5) and (7, —3) respectively.
(i) Find the gradient of the line perpendicular to A5,

12]

(ity If the perpendicular bisector of AB cuts the y-axis at C, find the coordinates of C.

3]

Need a.home tutor? Visit smiletutar sg
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6 (it} Find the coordinates of D if ABCD is a parallelogram,
(1]

(iv) Calculate the area of the parallelogram ABCD.
(2]

FMS(S) Sec 4 Express Preliminary Examination 2019 Need a home tutor? Visit smiletutorigg
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aJ-‘i—l be "

el = 2 5
7  (a) Giventhat 8" &7 , find the value of x and of y.

4

Need a home tutor? Visit smiletutor sg
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fpsd iy,
7 (D) Solve the equation FFE-6(37)+5=0

{4]

FMS{S) Sec 4 Express Preliminary Examination 2018 Need a home tutor? Visit smiIetJﬂ)r.sg é
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a c
log,a=p, log,,b=¢gand —=3
7 (¢} Giventhat b , express ¢ in terms of p and g.

[4]
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8  The cubic polynomial J@)=6x" +hx® +hx =18 i exactly divisible by 3¥—2 and leaves
a remainder of 11 when it is divided by *— 1,

(i} Show that #=-4 and =27 14]

Need a home tutor? Visit smiletutor.sg
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8 (if) Hence, factorise fix)
completely. [2]

~8x% = Tx+28
8 (iii) Using the resulfs in (ii), express f{x) in partial

fractions. [4]

Need a home tutor? Visit smiletutor.sg
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\\-q-—u - -

15cm

A trough has the shape of a triangular prism as shown in the diagram. The cross-section is a
right-angled triangle with a height of 15 cm. The open top BCDE is horizontal and
rectangular in shape with BC =25 ¢m and BE =42 cm.

The trough is being filled with waier. At time ¢ seconds afier filling starts, the surface of
water is x cm from the open top (i.e. BP = x cm), with PQ indicating the level reached.
Given that the water is flowing into the trough at a rate of 45 cm’s,

(i) find PQ in terms of x,
[2]

2
9 (i) show that the volume, ¥, of water in the trough at time ¢ is 35(5-x)°

(23

Need a home tutor? Visit smiletutor.sg
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(iii}  find the rate at which x is changing when x = 8.

(3]
4x b
a+
10 (i) Express 2¥—1 intheform  2X~1, where g and b are integers.
(21

(i) Differentiate 2¥1M2%~1) with respect to x.

[3]
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10 (iii) Using the results in part (i) and part (ii), determine .[ In(2x~1) dx

(4]
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11  Inthe diagram below, ABCD is a rectangle. A line through 4 makes an angle of 6 with AB

and interseets DC and BC produced at F and G respectively. AF =9 ¢cm, FG =3 cm and ¢

1s acute.

9 cm

m
G c

(i) Show that the perimeter, P cm, of the rectangle ABCD is given by

P=24cos0+18sind
3]

(i) Express P in the form P = Rcos(@ ~a} where R is positive and ¢ is acute.

[4]
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11 (iii) Given that 8 varigs, state the maximum value of 2 and the corresponding value of 6.

12]

(iv) Find the values of @ for which P =28 cm.
(4]
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12 A particle starts from point O and moves in a straight line with a velocity, v ms™, given by
; ,

y=35e™! -2 7
5 where ¢ is the time in seconds afier leaving O. Calculate the
(i) initial velocity of the particle,
(1]
(i) value of ¢ when the particle is instantancously at rest,
(3]
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12 (iii) acceleration of the particlc when it is instantaneously at rest,

(3]

(iv) distance travelled fromr=010¢= 5.

[3]
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Sec 4/5 Preliminary Examination 2019
Additional Mathematics Paper 1

Answer Key
: T = %
1D Jc:-lz—; i Forvaluwofk>-‘£,3x‘-—5x+k>0
. (x—2)* 2 0for all real values of x.
_ 2
Therefore _-gi—-:-z-l—z 0
3x* -Sx+k
; ¥=16 ? LT AT
200 200
4 i 4(ii) y=-2x+1
- 8
f npx"ﬂ—j
\ 5 4(iii) 0 solutions
; "\\ ! :
X
y‘-lx:ﬂ
3 20 6(ii) x = -23.6°,—156,4°,203.6°,336.4°
(D) i2 em (i) 1 cnidle
(i) The rate will decrease. 8@ 5 2 1
2x-3- +
e e X Sl 2er
di _r T i
&(ii) 3 1 9 .3 x .3
x’-—-3x-—51n|3x+2|+-2»1nl2x—-1]+c ymixs—Bx +§x+4
10¢i)(a) | p =2.0 (Accept 1.9-2.1) 10¢i5)(b) | x =4.39 (Accept 4.36 — 4.49)
q=3.0 (Accept 2.5 -3.1)
1100) p=x-3 11(ii) o9, 0)
5(3,6)
LG | T(=15,24) T1Gv) | 96 units’
11{v) 18.8 units 12(ii) i 2
3
Maximum ¥ =993 cm?

FMS{(S) Sec 4 Express Preliminary Examination 2012
Additional Mathematics Paper 1
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~ End of Paper ~
Sec 4 Express Prelim Examination 2019
Additional Mathematics Paper 2
Answer Key
L k=243 ) *=3,Y=4
x=] or 246 (103 s.f.
3. () SO 7(b) o (to3s.f)
(i) As/becomes very large, ™" approaches 7(c) b=
Zero.
Therefore, P approaches 100, Gy (x) = (3x—2)(2x" +9)
This means that the population of Cockatoos will 2 Ax+5
not exceed 100. g(iii)  3%—2 22+ 0
3 (I) as3,b=3,c=1 5
' 1 : ; PO ==(15-x)
() b o e e o) 3
- ) - ———t 9
A YAl T ~0.0918 (to 3 s.f} or —=— cm/s
N d o
X \ AR ‘!I \ ;! N 9(iii) 8
[N SN Y SR WSO HUNN SO S SESRNG Qi
X ;‘1;\\;!:./\.(}! 2
- \\j - \.ti-_ if.’l_ S 106) 4
SIS S Y AN S — +2Wn(2x-1)
10(i) 2x~1
& -*——L-—— xln(2x—-l)—x—lln(2x-—l)+c
apy & G+x06x-3) 10(iii) 2
Ny P= 30cos(0 —36.9) (fo 1d.p.)

X >—=
4Gy For  3,3x—3>0,
Since (3+x)>0and (5x-3)>90 tbrx)%,

= (3+x)(5x-3)>0

x>~
Thus, yis a decreasing function for S (Shown)

_'.a =—-3§.,0-9—} b:32—6—
343 343

5(ii)

3
6() 4
sany clO ~2)
6(iii) P66
6(iv) 50 units®

11(iii) Max. P =30 when & =36.9°
11(iv) f =15.8%57.9°

4
4—mls
——-——-j-—-— <0 forx::»?-, 12(i) 5
(34 x)}5x~3) 5 12(i) In 25 or 3.2 (to 3 5.f)
= LU 12Gi)y —0-2 m/s’
dv

12(iv) 4.35m(to 3 5.1}
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax® +bx+c=0,
—-bxb® —dac

2a

¥=

Binomial expansion

(@a+b)" =a"+ [ﬂa”"b + [;Ja"‘zbz +.. +[n}z”"b’ +. . 40",

r

) . n n! nn-1)..(n—r+l)
where » 1s a positive integer and = = ' .
r) (n—r)ir rl

2. TRIGONOMETRY
Identities

sin® 4 +cos® A=1
sec® A=1+tan® 4
cosec’A=1+cot’ 4
si{A+ B)=sm AcosBicosdsmB
cos(A+ B)=cosAcosBTsmAsn B
tan A+tan B

|Ftan Atan B
sin24=2sim AcosA

cos2A=cos* A—sin®* 4=2cos* 4-1=1-2sin* A
2tan A
| —tan® A

tan(Ax B) =

tan24 =

Formulae for AABC
a b ¢

sin A - sin B - sinC
a* =b* +c* =2bccos A

Area of A= %bcsin A
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Answer sall the questions.

10x* = Tx+10 . .
al fractions.
Gr)(re2) T .
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Preliminary Examination 2012 Acditional Mathematics Paper 1
2 M Sketch the graph of y* =3x. m
VA
— -
0 X

@) Find the coordinates of the points of intersection of the curye y* =3x and the line
3y=6x-5. [4]
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3 The variables x and y are such that when the values of xy are plotted against Vx , a
straight hine is obtained.

It is given that y=% when x=1, and that y=—% when x=4.

@ Expressy in terms of x. 4

(i) Find the value of y when x=16. 1]
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4 @ Showihat XX 0 cos2x. 13}
2sin“x
. . ., cis2x-—cosdx
(i) Hence find, for 0" < x <360°, the values of x for which ———— —=2. [3]

2sin” x
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5  The roots of a quadratic equation 4x* —37x+9=0 are &” and B°, where @ <0< g
and f<|al.

(i) Show that aﬁ=—% and find the value of a+ 5. [4]
. Y . 24 B

d : 2

(i) Find a quadratic equation whose roots are ey an - [2}
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b ﬁmhmﬁﬁﬂfF:l— 4 zmﬂhuamtiaur}rpniﬂlﬂf[-lﬁ].
dr (2x+5)
Find the equation of the corve. 151
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Preliminary Examination 2019 Additional Mathematics Paper 1

7  VABCD is aright pyramid with a square base ABCD, as shown in the diagram. The
volume of the pyramid is (6\/?: —8) cm’ and the height is (1+2J§ ] cm.
F

A4 B

() Showthat AB> =12-6+/3. 13]

@ii) Find the value of F4?, giving your answer in the form p+g+/3 where p and g are
rational numbers. (4]
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The diagram shown is not drawn to scale.

A
E
BN
C T

A, B, Cand D are four points on the circle such that CB=CD, The chords AC and BD
meet at E. The tangent to the circle at C meets AD extended at 7.

@ Prove that BD is parallel to CT. 31

(i) Show that CT?> = ATxDT 14]
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9  The diagram shows part of the curve x=2+ﬁ, y=1. A line L intersects the
}l_
curve at 4, where y =4, and cuts the y-axisat y=2.

Y 4

@ Find the equation of line L. 131

(ii) Find the area of the shaded region bounded by the line L, the line y =2 and the

L 4]

curve x=2+ -
(»-V
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10  An experiment to measure the growth of bacteria was conducted

At 0900 on Monday, 1000 bacteria were introduced to the culture. At 1700 on the same
day, the number of bacteria had grown to 1492. It is known that the number of bacteria,

N, at ¢ hours from the start of the experiment, is given by N = p¢" , where p and k are

constants.
@ Find the value of p and of k. 3
(ii) Calculate the number of bacteria at 0900 on Tuesday. 2]

(i) Determine the earliest day and time (to the whole hour) at:which there is at least
20 000 bacteria. {31
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11 The equation of a circle Cyis x* +6x+3* -16y+24 =0, and its centre is P.
(1 Find the coordinates of P and the radius of Ci. [2]

AB is a chord of Cy and M is the midpoint of AB, where M (-1, 12}.
(ii) Find the equation of the chord 4B. [3]

A second circle C; with centre ( also passes throngh 4 and B.

(iif) Given that PM : MO =1:2, show that one possible point for 0 is (3,20) and
find the coordinates of another point. [4]
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12 PQORST is a pentagon as shown in the diagram. QRST is a rectanzle with OR =3 cm.
PQOT is a triangle with PO =4 cm and ZPQT = £ZPTQ = x radis.

P
4
g =% ey
3
R A
@@ Show that QT =kcosx, where & is a positive integer to be found. [21

(i) Show that the area of the pentagon, 4 cm? is given by 4=8sin2x+24cosx. [2]

[Question 12 continucs on next page]

Need a home tutor? Visit smiletutor.sg



Greendale Secondary School 15 Secondary 4 Express | 5 Normal Academic
Preliminary Examination 2018 Additional Mathematics Paper 1

[Question 12 continues])

(iii) Find the stationary value of 4 and determine whether it is a maximum or a
minimum. [6]

END-OF-PAPER
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You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in
the case of angles in degrees, unless a different level of accuracy is specified in the
question.

The use of an approved scientific calculator is expected, where appropriate.
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax® + bx+c¢ =0,

—b++b’ —4ac

2a

Binomial expansion

@) =a"+| " el lamer v | " el b b,
1 2 »

nl _ar-D..(n—r+1)

o 4
where # is a positive integer and = =
r rtin=r)! !

2. TRIGONOMETRY
Identities

sin® 4+cos’ A =1
sec’ A=1+tan” 4
cosec’ A =1+cot’ 4
sin(A+ B) =sin Acos B+ cos Asin B
cos{A+ B)=cos Acos BFsin Asin B
tinA+tan B

|5 tan dtan 8
sin2A4=2sin Acos 4

c0s2A =cos> A—sin> d=2cos’ A-1=1-2sin" 4
2t A
1—tan° A

tan(4 £ B) =

tan2A4 =

Formulae for AABC
a b ¢
sind snB sinC
a’ =b" +¢* —2bccos A

= 1 absinC
2
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1 A curve has the equation y=(ax—-3]hx,whercx} 0, x#é and g is a positive
a

constant. The normal to the curve at the point where the curve crosses
the x-axis is parallel to the line x+5y—4=0.Find the value of 2. M
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2 (a) Differentiate the following with respect to x.
() In(cos2x} 12]
() —tanlx 12]
) Using your results from part (a), find jzxsec= 2% dox . [4]
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N
3 (i)  Given that the constant term in the binomial expansion of [E ——J;—C-J 1s 60,

X

find the value of the positive constant k. [4]

(i Using the value of k found in part (i), find the term independent of x

4 3\6
in the expansion of (1+x3)[3—%J : [4]
X
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4 (a) A particle moves along the curve y=3x* —2x+5. At the point P,
the x-coordinate of the particle is increasing at a rate of 0.002 units/sec
and the y-coordinate is increasing at 0.02 units/sec.
Find the coordinates of P. 4

(b) The equation of a curve is y = x* + 5x° —8x+ &, where £ a constant.
Find the set of values of x for which y is decreasing. (4]
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d(m2x) 1 3mn2x ]
5 () Show that Ex'( = }_ I
In2 .
(i) Hence, integrate xf with respect to x. 131

. 8 .
(iii) Given that the curve y=f(x)passes through the point (l,;} and is such

that £'(x) =E‘x%’5, find f(x). ‘ 2]
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6  Mr Tan drives his car along a straight road. As he passcs a poird A he applies the
brake and his car slows down, coming to a rest at point B. For the journey from
A to B, the distance, s meters, of the car from A, £ seconds after passing 4, is

given by
5= 600[1 —e “J—lzt

() Find an expression, m terms of ¢, for the velocity of the car during the

journey from 4 to B. 21
(i) Find the velocity of the car at 4. [11
(i) Find the time taken for the journey from A to B. [3]
(iv) Find the average speed of the car for the journey from A to B, 31
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7 Solve each of the following equations.

® e =8 5]

(D log;50+4log,, x-log (2x+4)=2 [5]
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8  Inthe diagram, triangles O4B and OCD are right-angled trianglzs.
Angle AOB = angle ODC=6,04=3 cm and OD =8 cm.

ml i [.\\

C D

()  Show that the length of AB + CD = 3s5in@+8cos 1]

(i) Express 3sind+8cos@ in the form Rsin(6+a)where B> 0 and
a 1s acute. (4]
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8 (i) Find the maximum length of AB + CD and the corresponding value
of 8 13]
(iv) Find the value of 6, if B is the midpoint of OC. ¥4}
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9  The function fis defined by f(x)=4cos2x-3.

) State the amplitude of £ i

(i) State the period of fin terms of =. I

The eqaation of a curve is y =4cos2x—3for 0<xs7x

(iii) Find the minimmm vahie of the curve. 1l

(iv) Find the x-coordinates of the points where the curve meets the x-axis.  [3]
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9 (V) Sketch the graph of y=[4cos2x-3|for0<x< 7, [3]

(vi) Hence, find the range of values of ¢, for which |4 cos2x— 3' =c
bas exactly two solutions only. 1]
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10 The diagram shows a triangle 4BC with vertices at A(0, 3), B(§ 12)
and C(k, 13).

C (k, 13)

0 X

Given that AB = BC,

() find the value of k. 4]
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10 Alneis drawn from B to meet the x-axis at D such that AD = CD.

(i) Name the quadrilateral 4BCD. 1]
(iii) Find the equation of BD and the coordinates of D. Cy|
(iv) Find the area of the triangle ABC. (21
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11 (@ () Find the range of values of x for which P-8x+ "0 21

(i) Hence, find the range of vahlues of x for which
(x+2) -8x-1<0. 3]

(b) Show that my = x* —4(x—1) meets the curve y=x>—-3:+2 attwo
disﬁnctpointsfora]lrea]values of m, exceptm =0 and n = 1. 5]

End of Paper
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2019 PRELIMINARY EXAMINATION
SECONDARY 4ESN
AMATH PAPER 1 - MARK SCHEME

1

10x* =7x+10 __4  Bx+C
(3x=2)(x*+2) 3x-2 42

105"~ 7x+10 = 4(x* +2)+(Bx+C)(3x-2)

Sub x=§ toget A=4

Sub x=0 to get C=-1
Sub x =1(or any other value) to get B=2

10x2 ~7x+10 4 L 2x-1

(3x—2](x’ +2) T3x—2 x*42

TOTAL: 5m |

)

ﬂl\ X

(i)

Equate both equations to reduce to one variable
2y*-3y~-5=0

(2y—5)(y+1)=0

Solve for x and y

The points of intersection are

(& 2) =)

TOTAL: 5m |

@

Coordinates of two points on the straight line are

[1-;—] and (2,-1)

(1)

1-2 2
Equation of curve is

w-(-1) 3

Je-2 2

Gradient of line =

(ii)

TOTAL: 5m |

2019_Prelim_4ESN_AMATHP1_MarkScheme
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4 ('i) cos?_x_.(}os4x . COSZI—(ZCOSZ 2x_])
2sin"x 2sin’ x
_ (1+2c0s2x)(1-cos2x)
B 2sin’ x L
(1+2cos2x)(1-1+2sin" x)
- 2sin” x
=1+2cos2x (shown)
(i) 1+2cos2x=2
c:osZJr,=l
2
2x=60°,300°,420°, 660°
x=30°,150°,210°, 330°
TOTAL: 6m |
) sa2_9
a f ==
p 4
a<0<f = af <0
Hence aff = - ER {shown)
4 2
a’ +;6'—T‘Jlr = (a+,8) =a’+2af+8° _245
B<lo| and <0< B = a+pB<0
Hence a+ﬁ=—1ﬂ—2§=-£
4 2
(i) SOR: %, B _a+p_
a+f a+f a+ﬁ
23
POR: —% P T .
a+p a+p (a+ﬁ) [__5__] 25
2
The equation is x* - x——- =0
€qua Y
(or 25x° ~25x~6=0)
TOTAL: 6m |
2019 Prelim_4ESN_AMATHPI_MarkScheme 2
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2
J. dx=x+ +c
[ (2x+5) ] 2x+5

Sub x=-2, dy_ =0 to get c=0,s0
dx

dy =x+
dx 2x+5

2 1 .
= dx==x"+In{2x+5)+k
Y I[“zﬂs] x=5 % +in(2x+3)
Sub x=-2, y=5toget k=3

v =%x2 +In(2x+5)+3

TOTAL: 5m |

1O | 348y (1+243) =643

183 - 24 1- 23

14243 1-243

1843 -108-24+48V3

B 1-12

= ————66‘51_1132 =12 - 6+/3 (shown)

(i) | Let M be midpoint of AC.

AB* =

By Pythagoras Theorem,
AC® = AB* + BC* =248’ s0

AM? AC L apr-6-
[2 ] > 33
VA = AM>+VM*

=(6_}J§)+(;+1Jif =19+43

TOTAL: Tm |

8 [() | ZBDC = ZCBD (base angles in isos 4)
= /TCD (alternate segment theorem)

By the alternate-angle property, BD is parallel 1o CT.
(i) | LTCD = £TAC (altemate scgment theorem)

2ZCTD = ZATC (common angle)
Hence ATCD is similar to ATAC (AA-test)

cr_or
AF CT

CT*? = AT x DT (shown)

TOTAL: 7Tm

2019 Prelim_4ESN_AMATHP1_MarkScheme 3
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1@ When y =4, x=2+—]——2=£
(a-1y 3
Gradient of ine L = 149_2 _18
LS
g
. . 18
Equation of L is y=ﬁx+2
(ii)

4 1 1,..(19
Area =]‘2 [2+ (y_l)z]d y—-z—(Z)(?)

4
=[zy__1_] 1
y-1], 9

=[[8—%)—(4—1)]-]—:-=293 5q units

Gradient of chord AB = —% (4B perpendicular to PM)

Equation of chord 4B is

2019_Prelim_4ESN_AMATHP1_MarkScheme

TOTAL: Tm |
10[® | p=1000
Sub t=8, N=1492 and p=1000 (found value)
1492 =1000¢>
8k = h[ﬁ"—z)
1000
k=0.05001=0.05
(i) | Sub t=24
N =1000e"*" =3320.1 = 3320
(i) 1000™% = 20000
- [ 20000 ]
L\ 1000
0.05
£ 2 59.9 hours = 2 days 11.9 hours
On Wednesday 2100 (or 9pm)
TOTAL: 8m |
1 ® | (x+3) +(y—8)2 =49
Centre P=(-3,8) , Radius=7
() Gradient of PM= -—ﬂ- =2
50D
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y=12 1

x—(—l)= 2
2y=—x+23

(iif} | Note that P, M and O lie on a straight line.
Case 1: M is between P and 0

Xg = Xy +2(x, —xp) =—1+2(—1—-(—3))=3
Yo =Vi +2(yM —y,,)=12+2(12—8)=20
So coordinate of Q is (3,20) (shown)

Case 2: P is the midpoint of Q and M

| So coordinate of Q is (-5,4).

xp:fo‘—:;-@- = IQ=2IP_'IM=2(_3)_(—])=-5
Yo+ Vi
Yp SRS =S Yo =2Vp=Vn =2(8)_(12)=4

TOTAL: 9m |

12 | () | Ustng cosine rule,

OT = 4* +4% - 2(4)(4)cos(z —2x)
=32+32cos2x
=32+ 32(2cos’ x-1)

= 64cos’ x

OT =+/64cos’ x =8cos x

(i) A= %(4) (4)5111(;;—2_;) + 3(80081)

= 8sin 2x + 24 cos x (shown)

(i) £=16m32x—24sinx=0
dx

16(1-2sin’ x)- 24sinx =0
4sin” x+3sinx—2=0
sinx=0.4253 or -1.175 (rejected)
For stationary point,
x=04392, 4=27.8799~27.9 cm’
Eti =-32sin2x-24c0sx
dx

When x=04392, 54

a maximum area,

i =—4635<0,50 4=27.9 cm? is
-

TOTAL: 10m |

2019_Prelim_4ESN_AMATHP1_MarkScheme
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Marking Scheme

A curve has the equation y=(ax-—3)]nx,wherex>0, x:éé and a 1s a positive
a

constant. The normal to the curve at the point where the curve crosses

the x-axis is parallel to the line x+5y—4=0. Find the value of a. (71
- (ax-3)mx=0 - Ml =
Inx=0
r= M1
x+5y-4=0
1 4
:-——x-{-—
5 5
U
mﬂlre 5 Ml
m, =5
' M1
y=(ax—3}nx
dy _ (ax-3)
——==——+aln
dx 4 x M1
@x=1, m, = I3+a]n1 M1
=a—3
Soa-3=5
s Al
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Preliminary Examination 2019

22 Differentiate the following with respect to x,
(D In(cos2x)

Additional Mathematics Paper 2

2]

 y=In{cos2x)
dy 1 .
—= -=sin2x-2
& % =
| ="2tan2x Al
. X
(i) Etamz.u.r 12
x
=—tan2x
’=3
d x 1
= =Z.sec’2x-2 +tan2x-~
dx 2 v X *3 M
=xsecl2x+llan2x
il e N
b  Using your resuits from part (a) find Iszec’Zxdx. [4]
p 1 x
J'xsec 2x+5tan2xdx=-2-‘mn2x Mi
Ixsec22xdx=£tan2x——l-fm2xdx Ml
2 2
2J-xsec32xdx=xtan2x~jltm12xdx M1
Iszec32xdx=xtan2x+%]ncos2.x+c Al
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Additional Mathematics Paper 2

6
: . 2 x*).
3 ()  Given that the constant term in the binomial expansion of [; -?] is 60,
find the valae of the positive constant k. 41
2N (FY
La=|= Cf e Ml
x k
- xx” M1
~3r—-6=0
r=2 M1
4 Rt
el
x}) "Lk
240 _
kl
k=2, —-2(NA) B Al

(i) Using the value of k found in part (i), find the term independent of x

§
H)

in the expression (1+x")(

e

14]

N6
s
k]

(1+x3)(%

e
1

=(1+Jc3
=(1+x3)|_...—6(—i-55:—;]+15[
=-96+60

=-36
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da A particle moves along the curve v = 3x* - 2x+5. Atthe pont.7,

the x-coordinate of the particle is increasing at a rate of 0.002 uaits/sec and
the y-coordinate is increasing at 0.02 units/sec. Find the coordinates of P, [4]

y=3x2—2x+5 l
Y_6x_2 M1
dx
& _oo002u/s T=002u/s Both scen
dt dt M1
& _& dr
dr  dr dt
6x—2=-0—'02— hull
0.002
x=2 Al
y=3(2)* —2(2)+5
=13
P21y

b  The cquation of a curve is y = x’ +5x° —8x+k, where k is a constant.
Find the set of values of x for which y is decreasing, 4]

' y=x+5x"—8x+k
|
Y 352 +10%-8 M1
dx

For decreasing function, %J;— <0 l

33 +10x—8 <0 Ml
(3x—2)(x+4) <0 M1
—4<I<—2- Al

3
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Preliminary Examination 2019 Additional Mathematics Paper 2
d{In2x 1 3In2x
5 i Show that —| —— |=—-
‘(') dx[ x ] «® X 41
3 1 1 MI, M1 ]
E(mx]_ x -E-z—lnzx-(ax )
)Gy
_ % 3h2x
5 %8 M1
_l_31112x'
- 4
X X Al
. ; In2x .
(i) Hence, integrate —— with respect to x. 31
1 2 -
j_4_3]n42.x dx=|n%x MI
x X X 1
3ln2x 1 n2x
dx=|—dx—
I X! -[Juc'1l x i)
In2x ¥ In2x
3‘[?—(1': =-—3— x3 +c
j-]nhdr_ 1 _h‘12x+c
x' o0y 3} Al

(iii) Given that the curve y =f(x) passes through the pomt [l,g]and is such
in2x

d ]
X

anxIx

that f'(x) =

find f{x). [2

f(x)=‘[

x4
1
Y=o [1+3In2x]+c¢ M1

8 1

)
c=1 Al

i
Al

[1+3m1)+c

[143In2x]+1

Need a home tutor? Visit smiletutor.sg



Greendale Secondary g 22 $4 Express’s Normal (Academic)
Prefiminary Examination 2018 Additional Mathemabics Paper 2

6 Mr Tan drives his car along a straight road. As he passes a point A he applies the
brake and his car slows down, coming to a rest at point B.
For the jouney from A4 to B, the distance, s meters, of the car frcm A, ¢ seconds
after passing 4, is given by

s=600(1-e'3]-121

(i Find an expression, in terms of ¢, for the velocity of the car during the

joumney from A4 to B. [2)
5 =600—600¢  —12¢
ds = 1
E:—GOO-& Sv[—g}—u M1
_ v=100e % =12 b -
(i) Find the velocity of the car at 4. 1]
v=100e 6 —12
=100-12
=88m/s | | 2
(ifi) Find the time taken for the joumey from 4 to 5. 131
0=100¢ 12 M1
f
100e ¢ =12
_t [_12_]
6  L100 MI
{iv) Find the average speed of the car for the journey from 4 ta 3. [3]
Ave speed = tot -:Iﬁsl
tot time
27
600(1-e 6 )—12(12.72) M1 (num)
- M1 (den)
12,72
=295m/s || Al |
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Preliminary Exarmination 2019 Additional Mathematics Paper 2

7 Solve each of the following equations.
@ " +he =8 5]

e +Ine” =8
™% +2xIne=8 M1, M1
x*+2x—8=0 Ml
(x+4)(x-2)=0
x=2, orx=—4(NA) Al, Al |

(i) log,50+4log, x—log,(2x+4)=2 [51

log550+4log s X— 10g5(2x+4) 2

1::.,c;525><2+'“g “log,(2x+4) =2 Ml,
10g525 Ml

: 4
log, 5 +log, 2+ 02X _jog 2(x+2)=2
log. 5"

g =

2+1cog52+4l2 —[10g52+logs(x+2)] 2

2 +log, 2+2log; x—log; 2 —logs(x+2) =2 M
log(x+2)=2logsx
x+2=x
-x-2=0 Mi

(x—2)(x+l)=0
x=2, orx——-l(NA} Al
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8 In the diagram, triangles OAB and QCD are right-angled tnangles.
(2]

3 a

A B Bem

0
1
c D
Angle AOB = angle ODC= 0., OA=3 cmand 0D =8 cm.

(i) Show that the length of AB + CD = 3sin@ +8cosf. 11

AB+CD=3sm0+8cos8 i Bl |

@) Express 3siné+8cos@ in the form Rsin(#+a)where 2>0andais

acute. (4]
" 3smd+8cosf-Rsim@+a@)
= Rsin@cosa + Rcos@sina
Rcosa =3 Ml
Rsing =8 both
8
tana =—
3 |
o =69.44° M1
R=413 M1
35in9+8003_9=J‘!_35in(9+69.44‘} Al

(iii) Find the maximum length of 48 + CD and the corresponding value

of 8 [3)
W8 o o | B
sin(@+69.44")=1 LMl
8 =90° - 69.44°
0 = 20.56 £
(iv) Find the value of 6, if B is the midpeint of OC. [2]
20B=0C o = =1 =
2(3cos6)=8sind Ml
' tang ="
3
8=368T . Al |
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9

Preliminary Examination 2019 Additional Mathematics Paper 2

The function f 1s defined by f(x)=4cos2x-3.

(i) Statc the amplitude of f. 1]
| Amplitude = 4 Bl ]
(ii) State the period of f in terms of . f1]
Period =27” |
— B1

The equation of acurve 1s y=4cos2x—-3for 0<x<x.

(iii) Find the minimum valae of the curve. 1]
Min=—4-3 R
=-7 Bl

(iv) Find the x-coordinates of the points where the curve meets the x-axis. [3]

4cos2x-3=0  O0<xs<xm M1
ooszx=% 0<2x<2x Ml
2x=0.7227, 5.560
x=0.3614, 2.780 . Al
(v)  Sketch the graph of y =[3cos 2x—4| for0<x< 7. 31
' ____‘_‘;‘_' TS eSS i
5 ' Shape Bl
| Comrect
. keypoints:
' x-axis Bl
T | y-axis Bl
— /-—'-
1 \:M 2 Jﬂ/ x .
y=deas2x - 3

(vi) Hence, find the range of values of ¢, for which |3cos2x—4|=c¢
has exactly two solutions only. (1]

| l<c<? | Bl |
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10  The diagram shows a triangle ABC with vertices at A(0, 3), B(S, 12)
and C(k, 13).

() Given that AB = BC, find the value of £.

[4]
AB* = BC*
(k-8 +(13-12)* =(8-0)* +(12-3)° M
(k-8)" =64+81—1
(k-8)°—144=0 o
(k—8+12)(k—8~12)=0
(k+4)(k-20)=0 M1
_ | k_=20,. k=—4(NA? - Al )
A line is drawn from B to meet the x-axis at D such that AD = C}).
(i) Name the quadrilateral ABCD. [1]
SE———————— ——— R
(iii) Find the equation of BD and the coordinates of D. [4]
 Property of Kite a. Diagonals intersectat 90° | i
13-3
_ M1
€ 20-0
=4
2
My, =—2 M1
12=-2@®)+c¢
c=28
y=-2x+28 Al
0=-—2x+28
x=14
D(14,0) B
(iv) Find the area of the triangle ABC. 2]

D I 1.
23 12 13 3 MI
=—;-[(264)—(104)]

=80 units” Al
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Praliminary Examination 2019 Additional Mathematics Paper 2
11a () Find the range of values of x for which x —8x+1520 [2]
===rse ¥ _1 o
(x=5)(x—3)20 M

x<3 orxz) Al

e ——— e e e — e ——— e e ———

(i) Hence, find the range of values of x for which (x+2)2 —8x-1<0 [3]

(x+2) —8(x+2)+16-1<0
(x+2) —8(x+2)+15<0 Ml
[(x+ 2)—5][(x+2)—3] <0 Mi
{(x—3)(x-1)<0
jemed Al

— L e e e —— —_= — - - _— —r

b Show that my=x’ —4(x—1) meets the curve y=x" —3x+2 attwo
distinct points for all real values of m, except m = Qandm=1. 51

my = x" —4(x-1)

y_x3—4x+4
oom M1
y=x3—3x+2 [
7_4 X
-x;—xti=x‘-3x+2
m Ml

X —4x+4=mx’ -3mx+2m
{m-1}x° +(4-3m)x+(2m-4)=0
B — dac=(4-3m) —4(m-1}-2(m~2)
=16-24m -+ 9m* ~8(m* —3m+2)
=16-24m+9m> —8m” +24m—16 |

=m’ M1
m> >0

Ml

Ve bl - 4ac > 0 Al
- 2 distinct roots .
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ + bx + ¢ =0,
o ~b+\b* -4dac

2a

Binomial Expansion
(]
(@a+b)" =a" +[n)a""b+[:] a"p’ +...+(' Ja""b’ .
1

r

: ! -D..(n—r+l
where # is a positive integer and | |= ———= n(n=1)..(n=r+1)
r) rin-r)! r!

2., TRIGONOMETRY

Identities
sin’4 + cos’4 = 1
sec?d = 1 + tan’4
cosec?d = 1 + cot’4
sin( A4 + B) =sin Acos B+ cos Asin B
cos(A+ B) = cos Acos BFsin Asin B
tan At tan B
tan(A+ B) = ————
1¥tan Atan B
sin2A4 =2sin Acos A
cos2A=cos’ A—sin®* A=2cos’ A-1=1-2sin’ 4
A
tan2A=it§E,—
l-tan" 4
Formulae for AABC
a b c

sin A _sinB‘ sinC
a’=b'+c' -2bccos A

=labsinC
2
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4(,\/3__1)':'“ 3\/§+4cm

4 75° 8 [

G

The diagram shows a triangle ABC in which AB = 4(\3~1)cm, BC =32 +4cm, ZBAC = 75°

_ : . 2
and ZBCA = 6. Given that sin75° = %(ﬁ+ l), find, without using a calculator, the value

of sin@ in the form of a + b2 where a and b are integers.

(4]

Page 3 of 26
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2 Evaluate, without using a calculator, tan [cos" [—%JJ [3]

sin x

3 A function is defined by the equation y = for 0<x<27 where x#a.

I-cosx
(i)  State the exact values of a. [1]

Page 4 of 26
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(i) Explain, with reasons, whether the function is increasing or decreasing. [5]
Page 5 of 26
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4 A curve has equation y=e¢™",
() Sketch the graph of y=¢""" (2]
Y

x|

(i) Thecurve y=¢€>*" and y=¢""* meet at point R where x=1. Find the value of k.  [2]
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S (2 Find the range of values of n for which 9x* +8nx+2n? > 8 for all real values of X

(3]

Page 7 of 26
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(b) A curve has equation y = (x+3)x" ~3x+6). Explain why y=(r+3) s -3x+6) is
always positive for x> =3, [3]

Page & of 26
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6 The coefficient of x* in the cubic polynomial g(x) is a, where a > 0. The repeated roots

of the equation g(x)=0 are 2. Find the value of a if g(x) has a remainder of _.% and 28

when divided by (x+1) and (x—4) respectively. (4]
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7

The diagram shows a circle with centre O, diameter KL. NML is a tangent to the circle at Z
and M is the midpoint of VL. The lines KN and OM cut the circle at P and Q respectively.

The lines PL and OQ intersect at R. The line LQ bisects ZRLM and ZNPQ = ZNKL.
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(1) Prove that OKPQ is a thombus. (3]
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(i) Prove that KOx RQ = LOxLR. (3]

Page 12 of 26
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8
A
20 m
B

In the diagram, a sm:veillancc camera is mounted at a point 4 that is 20 m above a point B. A
runnkzr t;uns frgm point B along a straight course at a speed of 4 m/s The surveillance camera
tracks the motion of the runner by panning upwards and downwards at point 4. Find the rate of

change of the angle that the surveillance camera makes with 4B when the runner is 15 m from
B. Give your answer in radians per second. [5]

Page 13 of 26
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9 The equation 2x* + x—4 =0 hasroots & and f . The equation 16x* +21x+ p = 0 has roots

2 2
l+:ﬁ and l+;a . Without finding the values of & and g, find the values of p and g.
[6]
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10 @ Find 2 (x'lnx). 2]
dx
(ii) Hence find Ix2 Inx dx. 2]

Page 16 of 26
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(iii)

i

x=0.5 x=2

The diagram shows the lines x=0.5, x=2 and part of the curve y = x’Inx. The curve

intgrsects t-hc x-axis at the point P and the tangent to the curve at P meets the line x=2 at
point Q. Find the total area of the shaded region. [6]

Page 17 0f 26
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11  The table shows experimental values of two variables x and y.

0.1 0.5 1 1.5 2
» -5.95 1.63 0.83 0.61 0.5
It is known that x and y are related by the equation ['F— ax+ i—hfi. where a and b are
Y

constants.

(i) Plot L against \/; to obtain a straight line graph.
B

(2]

Pape 18 nf 26
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11(i)

.+ Page 190f26
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(i) Use your graph to estimate the values of a and b. (4]

(iii) If, instead, a straight line is obtained by plotting 71= against % , find the gradient
yVx X

of the line. [2]

Page 20 of 26
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12

Py
o >
T
A(—]O;—J)%

The diagram shows a kite with vertices A(-10,-3), B(0,q), C(2,1) and D. Itis given that angle
ABQ is equal to angle OBC.

(i) Show that g=2. (4]

Page 21 of 26
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(i) Find the coordinates of the point D, (4]

Page 22 of 26
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(iii) Find the area of the kite ABCD. 2]

13

To study the effects of water waves, a wave generator and a rubber duck were placed in a water
tank as shown in the diagram above. The height, # metres, from the bottom of water tank was

modelled by /=asin(kt)+b, where ¢ is the time in hours after midnight and a, b and k are

constants. The motion of the rubber duck was observed for 36 hours. The minimum height of
1.5 m from bottom of water tank was first recorded at 06 00. The maximum height of 2.5 m was

first recorded at 18 00.

(i) Find the values of a, b and &. [3]

.+ Page 23 0f 26
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(i)  Using the values found in (i), sketch the graph of 4 = asin (ki) +b for 0s1<36. 2]

h(m) ,
= ! (hours)
(iiij) Find the range of values of t such that the rubber duck is above 2.1 m. [3]
~ End of Paper ~
Page 24 of 26
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax? + bx + ¢ = 0,
0 Vb? —4ac
2a

Binomial Theorem

(@a+b)" =qa" +[:]a"“'b+(ja"'lb1 +...+["Ja""b’ +..4b",

r

where  iis a positive integer and (HJ " _n(r-1)..(n-r+)
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities
sin’4 + cos’4 = 1
sec’d = | + tan’4
cosec’4 = 1 + cot?4
sin{4 1 B) = sin Acos B+ cos Asin B
cos{4 + B) =cos Acos B F sin Asin B
tan A+ tan B
1 ¥tan Atan B
sin2A4 = 2sin Acos 4

tan(4* B) =

cos2A4=cos’> A-sin? A=2cos? A-1=1-2sin’ 4

2tan 4

tan24 = A T
l-tan” 4
Formulae for AABC

a b _ ¢
sind sinB sinC

a’ =b* +c* - 2bccos A

Area of AABC = %bcsin A

Page 2 of 26
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1 (a) Without using a calculator, find the value of 97, given that -]5(5‘)(3”‘ + 8[) =45+, [4]

(®)  Sketch the graph of y=2log, x-1 forx>0. (2]

vt

v

Page 3 of 26
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(c) Solve the equation log, %J; =1+2log 81 . [5]

Page 4 of 26

Need a home tutor? Visit smiletutor.sg




Nan Hua High School
Preliminary Examination 2019 Additional Mathematics 4047/02

2 In a natural habitat, the population of a certain species of snails is given by
P= O.B(Ae" - 500) , Where A and k are constants and ¢ is the time in years starting from

1 January 2010. Over a period of 8 years from 1 January 2010 to 31 December 2017, the
population decreased from 50 000 to 19 000.
(i)  Calculate the values of 4 and of £. (31

Page 5 of 26
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(i1)  Calculate the year in which the population is 30% more compared to 31 Dec 2017, [3]

(iii) Explain, with justification, the expected population of the snails over a long period  [2]

of time.

Page 6 of 26
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4x' —4x +23x3 - 24x+5 o A Bt
x(2x-1)’ partia’ Tractions. (5]

3 (i) Express

Page 7 of 26
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L3 4 - l l —
() Hewsefind I4x 4x" +23x 224.vc+5 . 4
sx(2x-1) [4.
15
4 (@) (i) Write down the general term in the binomial expansion of (-6?—-{] : [1]
x* 2

(ii) Write down the power of x in this general term, (1

Page 8 of 26
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15
(iii) Hence, determine the coefficient of x? in the expansion of (%- -‘::-] ,

15
g 2
(iv) Hence determine the coefficient of x™ in (—2—5-] .

Page 9 of 26
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(b)  The coefficient of x? in the expansion, in ascending powers of x, of (1+x)" (5-2x)" (5]

is 3210. Find the value of n, where n is a positive integer.

Page 10 of 26
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5 ()  Solve the equation 4 - 2x+3|=x.

(b) A curve has the equation y =(2x-1)* -9,

(1)  Explain why the lowest point on the curve has coordinates (%,—9] :

Page 11 0of 26
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(i) Sketch the graph of y =|(2x-1)" 9. 3]
A y
o
0 X
(iii)  Determine the set of values of m such that |(2x— 1)’ -9' =mx—-2 has no solution.  [2]
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6 The coordinates of the points 4, B and C are (0,7), (-1,0) and (6,~1) respectively.
(i) Show that AB is perpendicular to BC. (2

(i) Explain why 4, B and C lie on the circumference of a circle, C; with diameter AC.

(1]

(iii) Find the centre of Cy. [

.+ Page 13 of 26
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(iv) The tangent to C; at point B is also a tangent to another circle, Cz. Given that the centre of
C2, lies on both the y-axis and the perpendicular bisector of BC, find the equation of C:.

(8]

Page 14 of 26
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. 4
7 (i)  Prove that sec3x(sin 3x-2sin’ 3x) = tan3xcos 6x . [4]
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(i) Hence find, for 0< x< i;- , the values of x in radians for which
(6]

—2sin%xcos%x =sec 3x(sin3x - 2sin’ 3x) :

* Page 17 of 26
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8 T N
I 110 km/h
90 km/h
CarA4 e ¢Car B
ras 48 km il

The diagram shows Car B, which is 48 km due east of Car 4. Both cars start moving at the same
time. Car 4 travels due north at a constant speed of 110 km/h while Car B travels due west at a
constant speed of 90 km/h.

(i)  Thedistance between Car 4 and Car B at time ¢ hours after the cars started moving is denoted

by L km. Express L in the form of \/pi®+(q—-rt)’ where p, g and r are constants,
(3]

Page 18 of 26
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(i)  Given that ¢ can vary, find the stationary value of L. [5]

(iii) Determine whether this value stationary value of L gives the maximum or minimum distance
between Car 4 and Car B. [1]

Page 19 of 26
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9

Sm

o I12m

(-]

For a theatre production, a panel is constructed by joining an isosceles trapezium and a
right- angled triangle together.

It is given that O4 = 5 m, OE = 12 m and OA is perpendicular to the base OE. OCD is
perpendicular to DE and makes an angle & with the base OF. 4B and OC are the parallel

sides of the trapezium OABC and 4B =2 m.
The total length of the edges of the panel O4ABCDE is represented by S.

(i) Show that S =12cos@+2sin@+22. (3]
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(i)  Express S in the form of Rcos (6-a)+Q, where Q is a constant, R>0and [4]
0°<a <90°,
(iii) A 30 m LED strip is placed along all the edges of the panel OABCDE. Triangle (4]

ODE of the panel is to be painted in black. Calculate the area to paint.

. Page 21 of 26
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10 A particle X, moves in a straight line with velocity, v m/s, given by v = 20 + kt +63,
where & is a constant and ¢ is the time in seconds, measured from the start of the
motion. Its initial displacement from a fixed point O is —8 m. The minimum
velocity of X occurs at = 5.75.

(2]

(i)  Find the minimum velocity of X,

(2]

(if)  Find the values of ¢ for which the particle is at instantaneous rest.

Page 22 of 26
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(iii)  Find the distance travelled by particle X when ¢ = 7. (3]

Page 23 of 26
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Another particle Y starts its motion at the same time as particle X and moves in a
straight line with an initial velocity of 6 m/s from O. Its acceleration, a m/s?, is

givenby a = %t \

(iv) Show that particle Y will not change its direction of motion. [3]

~End of Paper~
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Answer Key

1 6-42 2 -%
3(i) a=0,2x 3(ii) Decreasing function
@M V4

I

= ez.r—l
oo L0 ot
‘ -
g

-1.5 I -1 — - -0 [ r i @C

4(ii) 5 a)':)(\\\x n<-6 or n>6

10Gi) [¥lInx d{: é@}q\.\:\

10Gii) 0.639 unit® (3s.f)

&

8 0.128 rad / s

10(i) ¥ +3x’Inx

&

\
1 : .
x— —9—x’ +¢,, where ¢, is an arbitrary constant
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11(i)
20 THBEEI R s doh g .E
+HIH; HeCE
LS EH
1.0 s =
R e -
s 2
00 =
02 __g;n.a 0.6 08 1.2 Fy 167
: il 8 ; +REET
05 T T : : ? mar 12 hun: ama
i fagd Hauy gk braun
A "3 it 3
vuzpeus : : §2° ofia) (uud (iR
10 4 ses o LRt tr zgaaae. erpaw
=84 s P B TR LT
trrrhidivhe : i ¥ frdushuer N¥ AEGEman’ (f  SEmmn

@,LLMSJ 11k %}0@0
> ) @Q 126 30 units?

&

o\

11(ii)) a=2[1.5t02.5],b

12(ii)

- - = e Se R A W e W W W W

1
1
1
1
-------------- —'——-—---- e -
1 | 1 \
1 I | 1
] 1 1 1
1 1 | |
______ S R R i |
] | ] i |
! | 1 i \ i
! [ 1 I " 1
1 I ] ] \ ]
} i | ) \ i
b ) ) i ; \ :
] 1 ] ] 1 1
{ i 1 I i 1
| | 1 1 \ 1
! | | 1 i [
e ! ' 1 1 ' 1
- ] | | \ 1
! ] 1 ! H 1
: ] | | 1 :
s w | 15 | w I 2 3 a4 >l hOHI’S)
0 ¢ RN S E—( Tl

13(iii) 12.8<r<23.2
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Answer Key:
la 40.5
b v
-/q,x =1
c 1
6561 or —
9
2(i) |-0.123

(ii) |t=5.81967 (must have). In year 2015

(iii) | As ¢ becomes very large (over a long period of time T

33) L S A
x 2x-1 (2 x—l)‘ -2 \
(@) %x’+lnx+ : 2x~4 = . N
A IS
4a(i) | 15 )ls— _I'\)di/ﬁg,} v i@
(o) 2

a(ii) P;{w@e@—\ﬁo +<3f\’\\\\> i
a(iii) [ -84440070 107\ " \'\\1@"

aiv) | 1430~ | > 6

“243 / o
b |9 o
= x= l or -7
3
b(i) | For xel ,
(2x- l)2 >0
(2x-1)"-92-9
yz-9

i [ 1
Aty=-9,x= % Hence lowest point 18 (5 ,—9)
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(i) '
b(iii) [ 2 <m < |
6G) | . 1

Product of the gradients of 4B and BC = (7)x (- E) =-1

.. AB is perpendicular to BC.
(i) | From (i), AB is perpendicular to BC implies that ZABG=905

Dueto £ ina semi-circle, AC is the diameter of the® o€, 2

are points on the circumference of the circle
(iii 3,3 N\ )

| ) | ( 1 ) W\ Y A
(iv) x‘+(y+18)2=100. (T \\ )) N2
(i) (\\_/) <; %%‘O“’
80 < > @ \ Q‘:\\\x
- mleh@\+ @BZ900", . )~ o
® X \\LI__ (O v«ai\‘””
\\\

(iii) X\ ?Tiu@um\ - (\\\\\X ~\\ﬁ\ N
%0 | SSRoosdrpme s> (@
() | 5=1226050-95+22 O
(i) [322m*\\ 2" \\\\\U
10(i) | -3.125 m/s %\ﬁ\‘
(i) [7o0r45
@iif) [117m
@) For all values of ¢, since T%tz >0,v>0.

Particle will not change its direction of motion since velocity is always

positive.
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Mathematical Formuliae

1. ALGEBRA

Quadratic Equation
For the quadratic equation ax?+ bx + ¢ =0,

. —b+H —dac

2a

Binomial expansion

{a+b) =d" +[T]d“‘b+(;)a’” 3 +...+(:)d""b” +o. b,

here i e al™\= n_ n(n=1)..({n-r+])
where » 1$ a positive Integer an ; _r!(n—r)!_ "

2. TRIGONOMETRY
Identities

sin® A+cos? A=1
sec’ A=1+tan’ 4
cosec’d=1+cot’ A

sin(A+ B)=sinAcos B+ cos Asin B
cos{ A+ B) =cos Acos B¥sin4sin B

tan A > tan 8

tan(A£ B)= —m————
( ) IFtan Atan B

sin2A4=2sin Acos A
cos2A=cos’ 4 -sin* A=2cos? 4—1=1-2sin* 4

tan2A=—~m
I—tan” A

Formulae for AABC
a b c

sind_sinB _sinC
a’ =5 +¢* - 2bccos A

A=labsinC
2
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1 Find the range of values of the constant p for which the line y = px—1 intersects the
curve y=2x? — Sx + 1 at two points. [41
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x+h iz y _
2 Show that H{?(L is divisible by 17, where x is a positive integer, 141
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3 Find the coordinates of the stationary points of the curve y = 4x +-2-5- , and determine
X

the nature of these stationary points, [6]
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4, B, C and D are four points on the circle. CT is the tangent to the circle at point C.
The diagonals of BD and AC intersect at point £ and 5C = CD.

i) Prove that BD is parallel to FT. ) 31

(i)  Showthat (CT)" =TDxTA. _ 3]
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x~35y+38=0
M

O(-8.6

P(-2.2)

i

The diagram shows an isosceles triangle POR with vertices P{~2,2) and O{-8,6).
QP = PR. The line QR with equation x—5y+38=0 passes through M, the mid-point
of OR.

Find the area of triangle POR. [61

Need a home tutor? Visit qmileiitaesg



y=6-|2x+3|

W

The diagram shows part of the graph y=6—{2x+3.

(a)  Find the coordinates of P, { and R.

[4]
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(b)  Ineach of the following cases determine the number solutions of the

equation 6 —]2x+3|=mx 1. Justify your answer.

@ m=2, [2]

ot

(i) m=—. 21

Need a home tutor? Visit smiletutor.sg
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10

The roots of the quadratic equation 2x* — 4x + 3 = 0 are @ and j3.

(i)

(ii)

Show that a® + f3 =-1. [3]

Find a quadratic equation whose roots are @> -+ 1 and £ + 1. [4]
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8 Solve the equation sin @ tan 8+ 2 sin @ = 3 cos &, where cos 6% 0, for 0° <8< 180°,

[6]

Need a home tutor? Visit smiletutor.sg
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12

A particle moves in a straight line such that, at time ¢ seconds afier leaving a fixed

point O, its velocity v m/s is given by v=1¢2 (1—4). Find

(i) the acceleration of the particle when =3, f2]
(i)  the value of t when the particle comes to an instantaneous rest, {21
(iiiy  the time taken for the particle to return to the point G, {4]
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(iv)  the total distance travelled by the particle in the interval t=0to £=35. [3]
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14

Variables x and y are connected by the equation y = 4™, where @ and b are

constants. - ] )
When a graph of Ig y is plotted against x, a straight line passing through the

points (3, 1) and (6, 4) is obtained. Find

(i) the value of g and of 5, 4
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(i)  the coordinates of the point on the line at which gy =2x-4 . [3]
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11

'i_.._ s

A CH L
-

X em
The diagram shows a rectangular block of ice, x cm by x cm by / cm.
Volume of the ice is 1 litres.

4000
.

(i) Show that the total surface area, 4 cm?, is given by 4 = 2x* +

12]
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(i)  Thec block of ice is melting such that the total surface area is changing at a
conslant rate of 3 cm?/s. Find the rate of decreasc of x when x = 5. [41

Need a home tutor? Visit smiletutor.sg
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18

On a particular day, the water level at the beach of Tanjung Rima first reached a
maximuin of 2 m at 8 am. The lowest water level was forecast to be at 6 pm. The

depth of water at the beach may be modelled by the equation

h=08cos{kt)+c
where h is the water level in metres and ¢ is the number of hours after 8 am.

m Explain why this model suggests that the minimum water level will be 0.4 m.

{1]

(i)  Showthatc=12. [1]

(iii)  Show that the value of k is . 2]
10
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19
The ;::orals at the beach of Tanjung Rima are visible at low tide when the water level
is less than 0.45 m.

(iv) Between what times in the daylight hours will corals be visible at Tanjung
Rima? [5]
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Mathematival Formulae

1. ALGEBRA

Quadratic Equation
For the quadratic equation ax? + &x + ¢ =0,

B ~b+ b ~dac

2a
Binomial expansion
(a+b) =a" +(':)a’"b+(:}a”' 2pt +...+[:)a”"'b’ +o kb,
. e n nt  n(n=1).{n-r+l)
where # is a positive integer and [r] T = o

2. TRIGONOMETRY
ldentities

sin® A+cos? A=1
sec’ A=1+tan’ 4
cosec’A=1+cot’ 4

sin(A+ BY=sin Acos Bt cos Asin B
cos(A+ B) =cos Acos BFsin Asin B

tan A+ ten B

tan{A % B) = ————un
I¥tan Atan B

sin2A4 =2sin Acos 4
cos24A=cos’ A~sin*A=2cos’ A~-1=1-2sin* 4

tanzA =_E_E[l§§_'
I1-tan*® A

Formulae for AABC

a b ¢
sind sinB sinC
@ =5 +c* = 2bccos A

Az-labsinC
2
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()  In the expansion of (1+4x)" the coefficient of x® is 8 times the coefficient
of x. Show that n=15. [4]

(i)  Using your answer to part (i), find, in terms of p, the coefficient of x* in the
expansion of (l+ px+3x1)(1 +4x)". (1]

(iif)  If the coefficient of x*in the expansion of (1 + px+3xz)(l+4x)" is 263, find
the value of the constant p. (2]
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0] Ditferentiate xcos3x with respect to x. 3]

(i)  Using your answer to part (i), find _{xsin 3x dx. [31
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(iii)  Hence show that {3 xsin3x dx=§. 2]
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2

The equation of a curve is .xz ! -
x+1
{i) Obtain an expression for £'(x). 2]

(i)  Find the equations of the tangent to the curve at the points where the curve meets
the x—axis. 131
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(iii)  Show that R{x) is increasing when x > 0. [2]
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1 2 .
() Sketch the graph of y =Ex3 for x>0. [1]
»4
) 14
1 £
(i)  On the same diagram sketch the graph of y = -Ex’ for x>0. [t}

2 2

1 3 1 =
(iti)  What is the relationship between the graphs of y =ch3 and y= —-Zx’ T (1]

Need a home tutor? Visit smiletutor.sg

(¢



: e : 12
(iv)  Calculate the coordinates of the point of intersection of y = -d:x3 and

2
y=4x ? forx>0. 2]

o2
(v)  On the same diagram sketch the graph of y=4x ° forx>0. (1]

2

(vi) Determine, with explanation, whether (he tangents to the graphs of y = -ixz and

2
y=4x 3 forx> 0 at the point of intersection are perpendicular. i3]
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G c F
N>
B 28m
11 m
é
A D E

The diagram shows a rectangular basketball coutt, AEFG.

From a point 4 on the court, players are to run along the straight paths A3, BC, CD and
DA.

The lengths of 4B, BC and CD are 11m, 14 metres and 28 metres respectively.

Angle ADC is 6, where 0° < 8§ < 90°.

The total distance covered by each player is T metres.

6y Show that T can be expressed as p+gcos@+rsind where p, g and r are
constants o be found. 31

(ii)  Express Tin the form p+ Rcos(#—a), where R> 0 and o is an acute angle.

14]

Need a home tutor? Visit smiletutor.sg
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Given that the total distance is found to be 78 meires.

(iify  Find the value of & 2]

Given that the length of DE is {5+24/5 ) m and the area of triangle DEF

is (45+4QJ§) .

(iv)  Find the length of EF in the form a5 —b. 2]
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A circle, C,, has centre A(4,2) and radius 413,

(] Write down the equation of circle, €. [1]

(i)  Determine whether the point R(8, 3) lies inside or outside of circle, G. 2]

Circle, C, intersecis the x— axis at points P and {J.
(iif)  Find the mid-point of PQ. [41
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A scecond circle, C,, with centre B and radius V18 also passes through P and 0.

(iv}  State the x—coordinate of 5. {1]

(v)  Given that the y-coordinate of B is positive, find the centre of circle C,. [3]

Need a home tutor? Visit smiletutor.sg
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(a)

(b}

14

Prove the identity

T =(1+sinx)(1-sinx). 13}

Find all the angles between 0° and 360° that satisfy the cquation
Stanx=3cosx. [4]

Need a home tutor? Visit smiletutor.sg
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(c)  Solvethe equation 2cos2y—5cos y=4 for 0 < y < 2x, giving your answers in
radians. Correct your answers to 2 decimal places. {4)

o \fiai .
Need a home tutor? Visit snrﬁtmo‘;vseq,
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16

A prism has a volume of (6x —21x+25) cm’ and a base area of (2x*—5x) cm®.

] Find an expression for the height, h(x), of the prism. (1]
(i)  Using your answer to part (i), express the height in partial fractions, [5]
(iii) Differentiate In{2x—5) with respectiox. {11
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b
(iv)  Using your answers to part (ii) and (iii), find | A(x) dx in the form a+ln=

wherc g, b and c are integers. [5]
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()  Giventhat log, p=m, log,;g=r and L_xy , express » in terms of m and n1,

[3]

(b)  Solve the eguation
(M  log,(3x~7)=log,(2x-3)-2, {4]

Need a home tutor? Visit smiletutor.sg
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(i) 3log;y=2+log,5. [3]
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10

Y

The diagram shows part of the curve y =

= -1, cutting the x—axis at Q. The
7-x)

tangent at the point £ on the curve cuts the x—axis at 4. Given that the gradient of this

.9
tangent is 2 calculate

(i) the coordinates of P,

(3]
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[D



21

(fi)  the area of the shaded region POA. 71

The End

Need a home tutor? Visit smiletutor.sg
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Answer Key

1 p=-2,p==l

2 Simplify to 17(4%)

Since 17 s a factor, the expression is divisible by 17
(2.5, 20) 15 a min point, (—2.5, —20} is 2 max point

3 Area= 26 50 unils

fa) P45 0) Q=156) R(L50)

Gb{l} One Solution, The line v = 2x — | is parallel to one part of e graph y = 6= [2x + 3|
and the y-imtercepl of v =2x — | is below the max point of y = 6 — [2x + 3|. Henee, the
two graphs will only interest at one point.

Gb{ii) Two sohitions,

The line y = =V x — 1 is not parallel to bolh parts of the graph y = 6 = [2x + 3| and the
y-intercept of y == V% x — 1 is below the mux point of y = 6—[2x + 3. Hence, the
two graphs will interest at two poinis.

6y -1 (i) f—x+5§=u

l _f'"]

8 45 108.4°

9(i) a=31"— By 3 ms

9(ii) atrest v=0,t=4 (iii) 5%3
9(iv) Total distance =32.25 m
106) a=10,b=-2

10y (2, 9)

116 A =2a2 4 4x(1000/%7)

TIED 37140 cmis
12(i) Min level=2 —2(0.8) = 0.4 m i)y c=2-08orc="%(2+04)
b1'J
- —r=mx=035542, x+033542
12(jii) k==10 (shown) (iv) 10 #
r=83869, 11131

Between 16 33 to 1908
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Pcicai Sccondary School
Preliminary Exam 2019

11 4nx

n(n—1)
2

(16x%)

nin—-1)
5 (16)

8(4n) =

n{n—-5)=0 n=0 (rejected)

lii 163 + 20p

liii 163 +20p =263

p=3

2i (cos3x) (% (x)) +{x) (% (cos 3x))

cos 3x = —3xsinlx

2ii %I(cosBx-—xcos 3o )dx

sin3x
3

1. 1
—sin3x——xcos3x+¢
9 3

2ii (ésin;rn%(%)cosrr]-(ésinﬂ-—%(ﬂ) cosD] - [O-[%J(—I))—(O):—g-

I B (GG G (P + ) (=) (2 +1) @+ (3 +1) (2%)

(x2 + 1)2
(x1 +1)z
3ii x=—] or x=1
y=x-1
y=-x-1
3iii | 4x>0, (x*+1) >0 > f'(x)>0  Hence f(x)is increasing
|
\. :
! y=_x
! P
\ i
LS "‘_‘.-— ‘E
4ifiv || e pdx
<“*--M.ﬁ
H'M‘M“"'--.. l ..%
4iii Reflection in the x ~ axis N
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4iv

$=16 (81)

4vi

Product of the gradients = RIS L
12 12 14
Since mm, #=1,

Tangents are NOT perpendicular.

G

A

5i

x=28cos@

GC =14sin@

AD = 14sind+28cosd

T =53+145in 84 28cos

5ii

287+ 147 = /080 or 145

Y]

tan = 26.6°
8

T= 5341445 cos (6 —26.6°)

5iil

L 29
cos (6~ 26.565 YV 0=63.6°
6 -26.565°=37.0037°

Siv

%xEFx(S+2J§)=45+42J§

2(45+4245) 5_2.5
(5+2V5) 5225

EF =

EF = 48578

6i

(x-4) +(y~2) =13

6ii

AR=17

Since AR > Jﬁ , Point R lies QUTSIDE circle

6iit

(x—4)’ +(0-2)" =13

x=Tx=1 (77”,0] 4,0)

Need a home tutor? Visit smiletutor.sg
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biv 4
6v | (4=7F +(y—0 =18 or (4-1) +(y-0)' =18
y=3 or y=—3(rejected) Centre = (4, 3)
7b 19.5°, 160.5°
Tc 2.42,3.86
; 6x° —21x425
8i h(x) = = ————
)=
By long division
8ii 6x* ~21x+25 +(2x2 - Sx) =3 Remainder ~6x+25  or
a(2x* - 5x)+bx+c=6x" -2Ix+25
_,6.;c+25=£+ B el Bt
2x'—-5x x 2x-35
3—3+ .
x 2x-5
2
i
e 2x-35
8iv 3+ln-—-u——?{l)§:
9a r=m-73n
2
Obi =2-
1 X 5
Obii y=0.585 or y=5
5
10i P=05—~
i ( 4)
9
————1=0
10ii | (7-x)°

x=4 orx=10 (rejected)
0=(4,0)

Equation of AP 15 y =%x—10

40 40
= — A: —--,0
=g 59
] 25
Area of tnangle= —
ca 0 g =
. 5 9 25
Area of shaded portion = L [.ir-—x)z-.- _?2_
11
72
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Mathematical Formulae

| ALGEBRA
Quadratic Equation
For the equation ax* +bx+c¢=0,
e —b+N(b* —4ac)
2a

Binomial Expansion

(a+b)" =a" +(ﬂa”"b+[2}a”‘zb3 +---+[n]a"“'b" Heetk b”,
¥

n ! —1)-(n—r+
where n is a positive integer and =" 8L e e
r;) (n-=r)r! r!

2. TRIGONOMETRY
Identities
sin” A+cos?4=1
sec’ A=1+tan> 4
cosec A =1+cot’ 4
sin(A4 + B) =sin Acos Bt cos Asin B
cos(4+ B)=cosAcosBFsin Asin B
tan 4 + tan B
lFtan Atan B

sin24 =2sinAcos A4
cos2A=cos’ A—sin’ A=2cos’ A-1=1-2sin’ 4

tan2A4 :_.2t£12A_
l-tan” 4

tan(4 + B) =

Need a home tutor? Visit smiletutor.sg



In the diagram below, PORST is a trapezium where angle QRS = angle TPR = 30°.
SO is the height of the trapezium and the length of SQ is 4 cm. The length of TS

\/'?;+1

is 24/3 cm. Find the area of the trapezium PORST in the form (a\@ =1 2) cm?, where
[3]

a 1s an integer.
r
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Express

45> +x2 +6

(.r—2)(x2 +2)

in partial fractions.

[3]
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(a) Factorise 8x° ~(x—1)3 completely. [3]

(b)  Without finding the solution, explain why the equation 8x> — (x— 1)3 =0 has
only one real root. (2]
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The diagram shows part of the curve y= —-la(x - h)2 + k‘ , where a > 0. The curve

touches the x-axis at (1, 0) and (3, 0) and has a minimum point at (A, k). The curve
also cuts the y-axis at —9.

y
" .0 (3,0) "
-9
(i) Explain why h = 2. [1]
(ii)  Determine the value of @ and of k. [3]

(iii)  Find the set of values of m for which the line y =-mx intéfsects the curve at
four distinct points. (2]
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In the diagram, the coordinates of P, Q and R are (3, -1), (4, 2) and (0, 5)
respectively.

n
R(0, 5)

/9(4, 2)
X

O\/

P(3,-1)
(i) Find the equation of the perpendicular bisector of OQ. [3]
(ii) Name the quadrilateral OPQR. Justify your answer. (2]

(iii) Given that T'is a point on PR such that OPQT is a thombus, find the
coordinates of T. (2]
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The roots of the quadratic equation 4x* + px + g =0 are = and L .

(@)

(i)

1
B

Giventhat ¢+ f =5 and aff =2, find the value of p and gq.

. : : 20 2)52
Find the quadratic equation whose roots are <~— and —. [5]

p a

Need a home tutor? Visit smiletutor.sg



(a) Find the range of values of a for which x% + ax + 2(a—1) is greater than 1. [3]

(b) The equation of a curve is y = 3xt +4x+6.
(i) Find the set of values of x for which the curve is above the line y=6.

(ii)  Show that the line y =-8x—6 is a tangent to the curve. [2]
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(a) Find the minimum gradient of y = 2x’ — 922 — 1. [3]

(b) Thecurve y=x - 6x% + k touches the positive x-axis at point 4.

(i) Find the coordinates of point 4. [2]

(i)  Find the value of %

2
(iii)  Find the value of L at 4 and hence the nature of this point. [2]

dx2
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(a) Show that _S;IO_CM can be written as k (sin 4 + cos A) and state the
sin 4 —cos A

value of k.

(b)  Given that sin 4 = —p and cos B =—g, where 4 and B are in the same quadrant
and p and ¢ are positive constants, find the value of

®  sin(-A), (1]

(i)  tan (45° - A),

(iii)  sec (2B). [2]
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10 The diagram shows a trapezium ABCD in which CD = 12 cm, BC = 4 c¢m and angle
ABC = 6 radians, where 6 is acute.

D 12 ¢m i

(i) Show that the area, 4 cm?, of the trapezium ABCD is given by
A=48sin 0 +4sin 26. 3]

Need a home tutor? Visit smiletutor.sg
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(ii) Given that @ can vary, find the value of @ for which the area of the trapezium
A 1s maximum. [5]

(iii) Hence find the maximum value of A4. 1]

Need a home tutor? Visit smiletutor.sg
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Ky

; Q _;9

The diagram shows a trapezium OSTU inscribed in a semi-circle of centre O and
radius 10 cm. OU makes an angle € with the diameter. UT is parallel to the diameter
and S7 is perpendicular to the OS. The perimeter of the trapezium is L cm.

/T

(1) Show that L =10+ 30 cos 8+ 10 sin &. [3]

(i)  Express L inthe form a+ Rcos (6—a) where R>0and 0° < a<90°.  [3]
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(iii)  Anthony claims that the perimeter of OSTU is 50 cm. Is his claim reasonable?
Justify your answer. [2]

(iv)  Find the value of 6 for which L= 35. [2]

Need a home tutor? Visit smiletutor.sg
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax* +bx+c =0,

— b+ (b —4ac)
2a i

Binomial Expansion

n
where » is a positive integer and [ ]
"

Identities

(ﬂ‘i‘b)n =an +{Tjau—lb+[;Jan—2bz +_“+[n]au—ybr +"'+b" g
r

n  nn-1)--(n=r+l)

R =

2. TRIGONOMETRY

sin’ A+cos’4=1
sec’ A=1+tan” 4
cosec “A=1+cot’ 4
sin(4 £ B) =sin Acos B+ cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B
tan 4 + tan B

tan(4 £t B)=——
lFtan Atan B

sin2A4 =2sin Acos 4
cos2A=cos* A—sin> A=2cos’ A-1=1-2sin’ 4

tan2A=Lm;4—
l—tan” 4

2 Need a home tutor? Visit smiletutor.sg



2

A curve is such that A =6x—2 and P(2,-8) is a point on the curve. The gradient

d.x2
of the normal at P 1is —%. Find the equation of the curve. [6]
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(i)  On the same axes, sketch the graphs y =+/288x and y=3x> for x>0. [2]

(i)  The tangent to the curve y = 3x° at point A4 is parallel to the line passing
through the two points of intersection of the curves drawn in (i).
Find the x-coordinate of 4. (4]
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A waterwheel rotates 5 revolutions anticlockwise in 1 minute. Tom starts a
stopwatch when the bucket B is at its highest height above water level. The radius of
the waterwheel is 8 m and its centre is 5 m above the water level.

The height of bucket B above water level is given by & =a cos bt + ¢, where ¢ is
the time, in seconds, since Tom started the stopwatch.

(i) Determine the value of each of the constant a, b and c. [3]

(ii) Forhow longis A <07? (3]
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In the binomial expansion of x[.‘ZH—) , where k is a positive constant, the
-

coefficient of x° is 28.

(i)  Show that k= %. (4]

8
(ii) Explain Why thereis no constant term in the expansion of x[2x+ EJ . [1]
X

(iii)  Hence find the coefficient of x° in the expansion of

x(2x+fJ +k(1-x)". [2]

X
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P Q0

In the diagram, the two circles touch each other at 7" and PTQ is their common
tangent. AB is a tangent to the smaller circle at E. AT and BT cut the smaller circle at
D and C respectively. ET and CD intersect at F. Prove that

(i) AB is parallel to DC, [2]

(i)  the line 7E bisects angle ATB, [3]
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(iii)  triangle DFT is congruent to triangle EFC if DF = EF. [2]

The variables x and y are related by an equation of the form y—-x= %xz +b.
Corresponding values of x and y are shown in the table below.

X 1 2 3 4
y 2.73 75 14.75 24.5

(i) Using suitable variables, draw on the graph paper, a straight line graph. [3]
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(i)  Using the graph, estimate the value of each of constants @ and b. [2]

(i) By drawing a suitable straight line on your graph, estimate the value of x and

y when y=L1x? +x+2. [2]

2
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The term containing the highest power of x and the term independent of x in the
polynomial P(x) are 2x* and -3 respectively. It is given that (2x2 +x—l) isa

quadratic factor of P(x) and the remainder when P(x) is divided by (x—1)is 4.

(i) Find the polynomial P(x) and factorise it completely. (4]
(i) Solve P(x)=0. [1]
(iii)  Find the values of x that satisty the equation P(1 — x)=0. [2]
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(a)  Giventhat y=x?e>*, find the range of values of x for which y is an
increasing function. [4]

(b) It is given that y = # , where x > 0. Find the exact value of x when the
2x° -1
rate of decrease of y is % times the rate of increase of x.
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Given that y=xInx—x,

()  show that %(xlnx—x)zlnx, 2]
(i)  hence show that j: (i 2408 =Bindalna. 3]
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(iii)

find the area of the shaded region. [3]
. T49t—3 B
10 (a) Given that 0 <x <, find the-galues of x such that
cos (3—;) = —cos’.%-? giving your answers in terms of . (3]
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b)  Prove the identity —L———L 2
(b) VeI o Jtan x secx [3]

(c) Solve the equation sin4x+3sin2x=0 for —180°<x<180°. [3]
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A particle travelling in a straight line passes through a fixed point O with a speed of
—10 m/s. The acceleration, @ m/s”, of the particle, ¢ s after passing through O, is given

by a= 24 5 - The particle comes to instantaneous rest at the point P.
2t +1)
(i) Find the time when the particle reaches P. [4]
(ii) Calculate the distance travelled by the particle in the first 3 sec. (3]

Need a home tutor? Visit smiletutor.sg
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(iii)  Show that the particle is again at O at some instant during the ninth second
after first passing through O. [2]

12 A circle C has a diameter AB where 4 and B are (-2, 5) and (12, 11) respectively.
i) Find the equation of the circle C. [3]

The line AB produced intersects another line / which touches the circle C at point
D(8, k), where k> 1.

(ii)  Find the value of £. [1]
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(iii)  Find the equation of line /. (3]

A chord in the circle C has a midpoint (12, 8).

(iv)  Find the coordinates of the points of the intersection of the chord with the
circle C. [2]

Need a home tutor? Visit smiletutor.sg
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(a)

(b)

Solve the equation 9% +8=3""2, [4]

{
Without using a calculator, find the value of 207 given that
4021 =52-p 3]
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(c) Find the value(s) of p that satisfy the equation
log4(2y) =logy¢(y—3)+3logg 3, [4]

Need a home tutor? Visit smiletutor.sg
20



Need a home tutor? Visit smiletutor.sg



2019 Addltlonal Mathematics Prelim Paper 1 Solutlons

4 4 Dy = ’ Thus, the line intersects the curve at four distinct points
_ . T 1 5 3 (1) 8x* —(x~1)*= (2%)’ = (x-1 ,
ASOR: tan30° = *’5’ > éR' s when -12+6+3<m<0. (2]
= [2x—(x—1)]|:(2x)1+2x(x—1)+(x—1)2}
= QR-= jiﬁl = (e 1)@+ 207 -2+ x2—2x+ 1)
+ = x+1)(7x2-4x+1) [3] ] D T |
i radient of 0Q = =— =~
4\/_ \/_ (li) xl '-(I—l)!= 0 () £ Q £0 2
J_+] 3= = (x+ 1)(72-4x+1)=0 .. gradient of 1 bisector of 0Q = -2
4f(f— ) => x=-1since for 7x* —4x + 1 =0, Midpoint of 0Q = (ﬂ%@.,:éiz;g)
= 3.1 D=(4)-47)=-12<0
_ J3 . 7x% = 4x + 1 = 0 has no real roo =21
- 2(3_ 3) Thus 8x* —(x—1)’=0 has only one real root, hus, equation of the perpendicular bisector of OQ
. PR= 2J§+4(3;J§) s y-1=-2(x-2)
' =—2x+t [3]
=12-2V3 4 (i)  The minimum point When x=0, y=5.
.. Area of trapezium = %[2\/5+12~2J§]x 4 When x=3, y=-1.
V3+1 These risults show that R and P lie on the
- 2 dicular bisector of OQ.
J3+1 66 ‘e., RP is the perpendicular bisector of OQ.
24(+3-1) %% Thus, the quadrilateral OPQR is a kite. 2]
(B+)(5-1) | @ LetT=(a.b)
Since OPQT is a rhombus, then midpoint of OQ is
24(J§ - l) the midpoint of RP.
N =] ‘. (Fﬁ‘ﬂ)=(2,|)
2 2
= 12(\[3-—1) : the val e the line y = nx is =% ile- 03
u c = mx . =
\ ta enttothei - I=(L3) [2]
o \> ()
e @y -5
x=2)(x"+
J\ ée'( =(2): ’;; ::f? - 12; +99 5 ()  Since the roots are éand %,then
Multiplying by (x—2)(x” +2}, we obtain ik
ultiplying by (x )( ) (\6 Since the line is tangent to the curve, then D = 0, 1,1_ p__P+ta_p
4r‘+x2+6=4(x—2)(4\2+2)+,4(x2+2)+{Bx+C)(I§%)\® o [_(12+m)]z#4x3)<9=0 ;+F—“;=> B 4
Subx=2: 4x8+4+6=A(4+2) 5 5 7
42=64 = A=17 (12+m)" =108 =3--L
Subx=0: 6=-16+2(7)+C(-2) 12 +m==%+/108 s p=-10
2C=8 = C=-4 =+ 63 1,.1_9 1.4
Comparex*: 1=-8+7+B = B=2 R o "ﬁ'_ﬁ':} 74
% ACHx" 46 _ 4y T 2 4x [5] som=—-12+6v3 since m >-3 . q=2
G-D(e+2) _x2 w2 =-10,q= 4]




) 202 Zﬁg 3(x+2)*=0 =12(>0)
(ii) For the new equation, the roots are VE and = The equation has equal roots x = —2 Thus A is a minimum point. 2]
2 22 So the line is tangent to the curve. [2]
Sum of roots = 2% +i
B« 8 (a) Given: y=2"-9x2~1 2 5(sin2 A+ cos? A)—lOcos“ A
2 + B d 9 (@) 5-10cos” 4 _
_ (o.' +8 ) gradient: a}i= 6x” —18x sin A—cos 4 sinAd—cos A
ap dzy 5(.f~;in2 A—-cos? A)
B 2(a+ﬁ)[az —aﬁ+ﬂ2] 32121“18 T T sind—cosA
ap &y ~ 5(sinA+cos A)(sin A—cos 4)
Aex +ﬁ)[(a % ﬁ)z _ 3aﬁ] For minimum gradient, —5-=0, .sin A—cos A
= = 5(sin 4 + cos A) [3]
af ie, 12x-18=0= x=3
2(5)[52 -3x 2] d (b) Given: sin4 =—p cos B=—g and 4 and B lie in the
- 2 ¥ SN < % same quadrant, then they both lie in 3™ quadrant.
- 95 ¢ .,
22% [ 28 g
Product of roots = [——J 5
B a —]S(A) 1
= 4af 2
= 4 * 2 ’,3,5_ 3] %%6
=8 \ ()  sin(-A4)=-sin4
Thus the equation is x> - 95x + 8= (;4 ot e\positive x- O(\ =p [1][
x<axis is ta Qghe (i) tan(45°-4)= lan45——otanA
. w 1+ tan45°tan A
i (a) Given: X2+ ax+2a § a statiduapy point.}
% - 1 —tan A tan 45° = 1
xX*+ax+ (2a— = T tan 4 Since tan
For a positive quadratic functi j DO
at—4Qa-3)<0 - -
aifat 120 0 = 3x (x-4)=0 e
(a—2)a—-6)<0 -
2<a<6 ée' x=0or x=4 _NI=p -p 3]
(b) y=32+4x+6 (SA\N\ Foarl sdol (2] 1-p*+p
i) y>6=3x3+4x+6>6 \fa:(\ (ii) A also lies on the curve, (i) sec2B= 1
32 +4x>0 \% S 0=43_6x42+ [k cos 2B
x(3x+4)30 k=32 []l R i
.x<—~% orx>0 2] 2cos’ B-1
1
dl
(i) y=32+4x+6 (iii) E{ =6x-12 2(-q)* -1
y=-8x-6 ; =1 (2]
32+ 4x+6=-8x—6 : AtA’_q__—}’_=6(4)_12 2q2~l
32 +12x +12=0 ) d ) prea——




10

@

(ii)

(ili) Maximum 4

D 12 cm

A

(©. 4
4

cose=£

E

sinf = = CX =4sinf

= BX =4cosf

5[12+12+4cos6]x4dsing

= (12 + 2 cosd) 4 sind

=48 sin@ + 4(2sinfcosh)

=48 sinf@+ 4 sin 26 (shown)
[3]

Area of trapezium =

dd _ '
0= 48cos @+ 8cos 26

For maximum A4, a4 _ 0.

do
.48 cos 8+ 8cos28=0
48 cos O+ 8(2cos’> 8—1)=0
8(2cos’ B+6cos 8 —-1)=0

6462 —4x2x (=
4

cosf =

cos@ = -6—4':1@

cos@ ==SENIL ij‘/ﬁ

cosf = :—:3-%—@ since @ is acute, @
o 0=1.49155

2
d_f} =—48sin0d—16sin 26
dé

%
When &= 1.491 55, i-2~i§-<'0 A
dg

Thus 4 is maximum when 8= 1.49. [5]

= 48 sin (1.491 55) + 4 sin 2(1.491 55)

= 53.3 sq units [1]

117G

S

Consider A QUX,
ZOUX = @ (alternate angles)

sin 6 = %: OX=10sin @

@ 10+ 1030 cos (6 - 18.434°) =35
> @(9—18.4340 _35-10__5
N )= 1000 ~ 210

S8 —18.434°=37.761°
S B=562

(\d\N\ Basic angle = 37.761°

b

oM

%Q
possible

(1]

13]




)ddiﬁonal Mathematics Prelim Paper 2 S )ions

2
Given: %{ —6x-2
; dy
.. Integrating, e 3x* =2x+c

Given that gradient of normal at £(2, -8) = —% , this means

that gradient of tangent at P =2, i.e. when x = 2, 2, 2

dx
L 2=3022-21Q)+c¢
= c=-6
A %=3x2—2x—6

-, Integrating, y = x’ —x* —6x+c,
Since P(2, —8) lies on the curve, i.e. whenx =2,y =-8,
. -8=23-22_6(2)+c2
= =10
Thus the equation of the curve is

y=x'-¥-6x [6]4(
Ptk

=33
% =9x?
Since gradient of tangent to the curve at A is parallel to
the line passing through the 2 points of intersection,
L9E=12

@

0
(ii)  To find the point of intersection, wi
equations s:mullaneously

y=3x (1)
y =+/288x 6
. 27 T
28 _19 = p=Z
(1)=(@): 3 =288x o~ o peedg=1z= b= 3]
926 — 288 \S -
0x%—288x =0 [Do not divide by varlshlex] . h= Scos( 7 )+ 5
Ox (°—32)=0
D Bl G) h<0 = 8cos(%1)+5<0
y=0 or x=24
So the 2 points of intersection are (0, 0) and (2, 24). When h=0, 8 cos(-‘gt) +5=0
Gradient of line joining these 2 points = 224—:(?- o (EI) _5
6 8
=12

ﬁ?L}DGwe 065 revolutions take 1 minute
] 1 -
\6 . 1 revolution takes 5 minute (= 12 seconds)

)

Basic angle= cos™ (-g-) =0.895 66

6
Fs

6

t=4.289 or 7.710

so duration=7.710 — 4.289
= 3.42 seconds

The variable angle Z¢ lies in the 2™ and 3™ quadrants,

. Zr=7-0.89566 or 7+ 0.895 66 in the 1* revolution

B3]

i) For x(2x+%)a, r+1—l( ](2 )S-r( )

Power of x=1+ (8 = r) + ()

J\l =0-2r
!ﬁ%’m in x*, power of x =3
9-2r=3

= r=3
8 3
o Terminx® = x( J(2x)§ (ﬁ)
3 X
=17921
Since coefficient of x* = 28,
1792k =28

= k= % (shown)

(i)  For constant term, power of x = 0,
S 9-2r=0
9
= r==
"2
Since ris nota

we can conclude that there is no constant term.

8
(iii) In the expansion of A(ZA+%) + k(l—x)m,

Term in x> = 28x* + %x(l??](—x)}

oy Lo 3
=28x3 + 4x( 120x )
= _2_"*3

. coefficient of x* = -2

r (or positive integer), then

(4]

(1]

(2]




@

(i)

(iii)

To show: 4B is parallel to DC

This means that we need only to show that there are 2 equal
angles that satisfy either alternate angles, corresponding
angles or interior angles

Here we can show £ CDT = £ZBAT)

£CDT = ZDTP (alternate segment theorem)

= ZATP (common angle)

= £BAT (alternate segment theorem)
Since this result satisfies the properties of
corresponding angles, then 4B / DC. (shown) [2]

To show: the line TF bisects ZATB
|This means that we need to show: ZATE = ZETB|
LATE = ZDTE (common angle)
= ZDCE (angle in the same segment)
= ZCEB (alternate angles since AB/DC)
= ZETB (alternate segment theorem)
Thus, TE bisects LATB. (show)

To show: ADFT = AEFC if DF = EF
From (ii), ZDTE = £DCE (angle in same s
i.e. ZDTF = ZECF (common
DF = EF (given)

Thus, ADFT = AEFC (AA

(iii)

®

(i)

Given: y—Jn:=—E-JL'2 +b [note that this is alrea MI C
Y = mX+ ¢
Plotting y — x against x* will give aStraighti
22 I 4 N J\
y—x | 173 55 | 11.75 | \2o5 A
M\
b = Y — intercept \fb-
=0.5 \6
% = gradient of line
_20.5-0.5
16-0
=1.25

QO

%@OQP(I -x)=0

This tells us that a=1 and ¢ = 3.

So, P(x) = (2x* + x — 1)(x* + bx + 3).

[Writing P(x) in this form, we only need to find one

unknown, i.e. b.]

Given: when divided by (x — 1), P(x) has remainder

4,1e P(1)=4.

L4=02+1-1)(1+b+3)
=2(b+4)

b+4=2=b=-2.
r, P(x)=(2x2+x— 1(? - 2x+3)
=(2x - D+ DNEE—2x+3)

P(x)=0

= x=% or —~1 since x%— 2x + 3 =0 has no real

(3) \ roots as D = (-2)? - 4x3 = -8 < 0.

(1]

(4]

== 1—x=-21-

. x=%or2 2]

or -1

\}2 5&"“'
the same axi \2’\ —x and X *

nwenee I.helme Y=— X+2.

2
=2 and when X=16, Y=10
me passes through (0, 2) and (16, 10)
e pomt of intersection between the 2 lines is
approximately (2, 3).
ie. X=2 = x*=2, .x=141Gsl)
Y=3 = y-x=3, . y=3+141=441
x=14landy=44]

(2]

. %=1.25:>a=0.4

5.a=04,b=05 2]

Since (2x*+ x— 1) is a factor of P(x), then we can
write P(x) = (2x* + x — 1) O(x). However, we know
that O(x) is a polynomial of degree 2.

So, P(x)=(2x* +x—1) (@ + bx + o).

However, we know that for P(x), coeff of x2 = )
and constant term = —3.

8 (a)

y= xieh’

% =2xe> +3x%e*

= xe*(2+3x)
; : . dy
For increasing function, i >0

xe*(2+3x) >0

Since € >0 for all real values of x.
x(2+3x)>0

s

7 x<~% orx>0

(4]




®)

2x% -1

J2x% —-1- xxlx

dy 2

where x> 0

21 -1

dx 2x? —~l

\2x 1—x>< pe

\/Zx

wﬁxz -1

2x% -1

I

Given:

N

2" T

= 0.981 (3 sf)

since x >0

szz -1

(ii) From (i), we know that I]nxdx:xlnx—x+c
[" (mx+1)de= [ xac+ [ 1ax
= [xlnx—x]j +[x]z

=(blnb-b)-(alna—a)+(b-a)
=blnb-alna (shown)

(iii) The shaded area is the same in both diag

_ 2sinx
cos’ x
- 2sinx)< 1
COSX COSX

= 2tanxsecx (shown)
sindx+3sin2x=0 for —180°< x<180°
2sin2xcos2x+ 3 sin 2x=0
sin2x (2 cos 2x +3)=0

3]

S.sin2x=0 or cos2x= —3

basic angle = 0° (no solution)

2x =-360°, -180°, 0°, 180° or 360°

. 00 ] o o o or l Q [3]
Qg

3@‘

6\‘\\\ . 3x 4

9

Given:

(@

y=xlnx-x
-Z=[lnx+x><l)—i
x
=(lnx+1)-1
=Inx (shown)

ﬁw for O<x<mw

ﬁi@

d@ e variable angle 32" lies in 2™ and 3" quadrants.

basi

2 ~:r—10 Ol'!'r-i-ia

_ 9 iz
10 710

e e
..vL—Sorl5 [3]

_ (1+sinx)—(1-sinx)
(1—sinx)(1+sinx)

1 1

(b) l-sinx l+sinx

2sinx

1-sin® x

®

(ii)

%%@wen a=

(z:+1)
242t +1)"
S ) +c
12

TTude

when t=0,v=-10 m/s
nLe=2

. _12
v PR 2+1

AtP, v=0 = 2-52-=0

= t=23s (4]
s=2:—121n(2;+l)+c,
=2t-6In(2t+1)+ ¢
whent=0, s=0, .. ¢ =0
o5 =2t-6In(2¢+1)
=0, s=0
t=25, §=2(25)-6In6=-57505
t=3, §=2(3)-6In7=-5.6754
Distance travelled = 5.750 5 + (5.750 5 — 5.675 4)
=5.83m (3sf) (3]




(iii)

[9" second means fromt=8stor=9s]

Whent=8, s=2(8)-61In17=-0.99928 m
Whent=9, s=2(9)-61n19=+0.33336m
n5=0 for 8<1<9

i.e. The particle is again at O during the 9" sec. [2]

12 G)

(i)

@i

centre, X' = midpoint of 4B

:(—2+12 5+11)
o ®g

=(5,8)
diameter = AB

= J12+2)2 +(11-5)?
= V232

A(-2.5

(iv)

b o ©

Given that (12, 8) is the midpoint of the

d-point of the chogd is (
of intersection arg¢

.. Equation of circle is

2
(x=5)* +(y-8)’ =[@]

(x5 +(y-8)* =58 3]

Since D(8, k) lies on the cir &

(8—5)2+ (k—8)*=58 \

(k- 8)*=49
S k-8=7 or -7
k=15o0rl
Since k> 1, .. k=15. Crlrﬂ
: - 15-8_17
gradient of DX 35 =3 \/ j\
Since line / is perpendicular to radius DX, |
- _ .3 &
.. gradient of / 7 \6\
So, equation of line / is
y-=15= ~%(x*8)

=3y
¥y ?J.+7+15

y=-3x+122 [3]

13

7

(b)

log,(2y) =logs(y—3) +3logy 3
log,(y—3) _log;3

OB ==e 16 Togy 9

lo =3
log, (29) =283 , 3

2log,(2y) =log,(y—3)+3
2,(2y)" —log,(y-3) =3

@)’ _
y=3

ﬁ:d}

,
43 %0-3

3

log,

%6609 =16(y-3)
o

V2 —16y+48=0
G-4)rp-12)=0
s y=4 or y=12.

[4]

=1.89 (3 sf) (4]
2p 2
407t =5t0 = ST =:55_p
4027 x 57 = 5 x 40
(407 x5)" =1000
(8000)” =1000
(20)*7 =10
207 =10 Ll]
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

—h+y b2 - dac

For the equation ax“ +hx+¢ =0, pe
2a
Binomial expansion
FRY: o ‘1 n e
(rr+h)”=u”+' ‘u” lb+—! a2 .5 -lu” a4 b
% I J e ?‘ ,.'. '.\f' S
=
. o [ o) i! man=1) .. (n—r+1)
where n is a positive integer and | = =
ko ori(a—r)! r

2. TRIGONOMETRY

o we P 2
Identities sI° 4+cos” A=
2 2
sec” A=l+tan” 4
2 2
cosec  A=1+cot“ 4
sin( 4 £ B)=sinAcos B +cos Asin 88
cos{fAL B)=cosAcos B FsinAsin

tan A +tan 8
1+ tan dan B

tan( A= B) =

sin2.4 = 2sin Acos A

2 5 B 2 .2
cos24 =cos* A—sin“ A=2cos“ A—1=1-2sin" A

"
21an A
tan24d=———

ol

| —tan” A

',l' '
Formulae for AABC, ... :

sind sinB  sinC'

-

2 2
a~ =h+¢° =2bccos A

I L
A = —ahsin(
.
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. L3
I'he equation of a curve Is v = ——=, for x = —0.
T+ O
Explain, with working, whether the curve has turning points. [3]
SMSS 2019 [Turn over
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2 Find the values of the integers ¢ and b for which ¢ + Vb is a solution to the cquation
xV27 — 2xv2 = x\75 — V8, |4]
SMSS 2019

T -
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(V)

S (-
3 (i) Sketch the graph of y* 35 for x < 16. [1]

(ii) Find the coordinates of the points of intersection ol the curve )* = oy and the line

by —4x+ 10 =0. [4]

SMSS 2019 Need a home tutor? Visit smilettér §§°<"



»

B A particle is travelling in a straight line with a velocity of v = 8¢ — Y cmi's where 1 1s the

time in seconds afler leaving a fixed point O.

Calculate.

(i) its acceleration when the particle is at instantancous rest. [3]
(ii) the value of r when the particle returns to €, [2]
SMSS 2019 Turn over

[
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The curve y = [{x) has a gradient of =1 at the point (2. 8). 't (x) = 6 — 6x, {ind the

equation of the curve. |4]
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| em Sem
Find. in terms of d. an expression for
(i) tana. [ 1]
(ii) tanp. [1]
where a. f and d are shown in the diagram.
Hence obtain, in terms of . an expression for
(iii) tan(f — a). 2
Given that f — a = 45°. find the values of . [2]
SMSS 2019 Turn over
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I'he quadratic equation 4x* — 44x 4+ 1 = 0 has roots a® — 1 and #° — 1. Find the

quadratic equation whose roots are & and [, where @ and § are positive. [6]
S - . .fT|t1rn over
SMSS 2019 Need a home tutor? Visit smiletutor.sg
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8 (i) By using long division, divide 2x° — 11> + 12x + 9 by 2x + 1. [2]

- P - -
13x°=52x+32

263 =11x2412x+9

(i) Express in partial fractions.

—_—
wh

SMSS 2019 [Turn over

Need a home tutor? Visit smiletutor.sg



11

9 The diagram shows part of the curve v ? = ¢ -5 and the line /. The equation of the line / is

4y + 2 = x. Caleulate the area of the shaded region. |6]

y
|
I

MSS 20 Turn over
SMSS 2019 Need a home tutor? Visit smiletutor.sg
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o ) : 3 o ;
10 (i) Prove (sinx + cosx) (I — —r.\lll._',".') = s8in" x +cos’ x. [ <]
(i1) Hence solve (sinx + cosx) (! — =sin _'-‘_r) =0 for-2m <x<2nm. 3]

SMSS 20
13 Need a home tutor? Visit smilstutsF sg
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13

In the diagram below, A, B. C and D are points on the circle and QDP is a tangent to the
circle at D. 0
!)
Given that AD = AC. prove that
(i) AQCD is similar to AODA. 12]
(iiy OD° = OC* = OC X DA. (4]
[Turn over

SMSS 2019
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12 The diagram below shows a pendant in the shape of a sphere of radius 3 em.

A right inverted circular cone ol base radius r ¢m and height (x + 3) em is being

~ : = 3 q 3 5 1 5
removed from the solid sphere. [Volume ol sphere = -ar; Volume of cone = -arh]
3 A

(i) Show that r = (9 i }-T. [2]
(ii) Show that the volume of the cone is ' = 37 (27 4+ 9x = 3x° = 17). 2]
SMSS 2019 [Turn over
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(iii) Given that x can vary, tind the maximum value of V.

Hence, find the least amount of solid lett in the pendant. (6]

SMSS 2019 Need a home tutor? Visit smilgutorsgr
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13 The points A0, 21 and B(8. 2) lic on the circumterence of a cirele ¢ ).
The line x = = 1 is a tangent to ('),

(i) Find the radius and the coordinates of the centre of ', given that the centre of the

circle lics below the a-axis. 14

(ii) Express the equation of Cy in the form x* + )7 + 2px + 2gv + » = 0. where p. g. r

arc integers. [2]

SMSS 2019 Need a home tutor? Visit sthifétifisg
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(iii) Find the equations of the tangents to (. which are parallel to x - axis. 2]

(iv) Another circle € has its centre at 8. Given that the area of (7 is one-quarter that of

(.. find the equation of (2. (3]
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St. Margaret’s Secondary School
Sec 4ESN Preliminary Examinations
Additional Mathematics Paper 1

dy
“dx | (x+2)2

the curve has no turning point.

2x=—-2++v6.a=-2,b=6

3(i) F A

/_.(](),3]

\—1[16,-2}
{1i)time =48 s //

iy 1. (2,-3)

4{i}) acceleration = —8 m/s”

5.f(x) =322 -x*—x+6

1
6(1) =

S
&
{11) (2x+1) x N\ (x—3)2

9
9, = units”
3

10 ii};vz—zn.r3 — --Err

{ SE AT TR
— ’ a2y .
12(01)x = =3 (rejorl.x = 1. m‘C 0. = max pomnt;

Volume of cone = 33.3 em’; least volume of solid Jleft = 79.6 cm?
13(1) radius = 5 units: Centre(4,-1) (i) x?+3y* —8x+2y -8 =0

{iily=4&y=—-6 (V-84 (y—2)=2

4
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2019 4E AM SA2 - West Sprin
pring Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax? + bx + ¢ =10,
__ —bEAb’ —dac
x= =

Binomial Theorem

(a+b) =a" + [TJG "1p+ [;]a"'zbz +ot {n)a""b’ +..4+b",
!. s

H] oo an-D.n-r+l
= ( !

r - r}!r! ¥l

where n is a positive integer and (

2. TRIGONOMETRY
ldentities
sin® 4 + cos* A4 =1
sec’d =1 +tan’4
cosec’ A =1+ cot? 4
sinfA+ B)y=sinAd cosBxcosAsinB
cos{(A+RB)=cosdcos B T sin 4 sin B

tan(A % B) _tand*tanB
- I Ftan Atan B

sin24 =2 sin 4 cos A4

cos2A=cos’ A—-sin’ A=2cos* 4-1=1-2sin’ 4
tan24 = .ﬂ
l—tan~ A
Formulae for AABC
a b ¢

sind sinB sinC

@*=b*+ * - 2bc cos A

A= —hecsin 4

B |

Need a home tutor? Visit smiletutor.sg



) Sketch the yof yp= ~|3x - 5] , indicating the intercepts clearly. [2]

ekt

-
-

(i) Explain why the equation -2 = |3x— 5] has no real roots using a graphical approach. [1]
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2 It is known that log, b=y and log, y=3.
() Find an expression for log ; b—log, 25 in terms of y.

(i) By considering a pair of simultaneous equations, show that Igh = blg2.
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(3]

() On the same diagram, sketch the graphs of %g =x and y=-3x",

(ii) Find the coordinates of the points of intersection of the two curves. [3]
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) Factorise 8x +27.

83t +27 ; e
(id) Express ---_)—:‘---ﬂ _}{__U_ in partial fractions.
(a1
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)

- i y by oo z 2 Yy 4

(i)  Giventhat u =2, solve the cquation 8" =7(27)+ 3 4]
- 4 Br iy B 2]
(i) Hence, solve the equation 04 = /{4 Yt :4 W=
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A regular hexagon ABCDEF with sides (2 ++/3 ) cm is shown below.

A 2-!—-\/5 cm g

& D

@  Show thatAC =(23 +3) om.

(ii) If the line segment AC has length (u‘27 ~\/§)r cm, find the value of r, expressing

answer in the form a+b/3 , where ¢ and b are rational numbers.
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9

The roots of x> —7x+4=0 arec ¢ and B°. Given that o and f are opposite in sign, )
(i)  Find two possible values of a+ 4. (4]

(i)  Find two non-equivalent quadratic equations whose roots are o and 4. [2]

-
-

Need a home tutor? Visit smiletutor.sg



10

; d . 1 ;
(1) Show that -CL—(Z.\'SiHE x)=2sin" x+4xsin xcos x.
X

(i) Hence find J xsin2x dx.
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(i)  Using tan3xswin(2x+ x) , show that {an 3x may be expressed as

3tan xftetil *x 131
1-3tan” x |
(ii) Find all the values of x between 0 and 7 for which tan3x =5 tanx. [5]
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10 §) Show that the curve y = -‘lixz — hx+4 meets the line y = 2x—(2h—1) for any real val

|
(i)  State the value of /1 if the line y =2x—(2h-1) is a tangent to the curye y = Zx‘ —hx

(i)  Using your answer from part (if), find the values of p and ¢ if the line y=2x-
intersects the line y = px + ¢ at an infinite number of points. '
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A semi-circle has raaius » m, area 4 m” and perimeter P m. At the instant when its radius is ¢ m, its
area is increasing at a rate of 27z m*/s. '

(i) Find an expression in terms of a, for the rate of increase of the radius at this instant. . [3]

(i)  Find an expression in terms of @ and 7, for the rate of increase of the perimeter at the same
instant. (2]
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1

The diagram shows a room (erime scene) surrounded by solid walls. Twe bodics are founsd at
eatreme comers of the reom. To facilitne forensic work, 2 tape of wal length pm is used e
off these two extreme comers. The dotted lines represent the length of mpe used. One come
raom 15 an equilateral mangle of side x m and the other comer is 3 SOUAre,

Tl sy

s that the area of the rinngle iz —— 1~
ll} LT .II

(] Show that the 1otal area, 4 m'. ol the two cordonced-off comers is given by

Jl""_=L \":"* .
1

_n
g 4
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(i)  Given that x can vary depending on how taut the tape is, find an expression for x in terms of p
for which the area 4 is stationary, [2]

(iv)  Write down, but do not stmplily, an expression for the stationary value of A in ternms of p and
determine the nature of this stationary value {31

() In the case where p=n3+1 | sketch a graph of 4 agamnst x, mdicating the turming point and
the y-intercept clearly.. (3]

End of Paper 1
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(i)  Find the remainder when the polynomial f(x)=4x’—x+3 isd.__ by 2x—1. [

(i)  Given that f(x)~5=(Q2x~DA(x)+b, where A(x) is a polynomial, state the value of b
the degree of A(x). |

(iii) A constant ¢ is added to f(x) to make it divisible by 2x 1. State the value of c.
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7 Solutions to this qu¢_ 1 by accurate drawing will not be accepted.

g

R

S

7

2x+y=3

The diagram shows a trapezium HBCD in which 4B is parallel to DC. The coordinates of the points
B and C are (10, 8) and (18, k) respectively. The line with equation 2x+ y =3 intersects the x-axis
and y-axis at N a:nd A respectively. The line CN intersects the y-axis at D.

|
()  Determine whether ZANC'=90". [4]
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(ii)  Write down the equation of the line CD.

(iii)  Find the value of k and hence, find the area of the trapezium ABCD.
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The curve y =f(x)is such that f"(x)=x" 3

@ Find the range of values of x for which f'(x) is a decreasing function. [3]

B | s

“The point P(3, 10) lies on the curve. The gradient of the curve at P is

(ii) Find the equation of the curve. [5]
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(1

)

=T

o . 1 : : . N
Given that the coefficient of the — term in the binomial exJarsion of

X
{ | E g
—y—fa" | is 4032, show that k=-2.
X y
Find the constant term in the expansion of {7 +x "}~ a7 | .
A !
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i ; i . : . '] It
A curve C has equation y=In(l-2x), x <—. The point P on C has coordinates (?I“ 3) The

tangent and normal to € at £ meets the y-axis at 2 and R respectively,

(D Find ihc equations of thc tangent and normal to the curve Cat 2. (4]
(i) Find the coordinates of Q and of R 2]
i |
(i)  Find the arca of triangle OPR, (2]
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In the diagram, ABDE is a cyclic quadrilateral in which BA is paraliel to DE. The tang
circle at D meets AR produced at C. The chord 4D bisects angle BAE.

(i) Prove that angle BCD = -;— angle BAE.

(ii) If AD is the diameter of the circle,
(a) prove that AABD is similar to ADEA,

(b) state the name of the geometric shape given to the quadrilateral ABDE.
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7 A boy runs along, ¢ coastline of a beach and passes a fixed point 4. The velocity, v m/s, that he runs

in f seconds after he passes 4 is given by

v=20e"" -3,
(i) Find the distance that the boy ran 60 seconds afier he passes A4. | [5]
(i)  Find the boy’s acceleration when he is instantancously at rest. [4]
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[
==
=T

(

) Explain what the sign of the acceleration indicates, (1]

(iv)  Explain whether the boy will be running at his maximum velocity at any point of time of his
Tun. [2]
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'

The function f(x)=2x"+bx’ ~14x~20 has a factor of a{x+S)(x+1), where « and b are positive
constants. ! :

() Find the value of 5. 2]

(i) If (x—2)is also a factor of f{.r:}. state the value of' a. (1]

(iii)  Hence, deduce another funcuon g{x) whus coefficient of 17 (5 3 2nd vales of the roots of
g{x)=0 are twice the values of the roots of f(x)=0. [t
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g The function f(x)= acosbx+ 2 has a period of 6 and a range of -2 < f(x)<6.
(i) State the value of ¢ and of b. |

(i) Sketch the graph of v = f(x) for 0<x<97.

(iii)  On the same diagram, sketch g(x) where g(x) = ~f(x) for 0sx59.

(iv)  State the equation of the line of symmetry between f(x) and g(x).
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10

44
G F
5 e B
\'\ J’f
\\ "
\\ //'
‘\\ ’//

\'\ Jt’
C — ‘
' 300 m D

The diagram shows the running path (4 > B> C=> D 2 F > G 2 H > 4) of Ali. ABH and
ADEG are isosceles triangles. CA is parallel to DE and CD is parallel to HF. A8 =100 m ,
BC =200 m and CD =300 m. It is also given that angle GFD =90 and angle ABH =6, where

0°< @ <90°.

i Given that Ali runs at a uniform speed of 10 m/s throughout, show that the time taken 1 s for
pe
[5]

the run can be expressed as 100+ 20sin & -~ 40cos 8.

Need a home tutor? Visit smiletutor.sg



1 5 I’<.J_W,J._..-"

(if) Express ¢ in the form of 100+ Rsin(@-a), where R > 0and « is an acute angle. [3]

(i} Using vour ssswer from part (i), justify with working whether Al can complete his run in

the shortest possible time, assuming that Ali completes nis 555 (2]
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A circle, (), has equation x° + y: - 41 +Oy=12.

(i) Find the radius and coordinates of the centre of the circle C). [3]

(i) Determine whether (3,1) liesinside, outside or on the circle, [2}

Another circle, Oy, nas centre (2, -8) and the same radius as €.

(iif)  State the equation of (. [t]

The line which is paraliel to the x-axis and passes through (2,-8) intersects {7 at A and 5.

(iv)  State the equations of the tangents to (2 at A and 5. [2]
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. d 2x 2-3x
Show that —\ e } =
dx N Z

(1-3x)2

L
- 3X
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¥
{
P A e 5 s i mpa P X
P O
xa ]
. . . : 2-3x . ;
[he diagram shows the line v = -1 and part of the curve y=-—————_ The curve mtersects
{1l
the y-axis at point A. The line / through A intersects the x-axis at {(-2,0) .
(i) Determine the area of the shaded region bounded by the curve, the line v = -1 and the
line /. (4]
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(i) The arca bounded by the x-axis, the curve, the line x=—1 and the line x=a is four
times the area of the shaded region in part (i), where g > 0. Find the value of a.  [3]
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The population, P, m millions of a cpuntry on 1* January has been increasing cvery year from 1960
10 2000. The increage is exponential and so can be modelled by an equation of the form

ki
— }?}C 4

where Poand k are constants and ¢ 1s the time in years since 1% January 1960. The table below gives
values of £ and ¢ for some of the years 1960 to 2000.
|

Year l960 1970 | 1980 1990 2000
t years 0 | 10 | |20 30 40
F 5.?_5_ 9.97 P 173 30.0 51.9

i) Plot a suitable straight line gr,iaph to show that the model is valid for years 1960 to 2000. [3]

(i)  Estimate the vale of k [2]

| . M . . i
(i)  Assuming that the model is still appropriate, use your graph to estimate the population i 17

January 2005, | [2]

End of Paper 2
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2019 4E5N PRELIM AM P1 ANSWER KEY

Q Solution
1i
2 0 /\5 4
2l \
S
y
ré' 3
1ii Since the line y = 2 does not intersect the graph, there are
no real roots for the equation —2=|3x—5].
2i y—1
3i -
\
0,0 and (%,4.45)
di 8x° +27 = (2x+ 3)(4x" - 6x+9)
4ii
8x* +27 9 5 . 7
2P £3)e-)" & x-1 (-1
5i 3
V=
2
Sii 3
X=—
4
6 AC=23+3 1
6ii rela ;_ NG
7i a+f=-3 or a+f=—3

......
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xz-—x@x%;l:{} or x2+x@x-2x0

7ii
8i 2sin® x+ 4x(sin x)(cos x)
8ii s | e B Lo
j.x(smh?dx = x8in x—Eir%Zsmz,a. +€,
9i Jtan x—tan’ x
1-3tan’ x
9ii x=0.615; 2.53 .
10i Since (h+1)* 20 forall vzﬂucs of h, there will always
mtersectlons between the 1me and curve, hence
y—%,x —hx+4 and y= 2x (24 —1) meet.
10ii h=-1
10iii | p=2
g=3 |
i | dr 2
dt a
i | 4427
a_
12i [ J3 ] __
2205 0
4 7
12ii 2 )
Pp W1,
4 2 | 4
12iii p f
X = |
341
LRiv | g4 J3+1 -
@ 2
- A is minimum
12v | When p=+/3+1, :
x=1
A=113
(\5 +.':1)_ i | /
)
o > %

T
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Qns Answer Key i | |

1 ;
' M XMy = =2 kow ~1, therefore ZANC =90°

2ii Equation of line CD
1 3

L i (i

! T 4
¢ 2iii 52.5 units’

EY
' —-E-— < X ——l-— (Accept: -0.707 <x < 0.707) !

Ja o3

3 X

Fx) =2 = x* =554 20.5
12 4

g 4i r=a
ks -2
1 4ii 2688

i
B
i
-
i
§
i
+
<3
I

R4, iné---é} [Accept: R (0, -1.15)

. U, S

Siii 0.192 units” (3 s.9)

Giib [Reemele = SN P4 e et ]
71 | Distance=158m
| Tii -2.70m/s’ o i

(7iii | Tt means that his velocity is decreasing/ boy is slowing down |
| i W e |
dz i l
; ey dv o dyv i
* For 120, -18<0 and ¢ >0, .. -(-1--=-~i80"'"" {()1.'.:{— #0. |

. { !

Hence, the boy will be NOT running at his maximum velocity at
any point of time of his run.

|
t Ry i
$o = 2

"B h=% |

il | Flx)=2x « 55 ~14e=20= a(x + 5+ ) =2)

La=2 :
Sili . | g(x) =3 x+10)0x+2)(x-4) _

a=4, b:i
3
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| 9ii -
1 '\\ __.'K \\ |
R / ‘ i
"'.,_‘ J_r‘ i
\“\ \_\.v
A = - = E i “"';'P\ {
| S N\,
! X
_— |
|
!
e A st e enmeemmmeerree |
Oiii .
| ‘-
i N\ |
5
i s A g e i e A . ot et S o A 5 G S i)
1 3 ‘_’ 0 N %) Fo |
! / - p / :
i i
v Vo= 0
10i 100+ 20sin € ~40cos & - N

101

£ = 100+ 2000 sin(6 - 63.4°)

108

Since no @ within the range of 0° <& <9%0° can be found, Al
cannot complete his run in the shortest possible time.

1t

11t

- s et
i

Radius r = 1~f(m:‘; ¥+ (3 = (~12) =3

Distance of (3,1) to centre = .\/(3—- W3 = 17 <5
Since distance of (3,1) 1o centre is smaller than the radius of the
circle, (3,1) lies mside the circle.

11iii

i
i
|
|
|
|
|

(x=2)° +(y +8)" =23 e e

Ity | y=-3x=7 s ]
12a iy
(1 —3.\‘)2
s :l,— square units

. 12bii ;-:- 0.25 or a = -1 (rejected s_i.r_:_cc a }_.9}_ B

13ii

k= 0035 (Allow 0.05< & < 0.06)

| 13iii

LS SO B [

Population is 67.4 millions
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