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Binomial expansion 
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Identities 
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A A

A B A B A B
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A
A
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Do not open this booklet until you are told to do so.
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If the degree of accuracy is not specified in the question, and if the answer is not exact, the answer should 
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1. ALGEBRA

Quadratic Equation
For the equation ax2 + bx + c = 0,

a
acbbx

2
42

Binomial expansion
                                   ,

where n is a positive integer and 

2. TRIGONOMETRY

Identities
sin2 A + cos 2 A = 1

sec 2 A = 1 + tan 2A

cosec 2 A = 1 + cot 2A

sin ( A B ) = sin A cos B cos A sin B

cos ( A B ) = cos A cos B sin A sin B

sin 2A = 2 sin A cos A

cos 2A = cos 2 A – sin 2 A = 2 cos 2 A – 1 = 1 – 2 sin 2 A

tan 2A =
A

A
2tan-1

tan2

Formulae for ABC

C
c

B
b

A
a

sinsinsin

a2 = b2 +c2 – 2bc cos A
Area of = ab2

1 sinC

+ cos 2 A = 1

sec 2 A = 111111111111111 +++++++++++++++ tatatataaaaaaaaaaaaann n n nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn nnnnnnnnnnn nnnnnnn nnnn 2222222222222222222222222222222222222222222222222222222222AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA222222222222

cococcoccocococococccccccocococoocoooococccoccooocococoocooooosessssssssssssssssssssssss c c cccccc ccc cccc 222222222222 AAAAAAAAAAAA = 1 +++++++++++++++ cocccccccccccccccccccccccccccc t 2AAAAAAAAAAAAAAAAAA2

sin ( (( AAAAAAAAAAAAAAAAAAAAAAAAAAA BBBBBBBBBBBBB ) ) )) )))))))))))))))))))))))) === sisisisssisissisisisissssssssssssssssss n n nnnnnnnnnnnnnnnnnnnnnnn AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA cococooooooococoooooooooooococcoooossssssssssssssssssssssssssssss BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB cos A siinn BB

cocococccocococcccocccccococcoccccococococcoccccocccccocccocc ssssss ssssssssssssssssssss ( ( ( (((((((((((((((((((((((((( A BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB ) == cocococoooococooooooocooooocococooooooooooos A cooos s s s s s sssssssssssssssss ssssssssss BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB sis n A sin BB

sisisisisiisisiisisiisisisiisiiisiiiiinnn nnnnnnnnnnnnn 2A22 = 2 222 sisisisin n n n AA cos A

cos s s ssssssssss ssssssss 222222222222222222222222AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA222222 ========================== cocooocococococoococoococccccc ssss s ssssssssssssssssss 2222222222222222222 AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA – sisinn 22 AA == 2 co

tan
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1 (i) On the same diagram sketch the curve  and  . [2]

(ii) Find the coordinates of the point of intersection of the two curves. [3]

Qn Solution Mark
i B1 for 

B1 for 

ii

M1 for substitution

M1 for value of x or y

A1

M1M1 for ssububststitituttion

M
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2 A particle moves along the curve  in such a way that the y-coordinate of the particle 

is increasing at a constant rate of 0.3 units per second. Find the y-coordinate of the particle at 

the instant when the x-coordinate of the particle is increasing at 0.01 units per second.

[4]

Qn Solution Mark

M1 for dy/dx

M1 for sub into equation 
connecting dy/dx, dy/dt, dx/dt

M1 for or

A1

3 The equation of a curve is , where k is a constant. Show that the 

line  intersects the curve for all real values of k. [5]

Qn Solution Mark

Since and line 
intersects the curve for all real values of k.

M1 for combining equations

M1 for 

M1 for subs into 

M1 for 

A1 for conclusion

or sub in
connecectitingng dy/

M1M1 fforor  o

A1A1A1AA

of a cucuuucucucucuucuucucucucucucuccucuccccccccccc rvrvrrrrvrvrrvrvrvrvrvrvrvrvrrvrvrvrvrrvrvrrvrvrvrvrrvrvrrvrvrvrvvvvvvvvvvvvve is , whereree k is aa ccononststant. S

intetetttttttttttttttttttttttttttttttt rsrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr ececececececececececececececececeeeeeececeeeececcccccccccccccccctstststststststststststtsstsssssssssssssssss ttttttttttttttttttheeeeeeeeeeeeeeeeeeeeeeeeeeeee cccccururururururururururururuuruuuuururuururuuruururuuurururrrrrvevevevevevevevevevvevevevevevevvevvvvvvvvveeee ffffffffffffffffffffffffffffffffffffffffor aaaaaaaaaaaaaaaaalllllllllllllllllllllllllllllllllllllllllllllll rreaeaeaeaeaeaeaeaeaeaeaeaeeaeaeaaeeeaeaeaeaeeaaaeeaaeaaeeaaaaeeee l l lllll l lllllll l lll vavavavavavvavvvavavavavavvavavavvvavavvavvaavavvaaaavvaavavvaavavavvavaaalulululululululululululululuuluuuululuuuuuuulululuues of kk.

utionnnnnnnnnnnnnnnnnn  
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4 (a) Given that  , find the value of  . [3]

(b) The side of an equilateral triangle is  cm. Without using a calculator, 

find the exact value of the area of the equilateral triangle in the form  

cm2, where a, b and c are integers. [4]

Qn Solution Mark
a

M1 for or

M1 for 

A1
b M1

M1 for 

M1 for 

A1

5 Find the range of values of x for which the gradient of the graph  is 

increasing. [5]

Qn Solution Mark

M1 for 

M1 for 

M1 for 

M1 for factorised form

A1

M11

M1M1M1M1MM  for 

M1MMMMMMMMMMMMMMMMMMMMM  forrrr 

A1A1

ange of vaalulululululllulllullulullullulllullululllllulllllul eseseeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee ooooooooooooooooooooooooooooooooooooof f x for whicch hhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh thtttttttttttttttttttttttttttttttttt e gradddddddddddddddddddddddddddieieieieieieieeieieeeieeeeieieieieeieieeieiieieieiiiii ntntntnntntntntntntntntntntntnnnnnnnnnnnnnnnnnnnn oooooooooooooooooooooof the graph hhh  

creasingngggggggggggggggggggggggggggggggg..
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6 A curve has the equation  .

(i) Find the coordinates of the points at which the curve intersects the x-axis. [2]

(ii) Sketch the graph of  . [3]

(iii) Using your graph, state the range of values of k for which has 

4 solutions. [1]

Qn Solution Mark
i M1

A1 or B2

ii T1 for turning point (1.5, 1)

P1 for (1, 0) and (2, 0)

C1 for shape of graph

iii 0 < k < 1 B1 (no mark if students got 
part ii wrong)

A1A1 oor r B2B2

T1TTTTT1T1T1TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT11TTTTTTTTT  for ttttururururninininingngngng point (

P1P1P1P1PPPPPPPPPPPPPP fffforororor ((((1,1,1,1, 0000) ) ) ) aand (2, 0)

C1C1 for sshahapepe oof f grgraph
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7 It is given that  and  .

Show that  . [5]

Qn Solution Mark

M1 for 

M1 for  

M1 for 

M1 for sub into 

A1

8 Solve the equation  for  . [5]

Qn Solution Mark
M1 for 

M1 for equation

M1 for 

M1 for basic angle

A1 for both answers
Ignore if students do not reject 

M1 foror ssubub into

A1A

fofofofofofofofofofofofofofofor r  . [5]

MaMark
M1M1 fforo  

M1
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9 (a) Given that the first two non-zero terms in the expansion, in ascending powers of x, of  

are 1 and  and that  , find the value of a and of b.

[5]

(b) Find the term independent of x in the expansion of  . [3]  

Qn Solution Mark
a

M1 for 

M1 for 

M1 for 

A1

A1
b M1 for 

M1 for 

A1

M1M1 ffor 

M1MMMMMMMMMMMMMMMMMMM  forrrr 

A1
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10 The equation of a curve is  .

(i) Find the coordinates of the stationary points of the curve. [4]

(ii) Determine the nature of each of the stationary points of the curve. [4]

Qn Solution Mark
i

M1 for quotient or product rule

M1 for 

M1 for both x

A1 for both coordinates

ii

OR

x – 0.1 0 0.1
> 0 0 < 0

x 0.9 1 1.1
< 0 0 > 0

(1, 1) is minimum point.

M1 for 

M1 for sub either x = 0 or x = 1 
into 

A1 for (0, 0) max pt

A1 for (1, 1) min pt

M1 for 1st derivative test

A1 for (0, 0) max pt

M1 for 1st derivative test

A1 for (1, 1) min pt

M1M1M1M1MM  for 

MMMM1M1M1M1MMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMM fffforororor bbbbotototothhhh xx

A1A1 for bbototh h cocoordinat

M1M1 for
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11

The diagram shows part of the curve  meeting the y-axis at point A. The 

tangent to the curve at A intersects the x-axis at point B. Point C lies on the curve such that

BC is parallel to the y-axis. Find

(i) the equation of AB, [4]

(ii) the area of the shaded region. [5]

Qn Solution Mark
i

M1 for dy/dx

M1 for dy/dx at A

M1 for 
A1

ii

M1 for x-coordinate of B

e  memememememememmmmemmememememememememmmmmmememememememememememmmemmemmmmemmmmmmmmmmmmeeeememeeeeeeeeemeeeeeememeeemeemeeemeemeeeeeeeetetetteteetettettetttttteeeteetettttttttinininini g ththththeee yy--aaxis at po

tersects tttttttttttttttttttttttttttthehehehhehehehehehhhhehehehhhe x-axisisisisisisisisisisisisisisis aaaaaaaaaaaaaaat pooooininininininnininninininiinniiiinininniniininininininiinnininininininininniiininininininininininnniininininininiiniiiiininiiiiiniiinininiinnninniinnnnininnnnninniiinnniint ttt ttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttt BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB. PPPPPPPPPPPPPPPPoioioioio ntntntt CC lilieses oonn the curve s

y-axis. FiFiFiFiFFiFiFFiFiFiFiFiFiFiFFFiFiFiFFFFiFFFFFFiFFiFiFFFFFFFiFiiFindndndnndndndnddndndndndndnddnddddndndnndndnddnnnnnnnnnnnnn

thee eqqqqqqqqqqqqqqqqqqqqqqqqqquauauauauauauauauauauauauaationnn oooooooff fffffffffffffffffffffffffffff ABBABABABABABABABABABABABBABABAABABABABABAAAAAAABABABABAABABABABABABABABABABBBBBBB,

ii) ththttththththtththtththtthththttttththtththtttttthtthttthhtttht eeeeeeeeeeeeeeeeeeeeeeee ararararararararararararararararararararaaaararararararrrrrrrrrrreaeaeeeeeeeeeaeeeeeaeeeeeeaeeaeeeeeeea of fffffffffffff thththhththhthhhththhhtttthththe e eeeeeeeeeeeeeeeeeeeeee shshhhshshshshhhhhhshshshssss addddddddddddededededdededededededededededddedededededededdddddedededdeedededdedeeeeee rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrregegegegegegegegegegegegegegegeggggggggegggggeggee ioioioiiiiiiioiiiiiiiiiiiiiiiii n.
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M1 for (independent of 
limits)

M1 for area of OACB

M1 for area of tri OAB

A1
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12 (a) State the values between which the principal value of  must lie. Give your 

answer in terms of . [1]

(b) The diagram below shows triangle ABC where AD = 2 m, DC = 3 m and BD = h m. 

BD is perpendicular to AC and  .

By using a suitable formula for  , find the value of h. [5]

Qn Solution Mark
a B1

b M1 for tan addition formula

M1 for either or

M1 for tan 45 = 1

M1 for 

A1

ByByByByByByByByByBByByByByByByBBByBBByBBByyBBBBBBBBBBy uusingngngngngngngngngngngnggng aaaaaaaaaaaaaa suiuiuiuiuiuiuiuiuiuiuiuiuiuiuuiuiuiuiiiuiiuiiiiiiitaaaaaaaaaaaaaaaaaaaaaaablblblblblblblblblblblblblblblblble fofofoffofofofofofofofofoffofofoffffofoffoofooooooooooooooooooormrmrmrmrmrmrmrmrmrmrmrmrmrmrmmmrmrmmrmrmrmmmmmmrmmrmmmrmrmrrrrrrrrrrr ulullullluluululuulullullulluuulllullluluuuuullluulululuu a aaaaaaaaaaaaa fofofoofofofoofoofofofofofofofofofofofoooofofoofofofof r r rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr  ,, fifindnd the v

on 
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13 The Ultraviolet Index describes the level of solar radiation on the earth’s surface. The 

Ultraviolet Index, U, measured from the top of a building is given by  ,

where t is the time in hours, , from the lowest value of Ultraviolet Index and q is 

a constant. It takes 10 hours for the Ultraviolet Index to reach its lowest value again. 

(i) Explain why it is impossible to measure a Ultraviolet Index of 12. [1]

(ii) Show that  . [1]

(iii) The top of the building is equipped with solar panels that supply power to the building 

when the Ultraviolet Index is at least 3.5. Find the duration, in hours and minutes, that 

the building is supplied with power by the solar panels. [5]

Qn Solution Mark
i

Since max value of U = 11, we cannot measure a Ultraviolet 
Index of 12.

B1 for stating max value of U

ii

B1 for 

iii M1 for forming equation

M1 for basic angle

M1 for 
M1 for all 4 values

A1

END OF PAPER

pply p

ration,n, iin n hoh ur

lar panelss..

MMMMMMMMaMaMaMaMMMMMMMMMMMMMMMMMMMMMMMM rk

e cannot memmemememeememmeemmeemmmmeasaaaa ure aaaa aaaaaaaaaaa UUUUUlUUUUUUUUUU travavavavvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvioioiooooioioioioioiooiooooioooioioioioiioooiooioioioioiooiooioiooiooioioooioioioooooioiiioiioiiooioiooioioooooooooooooooooooooooi lelellellellelllllelllelelelelelelelellelllelelllellllllllllllllllllllllllllelellelelelelelelellleleleleletttttttttttttttttt 
BB1B1B1B1BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB for statatatatitititingngngng max value

BB1 for
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 1 The roots of the quadratic equation 22 8 9 0x x are and .
(i) Show that the value of 3 3 is 10. [3]

(ii) Find a quadratic equation whose roots are 2

1
and 2

1 . [4]

M1 – sum & pdt

M1

A1

M1

M1

M1

A1

Allow for ECF

oots are 2

1
2 aaanandddd 22

1
2 .

M1MM1M1M1M1MM1M1M1M1M1M1MMMM1M1MMMM
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 2 The function 3 2( ) 6 12f x x ax bx , where a and b are constants, is exactly 
divisible by x + 2 and leaves a remainder of 5 when divided by x + 1.

(i) Find the value of a and of b. [4]

(ii) By showing your working clearly, factorise ( )f x . [3]

(iii) Hence, solve the equation 3 2 3 4 26(2 ) 2 12 22y y y y [4]

M1

M1

A1

A1

M1

M1

A1

M1

M1

M1

A1

orise ( ))f ( .

Hencce, sssololololveveveve tttthehehehe equa

M1M1M1M1M1M1M1M1M1M1M1
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 3
(i) Express 2 )

2
)

1
(

6
( 4 2 1

x
x x

in partial fractions. [5]

(ii) Differentiate 2ln( 4)x with respect to x. [2]

(iii) Hence, using your results in (i) and (ii), find 2  d
4)(2 1( )

8 x
x x

x . [4]

M1

M1

M1

M1

A1

B2

M1 partial frac

M1

M1

A1

(ii) Diiiiiiiiiiiffffffffffffffffffffffffffffffffffffffffff ererererererererererererererenenenenenenenenenenenenenentiate eeeeeeeeeeeeeeeeeeeeeeeee 222222222222222222llllllllllllllllllllllllllllllllllllln((((((((((((((((((((((((((((((((((((( 444444444444444444)))))))))))))))))))))))))))))))22 wiwiwiwiwiwiwiwiwiwwiwiwiwiwiwiwiwiwiwwwiiwiiiwiiwwwww thththththththththththththttthththtthththththththhhhhhhthhhttt rrespepeepeepepeeepepepepepepepepepepepepeepepeepepepepppeppeppepppeeppepppppp ctctctcctcctcctctccctctctcctctctctctctccctctctttctctctcttcttccccc tttttttttttttttttttttttttttttttto o o oooooooooooooooooo oooooo xxxxxxxxxxxxxxx...................

Hencncncncnccccncccccccccccccccccccccccccccce,eeeeeeeeeeeeeee  usingngngng yyyyouououour resul

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA1

BBBBBBBB2BBBBBBBBB2BBB22BBB2BBBBBBBBBBBBBBBBBBBBB
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 4 Prove the following identities.
(a) o( sse c ec 1) oc tan )( c tx xx x [3]

(b) 1 cos 2 sin tan
sin 2 cos

x x x
x x

[3]

M1 sin and cos only

M1 single fraction

M1 cos^2 + sin^2 = 1

M1 cosine double angle

M1 sine double angle

M1 factorise and cancel

s n tttttttttttttttttttttannn
2 cos

xsin xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xcos

[3

M1 cooooooooooooooooooosisiiiisisisisiisisisisisisssinenenenenenenenenenenneenenenennnne doubl

MMM1MMM si

Sm
ile

Tut
or

.sg

Need a home tutor? Visit smiletutor.sg



MARK SCHEME 7

MFSS/4E5N/4047/2/SA1/2019 [Turn over

For 
Examiner’s 

Use 

For 
Examiner’s 

Use 5 The lines 8y and 4 3 30x y are tangent to a circle C at the points ( 1,8) and
(3,6) respectively.

(i) Show that the equation of C is 2 2 2 6 15 0x y x y . [5]

Let centre of circle be O.
Horizontal tangent at ( 1,8) means that O is on the line x = – 1.

To find normal of circle at (3,6) :

Horizontal tangent is y = 8. Hence radius is 5.

(ii) Explain whether or not the x-axis is tangent to C. [3]

C has centre and radius 5. 
Hence its horizontal tangents are 

x-axis is , which is between the two horizontal tangents. 
Hence the x-axis will cut through C at two points.
Hence the x-axis is not tangent to C.

Alternative solution: Sub into eqn of C, show that 

(iii) The points Q and R also lie on the circle, and the length of the chord QR is 2 
units. Calculate the shortest distance from the center of C to the chord QR. [2]

Let M be midpoint of QR. Hence OM perpendicular to QR.
Hence, OM is shortest distance from C to chord QR.
Consider right-angled triangle OMR.
By Pythagoras Theorem, 

M1

M1

M1

M1

M1

M1

M1

A1

A1

M1

8. Hennnnnnnnnnnnnnnceceeeeceeeceeceeeceececeeececececeeeeceeeceececeecccecececeeeceeecececececcececeeecceceeeeceecccc  radiuuuuuuuuuuuuuuuuuuussss ssssssssssssssssss isisisisisisisisisisisisisisisisisisisisisisisisisis 55555555555555555555555.
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 6 The table shows experimental values of two variables x and y, which are known to 
be connected by the equation nyx A , where n and A are constants.

x 1.0 1.5 2.0 2.5 3.0
y 22.0 13.0 8.9 6.9 5.3

(i) Plot lg y against lg x and draw a straight line graph. [3]

lg x 0 0.176 0.301 0.398 0.477
lg y 1.34 1.11 0.949 0.839 0.724

Scale: 4 cm to 0.1 units on X-axis, 2 cm to 0.1 units on Y-axis.
Scale used must be appropriate in order to award L1.

T1 table of 
values

P1 plot of 
lg y / lg x

L1 scale & 
best fit line
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 
(ii) Use your graph to estimate the value of A and of n. [4]

(iii) On the same diagram, draw the line representing the equation 2y x and hence 
find the value of x which satisfies the equation 2nx A . [2]

Let graph 1 be , and 
Let graph 2 be 

From graph, let intersection be (X, Y).

M1

M1

A1

A1

M1 for drawing line

A1
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 7 The diagram shows a trapezium with vertices ( 2.5,0)A , (0, )B p , (1,3)C and D.
The sides AB and DC are parallel and the angle DAB is 90°. 
Angle ABO is equal to angle CBO.

(i) Express the gradients of the lines AB and CB in terms of p and hence, or 
otherwise, show that 5p . [3]

M1

M1

M1

the gradieeeeeeeeeeentntntntntntntntntntntnttttntntntntntntntntntntntnttttttttntnnnnn sssssssssssssssssssssssss off ttttttttttttttttttttttttttthehehehehhhehhehhhhehehheheehehehhheheheheeeeeeheheheeeeeee lllllllllllllllininnninninninininnniniiiiiii eseseeeeeeeeeeeeeeeeeeeeeeeeeeee  ABABABABABABABABBBBABABABBBABABABBBABBBBABABBABABABBBBABABBABBAABBAABBBB and CB inn tteerms of pp anand d henc
rwise, ssssssssssssssssssssssssssssssssssssssssssssshohohhhohohohhohohohohoohohohhoohohoohoowwwww wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww thatttttttttttttttttttttt 55555555555555555555555555555pppppppppppppppppppppppppppppppp .
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 
(ii) Find the coordinates of D. [4]

Alternative method: finding eqn of line AD and eqn of line CD.

(iii) Find the area of the trapezium ABCD. [2]

M1 m1m2 = -1

M1 form eqn of k, h

M1 solving either unknown

A1

M1 shoelace method
Or attempt to cut up trapezium

A1
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 8 (a) Solve the equation 33log 3 8 4logx x . [5]

(b) It is given that loga x p and loga y q .
Express 2 3log y ax y in terms of p and q. [3]

M1 common log base 3 eqn

M1 simplify to quad eqn

M1

A1, A1

M1 splitting of logs

M1

A1

p annnnnnnnnnnnnnnnd d dddddd dd ddddddddddddddddddd llllllloga yyyyyyyyyyyy qqqqqqqqqqqqqqq .
3x y innnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn ttttttttttttttttttttttererererererererererererererererrererrrererererererree msmsmsmsmssmsmsmsmsmsmmsmmmmsmsmsmmmmmmmmmsmmmssm oof f ff f f ffff f ff f f ppppppppppppppppppppp ana d q.. [3

A1, ,,, ,, ,,,, ,,, , , ,,, A1

M1 splittininininininiiiinininiinnnnnnng gggggggggggggggggggg ofofofofofofoofofoofofoofofofofo lllllllllllogs
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 9 The figure shows a stage prop ABC used by a member of the theatre, leaning against 
a vertical wall OP. It is given that AB = 30 cm, BC = 100 cm, 90ABC AOC
and BCO .

(i) Show that n(100co 30si ) ms cOC . [2]
Let D be foot of B on OC, let E be foot of A on BD.

(ii) Express OC in terms of )cos(R , where R is a positive constant and is 
an acute angle. [3]

(iii) State the maximum value of OC and the corresponding value of . [2]

(iv) Find the value of for which OC = 80 cm. [3]

M1

M1

M1 for R

A1

B1
B1

M1

M1

A1

M1 for alpha

m .
ot of A on BDDDDDDDDD.......
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 10 Given that cos 4y a b x , where a and b are integers, and x is in radians,
(i) state the period of y. [1]

Given that the maximum and minimum values of y are 3 and – 5 respectively, find
(ii) the amplitude of y, [1]

(iii) the value of a and of b. [2]

Using the values of a and b found in part (iii),
(iv) sketch the graph of cos 4y a b x for 0 x . [3]

(v) On the same set of axes, sketch the graph of 4sin 3y x , and hence state the 

number of solutions of cos 4 4sin 3a b x x . [3]

Number of solutions = 2

B1

B1

B1
B1

C1 shape (cos)

P1 two periods

I1 impt coords

E
C

F 
m

ax
 2

 m
ar

ks

S1 shape (sin)

M1 modulus

A1

und in paraaaaaararaaaaaaaaaaaaaaaarttttttt tttttttt (i((((( iiiiiiiii)))))))))))))))))))))))))))))))))))))))))))),,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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For 
Examiner’s 

Use 

For 
Examiner’s 

Use 11 The dimensions of a cuboid are 3x cm by 2x cm by h cm and its total surface area is 
312 cm2. The volume of the cuboid is V cm3.

(i) Express h in terms of x. [2]

(ii) Show that 2 )36 (26
5

V x x . [2]

(iii) Find the maximum volume of the cuboid as x varies, giving your answer to the 
nearest cm3. [5]

M1 form eqn of total SA

A1

M1

M1

M1 differentiate

M1 solve for x

A1

M1 2nd deriv. test

M1
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AM-2019-AHS-Prelim-P1 – Marking Scheme

1(i) kt
aT A e T

0t , 31aT , 81T
081 31

50

kA e
A

10t , 31aT , 51T
10

10

51 50 31
20
50

1 2ln
10 5

0.091629
0.0916

k

k

e

e

k

(ii) 0.091629

0.091629

0.091629

50 31

35 50 31
4

50
20.091629 ln
25
1 2ln

0.091629 25
27.565
27.6

t

t

t

T e

e

e

t

t

Rashid must wait for at least 27.6 minutes before he can drink the soup.

2(i)

22

2

2

45

3 0 3 45

9 6 9 45

6 27 0
9 3 0

9 NA ,
3

BD

k

k k

k k
k k

k
k

(ii) 2,3A , 3,3B , 0, 3D

9

0.091629

29

31

0 33333333333331
4

55555555555555555555555555555555550000000

000000000000000000000000000000000000000000000000.099999999999999116666666666666629 lllllllllllllllllllllllnnnnnnnnnnnnnnnn

1111111111 ln
000000000000000000000000000000000000000.....00000000000000000000000000000000000009999999999999999999999999999999911166666666666666666622222222222222222222222222299999999999999999999999999999999

222222222222222222222222222222227777777777777777777777777777777777777................555555555555555555555555555555555566665
277.66

t

ttttttttttttt

t

e

tttttttttttttttttttt

9t

0.0916290 te

2222222222222222222222222222222222222200000000000000000000000000 09999999999999916666666666666629 22222222
25555555555555555555552225555555555555555555555555555555

222222222222222222222222222222222222222
2255255
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3
2
3

6 2
9

AF
BD

u

u

3
2
3

3 2
9
2

AF
BD

v

v

9 13Coordinates of 2 , 3 9 , 6
2 2

F

(iii) 3 3
Gradient of 2

3 0
BCDE

Equation of line BCDE is 2 3y x

1Gradient of 
2

EF

Equation of line EF
1 136
2 2
1 37
2 4

y x

y x

Solving the pair of simultaneous equations
1 372 3
2 4

5 37 3
2 4

5
2

x x

x

x

52 3
2

8

y

5Coordinates of , 8
2

E

 

 

6

 

 

u

v

3

33333333333333333333333333333333333
t of 222222222222222222222222222222222222

3333333333333333333333333333 000000000000000000000000
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EEEEEEEEEEEEEEFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFF

EqEqEqqEqqqqEqqqEEEEEEEEEEEE uau tion of liliiiiiiiiiiiiiiiiiiiiiiinenenennnnenennnenenenenennenennnenennenenneneeeneeeneennn  EFEFEFEFEFEFEFEFFEFEFEFEFFEFFFFFFFEFEEEE
11111111111111111111111111111111111
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11 37
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y
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y xy
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1133113xx 113
222

x

92 , 33333333333333333333333333333333333333 99
2222222222222222222222222222222222

, 111111111111111111111111111133333333333333333333333333333333333333333333333333333 6666661111111333333333332 3333333333333 9 ,,,,,,,,,,,,,,,,, 6666666666666666666666666666666666666666666666666666666666666666666666666666666661111111133333333
2

,,,,,,,,,,,,,,,, 6666666666666666666666
2

Sm
ile

Tut
or

.sg

Need a home tutor? Visit smiletutor.sg



3(i) CAB CDA (Alternate Segment Theorem)
And BDA CDA (same angle)

ABC ABD (Common angle)
Triangle ABD is similar to triangle CBA. (AA)

(ii) CAB CDA (Alternate Segment Theorem)
CAB ACH (Alternate angles, GAB//FEHC)

Hence ACH CDA
HAC DAC (Common angle)

Triangle ACH is similar to triangle ADC. (AA)

(iii) From (ii), ACH CDA
ACH ADE (Angles in the same segment)

Hence ADE CDA
Therefore AD bisects angle CDE.

(iv) Triangle ABD is similar to triangle CBA.
AB AD
BC AC

Triangle ACH is similar to triangle ADC.
AC AD
AH AC

Hence 
AB AC
BC AH

AB AH AC BC

4(i) 2 212sin cos 8cos 7 6 2sin cos 8cos 7

cos 2 16sin 2 8 7
2

6sin 2 4cos 2 3
(ii) 2

2 2

o

6sin 2 8cos 7 0
6sin 2 4cos 2 3 0
Let 6sin 2 4cos 2 sin 2

6 4 52
4tan
6
33.690

52 sin 2 33.690 3 0

R

R

26sinn 22 8
in 2

8c 28cos

o triangle AAAAAAAAAAAAADCDCDDDDDDDDDDC......

AB AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAACCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
BBBBBBBBBBBBBBBCCCCCCCCCCCCCC AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAABBBBBBBBBBBBBBBBBBBBBBBBBBBBB AHHHHHHHHHHHHHH ACCCCCCCCCCCCC BCAHHHHHHHHHHHHHH ACCCCCCCCCCCCCCCCCCCCCCCCCA

222222222222222222222222222111111111111111112sssssssssssssssssssssssin 8c 777777 622222222222

66sin 2

ccccccccccccccccccccccccccccccccooooossssssssssssssssss 8cossssss8c 22222222222222222 777777777777777777777778cooooooooooooooooooooooooosssssssssssssssssssssssssssss22222222222222

66sin 2
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o

o

o o o o o

o o

o o

3sin 2 33.690
52

basic angle = 24.583

2 33.690 24.583 or 2 33.690 180 24.583

4.553 119.137

4.6 119.1

 

5(a) 2

2

2

2

e
e 2 e

e

2
e

x

x x

x

x

xy

x xdy
dx

dy x x
dx

Since y is an increasing function, 0dy
dx

22 0
ex

x x
 

 
2Since e 0, 2 0

2 0
0 2

x x x
x x

x

(b) 1 ln 1
11 1 1 ln 1

1

1 ln 1

y x x
dy x x
dx x
dy x
dx

Given that normal is parallel to the y-axis, 

 y is an ininnnnnnnnnnniiiniinininininiinnnnnnnnnnnnnnnnnncrcreaeaeaeaeaeaeaeaeeeeaeaeaeaeaeaeeeaeaeaeeeeaeeaeaaaaaaaasing fffffffffffffffffffffffffffffunun ttctiiiioii n,,,,,, 000000000000000000000000000000000000000000ddddddddddddddddddddddddddddddddyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyy
ddddddddddddddddddddddddddddddddddddddx

222222222222222 00000000000000
eex

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx x

2222222222222222SSSSSSSSSSSSiiiiiiiiiiinnnnnnnnnnce e 0,,,,, 22222222 00000000000000000000000000002222222222222

00
00 22

x

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
0, 22222222222222222222222222222222222222222220 222222222222
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1

0

1 ln 1 0

ln 1 1

1 e
11
e

e 1
e

dy
dx

x

x

x

x

x

6(i) 2

2

14 48

2 14

For minimium velocity,

0

2 14 0
7

Minimum 7 14 7 48 1 m / s

v t t
dv t
dt

dv
dt
t

t

v

(ii) 2

2

14 48
When  is instantaneous at rest,

0

14 48 0
6 or 8

v t t
P

v

t t
t t

2

222222222222222

1444444444444 48
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t2 11111111144
666666 oooooooooooooooorrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

tt2 144444444444444

44448888888888888888888888888881111111111144
6 ooooooooooooorrrrrrrrrrrrrrrr
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(iii) 2

2

3
2

3
2

14 48

14 48

7 48
3

When 0, 0, 0

7 48
3

When 6, 108
2When 8, 106
3
1When 10, 113
3

2 1 2Total distance 108 108 106 113 106 116 m
3 3 3

v t t

s t t dt

ts t t c

t s c

ts t t

t s

t s

t s

(iv) 3
2

3
2

2

2

2

7 48
3

When  returns to ,
0

7 48 0
3

21 144 0
3

0 or 21 144 0

Discriminant = 21 4 1 144
135 0

The particle does not return to .

ts t t

P O
s

t t t

t t t

t t t

O

 

 

 

2

3
2

2

2

777777 4888888888888888888222222222222222222
333333333333333333333333
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000000000000000000
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3

22222222222222222111111111111111 144 0

or 2

t77777777 4888888888888888888888888888888888882222222222222222

 rettttttttttttttuuuuuuuuuuuuuurrrrrrrrrrrnnnnnnnnnnnnnns tttttttttttttttttttttttttttttttttoo  re s  
sssssssssssssssss

t 4448888888888888882

2 22222222222221111111111111

2
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10606
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7 By similar triangles,
10
40

4

r
h
hr

2

2

3

2

1
3
1
3 4
1
48

1
16

V r h

h h

h

dV h
dh

When r = 4, h = 16 cm.

Rate at which the volume is decreasing, 8dV
dt

Using chain rule,

218 16
16

1
2

dV dV dh
dt dh dt

dh
dt

dh
dt

Rate at which the water level is decreasing is 11 cm s .
2

8

1
222222222222

dh
ddddddddddddddddttttttttttttttttttttttttttttttttt

dt

Ratetetetetetetetetetetetetetetetete aaaaaaaaaaaaaaaaaaaaat ttttttttttttttttttttttttttttttttttt whwhwhwhwhwhwwhwhwhwhhwhhwhwhhhwhwhhwhhwhwhwwhwwwww iciciiciciciciciciciciciiciiciciiciciiiicicicccccccccccccccch h hhhhhhhhhhhhhhhhh hhhhhhhhhhh hh h the wawawwwaaaaawawawwaawwaawawaaaawaaaaaaaateteteteteteteeteeeteeeteteteeeeeeteteeeeeeeeeteeeeeteettttttt rrrrr r leveveeeveeeeeeeeeellllllllllllllllllllllllllllll isisiisiisisisiiisiisisiisisiiisisissiisississisiissss ddddddddddddddddddececececeeeeeeeeeceeeeececececeecceccecceeceeeee reasiiiniiiiiiiiiiiiiiiiiiiii g is 11 ccmm s 1

22
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8 Determine the number of solutions for the equation 

5
8

5

log 9 15
2 6log

log 2
x

x      [5]

8 5
8

5

2
2

2

log 9 15
2 6log

log 2
6log2 log 9 15
log 8

x
x

x x
 

2
23

2

2
2

2

2 2

6log2 log 9 15
log 2
6log2 log 9 15
3log 2

2 2log log 9 15

x x

x x

x x

 

2 2
2

2 2
2

2 2

2 2

2
2

2

2 2log log 9 15

2 log log 9 15

log 9 15 log 2

9 15
log 2

9 15
2

9 15 4

x x

x x

x x

x

x
x

x
x x

 

2

2

2

9 15 4

4 9 15 0

Discriminant 9 4 4 15
159 0

x x

x x
 

The equation has no real roots, hence there are zero solutions.

M2 – apply rules 
of logarithms 
and change of 
base to obtain 
the quadratic 
equation

A1 – quadratic 
equation

M1

A1

2222222222222222222222222222222222222222

22222222222222222222222222
2

2222222222222222222222222222

2

222222222222222222222222222222222
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99999999999999 115 4
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2
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99999999999 111111111111111111115 4

999999999999999999999999999999999 11111111111111111111155555555555555555 00000000000000000000000000000000000000000002
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1159 0

xx11111111111111111155555 4

9999999

1115555555555555555555555555555555555555
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o
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9 Find the range of values of x such that the curve 22y x x lies above the curve 
22 17 42y x x . [4]

9 2 2

2 2

2

2

2

2 2 17 42

2 2 17 42 0

3 15 42 0

3 15 42 0

5 14 0
2 7 0

x x x x

x x x x

x x

x x

x x
x x

7 2x

M1

M1

M1

A1

  

-7 2              
M1M1

A1AAAAAAAAA
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10 (a) Find, in terms of π, the value of 2 2
0

sin cos d .x x x  

(b) The diagram shows part of the curve 2
16y
x

. Also shown are lines 

perpendicular to the x-axis at the points with x-coordinates 1, k and 4.

[4]

Given that the areas of the regions marked A and B are equal , find the value of k. [7]

10(a) 2 2
0

2
0

2

0

2
0

0

0

sin cos d

sin cos d

1 sin 2 d
2

1 sin 2 d
4
1 1 cos 4 d
4 2

1 sin 4
8 4

8

x x x

x x x

x x

x x

x x

xx

M1

M1

M1

A1

  

nd B are equal , find the value of kk.

2

2222222222222222222222222222222222

0000000000000000000000000000000000

22222222222222
0000000000000000000
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00
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111111111111111111111111111111 sinnnnnnnnnnnnnn 2222222222 ddddddddddddddddddddddddddd22222222222222
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1 1111111111111111111111111111111 cos 444444444444444444444444444444444 ddddddddddddddd
4444444444444444444444444444444444444 2222222222222222220000000000000

111111111111111
8

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxdddddddddddd
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1 i 222222222sin 22222222222222222222222222222221 i 222222222222222222
22222222222222

sin 22222
2

sssssssssssssssssssssssssssssssiiiiiiiiiiiinnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn 44444444444444444444444444444444xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
44

xxxxxxxxxxxxxx

0000000000

00

00
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(b)
2When  , 16

k
x yk

2 21

2
1

2

2

Area of 
16 161

16 16 16

16 16 16 16
1

32 1616

k

k

A

dx k
x k

x k k

k k k

k k

 

 

4
2

4

Area of 
16

16

16 16
4

164

k

k

B

dx
x

x

k

k

2

2

2

2

Area of Area of 
32 16 1616 4

16 48 20 0

16 48 20 0

5 12 4 0
2 5 2 0

2 or 0.4 (N.A.)

A B

k kk

kk
k k

k k
k k

k k

M1

A1

M1

A1

M1

M1

A1

6
kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

222222222222222

2

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAArrrrrrrrrrreeeeeeeeeea ooooooooooooooooooooofffffffffffffffffffffffffffff AAAAAArrrrrreaaaaa oofff 
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1166666666666666
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002

4 0

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBAAAAAAAAAAAAAArrrrrrrrrrrrrreeeeeaaaaaaaaaaaaaa oooooooooooooooooooooooooooffff 

kkk kkkkkkkkkkkkkkkkkkkkkkk22222222222222222222k

k

20k k202

166 42222222

22222222222222222222200000000000000000000000000000000000

22020

4

M1M

A
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11 The table shows experimental values of two variables, x and y, which are connected 
by an equation of the form my x k , where k and m are constants.

x 2 4 6 8 10
y 6.25 1.56 0.694 0.391 0.250

(i) Plot ln y against ln x , and draw a straight line graph. [3]
(ii) Use your graph to estimate the value of k and of m. [4]
(iii) By adding a suitable straight line to the same diagram, find the solution to 

the pair of simultaneous equations my x k and 3y x . [3]

11(i)
ln x 0.693 1.386 1.792 2.079 2.303
ln y 1.833 0.445 -0.365 -0.939 -1.386

l

-2

-1

0

1

2

3

4

0 0.5 1 1.5 2 2.5

lny lny

2 2.07799 22.30303
-0.365 -0.0.939399 -1.1.383866

0.00000.0.00.0000000000.0.0.00000000000000.0.00000000000000.00000.00000000000000 55555555555555555555555555555555. 11
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(ii)

ln ln

ln ln ln
ln ln ln

1 1ln ln ln

m

m

m

y x k

y x k

y x k
m y x k

y x k
m m

1Gradient of the line 

1Y-intercept = ln

m

k
m

Gradient of the line 2 Accept 1.7 to 2.3
1 2

0.5 Accept 0.435 to 0.588
m
m

0.5 3.217589

Y-intercept =3.217859 Accept 3.1 to 3.3
1 ln 3.217589

1 ln 3.217589
0.5

ln 0.5 3.217589

5 Accept 3.8 to 6.2

k
m

k

k

k e

(iii) 3

1
3

1ln ln
3

y x

y x

y x

ln x 0 1 2
ln y 0 0.333 0.667

At intersection point, 1.2

ln 1.2 Accept  1.0 to 1.4

3.32 Accept  2.7 to 4.1

x

x e

33333333333333333333333

11111
33

l

y x3333333333333

x

pt 0.435 to 0000.......5555555555555555555555558888888888888888888888888888888888888888888888888888888888888888888

0.00000000000 5 3333333333333333.2.2.2.2.22222222.22.222.2.222.22.222.222.22...22.222222217171711717171711771777777117177717177177171117711717111777775585558585858585885858558555855855558585855888888899999999999999999

59 AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAccccccccceeeeeeeeeeeeepppppppppppppttttttttttttt 3.1 ttttttttooooooooooooo 3333333333333.3

3.222175888899999999999999999999999999999999999999

1 llllllllllllllnnnnnnnnnnnn 33333333333333333333333333333333333..222222222222222222222222222222222222222117777777777777777777755555555555555555555555555555555558888888888888999999999999999999999999999999999999999999
0000000000000000000000000000000.5

ln 0.555555555555 3.2177777777777777755555555555555555555555888888888888888888888888888888888899999999999999

55555555555555555555555555555555555555555 AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAcccccccccccccccccccccccccccccccccccccccccccccccccccccccccept 3.8 to 6.2

m

kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk e

0.55555555555555555555550
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2019 AHS SA2 AM P2 Suggested solutions 

AM-2019-AHS-SA2-P2-Marking Scheme

1

2 2

3 3

2 2

2

2

2 2

2 2

6 5
3 3

2

Sum of roots :

2

52 (2) 3
3

5
3

6 1       or    1    or  1.2
5 5

Product of roots: 

5 2     or  1
3 3

p

p

p

p

p

p

q

q

q

q

2(i) 2 2 2

2 2

2

2

4 (1 )
1 4( 1)( 1 )
1 4 4

3 4
0

D b ac of x x h
h

h
h

alternative

2 2

2 2

2 2

2 2

2 2

(1 )
( ) (1 )

1 1( ) (1 )
2 4

1 1( ) (1 )
2 4
1 3( ) ( )
2 4

0

x x h
x x h

x h

x h

x h

ac f4ac o4

2 22 22 22 22 2222 222222 22 222 22222 22222222 22 222

2 2222222222222222222

Product t tttttttt ttttttttttttttt ofooooooooooooooooooooooooooooooooooo  roooooooooooooooooooo tsttttttttttttt :

5   oooooooooooooooooooooooooooor 11111111111111111111111111111111111111

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

q

2 222 22222222

2222 222222222222222

11 1 22222221or 1 or 1111111111111111.2222222222222222222222222222221 1 2222222222222
5

or    1   or 1111111111.2
555555555555

22222222222222222222222222222222222221ooooooooooooooor 111111111
3Sm
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2019 AHS SA2 AM P2 Suggested solutions 

Since D (b2- 4ac) is always negative for all values of h and coefficient of x2 is -1, then
2 2 1x x h is always negative.

2(ii) 2 2

2 2

2 2 2

2 2

2 2

2 2

2

2 into 1 2
             (2 ) 1 2
     4 4 1 2
6 4 1 0
For line to be tangent to curve, discriminant =0
(4 ) 4(6)( 1) 0
    16 24 24 0
                         8 24

Subst y x k y x
x k x

x kx k x
x kx k

k k
k k

k

                           3k

 

2(iii) 2

2 2

2 2

2 16
2 16

2 0 16 0
( 2)( 1) 0 ( 4)( 4) 0

1      2 4 4

Therefore the range of values of  are
4 1    or    2 4

x x
x x x
x x x
x x x x

x or x x

x
x x

-4 4             x-1 2 x

ge of values of are
4                 1                     2                     4

2

2222222222222

16
2 0 16 0

( 2)()(()((())(())))(())))()()))))))) 1)1)1)1)1)1)1)1)1)1)1)1)1)1) 000000000 ( 4((((((((((((((((((((((((((((((((((( )( 4) 0

11     22222222222222222222222222222222

ore ththe rang
1

x
x xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
22)()))))) 4)()(

x or xxxxxxxx

2x 16
22222222222)()(()))))))))))(())(()))()()()) 1)1)1)1)1)1)1)1)1)1)1)1)1)1)22222222222222222)()())))))))))))))))))))))))) 4)( 4)4)4)(

1     1111111111111       

11

--44-111111111111111111111111 2 xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

ee range
4 4               Sm
ile
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2019 AHS SA2 AM P2 Suggested solutions 

3(i)

2

2

1 2 7

7 1 2
Square both sides

14 49 1 2
16 48 0

( 4)( 12) 0
4 12( )

x x

x x

x x x
x x
x x

x or x reject
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2019 AHS SA2 AM P2 Suggested solutions 

3(ii)
3

1

1

3

1

2 2 4

3
3 2

3
2 3 2

3 181 and  4 (2 )  
9 8

3     81   (1) 
9

14 (2 ) (2)
8

Eq(1) 3 9 (81)
3 3 (3 )

          6 2          (3)

Eq(2) 2 (2 ) 2

                2 2

x
x y

y

x

y

x y

x y

x y

x y

x y

x y

3    2 3     (4)
2

Sub Eq(3) into Eq(4)
32(6 2 ) 3  
2
3   12 4 3
2

27 1                         or  13   or   13.5
2 2

27Sub   into Eq(3)
2

276 2( )
2

  21

x y

y y

y y

y

y

x

 

(4))))))))))))

3  3
2
333333333333333333333333333333333333332 4 3
22

272727272227272727227272272272722222222722722727222227                        272722772722777227277
22222222222222222222222222222222222222222222

27272272727272272727272727227272222727222227777777777777777777SuSuSuSuuuuuuuuuuuuuubbbbbbbbbbb  iiiiiiiniiiiiiiiiiiiiiii toooooooooooooo EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEq(q(qq(q(qqq(q(q(q(q(q(qqqqqqqqqqqqqqq 3)3)3)3)3)3333)3)3333)3)3)3)3333)3333)33)33)33327
2

2727272727222272727222272227227277727772727277272777777772222226 26 266 2222222222222222222222222( )( )(((((((((((( )((((((( )))))22227222222222222222
2222222222222222

21

y yyyyyyyyyyyy 3

yyyyyyyyyyyyy

y

4 3y3

1113333 133333333333333 5555555555555555551oorrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr 11111111111111111111111333333333333333333333333333 oooooooooooooooooooooooooooooooooooooorrrrrrrrrrrrrrrrrrrrrrrrrrr 1111111111111133.3.3.33333333.333333333333333333333333 51133 113 55
2

or rrrrrrrrrrr 1333333333 ooooooooooooorrrrrrrrr 11111111111133.333333333 5
2222222222222222222

6
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2019 AHS SA2 AM P2 Suggested solutions 

3(iii)

(a)

Area of Trapezium =12 6 10
1 12 6 10
2

2 12 6 10

3 2 5

24 12 10 2 5
2 53 2 5

24 2 12 20 24 5 12 50
3(2 5)

24 2 12(2 5) 24 5 12(5 2)
9

36 2
9

4 2

AB CD Height

Height

cm

(b) 2 2
2 2 5 4 2

2 2 2 5 25 16(2)

59 2 10

AD

 

4(i)
3 2

(2) 0
(2) (2) 2(2) 36 0

8 4 4 36 0
4 32

8

f
a

a
a
a

 

          

2

(2(2) 0) 0
(2) 2(2(2)2) 36 02

8 44 4

ff
(2) 2(2) 362(2)2

44 4

222 22222222222222222222222222222
2

2 2222222222 2552522525252222222225255525 1616666666666666666666666666666666666666666666666(2(2(2(2(2(22(2(2(2(2(222(2(2(2(2(222(2(2(2(2(2(((2(2(2(2(2(2(22(2(2(2(22((((2(2(((( ))))))))))))))))))))))))))))))))))

59599999999999999999 2 11111111111111100000000000

AD

2 25525225222525222222252252222222252255525

5959595959959559595955959559555595599555595555599999
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2019 AHS SA2 AM P2 Suggested solutions 

(ii) 3 2 2

2

5 2 24 ( 1) ( ) 27
1

1 5 2 24 27
27 1 5 2 24
9

0
24 (1) 27

3

x x x x x b cx
Let x

c
c
c

Let x
b

b

 

 
~~~~~~~~~~~~~~~~~~~Alternatively ~~~~~~~~~~~~~~~

3 2 2

3 2 3 2 2

3 2 3 2

Using comparison method,
5 2 24 ( 2 1)( ) 27
5 2 24 2 2 27
5 2 24 ( 2) (2 1 ) 27

By comparing constant
24 27

       3
By comparing coefficient of 

x x x x x x b cx
x x x x bx x bx x b cx
x x x x b x b c x b

b
b

2 2(3) 1
  9

x
c

c

 

4(iii) ( ) ( 3)( 1)( 4)
At (0, 24)
24 (3)(1)( 4)

2
( ) 2( 3)( 1)( 4)

f x w x x x

w
w

f x x x x

2727
(2 1 ) 222222222222222222222222222227777777

ring ccoeoeeooooooeeeeoeoooeoeeeeooooeoeoeeeooeeeoeeeeeeeeefficieeeeeeentntntntntnntnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn oooooooooooooooooooooooooooooooof ffffffffffffffffffffffffffffff

b cx
2 1 )

b cx
2 1 )

2(3) 1)))))))))))
 999999

xxxx
cccccccccccccccccccccccc2(3) 1

( ) ((( )( )))((( 4( 444444444444444)))))))))))))))))))))))))))))))))
At ((((((((((((((((((((0,0,0,00,0,00,0,00000,000000000000,00,0,0,, 222222222222222222222224)4))44)44)44)44444)4)444)))))))))))))4))))4))44))4)44)4)44
4 (3(3(3(3(3(3(3(3(3(3(3(3(3((3(3((3(3(3(3((((3(3((((3((3(33333(333333( )()()()()()))()))())(((((((1)1)1)1)1)1))1))1)1)1))1)1)1)1)1))))( 4( 4(((((((((( 44( 4(((((((((((((((((((((((((((( )))))))))))))

2

f xffffffffffffffff ( )( )( ))(((( )))( ))))((((((((( ((( 3((((((((((((((((((((( )((((((((((((((((((((( 1)1)1)1)1)1)1)1)1)1)(((((((((((((((

2(2 3) 2(2( 3)(

(( 3((((((( )((((((((( 1)1)1)1)1)1)1)1)1)1)(((((((((((((((((((((((((((

(3(3(3((3(((33333(3(3333333( )(1))))))))))))))))((((((((((((((

2(2( 3)(Sm
ile
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2019 AHS SA2 AM P2 Suggested solutions 

5(i)

5(ii)

Deduct 1 mark if axes and graphs are not labelled.

G1 for correct shape of 2 4y x x .
G1 for indicating -4 and 0 as x-intercepts along the x-axis.
G1 for indicating coordinates of turning point (-2,4) on the graph.

G1 for correct sketch of y=x+4
B1 for stating 3 solutions. No B1 marks if graph is not drawn.

6(ii)

1 2 2

1 2

2

2 2

2

(2 )(1 3 )

(2 )[1 1 ( 3 ) 1 ( 3 ) ...]

9 ( 1)(2 )[1 3 ...]
2

2 6 9 ( 1) 3 ...
2 (1 6 ) [9 ( 1) 3 ]

n

n n
n n n

a x x

a x x x

n n xa x nx

a anx an n x x nx
a an x an n n x

 

 
Comparing expression with (4 59x + bx2),
Constant:                   2a = 4

6(i)
Middle term of 

8

2

1
2

x
x

is

4
4

5 2

4

8 1
4 2
35
8

T x
x

x

y = x + 4

( 2, 4) 
x

(1 3 )n1 3(1(1

dle terrm mm of 
881

2xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx 1
2222222222222222222222222222222222xxxxxxxxx222

xxxxxxxxxx
xxxxxxx

isissssssssssisissssssisiisisssiiisississssssss

444444444444
4

5

4

3555555555555555555555555555
88888888888888888888888

T xTTTTTTTTTT5

xxxxxx

888888888888888888888888888 111x 2222222

1
22222222222222xxxxxxxx2222222222222222222222222222222222222222222222x4444444444444444444444

cepts along theeeeee xxxxxxxxxxxxxxxxxxxxxxxx----------------axaxaaxaxaxaaaaxaaaaxaxaaaxaxaaaaaxaaaxxxaaaaxaaaaxxaaaaxaxaaaaaaa isisisisisisisisissssisissssissisisisisssisisisisisisssiss.........
f turningngnggggggggggggggggggnggggnngngggggg ppppppppppppointt ((((((((((((((((((((((((((((((((((((((((-------------22,2,2,222,2,22,2,2,2,2,22,2,2,2,2,2,2222,2,2,2,2,2,2,2,2,,,,,4)44)4)444)44)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4)4))))))) ooooooooooooooooooooooooooooon nnnnnnn nnnnn n nnn nnnnn nnn n n n nnn nnn n thtthththttttthtththththttthtthttththththttthththththhhthhttt e e graph.

f y=x+4
lutionnnnnnnnnnnnnnnnnnnnssssssssssssssssssssssssssssssssss. NoNoNoNNoNNoNoNoNoNoNoNNoNoNoNNNoNNNNNoNooNNoNNooNNoooooNooo BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB11 mamamamamamamamamamamamamammmmmmm rks ififfffffffffffffffffffffffffffffffff gggggggggggggggggggggggggggggggrarr ph is not drawn.
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2019 AHS SA2 AM P2 Suggested solutions 

a = 2

Coeff. of x:     1 6an = 59
1 6(2)n = 59

n = 5

Coeff. of x2:         9an(n 1) 3n = b
9(2)(5)(5 1) 3(5) = b

b = 345

7(i)     
Mid-point of AB = 5 6 7 0,

2 2

= 11 7,
2 2

Gradient of AB = 7 0
5 6

= 7
Equation of the perpendicular bisector of AB

7 1 11
2 7 2

1 19
7 7

y x

y x

1 19
7 7

y x …………..(1)

y = 5x 13         …………. (2)
(1)=(2),

1 19
7 7

x = 5x 13

36x = 72
x = 2

sub x = 2 into (2),
y = 5(2) 13

= 3
Centre (2, 3)
Radius = 

= 5 units
Equation of the circle:

(x 2)2 + (y + 3)2 = 25
[OR     x2 + y2 4x + 6y 12 = 0] 

6
7

the pepppppp rpendiddddddddddddddddddddddddddddddddddddddddd cucucucuccucucccuccccccucucucccuccucccucuccuccucuucuuuuuuuuuuuuulalaaalaalalalalaaaalaaalalaaaaaallaaaaallllaar r rrrrrrrrrrrrrrrrrrrrrrrrr bibibibbibibbibibibiiiibibbibbbbibbbiibiiiiibbbibbibibbbbibb sesesessessesssessessssssessessessssssessesesseseeeeeeeectctctctctctctcctctctcctttttttttttttorororororororrrrrrrrrrrrrrrrrrrrrrrrrr oooooooooooooooooooof f fffffff fffffffffffffffffffffff ABABABABABBBBABABAAAAABABABBABABABABABABABBABBBBAABBABABABBABAAABABBABBABBBBBB

1 11111111111111111111111111999999999999999999999999999999999999999
7 777777777777777777

yyyyyyyyyyyyyyyyyyy

y xy xyyyyyyyyyyyyyyyyyyyy xyyyyy xyyyyyyyyy
7

777 17777 111xxxxxxxxx77 177 11x
2 72 72 772 72 72 72 72 72 772 72 722 72 7722 72 72 7772 7222 722 72 722 7772222 2222222222 72 77777772 7772 72 72 772 722 72 72 7772 7222 222222222222222222222222222

xxxxxxxxxxxxxx
22 72 72 72 72 72 722 77722 722 72222 777

xx

1 11 11 11 11 11111111 1111 111 111199999999
7 7777777777777777777777777777777777777777

y xy xxyy xy xy xy xy xy xy xxxy xy xy xy xy xyy xy xyyyy xyyyyyyyyyyyyyyyyyyyyyyyyy
77777777777777777777777

xxxxxxxxxxxxxxxxx ………………… (

yyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyy ================================== 555x 1313        …
(1(1(111(1(1(1(1(1(1(1(1(1(1(1111(1111(1((1(((1((((1(111)=)=)=)=)=)=)=)=)=)=)=)=)=)=)=)=)=)=)=)=)=))) (2(2((((2(222(222(2(2((2(222(2((222(2(222222(22222222222222( ),

1 11 9
7

xxSm
ile

Tut
or

.sg

Need a home tutor? Visit smiletutor.sg



9 
 

2019 AHS SA2 AM P2 Suggested solutions 

 

8(i) Method 1
LHS = cot + tan 

= +

=

=

=

=

= 2 cosec 2
= RHS  (shown)

Method 2
LHS = cot + tan 

= + tan 

=

=

=

=

=

=

= 2 cosec 2
= RHS  (Shown)

(ii) The exact smallest possible value of r

= 1
2

50
2

5 2
2

 

(iii) Coordinates of the centre P are (5.5, 3.5) [OR ] B1

+

=

=================

==

===========

================= 22222222222222222222222222222222 cocccccccccccc seeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeec ccccccccccccccccccccccccccccc 222222222222222222222222222222222222
= RHRHRHRHRRRHHRHHRHRHRHRHRHHRRRHRHHRRHHRHRHRHRRHRRRHHRHRRHHHHRHRHRHRHRHHRHRRRRR S SSSSSSSSS (shohownwn))

MMeMeMMMMeMeMeMeMeMMeMeMeMeMeMeMeMeMMeMeMMeMeMMMMMeMeMMMMeMeMeMMMMeMeMeMeeMMMeMMeMeMMMMMMeMMeMMeMMMMeMMM thtthttthththththththththththttthttththththththththththththhhhhhodododododododododododododododododododododododdddddddddd 2222222222222222222222222222222222222222222222222222
LHLHHLHHLHHHLHLLLHLHLHLHLHLHLHLHLHHLHLHLHLHHLHLHLHLHLHLHLHHLHLHLHLHHHHHLHHHHHHHHHHHHHHHHHHHS SSSSSSSSSSSSSSSSSSS = cot + taan n 

= + tan

=

==

]]
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2019 AHS SA2 AM P2 Suggested solutions 

(ii) cot + tan = cosec2 x 3
2 cosec x = cosec2x 3

cosec2x 2 cosec x 3 = 0
(cosec x 3)(cosec x + 1) = 0

cosec x = 3 or cosec x = 1
= 3 = 1

sin x = sin x = 1

x = 0.33983                 x = 
2

  (or 1.5707)

Ans: x 0.340,
2

  (or 1.57)

M[1] -- QE
M[1] – factorization / formula

M[1] – in terms of  sine

A[1, 1]  --- deduct 1 mk if ans 
in degree.

9(i)
For  2 sin x 3 = 4 cos x + m to have 1 solution in the range ≤ x ≤ .

m = 1

9(iia) The maximum & minimum values of each curve do not occur at the same value of x.
[max & min pts of each curves do not occur simultaneously.]
**Accept solution where students sketch the graphs to explain.

9 (ii) Method 1 Method 2
2 28 5 89  ,    

5tan
8

 

                                              = 32.005o

8 sin x + 5 cos x
= 89 sin(x 32.0o)

The range of 8 sin x + 5 cos x
89 ≤ 8 sin x + 5 cos x ≤ 89

Let y = 8 sin x + 5 cos x

   8cos 5cosdy x x
dx

 

let  0dy
dx

, 

8 cos x 5 sin x = 0

tan x = 8
5

 

x = 57.994o, 237.994o

4 cosy x  

 

 

 

y = 2 sin x 3

)
2 sisisisisiiisiiiiiiiiiin nnnnnnnnnnnnnnn xxxxxxxxxxx 33333333333333333333333333333333 = 4 cososssssssssssss xxxxxxxxxxxxxx ++++++++++++++++++++++++++++++++++++ mmmmmmmmmmmmmmmmmmmmmmmmmmmmm toooooooooooooooooooooooooooooooo hahaahahahahahahahahaahaahhhhhhhhhhhhhhhhhhhhhhhhh vevevevevevvvvevevevevvevvvvveeeeveeveevvevv 11 sosooooooooooooooooooooooooooooooooooooooolululululuulululululululululullulululululllluluululuullllll tionn in the range

mmmmmmmmmmmmmmmmmmmmmmmmmmmmmm == 1111111111111111111111111

e maaaaaaaaaaaaaaaaaxixixixixxxixixixixixixixixixixixixixxixixixxxixxiiiiixixxixxiiimumummmmmmmmmmm m m mmmmmmmmmm mmmmmmmmmmmm mmmmmmmmmmmmmmmmmmmmmmmmmm &&& &&&&&&&&&&&&&&&&&&&&&&&&&&&&&&&& minimum values
& mimimimimmmimiimiimimmimiiimiimmimimmimmiimimimmimimimmmmm n nnnnnnnnn pts of eaeachch curv
ept solution wher

os xcos

yyyyyyyyyyyyyyyyyyyyyyyyyyyyy ====== 2 2222222222222222222222222 sin x 33333333333333333333333333333
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2019 AHS SA2 AM P2 Suggested solutions 

Or
9.4339 ≤ 8 sin x + 5 cos x ≤ 9.4339

9.43 ≤ 8 sin x + 5 cos x ≤ 9.43

when x = 57.994o,
8 sin 57.994o + 5 cos 57.994o

= 9.4339
when x = 237.994o,
8 sin 237.994o + 5 cos 237.994o

= 9.4339
9.43 ≤ 8 sin x + 5 cos x ≤ 9.43
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10(i)
      3 2 2

2 18 2 18
6 9 ( 3)
x x

x x x x x

Let 22

2 18
( 3) 3 3
x A B C

x x x x x
2x 18 A(x + 3)2 + Bx(x + 3) + Cx

let x = 0, 18 = A(9)
A = 2

let x = 3,  2( 3) 18 = C( 3)
C = 8

let x = 1,  2(1) 18 = ( 2)(4)2 + B(1)(4) + (8)(1)
B = 2

22

2 18 2 2 8
( 3) 3 3
x

x x x x x 2
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2019 AHS SA2 AM P2 Suggested solutions 

(ii)

Given that 3 2

9
6 9

dy x
dx x x x

2

2

1

1 2 18
2 ( 3)
1 2 2 8( )
2 3 3

1 8( 3)2ln 2ln( 3)
2 ( 1)(1)

1 82ln 2ln( 3)
2 ( 3)

4ln ln( 3)
( 3)

3 4ln
( 3)

xy dx
x x

dx
x x x

xx x c

x x c
x

x x c
x

x c
x x

Sub (3, ln 2) into the above eqn
3 3 4ln 2 ln

3 3 3
2
3

c

c

Hence the equation of the curve is 
3 4 2ln

( 3) 3
xy

x x

OR 4 2ln( 3) ln
( 3) 3

y x x
x

( 3)
4

( 3)

c

c

c
x (

)

3

3

c

e the eqeqeqqqqeqeqeqeqqqqeqqeqeqeqeqeqqeqeqeqeqqqeqqqqquationonononnoonnonononnononnnnnnnnnnnnnnnnnn ofofofofofofofofofoofofofofofofofofofofofofofoofofffffoffoofofofofffo ttthehehehehehhehehhhhhhehhhhehehehhehehehehhhhehhehehehehehehhheheeee cururururururrurrururururuuuuuuuuuuuuuruu vevevvvevevevevevvevevevevvevvevevevvvvevvvveveeeeeeeeeee iissssssssssssssssss
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2019 AHS SA2 AM P2 Suggested solutions 

11 y = 3(x 1)4 4(x 1)3 + 5
dy
dx

= 12(x 1)3 12(x 1)2

Let dy
dx

= 0,        

12(x 1)3 12(x 1)2 = 0
12(x 1)2[(x 1) 1)] = 0

(x 1)2 = 0            or         (x 2) = 0
x = 1                                 x = 2

when x = 1,      y = 3(1 1)4 4(1 1)3 + 5        
= 5

(1, 5) is a point of inflexion

when x = 2,      y = 3(2 1)4 4(2 1)3 + 5
= 4

(2, 4) is a minimum point

x < 1 = 1 > 1

Sketch of 
tangent

x < 2 = 2 > 2

Sketch of 
tangent

12(i) y = 3 ln (x 2)
The range of value of x is x > 2. 
The curve crosses the x-axis at the point (3, 0)

2 3 x

y

0

y = 3 ln (x 2)

1) 4(((2222222222222222222222222222222222222222 1)3 +++++++++++++ 555

(2(2, 4)4 is a

< 2 ===================================== 22222222222222222222222222222222222 >>>>>>>>>>>>>>>>>>>>>> 2

tch of 
tangnggnggngggngngngngggngggngngngngeneneeeeeeeeeeeeeeeeeeeeeeeeeeeee tttttttttttttt

= 33333333333333333 lnnnnnnnnnnnnnnnnnnnnnnnnnnn (xxxxxxxxxxx(( 2)
e raaaaaangnnngngngngngngngnggngngngngngngnnggggnngggngnnnnggnnngngggnnnggnngngnnnggggggggggggeee ofofffofofofoffffffoffffofffoffofoffofoffffoofoooffooffff vvvvvvvvvvvvvvvvvvvvvvvvvvalalalalalalalallalalaallalllallalallalllalalllllllalllalalalaaa ueueueueeueueueueueueeeueeueueueueueeeuueuueueuuueueueuueueuuuuueueeeeeeeeee oooooooooooooooooooooooooooooooooooof ffffffffffffffffffffffffff x is x >> 2.2.

curvvvvvvvvvvvvvvvvve eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee crrrrrrrrrrrrrrrosossosssossossoosssooososssosoooooosooososossosssoosososososssssssssssssssoso sesssssssssssssssssss s the xx--axaxiis at the
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