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Show that ged (a+ b,a*—ab+ bz) =gcd(a+b,3ab) for non-zero integers a and b.

If gcd(a,b)=1, show that gcd(a+b,a2 —ab+b2) is either 1 or 3. [7]

Show that gcd (n I+1, (n +1)! + 1) =1, where 7 is a positive integer. [4]

It is given that all the terms in the two sequences p,, p,,..., p, and ¢,,0Q,,...,0, are non-

zero, where n>1. By considering the function f(x) = Z (p,x—q,)?, prove that

r=1
n n n 2
(Z pf](Zaij[Z pr-qrj ,
r=1 r=1 r=1
- - e _% _
and that equality holds if and only if =+ =—%=-..= ", [4]
pl pZ pn

Use the result in (i) to show that if a, b, ¢ and d are positive real numbers, then
(ad3 +ba®+cb® + dc3)(ab+bc+cd +da)>abcd(a+b+c+d)*. [3]

3
2 .

Hence show that (ad ®+ba®+ch®+dc? ) (ab+bc+cd +da) >16(abcd )

Find a condition relating a, b, ¢ and d for equality to hold, explaining your answer.  [4]

Find f%dx. [4]
SIN X—CO0S™ X
(i) For a twice differentiable function f, if f(X) satisfies the differential equation

f"(x) = AFf'(X)f (x) for some real constant A, express J[f’(x)]2 TF(X)]" dx in terms
of f(x), f'(x), 4 and N, where N is a positive integer. [4]
(i) Verify that the above result can be applied when f(X) =tan4x.

Z . 246

16 SIN“" 4X
Hence find the exact value of J —

o CO0S™" 4x

[4]
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For two integers x and y, let their highest common factor be denoted by hcf (X, y) and their

lowest common multiple by ICm(X, y) )

Given that a and b are positive integers,

(i) show that there exists integers x and y such that hcf (x,y)=a and lem(x,y)=b if and

only if a is a divisor of b. [4]

(ii) ifais adivisor of b and r is the number of distinct primes in the prime factorisation of
E , show that the number of distinct ordered pairs of positive integers, ( X, y) , such that
a
hef (x,y)=a and lem(x,y)=b,is 2", [5]

Happie Newz Café¢ sells 3 types of muffins, namely chocolate, strawberry and vanilla. The café
owner bakes a large number of muffins of each type. All muffins of the same flavour are taken
to be identical to one another.

(i) The café owner wants to put 20 muffins in a row on a glass panel so as to entice customers
to buy muffins. Find the number of ways she can do so if

(a) there are no restrictions, [1]
(b) no 2 muffins of the same type are adjacent. [2]

(ii) Mr Tay wants some muffins for his 6 students. Find the number of ways that he can do so
if

(a) every student gets at least 1 muffin and no student gets 2 or more muffins of the
same type, [2]

(b) every student gets exactly 4 muffins and no 2 students get the same combination of
muffins. [3]

(iii) At the end of the day, the café owner is left with 6 chocolate, 7 strawberry and 8 vanilla
muffins. She wants to throw away these muffins into the 4 different rubbish bins in the
vicinity of the café. She wants to ensure that at least 1 muffin is thrown into each bin so
as to avoid detection by the members of public that she is wasting food. Find the number
of ways she can do so. [5]
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(i)

4

Let L, , denote the number of ways to distribute » distinct objects into & identical boxes,

such that no box is empty and the ordering of objects within each box matters.

(a) Find L, and L ,, giving your answer in terms of n whenever possible. [2]
(b) Explainwhy L, = n“—nforn>2. [2]
(¢) Showthat L, =L, ,+("n+k-1)L _, forn=zk=>2. [3]

Let |, denote the number of ways to distribute n distinct objects into k distinct boxes,

such that no box is empty and the ordering of objects within each box matters.

(a) Use part (i)(c) to show that | , =kl +(n+k-DI ,, for n=k=>2. [2]

. L, (n —lj
(b) Explain why — = [2]

nt (k-1)
(c) Hence, by using bijective principle, or otherwise, show that for n>K,

Z(k}[r'\—lj:(n+k—l)! (5]
J)U1-1)  ni(k-1)!

=

Two sequences U, U,, Uy, ... and V;, V,, Vs, ... are given by

1 v,=1 and

u, =
U, =U,+3v., Vv ,=2U +7v,

Yy . u, o
for positive integers n. The sequence I, I, I;,... 1s such that r, = — for positive integers 7.
\Y

(@

n

Use induction to prove that 2u > —3v > +6u v, =5 for all positive integers 7. (4]

It is given that as N — o, V, = and I, — L for some real constant L.

(i)

(iii)

@iv)

Using the results in (i) or otherwise, show that L = %(—3+ J15 ) [3]

Describe the behaviour of the sequence I, T, I;,..., justifying your answer by

considering I, —I.. Hence, show that V15 lies within the interval (2 3 2r, +3J for
r,+
all positive integers n. [4]
213 275
Deduce that — < \/1_5 <— 2
55 71 2]
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For any positive integer x, ¢(X) is defined to be the number of positive integers not exceeding

x which are coprime to x. For example, ¢(4) = 2 since positive integers not exceeding 4 and
coprime to 4 are 1 and 3.

(i) Find ¢(p) when p is prime. [1]
(ii)  Show that, if p is prime and r is a positive integer, then ¢( p' ) =p(p-1). [2]

It is given that ¢(mn)=¢(m)g¢(n) for positive integers m and n such that ged(m,n) =1.
(iii) Show that ¢(X) is even for all x> 3. [5]

(iv) Find all positive integers x such that ¢(3X) = ¢(2X) . (7]
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Let gcd(a+b,a* —ab+b?)=k.

Then k|(a+b) and k|(a’-ab+b?)

ie k|(a+b)’=k|(a*+2ab+b?)

= k|((a®+2ab+b?)-(a* —ab+b*))

— k |3ab

= ged(a+h,a® —ab+b*)<gcd(a+b,3ab)
Let gcd(a+b,3ab)=h

Then h|(a+b) and h|3ab

ie h|(a+b)" = h|(a’+2ab+b’)

= h|((a* +2ab+b*)—3ab)

=hl(a

2—ab+b2)

= ged(a+hb,3ab) <ged(a+b,a*—ab+b?)
Hence ged(a+b,a® —ab+b*)=gcd(a+b,3ab) .

Let s =gcd(a+b,a’*—ab+b*)=ged(a+b,3ab)
Then s|(a+b) and s|3ab
If s|a , then s|((a+b)-a)=s|b=s=1 since gcd(a,b)=1.

Similarly, if s|b , then s|((a+b)—~b)=>s|a=s=1 since gcd(a,b)=1.
If sfa and s/b, then from s|3ab and gcd(a,b)=1, we have s|3 .

Therefores = 1 or 3 ie gcd(a+b,a’ —ab+b*)=1 or 3.

(b)

Let ged(n!+1,(n+1)!+1)=k
k[(n'+1)=nl+1=sk forsome seZ
k[((n+1)!+1)=(n+1)!+1=tk forsome teZ

Therefore k =1

= (n!)(n+1)+1=tk

= (sk—1)(n+1)+1=tk

= skn+sk—n—-1+1=tk
=n=k(sn+s-t)

=k|n

=k |n!

=k|((n!+1)-n!)

=k|1

ie ged(n!+1,(n+1)!+1)=1.
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(i)
f(X)=Z(|or><—qr)2

= Zn:(przxz -2 P, g X+ qrz)
r=1

{59 (e 54

Since (p,x—q,)* >0, f(x) >0 forall x. Therefore, discriminant <0.

(o] o380
[ 55 p{g

Equality holds if and only if the graph of y=f(x) touches the x-axis, i.e. p.x—0, =0 for

r=12,...,n @X:i:&:...:q_n_
P P, Pn

(i) Using part (i) result with n = 4,

Kﬁ_d%bz_dj{ﬁ_bj{ﬁ_cn[(@) +(Vad ) +(Vab)"+ (vbe) | (a+becra

d> a* b* c? )
< | —+—+—+—|(ab+bc+cd +da)>(a+b+c+d)
bc cd ad ab

< (ad®+ba®+cb®+dc®)(ab+bc+cd +da) > abed (a+b+c+d)’

1
(iii) By AM-GM inequality, a+b+c+d >4-(abcd 4.

Therefore, abcd (a+b +c+d)? > abed -16(abcd )% = 16(abcd )3/2 , and the result follows.

For equality to hold for the AM-GM inequality, a=b=c=d.
cd ad ab bc

For equality to hold for the Cauchy-Schwarz inequality, — YT =—, which will be
a c
satisfied when a=b=c=d.
(a) J COS X J COS X dx
sin X —cos® x in?x+sinx—1
cosx dx
sm x+ -=
1 5
sin X+§_7 ‘23|nx+1 \f‘
= In +Cc= —In

\/§ 2sin x+1+\/_
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(b)
[ COFIECOT dx = j'f "(x)-£ () (x)]" dx

[ £(x) - —_[ (IE(F*™'£7(x)) dx [integrate by parts]

"uT 1
N l[f{I}]'”Hf{I} —_[ (AFCEC)]™ ) dx
N l[f{x}] fix) - m[ﬂ:x}] +c

fix)=tandx, f'(x)=4sec’4x, " (x)=32sec’ dxtandx=8f"(x)f(x). So A =8.

% sm™ax 1 [0
e =), * 4T (tan 42)™ dx
, cos™dx 16 [4sec” 4T (tan 4)™
171 Stan™ 4x "
= ——tan™ 4 dsect dy -l X
16| 247 1 rosee ST zeﬂxzwI
17 g
_EIE{IE s ]_34?:{249}
C1f 249-1 J' 124
21247%249 ) 61503

(=) Falb=b=ak forsome ke Z.
let x=a and y=b=ak
Then hef(x,y)=(a.ak)=a and lem(x,y)=Iem(a ak)=ak=b.

(=) There exists infegers x, y such that hef (x.y)=a and lem(x,y)=5.
Then x =as and y =at where gﬂd{s:f:|=
lem(x,y)=lcm(as,at)=b= b=ast
Therefore a1s a divisor of b.

Let E=p!*'p:- ..... p* where p,.p,...p, are the r distinct prime factors of 2 and k.k,,....k, are
a a
non-negative integers. Then b=app¥. . p*

hef (x,y)=a and lem(x,y)=b = x=as, y=ai, b=ast where ged(s,1)=1.
ast = ap} pi* .....p~

Since ged(s.f)=1 , then 5 is the product of some prime factors each of the form p* where fis the
product of the remaining prime factors of the form p;’

Each p% may or may not be a factor of 5 which means that there are two choices for each pf with
regard to 5. Thus the total mmber of possible mtegers 515 27 with 7 taking the leftovers.

Hence the mumber of distinct ordered pairs of positive integers (x. ¥ )such that hef (x,¥)=a and
lem(x,y)=b is 2" Meed a home tutor? Visit smiletutor sg
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(i)(a) 3% =3,486,784,401
(i)(b) 3x2°=1,572,864

(if)(a) No. of ways to distribute the muffins to a student

e

Answer =7°=117,649

(if)(b) No. of ways to distribute 4 identical objects (muffins) into 3 distinct boxes (flavours)

) HiH
= =15 (OR, 3+2x| _|+| _[+3=15)
2 2) \2

Answer =15x14x---x10 = 3,603,600 (OR, °P,)

. 6+3)(7+3)\8+3
(iif) Total number of ways to throw away the muffins = 3 3 3 =1,663,200

Let A Dbe the set comprising of all possible combinations the muffins can be disposed into the bins,
such that auntie did not throw any muffin into the i bin.

6+2)\(7+2\(8+2
e

Al 6+1\(7+1)(8+1 504 (OR 7x8x9
ol e m )

A B 6+0\(7+0)\/8+0 _1
monoal-(* 15 0°)-

Answer —1,663,200—| - |A|+ : A UA|- X AUAUA]
vy 4 1 2 13 )

=1,484,780
M@ L, =1
Ln,l =n!

n
(i)(b) First, choose 2 objects from the n distinct objects to be “together” in a box. This gives us [ZJ

ways of doing do.
Next, we can give ordering to the 2 chosen objects within that particular box. By multiplicative

n
principle, we have (ij 2'=n? —n ways
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(e |
Case 1: Object A is alone in a box
We can then distribute the remaining n—1 objects into the remaining k —1 boxes. This gives us

L., Ways of doing so.

Case 2: Object A is not alone
First, we set aside this object A and arrange the remaining n—1 books into the k boxes. We have

L., ways of doing so.
Next, we want to slot this object A amongst the n—1 books in the k boxes. Note that we can put this

object A on top (to the left) of any of the n—1 objects or we can also put object A right at the
bottom (or rightmost) of any of the k objects. So, total of (n+k —1) ways of slotting in this object A.

By multiplicative principle, we have (n+k-1)L ,, for case 2.

Note that case 1 and case 2 are mutually exclusive. By addition principle, we conclude that
Lok = Liaga t(+k =1L,

(i)(a)

Where ordering within each box matters, we have |, = (k!)L,
- In,k
le. L, Bl

From (iii),
Lo = Lok LH(n+k=DL, 1k
Lo =L +(n+k =L,

I | I
n,k — n-1,k-1 +(n+k_1) n-1,k

k! (k-1)! k!

Therefore, I, =kl ,+(n+k-DI ,, , n>k>2

(if)(b) Dividing by n!, we remove the permutations of distinction of objects as well as the ordering
of objects within each box.

I
Hence ™ gives the number of ways to distribute n identical objects into k distinct boxes, such that

no box is empty.
To ensure no boxes are empty, we first place one object into each of the k boxes. We then distribute
the remaining (n—Kk) objects, this is akin to arrangement (n—k) zeros and (k —1) ones, thus giving

((n—k)+(k—1)j
ways.
k-1

., (n-1
Therefore, — = .
n! k-1

(if)(c) Let A be the set of all possible permutations of n distinct elements into k ordered partitions,
where partitions may be empty.

For the case where n=5 and k=3, ((2,1), (3), (5,4)) means box 1, 2 and 3 contain objects 1 and 2,

object 3, objects 4 and 5 respectively. In terms of arrangements Wl%hln each b tm b? L éect 2
comes first before object 1; whereas in box 3, object 5 comeeiret BeFde %tl?jr it smiletutor.




—(k S (k)(n-1
We can see that |A| = Z( _]In,j = n!Z[ J[n j which counts the number of ways to distribute
=\ J =\ JJ)\1-1

n distinct objects into k distinct boxes such that the ordering of objects within each box is important
and that boxes may be empty.

Let B be all possible permutations of the (n+k —1) numbers involving n distinct integers from
{L,2,---,n}, as well as (k—1) zeros. We can see that there exists a bijection f between A and B. In
the case where n=5 and k=3,

f((2,1),(3),(5,4)) = 2103054
f((13,5,4),(.(2)) =1354002

(n+k-1)!

Now, arranging {L,2,--,n;0,0,---,0} gives us |B| =
o (k—1)!

k zeros

Since |A|=|B|, we have an(ﬂ(Tiﬂ _ (n(;:—)?! |

=

S(k)(n-1)  (n+k-1)!
Therefore, Z( j](j _J = m .

=

(i) Let P, be the statement 2u,®>—3v,” +6u,v, =5 for neZ".
Forn=1, LHS=2u>-3u’+6u,v, =2(1)-3(1) +6 =5=RHS. So P, is true.
Assume that P, is true for some k e Z*, i.e. 2u,> —3v,> +6u,v, =5.

LHS of P, =2u,,,° —3v, " +6U, V.,

= 2(uk2 +6U,V, +9v,° ) —3(4uk2 +28u,V, +49v,° ) + 6(2uk2 +13u,v, + 21vk2)
=2u,” —3v,> +6u.V,

=5. SoB, istrue = P, istrue.

Since Py is true and P, istrue = B, is true, by the Principle of Mathematical Induction, P, is true
forall neZ".

[(ii) For 2u *—3v ?+6u v, =5, dividing throughout by v > yields 2r*—3+6r, :iz.
v

Since lim(v,)=o0 and lim(r,)=L,

212-3+6L=0 = L=%(3+¢E)or%@3—¢@)

However, as r, >0, its limit L must be non-negative. Therefore, L = %(—3+ J1_5) .
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u,+3v, u
(i) 1y —f = S——f-——t
2u, +7v, Vv,
UV, +3v,2-2u.-7uv,

v.(2u, +7v,)

_ 2u, +6u,v, —3v,”
v.(2u, +7v,)
5

=——— <0 (sinceu,, v, >0).
v.(2u, +7v,)

So the sequence {rn} is strictly decreasing and tends to the limit %(—3+ Jl_S)

> %(—3+ \/1_5)

=2r +3>v15 - (2)
1 1

<_

2r, +3 /15

= 15 <15 - (3)
2r. +3

By taking intersection of (2) and (3), we have the result.

=

(iv) r3=£:3—1. So 15 <15<2r,+3 :g<\/1_5<§.
v, 71 2r,+3 55 71

(i) #(p) = p—1 since all the numbers 1, 2, 3, ..., p—1 are all relatively prime to the prime number p.

(ii) The only positive integers not exceeding p" which are not coprime to p" are
1p, 2p, 3p, ..., P, p". As there are p"* of such integers, ¢(p")=p"—p"* =p"*(p-1).

(iii) Case (1): xisapowerof 2 onlyie x=2",r>2.
Then ¢(x)=g¢(2")=2""(2-1)=2"" which is even

Case (2) x is not a power of 2 only, then it has an odd prime p as a factor. Thus x=p'q where
r>1and ged(p',q)=1.

By the above result,

#(x)=g(p'a)=¢(p")p(a)=p"(p-1)¢(q)

Since pisan odd prime, then 2|(p—1) ie ¢(x) iseven

Hence ¢(x) iseven forall x>3.
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(iv) Consider n=2'3m where t and s are non-negative integers and m is a positive integer which does not
have 2 or 3 as factors, ie gcd(6,m)=1

(3x) =¢(2x)

$(3.2'3m)=¢(2.23°'m)

¢(2 3s+l ) ¢(2t+135 )

#(2'3°)g(m) = (23 )#(m) since m is coprime to both 2'3°"* and 23’
(
(

SN

¢ 2 3s+1) (2t+l3s)
#(2')$(3°")=¢(2"")g(3") since powers of 2's and powers of 3's are coprime

Case1l: For s>1t>1
#(2)6(37)=4(2")4(¥")
27(2-1)3(3-1)=2'(2-1)3"'(3-1)
2130 =23

3=2 (nosolution)

Case 2: For s>1t=0,
#(2)9(37)=4(2")4(%)
#(1)9(37)=4(2)¢(3)
3°(3-1)=3""(3-1)

3=1 (nosolution)

Case 3: For s=0,t>1,
#(2)6(37)=4(2")9(%")
#(2)#(3)=4(2")2(1)
27(2-1)(2) =2 (2-1)()

2'=2

ie true for every t >1 and s = 0 and positive integers m where gcd (6, m) =1.
Case 4: For s=0,t=0,
#(2)9(37)=4(27)4(%)
$(1)¢(3)=¢(2)4(2)

1(2)=1)Q)

2=1 (no solution)

Therefore the positive values of x are all even numbers which do not have 3 as a factor.
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(1)  Find the general solution of the differential equation

dx  (c+t)x
dt  1-t%

(A)

where c is a constant. [5]

(i) Make the substitution y =tx in the differential equation

dy _ ax+by
dx bx+ay’

(B)
where a and b are constants and a =0, and show that the resulting equation is
equivalent to equation (A). [3]
(iii)  Hence show that equation (B) has solutions of the form

b+a

x=y"* =Dlx+y[™",

where D is an arbitrary constant. [3]

b b
(i) Show that I £(x) dx = J' f(a+b—x) dx for any function f which is continuous on
the domain [a,b]. [1]

(i)  Using the result in (i), show that I4In(1+tan9)d0:I4In( 2 jde. 2]
0 0 l+tan@

(iii) Hence, by using an appropriate substitution, find the exact value

of J‘lln(l+ X) dx. 3]

(iv)  Use the result in (i) to also find the exact value of fAﬂ dx. [3]

, cos(x—1)
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(@) Letx,y, z be real numbers such that 0< x <y < z. Show that x*, y?, z° are three

. . . . e 1 1 1
consecutive terms of an arithmetic sequence if and only if : are

V+Z X+Z X+Y
three consecutive terms of another arithmetic sequence. [3]

(b) Aninfinite sequence of integers, a,, neZ", is defined by a, =a, =1 and

a’+2
=, N>2.
an—l
: a.,+a a_+a
(i) Show that —2——n =L for [2]
n+1 a‘n

(if) Hence or otherwise, show that a,,, =4a,—a, , and explain why a_ is an odd
integer forall ne Z". [2]

(c) Prove that there is no arithmetic progression which has 1,J§, J3 among its
terms. [5]

Let n be a positive integer greater than 2 and X,, X, X,, ..., X, be real numbers with
X, =1.

(i) By using the Cauchy-Schwarz Inequality or otherwise, show that

3 (X, - %) XE [3]
Y n+1

(ii) Given that > (x_,—X)’+X; :ﬁ, find x, for 0<k <n, keZ, leaving your
i=1 +
answer in terms of n and k. [3]
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A factory supervisor intends to distribute work to his three subordinates. He has 24
indistinguishable cards each representing one unit of work, and he intends to distribute
them into three different colored boxes, red, green and blue, representing each of his
subordinates.

(i) Find the number of ways he can distribute the cards into the boxes without
restriction. [1]

The supervisor wishes to split the work relatively evenly amongst his three subordinates
so that each subordinate has at most 10 units of work.

(i) Find the number of ways the supervisor can distribute the workload. [3]
The red box represents the workload of Sue, who is pregnant, and the supervisor will like
to reduce her workload such that she will only have a workload at most half of any of her
other two colleagues. For example, if Sue is given 3 units of work, then her colleagues
must have at least 6 units of work each.

(iii)  Find the number of ways the supervisor can distribute the workload. [3]
Peter is given r units of work. He places the r indistinguishable cards into n
indistinguishable boxes for him to randomly choose one box for each of the subsequent
days.

Let the number of ways for him to do so be denoted by P(r, n).

(iv) State the recurrence relation between P(r, n), P(r-1, n-1) and P(r—n, n). [1]

(v) Using the result in (iv) or otherwise, show that P(r, n):ZP(r—n, k)

k=1
for r >n>1. [2]

(vi) Using (iv) or (v), find the value of P(10, 3). [2]
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6  You have an unlmuted supply of 1x1, 1x2 and 2=2 files. Tiles of the same size are
- disfineishable.
(i) Let T 1sthe mmber of ways of iling a 1= » path.
{a) State the value of T and T,. [1]

(b) Wnte down an appropnate recurrence relation between T, . T,

mdd

and T,. [1]
Consider the tilings of a 2x n path. (The 1x2 tiles can be rotated in the filings )

Let P be the mmber of ilings of

Let () be the mmber of ilings of

b —y
"
H
(ii) Show that P, =F +(, for n=1. Explam your reasoning clearly. [21
(iii) Show that J_, =2P_  +20  for n=2. Explain your reasoning clearly. [4]
(iv) Use (if) and (i) to show that P_ +2P_ =3P +2P for n=2. 2]

It 1s given that the solution to the above recurrence relation 15

R Y S oy S
P ==+ = Q42+ =2

(v) Find the number of distinct ways of filing a 2=n path. [2]
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(@) Show that if 7‘(a2 +b?) then 7|a and 7|b where a and b are positive integers. [3]

(b) Given that n is an integer greater than 1, by considering the cases when n is even
and n is odd, show that n* +4" cannot be a prime number. [4]

(c) Show that for every positive integer n, 16" +10n—1 is divisible by 25. [5]

(X=%)(x—X;)
(Xl - Xz)(xl - Xs) .

Let L (x) =

(i) State the values of L (x), L(x,) and L(x,). [2]

(i)  Hence or otherwise, obtain expressions of quadratic polynomials L, and L, such
thatL;(x) =1, and L(x;)=0, i=j, i=2 3 and j=1, 2, 3. [2]

It is known that if p is a polynomial of degree m, and p(x,)=0, for i=1, 2, ...,m+1,
where X, <X, <X, <...<X, <X, thenp(x)=0, forall xeR.

m+17

(iif)  Suppose there are 3 distinct values x;, X,, X, and any real values y,, v,, Y,.

Using the above result, explain why there is at most one quadratic polynomial P
such that P(x.) =y, for i=1, 2, 3. [3]

(iv) Obtain the quadratic polynomial P as a combination of y, and L; such that
P(x,)=y; for i=1 2, 3, and justify your answer. [2]

(v) Let x, =i for i=1 2, 3, and {y,, ¥,, Y,}={12,3}. Find all possible quadratic
polynomials Q satisfying Q(x)=y, , Yy, =i, for i=12,3, with appropriate
justification to be provided. [You need not simplify your answer] [4]
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9 Let S(n) denote the sum of all divisors of the number n. For example,
S(6)=1+2+3+6=12.

(i) Find
(@) S(p) intermsof p, [1]
(b) S(paq) in terms of p and g, [1]
(c) S(p™q") intermsof p, g, mandn, [2]

where p, g are distinct prime numbers and m, n are positive integers.
Aliquot divisors of a number are divisors of the number excluding the number itself
(i.e. the sum of all proper divisors of the number). For example, the aliquot divisors of
6 are 1, 2 and 3 respectively.

Two numbers are called amicable if each equals the sum of the aliquot divisors of the
other, and the two number form an amicable pair.

(i) Verify that 220 and 284 is an amicable pair. [2]

Assume that two amicable numbers, M and N, has the form M =apqg and N =ar, where
p, g, r are distinct prime numbers, a (not necessarily prime) is the common divisor

of Mand N, and a is co-prime to p, gand r.

(iii)  Show that a(pg+r)=(p+1)(q+1)S(a). [2]

(iv) Express r+1 interms of p and g only, and use (iii) to show that
(p+1)(a+1)[2a-S(a)]=a(p+q+2). [3]

The equation in (iv) can be further manipulated to the following equality:

IR
2a—S(a) 2a—-S(a) 2a—S(a)

(v)  Find the only possible solution for p and q for a=4, and hence find M and N. [2]

End of Paper
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2019 Year 6 H3 Math Prelim Exam Solutions

Qn | Solution

Remarks

10 | dx _(c+t)x
dt 1t

ldx _(c+t)
xdt  1-t?

Jl dx = ¢ _litz dt
X 1-t* 21—t

injx|—d = Sin[E*! —1|n\1—t2\
2 -t 2

L+t

_In _|n\(1+t)(1_t)\3

c-1
|1 +t| 2
c+l

-y

pﬂ+q2
=

L+t 2

, Where p is an arbitrary constant.

(i) | Y=t
d—y=t+ dt
dx dx

t+Xx —= (
dx bx+a(tx
t

th_a+bﬁ)
dx b+at
dt a-—at’

dx  b+at
1dx Db+at

xdt a(l—tz)

E—I—t X
dx_ta )

dt 11—t

(A) with ¢ =2
a

and the resulting equation is equivalent to equation

2019 JC2 H3 Mathematics Preliminary Examination Paper 1

[Turn over
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1(iii)

by
a_
2
147
X _ X
k —+1
y 2
X
b b b b

g+l g+l g—l g—l
x=y] 2 [x 2 =[kl[x+y] 2 x>
b b b b

—+1 —-1 —+1 —1
a

a_ a_ a__
R A
bra b-a
3 = e
byl =k by

|X— y|b+a _ D|X+ y|b—a

Total Marks: 11

2019 JC2 H3 Mathematics Preliminary Examination Paper 1
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Qn | Solution

Remarks

2(i) | Using the substitution y =a+b—x, we have
[[f(0 dx=["~F(a+b-y) dy
:I:f(a+b—y) dy

- j:f(a +b-x)dx  (shown)

) j03|n(1+tan 9) do

ot .
= In 1+tan(——0j do
J O 4

i
tan (nj —tan@
4

= In|1+ do

1+tan (njtan 0
4

=| In|1+
Jo 1+tand

ra 2
Jo \1+tané

4 1—tan6?j 4o

j do (shown)

i) | ‘
(iif) L Inl(i;x) dx=jo4ln(1+tan 0) do by using the

substitution x = tan&.

In(1 :
Also,wehavejr](—Jrz)()dx:J4ln( 2 jde
0

o 1+X 1+tanéd

Summing up both equalities, we have

o 1+x%° +tan@

0

= jo“ In(1+tan&)+In2—-In(1+tan§) do

:Flnzdellnz
0 4

1 x z
2J (%) dx = [#In(1+tan 9) d9+J4In[1 2 ] dé
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(iv)

N

COS X

0 cos(x—nj
4

dx

(‘Z P
COS Z_X
d
T T
COS|| ——X |—
Jo [(4 j4

=1

e T
4 COS(4)COSX+SI

(.E T .
4 COS (4)008 X+SIn

(

J0 )
(

cos(—x)

J0

P
(4 ——=COS X+ ——

= 2 \/_ dx

COS X

Y On

:j:% Ttanxdx
L/E $In|secx|}0
=[£ ﬁln sec(%jD—O

o 1
=m+$ln‘ﬁ‘

_ o e
W2 22

A

X

—

Total Marks: 9
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Qn | Solution Remarks

3a) | 1 1 1

V+Z X+ X+Y

are three consecutive numbers of an AP
1 1 1 1

X+Z Y+Z X+Yy X+12
(y+z)—(x+z):(x+z)—(x+y)
(x+z)(y+z)  (x+y)(x+2)
y-x 21—y
(x+2z)(y+2) (x+y)(x+2)
(Y=x)(x+y) _ (z-y)(y+2)
(x+y)(>2<+22(y+z) (x+y)(;<+22(y+z)
- y* - x _ -y
(>2<+y2)(x+22)(2/+z) (x+y)(x+2)(y+2)
Sy -xt=1"-y
< X%, y?, 7% are three consecutive numbers of an AP

2
o tv2,,
n
an+2 + an — an
an+1 a'n-¢—1
2 2
_ At 2+a,
anJrla‘n
a+2
n+1
— an+l
an
an+l + an—l n > 2
an
(b) a2+2 1942
(i) | &= 2 1 =3
a,, +a, a,+a, 3+1_4
a, a, 1
a,., =4a,-a,;, n>2

Therefore a,,, has the same parity as a, , since 4a, is
even. Since both a, and a, are both odd, by induction,
is an odd integer for all neZ".

Alternatively, let P(n) be the statement that  is odd for
neZ'.

P(1) and P(2) are both true trivially by definition.
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Suppose g, and a,,, are both odd for some positive
mteger k. Then
@i, +2 (odd)'+2 odd

a = = # eVen
L A odd odd

Hence P(k). P(k+1) both true = P(k+2) is true.

Therefore, since P(1) and P(2) are both true,

and P(k),P(k+1) both true = P(k+2) is true, by the
Ponciple of Mathematical Induchon, o, 15 an odd
mteger forall ne ',

{c) | Suppose there 1s an anthmetic progression g, a., ...
with common difference d that has 1, -qIE qﬁ among its
terms.

Then there exist distinct positive integers m, n and p such

that a_ =1, ﬁ"=~,||rl_*: a, =~,||r§.

Thus we have ﬁ—1=ﬂu—ﬂ“ =(n—m)d and
Sl n-m
V2-1  p-n

-4 =|:1F—£J'J_=|:_p—ﬂ}ﬂ1. S0
rational

since Ll (5 3) (/2 +1) =VE-2 432

thus g =+f6 ++/3 —+f2 is a rational number.

Then,

asI=6+8
(a++2) =(V6+3)

2 +2a7+2=6+218+3
2ayfl-642=7-a
(2a—6)2=T-a*

Since a =13 does not satsfy the Equaht_',r we can divide
throughout by (2a- ﬁ]scm.r— -E1 which is a

2a—-6
contradichon Hence the supposihon does not hold and
the result required is showm.

Total Marlks: 12
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Qn | Solution Remarks

4(i) | Applying Cauchy-Schwarz Inequality
n+1 n+1 n+1 2
(Zaﬁj{Zbﬁjz(Zaibij with
i=1 i=1 i=1

a=X,—xfori=1 2, .., n, a, =X, and
b =1fori=1 2, .., n+1, we have

2 (X‘1‘X‘)Zj”ﬁj@fj2[@(m1—xi)j+xnj2:1

((g(x'lx-)zjmgjzn%l

(i) | Since equality holds, we have a =mb, =m (constant).
Thus, a, =a,=...=a,,,.

n+1

Since Zai =1, therefore we have
i=1

a, =i fori=1, 2, ..., n+1,

n+1
Thus,
1
X, =—,
n+1
2
X, , =8, +X, =—,
n+1
3
X=X 4= m’
and so on so forth. Generalizing, we have
n+1-k
X = , k=0,1 2, ..., n
n+1

Total Marks: 6
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Qn | Solution Mark Scheme

5(1) 24+3—1) _ 35 B1

Number of ways :( 3.1

(if) | The problem is

X + X, + X, =24

0<x <10,i=12,3

with x, X,, X, being the number of cards in the red,
green and blue boxes respectively.

Method 1
Let A denote the event where 0< x, <10.

Number of ways
[ANANA]
=[s|-|ALA LA

3
=[s|-| X IAl- X |ANA+HANA A
i=1 i*]

i,jef1,2,3}

_ 13+3-1 2+3-1
—325—(3( 3.1 )—3( 3.1 )+O)

=325-(3(105)-3(6)+0) =28

Method 2
X, =4 since x, <3 forany i will result in

X, + X, +X% <24 for 0<x <10, 1=12,3.

0, %) or Number

X | X+ X corresponding of Ways
cases for X,

4 | 20 (10, 10) 1

5| 19 (9, 10), (10, 9) 2

6 18 8<x,<10 3

7 17 7<x,<10 4

8 16 6<x, <10 5

9 15 5<x, <10 6

10 | 14 4<x,<10 7

Therefore number of ways=1+2+ ... +7=28
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(ii) | Method 3

Number of ways

= (none with 10 units) + (one with 10 units)
+ (two with 10 units)

=l 1 + 3 +6 |+ 5 xC,+ %,
——
(888) (6,99 (7.89) (59) - (9.5

=10+15+3=28

(4,10,10)

(iii) | Sue can take either no work, or up to 4 units of work,
since it is not possible to have Sue take 5 or more units
of work as the total amount of work is 24 units
(5+10+ 10 =25>24).

If Sue takes k units of work where k = 0 to 4, then the
other 2 must take at least 2k units of work from the

remaining (24—-k) units of work,

24—k -4k +2-1
2-1

since k units of work is assigned to Sue, and we place 2k

units of work each into the other two boxes.

no. of ways :( =25-5k

Number of ways supervisor can distribute the workload

4
=Y (25-5k)=75
k=0

(iv) | P(r, n)=P(r-1, n-)+P(r—n, n)

(v) | P(r, n)
=P(r-1, n-1)+P(r—n, n)
(applying (iv) on P(r, n))
=[P(r-2,n-2)+P((r-1)-(n-1), (n-1)-1)]
+P(r—n, n)
(applying (iv) on P(r -1, n-1))
=P(r-2,n-2)+[P(r—n, n-1)+P(r—n, n)]
(rearrangement)
=P(r-(n-1), 1)
+[P(r—n, n—(n—2))+...+P(r—n, n)}
(applying (iv) on P(r—-2, n—=2),..., until P(r —n+1, 1))
=P(r-n+1 1)+[P(r—n, 2)+...+P(r-n, n) ]
=P(r-n, 1)+[P(r-n, 2)+...+P(r-n, n)]
(- P(r-n+1 1)=P(r—n, 1)=1)

P(r—n, k) (shown)

n
k=1
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(vi) Methodl(Usinq (v))

P(10, 3) = ZP(? k)
_P(7 1)+ P(7, 2)+P(7 3)
—1+ZP(5 k)+ZP(4 k)

—1+P(5 1)+P(5 2)+P(4 D+ P(4, 2)+P(4, 3)
—1+1+ P(5, 2)+1+ P(4, 2)+1

—4+ZP(3 k)+ZP(2 k)

—4+P(3 1)+P(3 2)+P(2 D+P(2, 2)
=4+1+1+1+1=8

Method 2 (Using (iv))

P(10, 3)

=P(9, 2)+P(7, 3)

=(P@8, D)+P(7, 2))+(P(6, 2)+P(4, 3))

:1+(P(6, D+ P(5, 2))+(P(5, 1)+ P(4, 2))+1
=1+1+(P(4, )+ P(3, 2))+1+(P(3, D)+P(2, 2))+1
=8

Total Marks: 12
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Qn | Solution Remarks
6(1) | T,=1,T,=2

(@)

(@ |T,=T,+T for n>1.

(b)

(i) | Consider the “odd” tile / last tile in a tiling of P, . It

can only be covered by a 1x1 ora 1x2 tile.

If it is covered by a 1x1 tile, the rest form a tiling of
Qn .

If it is covered by a 1x 2 tile, the rest form a tiling of
P.

Thus P, =P, +Q,.

(iii) | Consider the last column of 2 tiles in a tiling of Q__,.
The following cases are possible:
o 2x2 tile: The rest form atiling of Q.
e 1x2 tile (vertical): The rest formatiling of Q,
e Two 1x1 tiles: The rest form atiling of Q, .

e Two 1x2 tiles (horizontal): The rest form a
tiling of Q.

e One 1x1 tile and one 1x2 tile (horizontal):
The rest form a tiling of P,. Note that this case
counts twice (depending on which tile covers
the top line and which tile covers the bottom
line).

Thus Q,,, =2Q, +2Q, , +2P,

=2P ., +2Q, , using the result from (ii).
Alternative

Tiling of Q,,, can be obtained from

e Q ,using a2x2 tile or two horizontal 1x2

tiles.
e Q, using one vertical 1x2 tile

o P

n+1

using one 1x1 tile

The first two cases involve non-1x1 tiles on the last
column, and the last case involves 1x1 tiles on the last
column.

However, the last case we must consider the double
counting of the subcase where tiles from the last
column are both 1x1 tiles, and the number of ways to

dosois Q..

Thus Qn+l = 2(gn—l + Qn + (2Pn+1 _Qn) = 2Pn+l + 2Qn—l
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(iv) | Add P, +2P_, to both sides of (iii):
P..+2P ,+Q +2P ,+2P

n+l n+l
P.,+2P =3P

n+2 n+l

naa T 2Qn—1
+2P, (usmg result from (ii))

(V) | Number oftlllngs of 2xn pathis Q,
So
Qn = Pn+l B F)n

:E(—l)"+1+124\/§(2+x/§)n(2+x/§—1)
2205} (2-v2)
:g(_l)n 5+3J_(2 [)

14

NG
53;(2f)

Total Marks: 12
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Cm | Solution Eemarks
T(a) | We show by proving the confrapositive statement:
if 7)a or 7]b then 7[{a®+b").

For positive integers n not divisible by 7,

i (mod 7) n* (mod 7)

| | e |l | e |
| | o | b | s | s

Therefore (a* +5°)(mod 7) can only take values

1 (from 4 + 4), 2 (from 1 + 1), 3 (from 1+ 2),
4 (from 2+ 2), 5 (from 1 + 4) 6 (from 2 + 4) but never
0.

Hence the confrapositive statement 15 showm.

(b) | When n is even, p*+4" 15 even and hence not a
prime.

When n 15 odd, 12. n=2k+] with mnfeger k =1,
(smce n=1)

nt 4 =(nt+27) =2(n*)(27)
=l|:u-* +2" :I: —[_ri';}[:f*ﬁ}
=(n*+2" jx—['l“" n)z

={r|5 + 2 rﬂ{u" +27 & E‘HH:I

The smaller factor is {113 +27-2¥p). and
'
'+ 2" =2 p=n'-2"pn + 2
=n' =22 |+ 2% -2 4 20

. 2 5
=(n-2") +2% >1

so n* +4" cannot be prime.
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7(c) | Method 1: Consider the values of
16", 10n and —1 (mod 25)

Sum
n | 16" (mod 25) | 10n(mod 25) | —1 | (mod
25)
1 16 10 -1 0
2 6 20 -1 0
3 21 5 -1 0
4 11 15 -1 0
5 1 0 -1 0
6 16 10 -1 0
7 6 20 -1 0

Since the table repeats cyclically for every 5 values
of n, 16" +10n—1 is divisible by 25, for ne Z".

Method 2: Mathematical Induction
Let P(n) be the statement that16" +10n—1 is
divisible by 25, for ne Z".

P(1) is true since 16' +10(1)—1=25 which is
divisible by 25.

Suppose P(k) is true for some positive integer k.
Then for P(k +1),

16" +10(k +1)-1

=16((16") +10k ~1) ~160k +16+10(k +1)~1
=16((16" ) +10k 1) 150k + 25

which is divisible by 25.

Hence P(k) istrue = P(k+1) is true.

Therefore, since P(1) is true, and
P(k) istrue = P(k+1) is true, by the Principle of

Mathematical Induction, 16" +10n—1 is divisible by
25,for neZ".

Total Marks: 12
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Qn | Solution Remarks

8() | L(x)=1,
L, () =0, Ly(x)=0.

() | (g = =X0(x=x)
? (Xz - Xl)(XZ - Xa)

_ (X — Xl)(x — Xz)
=0 %)

(iii) | Suppose there exist two quadratic polynomials p,, p,
(of degree less or equal to n—-1=3-1=2), with
P (%) =p,(x) =Y, fori=1 2, 3.

Then the difference polynomial g=p,—p, isa

polynomial of degree less or equal to n-1=3-1=2
that satisfy h(x,) =0, for i=1, 2, 3.

Since the number of zeroes of a nonzero polynomial
is equal to its degree, it follows that

q(x) = p.(X) - p,(X) =0, xeR,
ie. p,(x)=p,(x), forall xeR.

(V) | P() =y,LL()+Y,L, () + Y, (%), xeR.

This is because since L (x) =1, L(x;)=0 fori= j,
i, j=1, 2, 3 from the earlier parts, we have
P(x)=y,, fori=1 2, 3.

(v) | Let X =Y ={1, 2, 3} and a function f: X — X,
satisfying

f(x)=y, y =ifori=1 2, 3,

wherex, =i, and y, €Y =X, fori=1 2, 3.
Note that the above translates to a derangement
problem, where the number of such possible

mappings is given by D, = 3!(1—%+ % —%j =2.

In fact, the 2 derangements are given by
Derangement 1: f(1) =2, f(2)=3, f(3)=1
Derangement 2: f(1) =3, f(2)=1, f(3)=2.

We now show that we can extend this derangement
property of function f defined on {1, 2, 3}to a
quadratic polynomial Q, which is defined on the real
line by finding explicitly 2 quadratic polynomials Q,,
Q, such that they satisfy

Ql(l) =2, Ql(z) =3, Ql(g) =1

QM =3 Q2)=1 Q,3) =2
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To do so, we can use either of the following two
methods:

Method 1

We can find two quadratic polynomials Q,, Q, such

that they satisfy
QM=2 Q2)=3 Q) =1
Qz (1) =3, Qz (2) =1, Qz (3) =2.
from parts (iii) and the interpolatory property (iv), we
get
Q(x) = 2L, (x) +3L,(X) +1L,(x),
Q, (%) =3L,(X) +1L,(X) + 2L, (X),
where

(x=2)(x-3) 1
L (x) = —2)0-3) = E(X—Z)(X—3),
(x=D(x-3) _
(2-1(2-3)
(x-D(x-2) 1

G @ 2 2" P2

Lz(x) = —(X—l)(X—3),

L(x) =

Method 2

Let Q,(X) =a,x* +a,x+a,, and

Q,(x) =b,x* +hx+h,.

We solve for coefficients a,,a,;,a, and b,,b,,b, such
that

Ql(l) =2, Q1(2) =3, Ql(g) =1,

or Q, ®=3, Q, (2) =1, Q, =2

We obtain the resulting system of linear equations
8,1 +a@)+a,=2,

3,(2)" +a,(2) +a, =3,

2,(3)" +a,(3) +a, =1.

bz(l)z +b, (1) +b, =3,

b,(2)* +b,(2) +b, =1,

b2(3)2 +b,(3)+b, =2.

a3, U

2= AT
3 13

b, =2, b=-""b,=8

’ a0:_21

Therefore, Q,(x) = —g X2+ —=x-2,

3., 13
X)=—X" ——X+8.
QM) =X~

Total Marks: 13
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Qn | Solution Remarks
9(1) | S(p)=p+1
(a)
((l'))) S(pa)=S(p)S(@) =(p+1)(q+1)
() | s(p"a")=S(p")S(q")
© :(1+ P+...+ p"‘)(1+q+...+q”)
_(pm+1_1)(qn+1_1)
(P-1)(a-1)
(i) | 220=2*x5x11
The proper divisors of 220 are
1,2,4,5,10, 11, 20, 22, 44, 55, and 110, and
Sum of all proper divisors of 220
=1+2+4+5+10+11+20+22+44+55+110
=284
284=2°xT71
The proper divisors of 2924 are 1, 2, 4, 71 and 142, and
Sum of all proper divisors of 284
=1+2+4+71+142 =220
@iv) | a(pg+r)=M +N
=S(M)
=S(apq)
=S(a)S(p)s(a)
=(S(a))(p+1)(q+1)
(v) |Since M , N form a pair of amicable numbers,

S(M)-M =N,and S(N)-N=M.
Simplifying, we get S(M)=S(N), and thus

S(apq) = S(ar()

(2a-S(a))(p+1)(q+1)
=2a(p+1)(q+1)-S(a)(p+1)(q+1)
=2a(p+1)(q+1)—a(pq+r)
=2a(p+1)(q+1)-a(pa+(p+1)(q+1)-1)
=2a(pg+p+q+1)-a(2pg+ p+0q)
=(2apq+2ap+2aq+2a)—(2apq +ap +aq)
=(ap+ag+2a)=a(p+q+2) (shown)
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(vi)

a=4, S(4)=1+2+4=T1.

[p”_m%(a)j(H_Za—aS(a)j:( a
J(q”‘zmi—?]

becomes

-5

(p-3)(q-3)=16

:[203—7]2

2a—S(a)j

WLOG let p<q,
p-3 g-3 p r
1 16 4 19 99
2 8 5 11 71
4 4 7 63

Since p, q, r are distinct primes,

so the only solutionis p=5, q=11, r =71, and
M =4x5x11=220, N =4x71=284.

Total Marks: 13

2019 JC2 H3 Mathematics Preliminary Examination Paper 1
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1 (i) Euclid’s Lemma states that if a|bc and gcd(a,b) =1, then a|c. Let b and c be integers and p
be a prime. Prove that if p|bc, then either p|b or pjc. [3]

1(i) If p|b, then the result is proved.

Suppose then that pfb.

Since the only positive integer divisors of p are 1 and p,
it follows that ged( p,b)=1.

Thus, by Euclid’s Lemma, p|c and the proof is complete.

(ii) Let neZ". Prove that Jn is a rational number if and only if Jn isan integer. [6]

1(i1) | if </n is an integer, then it is obvious that </n is rational.

We need to prove the converse, i.e. ~/n is rational = ~/n is an integer.

Assume by contradiction that there exists some positive integer n such that Jn s rational but
not an integer.

Then, \/ﬁ:% in the simplest form, where a, b>0, and a is not a multiple of b.
Hence, gcd(a,b)=1.

Since % is not an integer, b>2.
a’ 2 2
Therefore, n= ra =a‘=nb°.
Clearly, since b>2, b will have a prime factor, say p.

Thus, p|nb® andso p|a’.
By the resultin (i), p|a.

This implies that a and b have a common factor p, which is a contradiction that gcd(a,b)zl.

Need a home tutor? Visit smiletutor.sg
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For any non-negative integer n, let |, =j

(i)

By considering x <tanx < 4 x for xe [0,

T

“tan" xdx .
0

1

N

ﬂ':| , show that
T

&) =)

1

n+1

3]

2(3i)

V/a

z
4

I x"dx <
0

|

1
n+l

T
Xn+1 4
n+1

0

4x
x<tanx<—=x"<tan"x <
7 n
n 4
J‘Atan”xdxs —
0 T

<1, (_M
T
(ij <lI, SLLEJ (shown)
4 n+1\ 4

T n+l
(ij x" for XEI:O,E:I
Vs 4
J‘Zx” dx
0

s
Xn+1 4
=
n+1

0

1

n+1

4

T n+1

n+l n n+1
(5 =) [3)
4 T 4

(

(i)

Hence, or otherwise, find lim| .

[1]

n—oo

(i)

Since 1, >0 and lim—
n—w 4

=0.liml, =0

n—0

A

(i) Showthat I +1 ,=——— for n=2,3.4,... .

[2]

n-1

(iil)

T
In+ln72=J-
0

T

0

tan"* x
n-1

{

1
n-1

“tan" xdx +

_ % 4 2
_L tan" x(sec x)dx

J.“tan“’2 x dx =J‘4tan”’2 x(tam2 x+1)dx
0 0

For n=1,2,3,--- | let a, =

(iv) Using (iii), or otherwise, express a, intermsof 1, .

n (_1)r+l
— 2r -1

3]

(iv)

r=1

e
%= Z 2r-1

D (1) (1 + 1) *Using the result in (ii)

©TJC
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L, +1,
—1, -1,
+1,+1,
.
(1) (1300 + 1na)
(=1)" (1, + 1y0s)
z

= (1), + 1= (1) 1, + .

n

Evaluate lima, .

n—oo

[2]

v)

lima, =0+—== since liml, =0

n—o 4 4 n—»o

©TJC
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5

3 (a) A geometric progression {u,} has first term a and common ratio r. The sequence {v,}
comprises the terms of the geometric progression modulo N, where a, r and N are coprime
positive integers.

Prove that there are only non-zero terms in {v, } . [3]
3@ | Let N =p/py:pie...p;" forsome qeZ’.

Since a, r and N are coprime, for each ieZ", p, is not a factor of aand p, is not a factor of r.
Hence p, is not a factor of ar"™* forall ieZ",neZ".
Therefore N is not a factor of ar"™ for all neZ" and {v_} does not contain zeroes.

(b)

An arithmetic progression has first term b and common difference d. The sequence {Wn}
comprises the terms of the arithmetic progression modulo M, where b, d and M are coprime
positive integers.

(i) Provethat {w,} is periodic with period M. [5]

(ii) Deduce the period of {Wn} if d is a factor of M where d #1 and d =M . [3]

(b)(i)

Consider {wi, W1, ..., Wem} for t e Z7. Since there are only M possible values in {wn}, by the
Pigeonhole Principle, there must be at least 2 distinct terms, say w; and w,, where

t<j<k<t+M ,suchthat w; =w, and therefore w, —w; =0.

Hence (b + (k—1)d)—(b+(j—1)d) = (k—j)d=0 (mod M).
Since d and M are coprime, M |(k — ).
However, since t< j<k<t+M,(k—-j))=M=j=t k=t+ M and w; = Wem.

Since this result is true for all t e 7", {w,} is periodic with period M (shown).

(b)(ii) | From (i), (k —j)d = 0 (mod M).
LetM=d xf:then (k—j)=0 (modf), where f =%
Hence f| (k—j), and k—j=f, 2f, ..., df (= M).
Therefore {wn} is periodic with period f = %
Need a home tutor? Visit smiletutor.sg
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6

The power series method is used to seek a power series solution to certain differential equations. In
general, such a solution assumes a power series with unknown coefficients, then substitutes that solution
into the differential equation to find a recurrence relation for the coefficients.

Duffing’s equation is a type of non-linear oscillator equation as follows.
y'+y+ey®=0, y(0)=1, y'(0)=0.

dy d’y
where y'(t)=—= and y"(t) =—-.
y'(t) it y()dt2

A solution y(t) of this equation can be found by expanding y(t) as a power series in ¢, i.e.

V() =Y 2"y, (1)
n=0
where y,(0)=1, y;(0)=0 and y,(0)=y,;(0)=0 for n>1.

(1)
i+ Y =—(Y,)°

By substituting the power series of y(t) into Duffing’s equation, show that y;+y,=0 and

3]

P =Y

0

Y@=Z}WKU

0

y//(t) — Zgny:(t)
n=0
2

(ZTX-F y+ey’=0

Seyi)+ Y ey, (t)+g[ignyn (I)T ~0

n=0 n=0 n=0

Hence,

2\,

” "
Yot eV HEY,

Yo + Yo +5[(y0)3 +yr+ y0]+...:0
By comparing the coefficients,
Yo+Yo=0and y/+y, = _(YO )3 (shown)

3
+Yyt ey +E7Y, +e(Yo ey +EY,) +o..

=0

(i)

Given that y=e"(Acosfx+Bsingx) is the general solution of ay”+by'+cy=0 whose

auxiliary equation am* +bm+c =0 has complex roots m=a + i, find the particular equation

of the differential equation y; +y, =0.

3]

(i)

Yo +Y, =0 has the auxiliary equation m* +1=0.

m = i
Hence, the general solution is
Y, =e” (Acosx + Bsinx) = Acosx + Bsinx..

Given that y,(0)=1, A=1.
Given that y, (0)=0, B=0
. Yo =cos(t) is the particular solution.

©TJC 9820/01/19
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(iii) By considering the trigonometric identity cos®(t) = %cos(3t) + %cos(t) , verify that

y, (t) = Acos(t) + Bsin(t) + C cos(3t) + Dtsin(t)

is a particular solution to y;/+y, =-y°,, where A, B, C and D are constants to be determined. [4]

(iii)

VY ==(Yo)

=y+y, = —(cos(t))3

=y 4y, = —%cos(3t)—%cos(t) ---(*)

Since y, (t)=Acos(t)+Bsin(t)+Ccos(3t)+ Dtsin(t),

y; (t)=—Asin(t)+Bcos(t)—3Csin(3t)+ Dtcos(t)+ Dsin(t)
y;(t) =—Acos(t)—Bsin(t)—9C cos(3t) - Dtsin(t)+ Dcos(t)+
y;(t) =—Acos(t)—Bsin(t)—9C cos(3t)— Dtsin(t)+2Dcos(t)
Substituting into the differential equation (*),
—Acos(t)—Bsin(t)—9Ccos(3t)— Dtsin(t)+2Dcos(t)= —%cos(3t)—%cos(t)

Dcos(t)

+Acos(t)+Bsin(t)+Ccos(3t)+ Dtsin(t)
—8Ccos(3t)+2Dcos(t)= —%cos(3t)—%cos(t)

So C:i and D=—§.
32 8

Substituting the initial conditions y,(0)=1y, (0)=0,

we have A:i and B=0.
32

Hence, the particular solution is

¥, () =3—12cos(3t)—3—12005(t)—gsin(t).

(iv) Hence, find the first order solution to Duffing’s equation in increasing powers of ¢ .

[1]

(iv)

y(t) =y, +ey, +...

y(t)= cos(t)+g(sizcos(&)—icos(t)—gsin(t)j+...

32
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5 A series of right-angled triangles is constructed such that for all positive integers i, Z/BOB,,, =«
Z0BB,,, = %71 and all triangles AOB,B,,, are similar. The first 3 triangles are shown below.
B4
Bs
B2
0 By
(i) Giventhat OB, =d,, show that OB, =sec" '« d, forall n>2. [2]
5(i : .
® cosa = OB, forall ieZ"
o i+1
OB, =0B,_,(seca) =0B,_,(sec’ ) =...= OB (sec" ' ) =sec" "« d,
(if)  Denoting the area of AOB,B,,, by A, prove by mathematical induction that
ZA =1d] cota(sec” a—1), neZ’. [6]
r=1
(i) C 1., 2 N
Let P, be the statement ZA ==d; cota(sec™ @ -1),neZ
r=1 2
Letn=1: A =%(OBl)(OBz)sina
1 .
= Edl(dl seca)sina
1 2 2
=—d/ cotartan® o
2
1 2 2
==d; cotar(sec’ @ 1) =RHS
2
Hence Py is true.
Let P, be true for somen =k, keZ"
k
. 1
i.e. ==dcote(sec™ o -1
Z_;Af 2t ( )
k+1 k
Then D A=) A+A,
r=1 r=1
=i cota(sec™ o —1) + 50B.0B,;sina
=%d12 cota(sec™ o —1) + %(sec" a d,)(sec*  d,)sine from (i)
1 2 2k 1 2 2k+1 H
=>d; cotar(sec™ o —1) + Zd/sec™ " asina
2 2
1 2 2k 1 2 2k 2
=>d; cota(sec™ @ —1) + Zd/ cotarsec™ artan’ &
2 2
1 2 2k 1 2 2k 2
==d; cota(sec™ @ —1) + Zd; cotarsec™ ar(sec’ or 1)
2 2
Need a home tutor? Visit smiletutor.sg
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2k+2

1
= Edf cota(sec”™ " & —sec”™ a +sec™ a -1)

= %df cotar(sec™? 1)

Py is true = Py is true.
Hence by the principle of mathematical induction, Py is true for all ne 7"

(iii)  Prove the result in (ii) using another method.

[4]

(iil)

Aﬁ :%(OBi)(OB'

i+1

- 1 i7 i - l i7 -
)sina =§(sec ' d,)(sec' a d, )sina =§df (sec” a)sina
Hence ZA =%dfsin aZsecz”a which is a G.P.

r=1 r=1

1 seca(sec™ a -1)

= 2dfsinoz

sec’a—1
(sec2n a-1)

tan? o

=%d1Z tan o

= %df coter(sec” o —1) (shown)

©TJC
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10

6 (@) Find the number of paths in the array shown below that spell out the word TEMASEK. [3]
T
|
T - E - T
| | |
T - E - M - E - T
| | | | |
T - E - M- A - M- E - T
| | | | | | |
T - E - M- A -S - A - M- E - T
| | | | | | | | |
T - E - M- A -S - E-S-A- M- E - T
| | | | | | | | | | |
T -E- M- A-S-E-K-E-S-A-M-E -T
| | | | | | | | | | |
T - E - M- A -S - E-S-A - M- E - T
| | | | | | | | |
T - E - M- A -S - A - M- E - T
| | | | | | |
T - E - M- A - M - E - T
| | | | |
T - E - M - E - T
| | |
T - E - T
|
T

[6(@) | 4x2°-4=252 |

(b)  Ateacher has 9 identical pens to distribute among a H3 Mathematics class of 6 students. Find the
number of ways this can be done if each student gets at least one pen. [2]

(b) (8} g6
3

The teacher wishes to assign the 6 students to 3 different consultation slots. Find the number of
ways this can be done if no consultation slot is empty. [4]

(b)) ][ 3°-3x2°+3-0=540 |

The 6 students, assumed to be of different heights, then queue up in line at the Temasek Café to
purchase snacks. Use the principle of inclusion and exclusion to find the number of ways that
they can arrange themselves in line such that no three consecutive students are in ascending order
of height, from front to back. [6]

(b) Let A be the event that the first, second, and third people are in ordered height, A, be the event
that the second, third, and fourth people are in ordered height, A, be the event that the third,
fourth, and fifth people are in ordered height, and A, be the event that the fourth, fifth and sixth

people are in ordered height. By a combination of complementary counting and PIE, we have that
our answer will be
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ANANANA]=[S|-[AUVAUAUA|
:|s|—Z|A|+Z|A mAj|—_Z|AmAj AAJHANANANA]

|S|=6!=720

2|A|=(6]x3!x4=480
i=1 3
Z|AmAj|=|A1mA2|+|A1mA3|+|A1mA4|+|A2mA3|+|A2mA4|+|A3mA4|
W MEHE W RN
= x 21+ + + x 21+ + x 2!
4 5) (3) |4 5) (4
=122
Z|AmAJ.mAk|=|A1mA2mA3|+|AmAzmA4|+|AmA3mA4|+|A2mASmA4|

i<j<k
6 6
= +1+1+
5 5

_14
|IANANANA|=1
|A A A A =720-480+122-14+1=349
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7 (@) LetSbeasetofnintegers. By using the pigeonhole principle, or otherwise, prove that S contains
a subset such that the sum of its elements is divisible by n. [4]

7(a) Let S={a,a,,...a,} . Consider the following sums

S =a,
S, =a, +a,,

S, =8 +a,+..+4a,

There are in total n numbers. If any of the s, is divisible by n, then our subset is {a,,a,,...,a,}
and we are done. If none of the s, , 1<k <n, is divisible by n, then the residues of s, modulo n
are 1,2,..,n—1. We have n sums and n-1 residues. By (PP), there exists two sums s, and s,
1<i< j<n, which have the same residue. Then s; —s; is divisible by n. Take the subset

{a.1,3,.,....3;} and we are done.

(b) A linear Diophantine equation takes the form ax-+by =c, where a, b and c are given integers.

Solving a linear Diophantine equation means that only integer solutions for x and y are sought.
For example, consider the equation 3x+4y =1. If the values of x and y are integers, i.e. (-1,1),

(3,-2), (7,-5) and so on, a family of solutions may be described.

(i)  Prove that the linear Diophantine equation ax+by =c has a solution if and only if d|c,

where d =gcd(a,b). [4]
b)) | =)
Assume (X,,Y,) is asolution, i.e. ax, +by, =c. Since d|a and d |b, d|(ax, +by,) and so
d|c.
(<)

Assume d|c. Then c=dk for some integer k.
Also, d =au +hbv for some integers u and v.

Thus we have ¢ =dk =a(uk)+b(vk) which means that the equation ax+by =c has a solution
(namely uk and vk).

(if)  Hence prove that if (x,,Y,) is found to be a solution to the linear Diophantine equation
ax+ by =c, then the general solution is given by

x=xo+gt, yzyo—gt,wheretez. [3]

(i) Let x and y be integer solutions to the equation. Since ax + by =c = ax, + by, , we have
a(x—x%,)+b(y—y,) =0 and so dividing by d we get

a b
E(X_Xo) :_E(y_ yo) .
Since % and g are relatively prime, (x—x,) must be divisible by g

b .
and so x =X, +Et for some integer t.

Similarly, we have y =y, —gt for some integer t.
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(iii)  Two linear Diophantine equations are given below. For the one that can be solved, find the
solutions (x,y) suchthat x>0, y>0. Explain why the other cannot be solved. [4]
(A) 12x+21y=80
(B) 4x+7y=97

(iii) (A) 12x+21y=80 = 3(4x+7y)=80
However 3 does not divide 80 and so equation has no solution.

(B) We have gcd(4,7)=1 and notice that 4(2)+7(-1)=1 . Then a solution is
(2x97,-1x97) and the general solution can be written as x=2x97+7t and
y=-97-4t.

We want 2x97+7t>0 and —97 —4t > 0. This gives us —¥<t<—%7 which
means t =-25,-26,-27 .
The solutions are (5, 11), (12, 7) and (19, 3).
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14
Let a;,b, be non-zero real numbers, i=1,2,---,n.

(i)  Prove the Cauchy Schwarz’s inequality

(Zaﬂzb} Z(Za‘bi J [4)

8(a)(i)

We can consider Z:(ait—bi )'>0 forall teR,
i=1

a’ tZ—Z[ aibi}t+ b?>0 forall teR.

DIEEIID)

When Z:ai2 =0, the inequality is trivial (become equal).
i=1

So we need only to consider Zaiz > 0. For the quadratic function to be non-negative for all
i=1
values of t, we have discriminant <0.

{i;ibifz4(.2;@(%@2}0
<[ Son ] 2o S

Equality holds if and only if a, =kb, for all real constant k.

Alternatively,

Since a+h =|a||b|cos & = |asb

asb| <|a|b|

=|a||b||cos ] and |cosg| <1 ,

we have

ie. |aib1+azbz+"'anbn|s\/a12+a22+~"an2\/b12+b22 +--b?
= (ab +a,b, +--ap,) <(a’+a’ +a’)(b’+b,+--b?)

() H{Zw)

©TJC

@iy If p< b <q, show that pga,® —(p+q)ab +b*<0 and deduce that
a

(p+Q)Zn:aibi Zzn:biz + pq.iai2 . [3]
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(a)(ii)
Given psgsq:{p—glso i.e. l(pai—bi)so
a q a
(q—ﬁjzo i.e. l(qai—bi)zo
a a
We have i(pa. -b) 1(qa. -b)<
al 1 1 al 1 1
jé(pqaiz—(p+q)aibi+bi2)s
pga’ —(p+q)ab +b’)<0
Z(pqa ~(p+g)ab +b*)<0
=1
= pay (a’)-(p+a)d(ab)+X(b%)<0
i=1 i=1 i=1
“(p+a)Y ab=) b’ +pay a’
i=1 i=1 i=1
(iif) If 0<m<a <M and 0<m<bh <M, by using (ii) or otherwise, show that
n 2 n 2
[Zaﬁj[Zb J [—+—j [ZaibiJ . [3]
(a)(iii) | From (ii)

We have = (—+—jz

Squaring both sides:

(b)

Using (a) or otherwise, show that

roa) 20 Rl o]

b
() Let a 1+—b =1- 11
3 3I+
:>1—i2£ai,bi §1+11
3
:>§S a;,b, sﬂ
9 3
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Take m=

o S0 5024

M =

©| o
w|

By ()i, [Z(1+31j](2(1—31jHZ(“%)(l—?,)J 2

©TJC
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