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ANDERSON JUNIOR COLLEGE
2017 Preliminary Examination
H2 Mathematics Paper 1 (9758/01)
Duration: 3 hours

1 Mr Tan mvested a total of 525,000 in a stmctured deposit account, bonds and an
estate find He invested $7.000 more in bonds than in estate find The projected
anmual mterest rates for structored deposit account, bonds and estate fund are 2%,
3% and 4.3% respectively. Money that 15 not drawn out at the end of the year wall
be re-invested for the following year.

Mr Tan plans to draw out his money from all mvestments at the end of the second
year and estimates that he will receive a total of $26,300. Find the amount of money
Mr Tan mvested m each investment, giving your answer to the nearest dollar

[3]

[ B ]

Show that the differenfial equation
dv  3xy
_+—
dc 1-3x*
may be reduced by means of the substitution v = uafl =3x* to
du  x-1
dx —3x
Hence find the general solution for y in terms of x. [3]

- x4 ] =)

The diagram above shows a quadnlateral ABCD, where 4B = 2, EC=\E, angle
AEC‘=§—E radians and angle 4D =& radians.

Show that
AC=of6—4cos6—4smé . 2]
Given that & 15 small enough for &° and higher powers of & to be neglected, show
that
_mﬁﬂ+bﬁ'—cﬂ:,
where a, b and ¢ are constants to be determmned. [5]

© AJC Prelim 9758/ 01/ 2017 heed = trometotor ¥ VisLpiFiutor.sg


Rum
Stamp


N 2N
(@ Giventhat L fing S—1
Sant-1 2 2(2N +1)° a4(n+1) -1
ZN 1 1
Deduce that > ————is less than = . [5]
n=1 (2n + 3) 6
L n*-1
(b)  Thesum to nterms of a series is given by S, =nln2— -
Find an expression for the n'" term of the series, in terms of n.
Show that the terms of the series follow an arithmetic progression. [4]

A curve C has equation y = f(x). The equation of the tangent to the curve C at the

point where x = 0 is given by 2x — ay = 3 where a is a positive constant.
2

It is also given that y = f(x) satisfies the equation (1+ 2x)3—¥+ y% =0 and that
X X

the third term in the Maclaurin’s expansion of f(x) is %xz.

Find the value of a. Hence, find the Maclaurin’s series for f(x) in ascending powers
of X, up to and including the term in x3. [7]

The diagram below shows the line | that passes through the origin and makes an
angle o with the positive real axis, where 0<a <g :

Point P represents the complex number z, where 0<arg z, <a and length of OP is

r units. Point P is reflected in line | to produce point Q, which represents the
complex number z,.

y4
Q I
P
oL
O "X
Prove that arg z, +arg z, = 2o. [2]
Deduce that z,z, =r?(cos2a+isin2a). [1]

Let R be the point that represents the complex number zz,. Given that a=T,

write down the cartesian equation of the locus of R as z, varies. [2]
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Fig 1 Fig2

Figure 1 shows a solid metal hexagonal prism of height h cm. Figure 2 shows the
hexagonal cross-section ABCDEF of the prism where AD = 3x cm, BC = FE = x cm
and the remaining 4 sides are of length kx cm each, where k is a constant.

Show that
S =8x%\k? —1+2xh (1+2k), [3]

where S is the surface area of this solid hexagonal prism.

(@) If the volume of the prism is fixed at 400 cm?, use differentiation to find, in
terms of k, the exact value of x that gives a stationary value of S. [3]

Letk =2.

(b) The prism is heated and it expands in such a way that, at time t seconds, the
rate of increase of x is the same as the rate of increase of its height h. At the
instant when x = 3, the prism’s height is 8 ¢cm and its surface area is
increasing at a constant rate of 0.5 cm?s. Find the rate of change of the

volume of the prism at this instant. [6]
2
The curve C has equationy = 4X_—k;+2 , Where k is a constant.
(i)  Show that curve C has stationary points when k < 9. [3]

(if) Sketch the graph of C for the case where 6 <k <9, clearly indicating any
asymptotes and points of intersection with the axes. [4]

(iii) Describe a sequence of transformations which transforms the graph of
1 2 _
y = 2x+— to the graph of y=4x—8X+2. [3]
X X—2
(iv) By drawing a suitable graph on the same diagram as the graph of C, solve the
inequality
4X* —8X+2 - 1

X—2 X2 3]
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9 The position vectors of A, B and C with respect to the origin O are a, b and ¢
— —
respectively. It is given that AC =4CB and |a+b|" =[a] +|b[".
(i) By considering (a+b).(a+b), show that a and b are perpendicular.  [2]
(i)  Find the length of the projection of ¢ on a in terms of |a]. [3]
(i) Given that F is the foot of the perpendicular from C to OA and f denotes
_>
the position vector OF , state the geometrical meaning of |c><f|. [1]
(iv)  Two points X and Y move along line segments OA and AB respectively
such that
=2 .. A
OX = (cos3t)i +(Sln3t)j+zk,
% - - -
OY =(sint)i+ (cost)j—2k,
where t is a real parameter, 0 <t <2m. By expressing the scalar product of
— —
OX and OY in the form of psin(gt)+r where p, g and r are real values to
be determined, find the greatest value of the angle XOY. [5]

10 There are 25 toll stations, represented by T, T2, Tg,...... , T2s along a 2000 km
stretch of highway. T is located at the start of the highway and T is located x km
from T1. Subsequently, the distance between two consecutive toll stations is 2 km
more than the previous distance. Find the range of values x can take. [3]
Use x =60 for the rest of this question.

Each toll station charges a fee based on the distance travelled from the previous toll

station. The fee structure at each toll station is as follows:

For the first 60 km, the fee per km will be 5 cents. For every additional 2 km, the fee

per km will be 2% less than the previous fee per km.

(1)  Find, in terms of n, the amount of fees a driver will need to pay at Th. [3]

(i) Find the total amount of fees a driver will need to pay, if he drives from Ty to
Tn. Leave your answer in terms of n. [4]

More toll stations are built along the highway in the same manner, represented by

To6, T2z, Tos,........ beyond the 2000 km stretch.

(iii)  If a driver starts driving from T and only has $200, at which toll station will

he not have sufficient money for the fees? [2]
11 (i) Show by integration that
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—2X —2X

Ie’zxsinx dx:—ée sinx—%e COS X+ A

where A is an arbitrary constant. [3]

The diagram below shows a sketch of curve C, with parametric equations

x=e"',6 y=e'sint, —7r<t<r.

N X

Point P lies on C where t = g .

(i)  Find the equation of the normal at P. [3]

(iii)  Find the exact area bounded by the curve C for 0<t <, the line x=1 and
the normal at P. [5]

(iv)  The normal at P cuts the curve C again at two points where t=q and t=r.
Find the values of gand r. [3]

End of paper
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ANNEX B

AJC H2 Math JC2 Preliminary Examination Paper 1

1 |Equations and x = 13937.6 = 13938 (nearest dollars),
Inequalities y=9031.2 =9031,
z=2031.2=2031
2 |Differential Equations [1_2,2
y= —1(1 —3x2) _v173x sin”' (\/gx) +CA1-3x7
3 V3
3 |Binomial Expansion
a=x/§,b=—x/§,c=—%
4 |Sigma Notation and 1 1
Method of Difference @ 2(4N+3)
(b) In2 —1(2n -1)
e
5 |Maclaurin series _ 1, 5 ,
a=3; -l+—x+—-x"——x +..
3 27
6 [Complex numbers x=0,y>0
7 |Differentiation & 25(1+2k)
Applications @ x=3—5—=
pp 2(k2 _ 1)
(b) 1.02
8 |Graphs and (iii) A — Translate the graph by 2 units in the direction of
Transformation X-axis
B - Scaling, parallel to the y-axis by a scale factor of 2.
C - Translate the graph by 8 units in the direction of y-
axis
Alternately:
A — Translate the graph by 2 units in the direction of x-
axis
B - Translate the graph by 4 units in the direction of y-
axis
C - Scaling, parallel to the y-axis by a scale factor of 2
(iv) 0.805<x<1.69 or x>72
9 |Vectors (ii) %|a| (ii1) twice the area of the triangle COF
(iv) 143.1°
10 |AP and GP (i) 7.9-4.9(0.98")
(ii) 7.9n+245(0.98"")-252.9

Need a home tutor? Visit smiletutor.sg




(iii) 45" toll station

11 |Application of o N P | I
Integration (i1) y=—x+2e 7% (iil) Ee —2e 2+—O
(iv) ¢g=-1.92 and r=-1.01
12 |Q12 Topic
13 |Q13 Topic
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Anderson Junior College
Preliminary Examination 2017
H2 Mathematics Paper 1 (9758/01) solutions with comments

Let X, y and z be the amounts Mr Tan invested in structured deposit account, bonds and an estate
fund respectively.

X+y+z = 25000 --- (1)
y=z+7000 ---(2)
[(1.02x) ><1.02] +[(1.03y) ><1.03]+[(1.0452) ><1.045] =26300 --- (3)

Solving the 3 simultaneous equations :
x = 13937.6 = 13938 (nearest dollars),
y =9031.2 ~9031,
z=2031.2 ~2031

Let y=uy1—3x?
dy —d—u»\/l—3x2 +u(%) —Ox

dx dx 1—3x2
DE : d_y+ 3Xy2—x+1:0
dx 1-3x
o Wil 2 3X2(ux/1—3x2)—x+1=0
dx J1-3x¢  1-3x
o a3
dx J1-3x%  1-3x2
- (;—ua\/1—3x2 =x-1
X
N du_ x 1
dx 1-3x% 1-3%
1 —6X 1
6 I J1-3x2 '[x/1—3x2
sin(/3x
= y =—1[2 1—3x2}—L+C
13 6 3
1 1-3x2

= y=—§(1—3x2)— Sin_l(x/éX)-l-C 1-3x°

J3

Consider triangle ABC,

AC? =4+2—2(2)\/§cos(%—9j

= 6—4\/§(cos%cose+sin%sin 9): 6—4\/§(icose+isin Hj

Z" R

AC =+/6—4cos0—4sin 6 (shown)
Consider triangle ACD,

cosé = E
AC

- Need a home tutor? Visit smiletutor.sg
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2
cosezl—e—,
2

2
6—a[1-2 |20
2 2

(2+292 —49)%

Since @ is small, sin@ ~ @0,

AD =

2 (1+ 0? —29)%

2
-2 1+1(92
2 2
[ .

20y BED

=42

=42

=42

zﬁ—ﬁa—gez

22820 (g2 _2g) j

4(a)

1 1 1
2 2[2(2N+1)+1] 3
1
6

1
2(4N +3)

11 1 1

= and
(2n+3)°  4n*+12n+9
1 1

<
(2n+3)°  4(n+1)" -1

Alternative:
1 1 !
(2n+3)2 (2n+1)(2n+3) 4(n+1)2—1

Hence
2N 1 Z
§(2n+3)(2n+3 1 4( n+1 -1

2 1 1ot
“(2n+3)(2n+3) 6 2(4N+3)

[since N>0 &

<_
6

AN+1?-1 4n*+8n+3

; > 0]
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4b

n®-1
e

T,=S,-S,,=nIn2-
e

{(n—l)ln 2—
=[n-(n-1)]In 2—%[(n2 —1)—(n—1)2 +1}

1
=In 2—E[n2 —1-n? +2n—1+1]

1
=In2-=(2n-1
n2-=(2n-1)

T,-T.=In 2—%(2n—1)—[|n 2—%(2(n—1)—1)}

Since _Z is a constant, the terms follow an AP.
e

(n-1)’ —1}

Curve C: y=f(x)

Tangentto Catx=0is 2x—ay=3 :>y:—§+zx
a a
Since the tangentto Catx=0is y= f (0)+ f '(0)x,
3 2

f(0)=—a and f'(O):g

The 3" term of the series for f (x) is %xz

N f"(o):%

From (1+ ZX)%JF yg—y =0,
X X

3\ 2

When x = 0, we have E+(——j(—j =0
3 a/\a

=a’=9
=a=3 (sincea>0)
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d’y dy
1+2x)—+y—=0
( ) dx? y dx
Differentiate w.r.t. X :

3

d®y . d%y d?y (dyj2
1+2x 2 =2 |=0
L+ )dx3+ dszr[ydx2+ dx
2
Whenx =0, y=-—=-1, d_y:g d_g'zgzg,
X dx=- 9 3

y=—1+—x+—x2—£x3
3 3 9(3Y)
S TSV IR
3 3 27
P=1z=re", 1;
|z|=r &arg (z1) =6
NG
Let B be angle between lines OQ & I, ¢
B = (a - 0) since line | bisects ZPOQ
B
arg z; +arg z, P
=0+ (o + ) . >
=0+a+ (a-0) G
=20

|2,2,|=|z]|z,|=r* AND arg(z z,)=arg z, +arg z, = 2a

Hence z,z, =r?(cos2a+isin2a).

oc:g = zlzzzrz(cosgﬂsingj:rzi (Purely imaginary).

Cartesian equation of the locus of Ris x=0,y >0

FB=EC= 2«/(kx)2 —x% =2xk? -1

Area of cross-section of prism
= Area of ABCD + Area of AFED

= 2(Area of trapezium ABCD)

= ZB(X +3X)/(kx)? = X }
=42k -1

Surface area of prism, S = 2(4x2x/k2 —1) + 2xh + 4kxh

Hence S =8x°vVk”—1+2xh(1+2k)(shown) --- (2) Need a home tutor? Visit smiletutor.sg




7a

Volume of prism = 400 = (4x2 k? —1) h

100
h=——— ()
x?\k? -1
(1) in 2): S=8x2x/k2—1+2(1+2k)£ 100 J
xvk2 -1
d_S:16X\/H_200(1+ 2k)
dx x2\k? -1
25(1+ 2k
When d_Szo, X3=%2+2k) = X = w
dx 16(k2 —1) 2(k2—1)
7b When k = 2,

S =8x°\k2 —1+2xh(1+2k) = 83X’ +10xh  and

V= (4x2x/k2 —1)h — 43x%h

Given that % = %
dt

dt
dh dh dt
dx dt dx
Method 1
as dh

o 84/3(2x)+10h +10x_ = 16/3x +10h +10x --- (1)
X X

Z _4\/_(h2 + X 3—j 4\/_(2xh+x) --(2)

X X

When x =3, h=8, Z—?:O.S,

3—8 =16+/3(3) +10(8 +3) = 483 +110

LU 43(2.38+3")=228{3
dx

dav _dv dx dS

dt o dx dS dt

= 228/3 x
48J§ 1110
=1.02 (to 3s.f.)

Method 2

ds dx dh dx

——8 +10| h— 4+ x— | =(16+/3x+10h +10x |— --- (1
\/_[ ) (dt dt}(\/_Jr +10x) 5 (@

And

av dx o ch
V43 h2 a3 (2xh+x2) 2 2
dt J_( at d] V3(2x +X>dt (@)
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When x =3, h=8, % =0.5,using eqgn (1) to find 3—:

05= (16%(3) +10(8) +10(3))%

x__ 05 50025888
dt  48J3+110
Sub into (2) to get d_V

dt
‘?j—\t/ =43 (2.3.8+32 ) (0.0025888) =1.022343317 ~1.02 (to 3 sf)

8i) y_4x2—kx+2
X—2
By long division, y=4x+8-k+ 18_22k
X_

dy  (x—2)(8x—k)—(4x* —kx+2)(1)
dx (x—2)?
_AX?—16x+2k -2
o (x=2)

Let 3—y:0 — 4x*-16x+2k—-2 =0

X
= 2x* -8x+k-1=0
8+,[64-4(2)(k-1)

=X =2+
4 2

C has stationary point when k <9

9-k

However, when k = 9, the value x=2 is undefined on the curve.

In fact, the curve C is a straight line, y = 4x - 1.
Hence C has stationary point when k < 9.
Alternative Presentation 1.

ﬂ:O = 4x°-16x+2k—-2 =0
dx

Let

= 2x?-8x+k-1=0

For %:O to have real roots, "b® —4ac > 0"

X
=8 -4(2)(k-1)=0
= 64-8k+8>0
=8k <72
=k<9

Alternative Presentation 2:

Y _0 = 4x?_16x+2k-2 =0
dx

= 2x* -8x+k-1=0
=2(x-2)"+k-9=0
= 2(x—2)*=9-k

For g_y =0 to have roots x,

X
9-k=20=k<9

However, when k = 9, the value x=2 is undefined on the curve.

In fact, the curve C is a straight line, y = 4x - 1.
Hence C has stationary point when k < 9.
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(if)

2_ f—
y=4x—kx+2:4x+(8_k)+18 2k

X—2 X—2
Asymptotes of Carey = 4x +8 - kand x = 2
Whenx=0, y=-1.

When y =0, 4x* —kx+2=0

_ k++k?-32

8

=X

The axial intercepts are (0,-1), {

2 2
k—«/l; —32 ’OJ nd {kﬂ/k —32 ,o].

(iil)

18—-2(8
When k = 8, y:4x+(8—8)+A:4x+
X—2 X—2

y:2x+1—“>y=2(2x+iJ=4x+z
X X X

y=4x—-8+

2 g —Aly— =
y:4X+;—>y_4(x 2)+(x—2)_ (x-2)

y=4x-8+

—C 5y =| 4x-8+ +8=4x+
(x=2) (x=2)

A — Translate the graph by 2 units in the direction of x-axis
B - Scaling, parallel to the y-axis by a scale factor of 2.

C - Translate the graph by 8 units in the direction of y-axis

(x-2)

Alternate Sequence of Transformations:

A — Translate the graph by 2 units in the direction of x-axis
B - Translate the graph by 4 units in the direction of y-axis
C - Scaling, parallel to the y-axis by a scale factor of 2.

4x% —kx+2 . 1
X—2 X
4x* -8x+2 1

= 2

>_
X—2 X

When k =8,

2

From G.C,
0.805<x<1.69 or X>2.
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9(i)

(a+b).(a+b)=aa+2ab+bb
since (a+b).(a+b)=[a+b|’
and given [a+b|’ =|a* +|b|*
. aa+2ab+bb =[a +|p|

|a|2 +2a.b +|b|2 = |a|2 + |b|2

2a.b=0
ab=0
salb
) Using ratio theorem, @=4b+a=éa+gb.
- -
Length of projection of OC onto OA
0C-0A
[l
1 4 1 4
~“a+-b |sa —ae —De
) [5 5 j 5a a+ : bea
o [
ié|a|2 +:b-a .
== =Zq (since a L b)
& 5
iii) | |cxf| denotes twice the area of the triangle COF.
(iv) cos3t ) (sint
OX+OY =| sin3t |+ cost |=cos3tsint+sin3tcost—1=sin(4t)—1
1 -2
2
cos £XOY = 22O _ sin4t -1
|OXHOY| \/c0523t+sin23t+i\/sin2t+coszt+4
_sin4t-1
5
—4/5
(i
2, .
=—(sin4t-1
5( )
Maximum xXQY occurs when is most negative.
i.e. when sin4t =-1.
At that value of t,
cos X XOY :2(_1_1) __4
5 5
e
. AXOY =cos s =143.1°
10

X+(x+2)+(x+2(2)) + ... +(x+ 23(2))<2000
This is an AP with first term= x, common difference = 2, number of terms = 24

24
7[2x+23(2)] <2000

O<x< 181 Need a home tutor? Visit smiletutor.sg
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10(i)

n | Amount paid at Tn

2 | 60(0.05)
60(0.05)+2(0.05)(0.98)
4| 60(0.05)+2(0.05)(0.98) +2(0.05) (0.98)’

n .60(0.05)+2(0.05) (0.98) +2(0.05)(0.98)* +...+2(0.05)(0.98)" 2

0.098(1-0.98"*)

1-0.98
:3+4.9(l—0.98”’2)

= 7.9—4.9(0.98“’2)

Amount of feesat T, =3+

>

> [7.9-49(0.987)]

r=2
n

= 7.9—4.9Zn:(o.98"2)
=2

r=2

= 7.9(n 1)4.9{M]

1-0.98

r

=7.9(n—1)-245(1-0.98"")
= 7.9n+245(0.98”’1)—252.9

i | Let f(n)=7.9n+245(0.98"")-252.9. Note that f(n) is increasing in n
Consider 7.9n+ 245(0.98”‘1) ~252.9> 200

44 197.47
45 203.32
46 209.21

Using GC, n>45
He will not have sufficient money at the 45" toll station.

11 Ie‘zx sinx dx

= (—cosx)(e™) - [(—cosx)(-2e*) dx

= —e 7 cosX — 2[(Sin x)(e’zx)—jsin x(—2e7%) dx]
=—€72* cos X —2e 72" sin X —4je‘2X sinx dx

5.[ e?*sinx dx=-e?cosx—2e sinx+C

—2X —2X

Ie’“sinx dx:—ée sinx—%e COS X+ A

11ii :

%:_e* ﬂ:—e’tsmHe’t cost
dt dt

dy —e'sint+e™" cost
dx -

=sint —cost
Need a home tutor? Visit smiletutor.sg




Att:E, d—yzsin kil —CO0S ki =1-0=1, so gradient of normal = -1
2 dx 2 2

_ _ T _
x=e%, y:e%sm—:e%

Equation of normal: vy P =1(x —e%) = y=—-X+ 2¢ %

11iii

J

Area
:.Ll*"'z e“sint—(—x+2e%)dx

[ ataint(_pt ! _on %
_I%e sint(—e )dt+J'eMx 2e 72 dx
0 Ya ' v T
:—j esint dt+| — —[Zeéx}
7% 2 o o
0 -7
:—[—ge“sinx—le“cosx} I —[Ze%(l—e%)}
5 5 5 2 2

2 . (m)y 1 __ n 1 e~
cosO0——e"sin| — |[-=e " CcoS—+——
5 2) 5 2

0

:ge sin0+£e0
5 5

—2e72 400
2

Alternative:
1

Area= | e Sint—%(e%)(Ze% —e7) +%(l—2e%)2

[Whenx =1,y=1+ Ze%]

11iv | For normal to meet curve again,
Substitute parametric eqns into y =—x+ Ze%

e'lsint=—e"+ Ze%
e ' (sint+1)— 2672 -0

Using GC, t =-1.92148, —1.0145, 1.5707 (rej, this isg)

So g=-1.92 and r =-1.01 (to 3 sf)

Need a home tutor? Visit smiletutor.sg




ANDERSON JUNIOR COLLEGE
2017 Preliminary Examination
H2 Mathematics Paper 2 (9758/02)

Duration: 3 hours

Section A: Pure Mathematics [40 marks]

At the intensive care unit of a hospital, patients of a particular condition receive a certain
treatment drug through an intravenous drip at a constant rate of 30mg per hour. Due to
the limited capacity for absorption by the body, the drug is lost from a patient’s body at
a rate proportional to x , where x is the amount of drug (in mg) present in the body at
time t (in hours). It is assumed that there is no presence of the drug in any patient prior
to admission to the hospital.

(i)  Form a differential equation involving x and t and show that x = %(1—{“)

where Kk is a positive constant. [4]

(if)  If there is more than 1000mg of drug present in a patient’s body, it is considered
an overdose. Suppose the drug continues to be administered, determine the range
of values of k such that a patient will have an overdose. [2]

For a particular patient, k = % :

(iii)  Find the time required for the amount of the drug present in the patient’s body to
be 200mg. [3]

The polynomial P(z) has real coefficients. The equation P(z) = 0 has a root re'’ , where
r>0and0<@<z. Write down a second root in terms of r and &, and hence show that
a quadratic factor of P(z) is z° —2rzcos@+r>. [2]

Let P(z) = z° +az® +15z+18 where a is a real number. One of the roots of the equation
2n

P(z) =0 is 3el[?). By expressing P(z) as a product of two factors with real
coefficients, find a and the other roots of P(z) = 0. [4]

Deduce the roots of the equation 18z° +15z° +az+1=0. [2]
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Planes 77, and 17, are defined by

I :X—2y+2z2=7, m, .re 3 |=8.

where a is a constant.

(i) The point P has position vector —2i+ j+k . Find the position vector of F, the foot
of the perpendicular from P to plane rz,.
Hence, or otherwise, find the shortest distance from P to plane 1.

[5]
(i)  Line m passes through the point F and is parallel to both planes /7, and r7,. Find
the vector equation of line m. [2]

(iii) It is given that the point Q(1,—4,-1) lies on line m. Find the value of a. [3]

%
(iv) Find the length of projection of PQ on the x-y plane. [3]

The function f is defined by

X

fZXHe for xeR .

e-1

Sketch the graph of y =1f(x) and state the range of f. [3]

Another function h is defined by
(x—l)2 +1 for x<1

h:x— _
1—u for 1<x<4

Sketch the graph of y=h(x) for x <4 and explain why the composite function f'h
exists. Hence find the exact value of (f‘lh)fl(B) . [7]
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Section B: Probability and Statistics [60 marks]

A vehicle insurance company classifies the drivers it insures as class A, B and C
according to whether they are of low risk, medium risk or high risk with regard to
having an accident. The company estimates that 30% of the drivers who are insured are
class A and 50% are class B. The probability that a class A driver will have at least one
accident in any 12 month period is 0.01, the corresponding probabilities for class B and
C are 0.03 and 0.06 respectively.

(i)  Find the probability that a randomly chosen driver will have at least one accident
in a 12-month period. [2]

(i)  The company sold a policy to a driver and within 12 months, the driver had at least
one accident. Find the probability that the driver is of class C. [2]

(iii) Three drivers insured by the company are chosen randomly. Find the probability
that all three drivers are of class C and exactly one of them had at least one accident
in a 12-month period. [3]

In an experiment to investigate the decay of organic material over time, a bag of leaf
litter was allowed to sit for a 20-week period in a moderately forested area.

The table below shows the weight of the remaining leaf litter (y kg) when x number of
weeks have passed.

X 1 2 4 6 8 9 11 15 20
y | 60.9 | 51.8 | 347 | 26.2 | 140 | 123 | 8.2 3.1 1.4

(i) Draw a scatter diagram of these data. [1]

(if)  Find the equation of the regression line of y on x and calculate the corresponding
estimated value of y when x = 17.
Comment on the suitability of the linear model for these data. [3]

The variable W is definedas W =Iny.
(iii) Find the product moment correlation coefficient between W and x. [1]

(iv) Itis given that the weight of the leaf litter in the bag was 75.0 kg initially. Using
an appropriate regression line, estimate how long it takes for the weight of the
leaf litter to drop to half its initial value, giving your answer to one decimal place.

3]

Give two reasons why you would expect this estimate to be reliable. [2]
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(a) The Health Promotion Board of a certain country claims that the average number
of hours of sleep of working adults is at most 6 hours per day. To investigate this
claim, the editor of a magazine plans to conduct a survey on a sample of adults
travelling to work by train.

(i)  Explain why this method of sampling will not give a random sample for the
purpose of the investigation. [1]
The editor of another magazine interviewed a random sample of 50 working
adults and their number of hours of sleep per day, x, are summarised as
follows:

ZX =320, sz =2308.5

(i) Test at the 5% level of significance whether there is any evidence to doubt
the Health Promotion Board’s claim. State with a reason, whether it is
necessary to assume that the number of hours of sleep per day follows a
normal distribution. [5]

(b) The Health Promotion Board carried out their own survey on another random
sample of 50 working adults. The sample yielded an average of 6.14 hours of sleep
per day and a standard deviation of 2.1 hours.

If the sample does not provide significant evidence at the 5% level of significance
that the mean number of hours of sleep per day of working adults differs from

hours, find the range of values of 1, [4]

A biscuit manufacturer produces both cream and chocolate biscuits. Biscuits are chosen
randomly and packed into boxes of 10. The number of cream biscuits in a box is denoted
by X.
(@) On average, the proportion of cream biscuits is p. Given that P(X = 1 or 2) = 0.15,
write down an equation for the value of p. Hence find the value(s) of p numerically.
[3]
(b) It is given instead that the biscuit manufacturer produces 3 times as many cream
biscuits as chocolate biscuits.

(i) Find the most likely value of X. [2]

(i) Arandom sample of 18 boxes is taken. Find the probability that at least 3 but
fewer than 7 boxes have equal numbers of cream and chocolate biscuits. [3]

A box of biscuits is sold at $10. The manufacturer gives a discount of $2 per box to its
premium customers. The mean and variance of the number of boxes sold per day to
each type of customers (assuming independence) are as follows:

Mean Variance
Number of boxes sold at usual price 180 64
Number of boxes sold at discounted price 840 169

Find the approximate probability that the total amount collected per month from the
sales of biscuits is not less than $255,000, assuming that there are 30 days in a
month. [4]
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9 Four families arrive at Science Centre together. Mr and Mrs A brought their 2 children
while Mr B brought his 2 children. Mr and Mrs C brought their 3 children while Mrs D
brought her only child. All these 14 people have to go through a gate one at a time to
enter the centre.

(i) In how many different ways can they go through the gate if each family goes in
one after another? [2]
There are two experiments at the Science Magic Experience station.

(i) Inone experiment, participants are to be in groups of twos or threes. In how many
different ways can the 8 children from the four families be grouped among
themselves? [3]

(iii) In another experiment, the four families have to hold hands to form two separate
circles of equal size to experience a science phenomenon. Each circle must have
exactly four children and members of the same family must be in the same circle.
Find the number of ways of arranging these 14 people in the two circles such that
there is no more than one adult between any two children. [3]

10 Males and females visiting an amusement park have heights, in centimetres, which are

normally distributed with means and standard deviations as shown in the following
table:

Mean (cm) Standard deviation (cm)
Male 165 12
Female 155 o

It is found that 38.29% of the females have heights between 150 cm and 160 cm.

(i) Show that ¢ = 10.0 cm, correct to 3 significant figures. [2]

(if) Find the probability that the height of a randomly chosen female is within 20 cm
of three-quarter the height of a randomly chosen male. State an assumption that is
necessary for the calculation to be valid. [4]

The amount, $X, a visitor has to pay for a popular ride in the park is $10 if the visitor’s
height is at least 120 cm but less than 150 cm, and $m if the visitor’s height is 150 cm
and above. If the visitor’s height is less than 120 cm, he/she does not need to pay for
the ride.

(iii) Assuming that a visitor purchasing a ticket for the ride is equally likely to be a
male or female, find in terms of m, the probability distribution of X. [3]

Given that the expected amount a visitor will pay for a ride is $17.93, show that
m = 20.00, correct to 2 decimal places. [1]

(iv) Three visitors were randomly chosen. Find the probability that the total amount
they paid for a ride together is more than $40. [3]

End of paper
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ANNEX B
AJC H2 Math JC2 Preliminary Examination Paper 2

1 |Differential Equations |(ii) 0 <k <0.03
(iii) # = 7.16h or 7h 9min
2 |Complex numbers a=5

| [ 2m

3e{27n), 35(_7j and -2 =26

[ 2m [2m
L)L) L
3 3 2
3 |Vectors -1
i) oF=|-1;3
3
-1 -4
(i) r=| -1 |+ | 1+2a | where 1]
3 3+2a
(111)4
(iv) /34
4 |Functions 1-Je +e
5 |P&C, Probability (1) 0.03
(i1) 04
(iii) 0.00127 (to 3sf)
6 |Correlation & Linear  |(ii)) y=49.7-3.09x; - 2.85
Regression (iii) - 0.998

(iv) 3.6 weeks
7 |Hypothesis Testing (a)(ii) do not reject Ho
(b) 5.55< u, <6.73

8 Binomial Distribution \a) 5p(1- p)*(2+7p)=0.15; p=0.0162 or p = 0.408

(b)(Q) 8 (ii) 0.0843 (iii) 0.798

9 |P&C, Probability 6)) 829, 440

(i1) 385

(1)) 20736

10 [Normal Distribution (i1) 0.201

x(@{in$) P(X =x)
0 0.00016056

10 0.20693
m 0.79291
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(iii) 0.889

11

Q11 Topic

12

Q12 Topic

13

Q13 Topic
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Anderson Junior College
Preliminary Examination 2017
H2 Mathematics Paper 2 (9758/02)

1(i)

X _30_kx k>0
dt
1
= dx = [ dt
J30me®=]

:—%In\SO—kx\:HC

= In[30— kx| = —kt —kC
=[30—kx =™
=30—kx=Ae™, where A=+e*

:>x=%(30—Aek‘)
Att:O,x:0:0:1(30—Ae°):> A=30
k

= X :%(30—30e"t):%(1—e"‘)

1(ii)

For patient to have overdose,

x:3—£(1—ek‘)>1ooo

Sincefor t>0, 0<e ™ <1, so 0<l-e* <1

@>@(1—e*“)>1ooo
k =k
30

O<k<——=0.03
1000

(iii)

_t
At x=200, 200 =30(50) (1— g o J

t
1-g 0-2
15

t=50In [E]
13

Using GC, t = 7.16h or 7h 9min

Second root is re™ .

Quadratic factor of P(z) is
(z—reie)(z—re"e)
=2°—(re” +re™)z+(re")(re™)
=2 —r(e"+e )z +r’
=2"—r(cosO+isinO+cosO—isin0)z+r?

=2 —(2rcos0)z+r?

[(27n
(2
root of the equation is 3e(3).

So r=3 and e:%".

Quadratic factor is z* —2(3)(0032—;jz+9 =7°+3z49
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hence z°+az®+15z+18=(z>+3z+9)(z+2)
By comparing zZterm, a=5
The roots of the equation z°> +az® +15z+18=0 are

3ei[%nj, 3ei(_237rj and —2=2¢'™

182° +15z° +az+1=0

z3(18+15(1j+a(i2j+[ignzo
z z z
Since z=0 , and let w=1

z

We have W* +aw’ —2w+18=0
(2n ([ 2=

Hence w= f-se'[?j , 3el(7?j ,—2

1 3ei[2§j,3ei(f%),—2

z

Since

vt and arg(ljz—arg(z)
z| |z z

(_2m) 4 (2=
So z:%e( 3J,1e[3j,—5 are the roots of 18z° +15z° +az+1=0

3
3(1) Equation of line through point P and perpendicular to 7; is
-2 1
r={1|+4]-2|, 1R
1 2
Since F lies on plane 7; |
(=2+1) -2(1-20) + 2(1+20) =7 = A =1
N -2 1 -1
OF=| 1 |+1 -2|=|-1
1 2 3
w A -1\ (-2 1
PF=0OF-OP=|-1|-| 1 |=| -2
3 1 2
- = 2 2 2
shortest distance from P to plane /7, = |PF :»\fl +(-2)" +2° =3
3(ii) | Line m is parallel to both planes:
1 a 2-6 -4
-2 |x| 3 |=|—-(-1-2a) | =| 1+ 2a
2 -1 3+2a 3+2a
-1 —4
Equation of this linem:r =| -1 |+ x| 1+2a | where x e R
3 3+2a
3(iii) | Q(L,—4,-1) lieson line m,
1-4p=1 --- (1)
-1+(1+2a)u = -4 --- (2) Need a home tutor? Visit smiletutor.sg

3+(B+2a)u=-1 ---(3)




From (1) :pn=-%
From (2) : a=5/2
From (3):a=5/2 . Hence the value of a is 5/2

Alternative method

1) (1) (2
_)
FQ=|-4|-|-1|=|-3

~1) (3) (-4

Since line m contains F and is parallel to 77; , line m lieson 7.

%
Since line mison 7Z;, Qison 7. hence FQ is// 7, and in

2 a
-3 3 (=0
41
2a-9+4=0
a=>5/2
(iv) | Method 1 (dot product)
N 1 -2 3 0
PQ=|-4|-| 1 |=| -5 | and normal to the x-y plane = | 0
-1 1 -2 1
(0 3)(0
QR=|PQ+ 0 ||=| -5 0|=2
1 -2 )1
- - %
length of projection of PQ on the x-y plane
= JPQ -2 = [(F+52+2° - 2> =[34 pr - 1
Method 2 (cross product) | |
_)
length of projection of PQ on the x-y plane
(0 3 0 -5
= PR=|POx| 0 |=] -5 |x| 0| =] -3 | =+52+32 =34
1 -2 1 0
4 Soln: v yefix
_(L Ooj
ld-e’
0,0 X
e DR -
y=—
l-e
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1
D, =R, :(1—,ooj:(—0.582,oo)
Hence R, < D,.,, so fh exists .

-1

Let (f7h) (3) =k

=f"h (k) =3 Alternative method: use f*(x)
=h(k)=f@) Let (f*h) " (3) =k

3 —
—h(k)=" 11=e2+e+1 = fih(k)=3
Since e?+e+1>1, = In[1+(e-1)h(k)]=3
hence h(x) = (x-1)*+1 =1+ (e-Dh(k) = ¢’

2 2 63 —1 2
(k—1)"+1=e’+e+1 = h(k) = S =¢ +e+1
=k=1++e’+e
Since x <1, hence the exact value of (f’lh)fl(S) =1-+e’+e.

5(1) | Required probability A Accident
= (0.3x0.01) +(0.5x0.03) +(0.2x 0.06) <E B Accident
=0.03 c ———» Accident

5(ii) P (accident nclass C
P(class C/accident) = (aCCI il _mcass )

P (accident)

_ 0.2x0.06 _04
0.03
5(iii) | P(all three drivers are of class C and exactly one have accident)
I
=(0.2x0.94)" x 0.2x0.06x >
2!
=0.00127 (to 3sf)

G(i) 1 1 1 ) I
‘Dy o
[ "
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6(ii)

Regression line of y on x is y =49.7 —3.09x
When x =17,y = -2.8466...= - 2.85

The linear model is not suitable since
1) the negative value of y is impossible or
2) the scatter diagram shows a curved relationship between the two variables.

6(iii) | Product moment correlation coefficient between W and x
=-0.997837...=-0.998
6(iv) | Since x is the controlled variable, we use the regression line of Iny onx:
Iny =4.3549-0.20532x [from GC]
When y = %(75) ,
75
we have In 5= 4.3549 -0.20532x
= x=3.5581...=3.6
The weight will drop to half its original value in 3.6 weeks.
The estimate is reliable since
1) The product moment correlation coefficient between Iny and x is
-0.998 which is very close to -1, showing a strong negative linear correlation between
Inyand x.
2) The estimate is an interpolation, because y = %(75) is in the data range 1.4<y <60.9.
7a(i) | Only working adults travelling by train will have a chance of being selected. Those who do
not travel by train will have no chance of being chosen. Hence not every working adult in the
country has an equal chance to be selected — therefore the sample is not a random sample.
7a(ii) | Let X hours be the number of hours of sleep of a randomly chosen adult and p be the mean of

X.

Totest H,:u=6 vs H :u>6

50

Since population variance o is unknown, it is replaced by s?
X -6

J50
We use a one-tailed test at 5% level of significance,
that is, reject H, if p-value <0.05

Sample readings: X = % =6.4,

. 2
Since sample size is large, by CLT, X ~ N (G,ij

Under Ho, test statistic Z = ~N (0,1)

320)
2= L 2308.5——( ) —5.31633
49 50

From GC, p-value = 0.109967 = 0.110 > 0.05

= we do not reject Ho.

Hence we conclude that there is insufficient evidence at the 5% level
of significance to doubt the Health Promotion Board’s claim.

It is not necessary to assume that the number of hours of sleep follow a normal distribution
because since the sample size is large, by the Central Limit Theorem, the sample mean

follows a normal distribution approximately. L
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7b

Totest H :u=p, vs H :iu#py,
s2=29(21) x-6.14,

49
Since Hois not rejected at the 5% level,

~1.95996 < X_T“ <1.95996

N
— —1.95996 < % <1.95996
J49
. 6.14-1.95996 2% < 1 <6.14+1 95996 2%
. Jag v Ja9
— 5552012 < 41, < 6.727988

=5.55< 4, <6.73

(@)

Let X be the number of cream biscuits per box. X ~ B(10, p)
P(X=1o0r2)=0.15

P(X=1)+P(X=2)=0.15

lOCl pl(l_ p)9 + lOC2 p2(1_ p)8 — 0.15 . }
10p(1- p)° +45p*(1-p)® =0.15 :
5p(1-p)*[2(1- p)+9p]=0.15 M

5p(l- p)°*(2+7p)=0.15

From G.C,, Draw y _sp- py(2+7p)-0.15

p =0.0162 or p = 0.408
(other values are 1.45 or -0.288 need to be rejected)

S

8
(b)
(i)

H

X ~ B(10, %). Let Y1 = P(X = X).

From G.C,,
since P(X = 8) is the highest,
The most likely no. of cream biscuits = 8

1]
1
2
3
y
5
6
7
8
9
1

(i)

Let Y denote the random variable: Number of boxes with X = 5.
Y ~ B(18, p) where p = P(X=5) = 0.058399
PB<Y <7)=P(Y <6)-P(Y <2)
=0.0843 (3 s.f)

(iil)

Let U = no. of boxes sold at Usual price

Let D = no. of boxes sold at Discounted price

Let W: Total income per day.

W = 10U+8D

E(W) = 10E(U)+8E(D) = 180 x $10 + 840 x $8 = $8520
Var(W) = 10?Var(U)+82Var(D) = 64 x 10? + 169x 8% = 17216

Let T = Wi+ Wot...+ Wao
Since n = 30 is large, by Central Limit Theorem,

T~ N (30x8520, 30x17216)= N(255600, \/5164802) approximately

P(T > $255000) =0.798 Need a home tutor? Visit smiletutor.sg




9(i)

family A B C D
Adult | kids | Adult | kids | Adult | kids | Adult | kids
2 2 1 2 1 3 1 1

4 family units, No. of ways = 41 x4l x 3! x51x 21 = 829, 440

9(ii)

°C,x °C, x °C,
21

Case 1: 3,3,2 No. of ways = =280

°C,x °C,x 'C, x *C,
41

Case 2: 2,2,2,2 No. of ways = =105

Total no. of ways = 280 + 105 = 385

9(iii)

There is only 1 way to divide the 8 children and the adults into 2 circles to satisfy all
conditions. Family A and B (3 adults & 4 kids) must be in 1 circle and Family C & D are in
another circle.

Arrange the children in 1 circle : (4-1)!

Slot in adults in between children : *Cx 3!

No. of ways = [(4 — 1)! x*C3x3!] x [(4 —1)!x*C3x3!]
= 20736

10(i)

Let M denote the random variable: Height of a male visitor in cm. M ~ N(165, 12?)
Let F denote the random variable: Height of a female visitor in cm. F ~ N(155, ¢?)

P(150 < F < 160) = 0.3829
P(-> <7 <>)=0.3829
O O

5 = % =0.30855

P(Z<-—)
(oa

From G.C. —E =—0.4999646

o
= o0 =10.0 cm (3 sig. fig.)

(if)

%M ~F~ N(§x165—155,%><122 +10?) = N(-31.25,181)

P(EM—F szo):P(—zos%M—Fszo)

=0.201 (3sig. fig.)

Assumption: The heights of all male and female visitors are independent of one another.

(i)

Probability Distribution of X:

X (in $) P(X = x)

0 % P(M <120) +% P (F <120) = 0.00016056

10 % P(120 <M <150) +% P(120 < F <150) = 0.20693

m %P(M 2150)+%P(F >150) = 0.79291

Given E(X) =17.93 = 0 (0.00016056 )+10(0.20693)+m(0.79291)
= m=20.00 (shown)

(iv)

P(X1+ Xz + X3 > 40) = P(20, 20, 20) + 3. P(20, 20, 10) Noed & home tutor? Visit smiletutor.sg
=0.889




The graph of y =— , Where a, b and ¢ are non-zero constants, has a turning point

ax“ +bx+c

at (—1,1), and an asymptote with equation x = —%. Find the values of a, b and c. [5]

2 | The diagram below shows the graph of y =f(x).

Ay

The graph passes through the point (»,0) and has turning points at P(0,1) and Q(1,2). The

. 1
lines y=1and x=a, where h<a < —5 are asymptotes to the curve.

On separate diagrams, sketch the graphs of

S [l
(@) y—f( > J [3]

i y=f(x), [3]
labelling, in terms of a and b where applicable, the exact coordinates of the points
corresponding to P and Q, and the equations of any asymptotes.

Solve the inequality

<
< =,

x+a x —-a

real number. [3]

N 2a |

— > |

leaving your answer in terms of a, where a is a positive

dx exactly. [4]

Hence or otherwise, find J

2a

2
xX+a X —a

4 |G Expand (k+x)", in ascending powers of x, up to and including the term in x*, where
k 1is a non-zero real constant and # is a negative integer. [3]
(i) State the range of values of x for which the expansion is valid. [1]
(iii) In the expansion of (k +y+3y° )73 , the coefficient of y* is 2. By using the expansion
in (i), find the value of k. [3]

5 The points O, 4 and B are on a plane such that relative to the point O, the points 4 and B have
non-parallel position vectors a and b respectively.
The point C with position vector ¢ is on the plane OA4B such that OC bisects the angle AOB.

Show that (i —Lj c=0. 2]

|a [b]
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The lines AB and OC intersect at P. By first verifying that OC is parallel to ﬁ +|:%| , show
a
that the ratio of AP: PB =|a|:|b]. [6]

It is given that ¢” = (1+sin x)2 :
(i) Show that

2 2
e’ d_);j{d_)/j =2(cos2x—sinx).
dx dx

By repeated differentiation, find the series expansion of y in ascending powers of x,

up to and including the term in x°, simplifying your answer. [5]

(i) Show how you can use the standard series expansion(s) to verify that the terms up to

x* for your series expansion of y in (i) are correct. [3]

(a) Giventhat 2z+1= |w| and 2w—z =4+38i, solve for wand z. [5]
e

(b) Find the exact values of x and y, where x,y €l , such that 2¢ * ' /=1-1. [4]

The curve C and the line L have equations y =x and y = %x —2 respectively.

(i) The point 4 on C and the point B on L are such that they have the same x-coordinate.

Find the coordinates of 4 and B that gives the shortest distance 4B. [3]
(ii) The point P on C and the point O on L are such that they have the same y-coordinate.
Find the coordinates of P and Q that gives the shortest distance PQ. (3]

(iii) Find the exact area of the polygon formed by joining the points found in (i) and (ii).
[2]

(iv) A variable point on the curve C with coordinates (S,S2) starts from the origin O and
moves along the curve with s increasing at a rate of 2 units/s. Find the rate of change

of the area bounded by the curve, the y-axis and the line y = s, at the instant when

s =12. [4]

(a) By writing
: 1 : 3
sin| x+— |w—sin| x—— |7&
4 4

. : . . : < 1 :
in terms of a single trigonometric function, find Z cos (x - ZJ n, leaving your answer

x=1

in terms of n. [4]

(b) The function f'is defined by
f:stin(x+%}t—sin[x—%)n, xel, a<x<l.

(i) State the range of f and sketch the curve when a=-1, labelling the exact
coordinates of the points where the curve crosses the x- and y- axes. [3]

(i)  State the least value of a such that f ™' exists, and define f " in similar form. [3]

The function g is defined by

g:xl—>£, xell, xZE.
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Given that fg exists, find the greatest value of a, and the corresponding range of
fg. [3]

10

Abbie and Benny each take a $50 000 study loan for their 3-year undergraduate program,

disbursed on the first day of the program. The terms of the loan are such that during the 3-

year period of their studies, interest is charged at 0.1% of the outstanding amount at the end

of each month. Upon graduation, interest is charged at 0.375% of the outstanding amount at
the end of each month.

(a) Since the interest rate is lower during her studies, Abbie decides that she will make a
constant payment at the beginning of each month from the start of the program for its
entire duration.

(i) Find the amount, correct to the nearest cent, Abbie needs to pay at the beginning
of each month so that the outstanding amount after interest is charged remains at
$50 000 at the end of every month. [2]

(i) After graduating, Abbie intends to increase her payment to a constant $4 at the
beginning of every month. Show that the outstanding amount Abbie owes the
bank at the end of » months after graduation, and after interest is charged, is

$[1.oo375" (50000) —%k(1.00375" —1)}. [2]

(iii) Abbie plans to repay her loan within 10 years after graduation. Determine if she
can do this with a monthly instalment of $500, justifying your answer. [1]
Find the amount she needs to pay so that she fully repays her loan at the end of
exactly 10 years after graduation, leaving your answer to the nearest cent.  [2]
(b) Benny wishes to begin his loan repayment only after graduation. Like Abbie, he aims
to repay the loan at the end of exactly 10 years after graduation.
Leaving your answer to the nearest cent, find
(i) the constant amount Benny needs to pay each month in order to do this, (3]
(ii) the amount of interest Benny pays altogether. (2]

11

(i) Show that for any real constant £,
_ - b
Iz‘ze “dr=—e | L+ Zt+= |4 D,
k k k
where D is an arbitrary constant, and a, b, and ¢ are constants to be determined.  [3]

On the day of the launch of a new mobile game, there were 100,000 players. After # months,
the number of players on the game is x, in hundred thousands, where x and ¢ are continuous
quantities. It is known that, on average, one player recruits 0.75 players into the game per
month, while the number of players who leave the game per month is proportional to .

(ii) Write down a differential equation relating x and ¢. [1]
(iii) Using the substitution x=ue" , show that the differential equation in (ii) can be
reduced to
du 2 -3¢
—=-pt’e ¥,
ar 7

where p is a positive constant.
Hence solve the differential equation in (ii), leaving your answer in terms of p. [5]

(iv) For p=1, find the maximum number of players on the game, and determine if there

will be a time when there are no players on the game. (2]
(v)  Find the range of values of p such that the game will have no more players after some
time. [2]
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ANNEX B
ACJC H2 Math JC2 Preliminary Examination Paper 1

QN Topic Set Answers
1 |Graphs and
Transformation a=3,b=7 and c=2.
2 |Graphs and 1) P(1,1),03,2),x=2a+1,y=1,
Transformation (i1) P(0,0), O(1,0),x=a,y=0.
3 |Integration techniques ¥<—a or a<x<3a: m%
4 Binomial Expansion
inomial Expansi i & (1+ (n)(n2 1) o j’
k 2k
(i) —|k| <x <
(iii) 0.642.
5 |Vectors

rin seri . 1
6 |Maclaurin series @) y=2x—x2+§x3+..~;

7 [Complex numbers (a) z=2, w=3+4i;(b) xz—%—?a, y:%1n2.

8 Diffe_ren’giation& 0 A(l L) &B[l _1_5}

Applications 4’16 4’ 8

11 33 1)
@) P[4 16) &Q£§’Ej’
(ii1) E

(iv) 8 ul’lltS2/ s

9 |Functions (a) %Sin(,ﬁ )n_ﬁ,

(®)(@) R; :[_2,2], (_i’O)’ (%50)7 (Oa\/i)a

(b)(ii) a :i, £l :lecos—l(;‘j+Z, xe[ 2, 2}

T

(b)(iii) greatest value of @ is —12 [ 2.2 )

10 |AP and GP (a)(1) $49.95; (iii) No, $516.26 per month;

(b)(i) $535.17 per month; (ii) $14220.43

11 |Differential Equations | . 1
(i) —e™* P

—t +k_22t+k_23)+D

..dx 3 2
—— =" x—pt
() d¢ 4x P
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4, 32 128 3
1m) x=p|—-t"+—t+—|+De*;
(i) p(s 9 27)

(iv) max no of players on the game = 365 000;
yes, x = 0 when ¢ = 4.35 months;

27
V) p>——=0211.
V) p o3
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2017 ACJC JC2 H2 Mathematics 9758

Preliminary Examination Paper 1 Markers Report

Qns

Solutions

Remarks

Passes through (-1,1):

1

B a-b+c
Turning point at (-1,1):
dy
dx

=0

x=-1
+b —(x-1)(2ax+b
oW d_y:(ax +bx+c)—(x )2( ax+h)
dx (ax2+bx+c)
Hence
(a—b+c)—(-2)(-2a+h)
(a—b+c)’

= (a-b+c)—(-2)(-2a+b)=0

= =3a4+b4+C=0.

When x=-1%, ax’* +bx+c=0:

Hence E—9+c:0 ...................................
9 3

Solving (1), (2) and (3) simultaneously, we get
a=3,b=7and c=2.
y

Some students forgot that the
turning point (-1,1) lies on the
curve and failed to substitute
the point into the given
equation to get an essential
equation required for solving
the unknowns.

Some students made mistakes
when differentiating using the
product or quotient rule, or
incorrectly rewrote y as

y = (x—1)(ax* +bx+c) instead
of y=(x-1)(ax’ +bx+c)™
which also resulted in an
incorrect derivative.

Some students did not know
how to handle the information
given on the asymptote. Some
completed the square or did
long division (both not
necessary) and came up with
an incorrect
equation/conclusion.

Some wrongly assumed that
since x =—3 is an asymptote,
therefore,

—ax’+bx+c¢

3 Jix-o)

X—C
— ax? +bx+¢=(3x+1)(x—c)
1 2
—>ax2+bx+c:(x+§j

—ax’+bx+c :(3x+1)2

which made assumptions on
the values of a; those who
assumed a=3 might have
obtained the same final answer
because a happened to be 3 in
this case, but the method was
incorrect.
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2(i)

Xx=2a+1

Almost the whole cohort gets
either full marks or 1 mark (shape
of the curve) for this question.
Students has difficulty in handling

X=1 Most students failed to read

2
itas X _1 Thus the common

2 2

mistake majority did was a
translation of 1 unit in the positive
x — direction followed by a
stretching of factor 2 parallel to
the x — axis.

2(ii)

y)\

About 80% of the students are
able to identify the asymptotes
x=a, y=0 and the x-axis
intercepts P"(0,0), Q"(1,0).
Of these students, about 70%
got full marks as some students
couldn’t get the shape of the
curve. Most students

remembered to write the points
in coordinates.

1 2a 1

_2a <0

S
X+a X —a

X—3a
(x+a)(x—a)

— + =

x+a x*-a®

+

) )
\J \J

—d a

S X<—a or a<x<3a

f 1 B 2a
J x+a x*-a
OR

r

X—3a
J (x+a)(x—a)

rda

1 2a |

2 2
JoalX+a X —a|

3
_Ja(l 2a
- Y LA v2 2
., \X+a x°-a

dx

. dx=|n(x+a)—|n(x_a)=ln

T
3a

(x+a)2
X—a

X+a

L—idx:ln

X+a X-—-a

(x+a)2

X—a

dx

j j“a 1 2a
dx+ | ——-——

Many students still are unfamiliar
with the basics of solving inequalities
and lack the basic skills of
factorisation:

(1) Do not know how to find the
lowest common multiple of the
denominators. Many gave

(x* —a?)(x+a) as the denominator

instead of (x—a)(x+a) . Those who

did so made a mess out of the
numerator and could not factorise the
numerator properly.

(2) Many did not even know how to

factorise x?—a?.

(3) Many insisted on removing the
denominator and change the
inequality to an inequality involving
polynomial only. However they could
not do it properly and made a mess
out of the polynomial and could not
factorise.

(4) For those using graphical method,
they attempted to draw the graph of

__1 __ 28 anddidnotdoit
x+a x’-a’

properly. They most likely just
copied the graph from G.C. without
drawing the horizontal asymptote.
(5) Whether by using the sign test
with number line or using the
graphical method, students still could
not obtain the answer correctly,

giving the wrong range of values of x.
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3

: 1 2a faq

N vLa 2 2 dx+ v 1A 2 2
a \X+a X -—a 3 X+a X —a

=—|In

8
=—In=—+
9

(x+a)2

16a’
n

2a

3a 2 4a
(x+a)

X—a
2a 3a

9a’ j ( 253>
n +

2a a 3a
25 9
=In
% SJ

+|In
X—a

16a2
2a
25 75
In—
24 64

dx

Even some of the values for the x-
intercept and vertical asymptotes,
X =—a,X=a, x =3a Were incorrect

particularly, x =3a. Even for those
who did almost everything correct
included x =—a, x =a as part of the
answer.

For integration, very few students use
Partial Fractions but used the formula
in MF26 to integrate directly and
most people applied the formula
correctly. Most people could carry
out the integration properly but could
not obtain the final simplified answer

75

In—=. There were quite a number of
64

students who apply the formula

jzl dx——In( j+cto
X — 2a X+a

a’
1 X—a
J — — In

X°—a 2a \x+a
Some even carried forward the
polynomial obtained in the earlier
portion for the question on inequality

to replace fractions _ L __ 2@

x+a x*-a’

dx= +cC-

as

the integrand.

4(i)

(k+x)"

=k"

=3

v 1HMH J
k 21 k "
(n)(n 1) j
k 2k2 N

>

=k 1+

(i) Most candidates knew more or less what to
do, although mistakes were common; the most

n X "
common were (k+x) =k[1+Ej or

(k+x)" = Gj (L4 k)

= (ljn (l+ nkx+w(kx)2 +)
k 2!

Some left answer as
M- xY
21 k

(k+x)' =K" [1+n(k)

2
X
Did not simpli — | =—
pify (J k2
No marks was awarded for

(k+x)" ;(k” +nk”1x+ww‘2xzj.

And

(k+x)" =(k" +(2)k”‘1x+(2)k"‘2x2 Fo )
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- (kn +nknflx+ (n)(g_l) kn2x2j

4(ii) X Very badly done . Do not know how to
=l <1= x| <|K| y
k proceed after |—| <1 and left answers like
sk < x < K| k
|X| <|k| or k<x<k or -1<x<1
Candidates who used Maclaurin series to find
the binomial expansion of (k +x)" have
problems finding region of validity. Gave
answers like x| <1 or xe R
4(iii) | Letx=y+3y® andn=-3: Surprisingly quite a number of
,\-3 students do not know how to
(k+y+3y*) I 6 _,
solve —+—=2 or
—Kk3 (1+—(_3) (y+3y2)+—(_3)(2_4) (y+3y2)2 +j k* Kk°
3k o 6 2k 2k® +9k—6=0
=k 1-Zy——y + =y +...
( K y K y 2 y j
5 9 6 5
=k —E'FF =2=2k>+9k-6=0
.k =0.642 (to 3 sf)
5 OC-OA OC-OB This question was not well

ocoA focfos

c-a ¢c-b ca cb [a bJ
— == —————=0=c¢|———|=0
@l fo[ o] o] | [b]

Alternatively
a-c b-c

[1_3)(::___
la] |Db] la| o]

v lal|c|cos & - |bf|c|cos & _
3l b]

0

i b 57

_(1af 15F)_, 4 g
lal* |b[?

Pison |, =OP=a+A(b—a)=Ab+(1—A)a

: B _ AR a b
Pisonl,. =0P=u0C = py| —+—

° g ”(|a| |b|j
Equating

/1b+(1—/1)a=,u(i+£J
lal |b]

Comparing coefficients of aand b

done with a significant number
of students not attempting the
question at all. Among those
who attempted the questions,
very few students managed to

show that AP:PB =|a|:|b].

Many students wrongly
assumed that |a|=|b].

Students need to know that for
this question,
= OC bisecting angle AOB

doesn’t mean that
AP=PB.

= OP & OC may NOT be
perpendicular to AB.
= € may not be parallel to
a b .
— +— since |a|may
lal |b]
not be equal to |b|.

a b
= a+bz#—+—
la] |b]
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Note that AP:PB=A:1- A, therefore

AP:PB=/:E _[a:|b|.
bl [a]

a-a a’

lal*  |af’

There was also poor usage of
notation.

For example many students wrote
“a” instead of “@ ” and also

B AB instead of ﬁ
A8

6() | e¥= (1+sin X)2 Most students can do the proof in
. . the first part quite well although
Differentiating w.r.t. , some have longer methods.
QY dy _ 2(1+sin X)coS X _Shor_te_r method is to differentiate
dx implicitly to get
eyd—y:2cosx+sin 2X eyd—y=2(1+sinx)cosx
dx dx
Differentiating w.r.t. x again,
) Most students could differentiate
yd7y dy ,dy i
e/ — +—e’ —=-2sinXx+2c0s2x d?y (dyY’
dx* dx dx correctly —-+| —= | to get
dgy dy 2 dX dX
y| 7 7 — .l
e {dxz +(dxj } 2(cos2x—sinx) (shown) da_y+2 dy\d?y
dx® dx ) dx?
Differentiating w.r.t. x: A few fail to use the product rule
3 2 2 2 - . .
to differentiate and got th t
e/ d—Z+2[d—yjd—¥ + d_zl{d_yj eyd—y=2(—23in 2x—cos koo ereniiate and got IS par
dx dx ) dx dx dx dx rong.
Substituting x =0,
2 3
y=0; d_y:Z; d_zlz_z; d_Z:Z
dx dx dx
= y:0+2x+_—2x2 L
2! 3!
2, 1.3
LY =2X—XT 4+ =X+
3
6(ii) | Method 1: Common mistake made is to

assume x is a small angle and
use the small angle
approximation.

Correct approximation is
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e’ = (L+sinx)’
= y=In(1+sin x)2

=2In(1+sinx)

=2|n[1+[x);—3!}4;...j )
=2(XX_3)[X3!] [X‘gg]

+ +...
2 3

:2x—x2+1x3+...
3

which is same as the expansion for y found in (i), up to and
including the term in x* = verified.

Method 2:
RHS = (1+sinx)’

3 2
:(1+x—x—]
3!

X , X
=14+ X——+ X+ X ——+...
6 6

3
=1+2X+X° —X?-i-...

LHS=¢’
[2x—x2+1x3+...j . . . .
X: 3 (using expansion for y in (i))
2 3
. (2x—x2+éx3j (2x—x2+;x3)
=1+| 2x=X*+=X° |+ +
3 2! 3!
2 5,3 93 3
L1 2xo XLy B Z2Xm2X | 8K
3 2 6

3

:1+2x+x2—%x F.

LHS = RHS = verified.

i X3
sinx=x——.
3!

In some answers,
detailed workings were not
shown clearly.
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7(a)

2z +1=apositive real number

= Letz=xandw=a+hi

From (2): 2(a+bi)—x=4+8i

= Comparing Re and Im parts,

2a—x=4

2b=8=Db=4

From (1): 2x+1=+/a? +b%....(3)

Substitute b=4 and x =2a-4 into (3):
2(2a—4)+1=+a’+16 = (4a—7)" =a’+16
16a’ -56a+49=a’ +16 =15a*-56a+33=0

11
=a=— 0or a=3
15

98
=>X=—— 0r x=2
15
but 2z +1=a positive real number
:Whenx:—%, 2z+1=2 - +1<0
15 15

, 98 11
=rejectx=——anda="—
15 15

=>Xx=2, a=3,b=4

=7=2, w=3+4i

Many students failed to see
that z is a real number from egn
(1), resulting in solving
simultaneous egns with many
unknown, which most failed to
simplify and continue to solve
correctly.

Some common mistakes:
1w =w
2. |w=+w

3. [w| =/a? +(ib)* =+/a? —b?

7(b)

3+ x4y

Ze{ !
Ze3i+xi—y — \/gei {7 %)
20V _ \/fei [7 %j

= By comparing modulus and args:

Joa i

2 =2 and 3+x:—%
-y=1In ﬁ —x=-2-3
2 4

2

= y=—|n£\/§] (or In+/2 or %InZ)

It’s a surprise to see that many
students didn’t writel—i in
re'’ form to solve the problem.

Even if some did it, they made a
mistake in the value of

9:§7r0r lﬂ'.
4 4

In general, students have good
idea how to manipulate 7(3“%]

to get —Y + 3i + Xi and they also

have clear idea of comparing the
modulus and argument terms.
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8(i) Let V be the distance AB. . - For many, distance was not
V=y -y ¢ - even considered, instead look
b \ / at gradients of L and C. Those
=x2_ [l X — Zj \ {L who used distance, some were
2 ‘|| penalised for not checking
, 1 e T nature of stationary value.
=X - 2 X+2 P Many students made slips in
B simple calculations such as
dv 1
—=2X—= 1
dx 2 2X -3 = x=1,
when d—V:O, x=1 =1
dx 4 y =Z:>y=i~ etc
2
d_\£:2>0:> min. value when x =
dx 4
when x = i
4
y=(1) =L
4 16
L1, 15
2\ 4 8
.-.coords on C (Pt A):(1 , ij & coords on L (Pt B):(l , —Ej.
416 4 8
8(ii) | Let H be the distance PQ. . .-
H=x%-%=2(y+2) -y
dy 2 Pyl Y2
when aH _ 0, e Bty
dy o
z 1

1
—472%=-=
= 16
d’H 1 -3
=Y
dy> 4
3
) 3
:wheny:i,dﬂzl(i]2=16>0
16 dy° 4\16

- 1
= min. value when y = —
16
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1
wheny =—,
y 16

1 1

X = _
16 4

x:Z(ij+2:§
16 8

..coords on C (Pt P):G,%) & coords on L (Pt Q):[— —t

33 1
8 '16

8(iii) | Area of polygon = Area of triangle
Minimum distance AB = LB = 3l
16 8 ) 16 .
Minimum distance PQ:Q—G]:E f|
8 4 8
. Area of polygon = l>< Exﬁ = %sq units
B 2 16 8 256
8(iv) 5 Well answered except those
Jy=x who treated area bounded as a
ot o constant instead of a variable,
2D ds _ hence were clueless as to how
dt dA
to get —.
_ ds
! When finding area, confused

Method 1:

Area:A:IOSZx dy:fﬁdy:

3

dA dA ds
N ALl

dt  ds dt
dA 2 - 2
whens=4/2, E:(Ar)(ﬁ) =8 units®/s

252 x 2 = 452

by the variable point, many
students did not use definite
integral.
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Method 2:
Area = A
= Area of rectangle — Area bounded by curve, x-axis and x =

s s T 2
:sxsz—j ydx:s3—J' X2dx=s*-| | ==¢°
0 0 3 o 3

d—A:d—A><E:2SZ><2:4S2
d ds dt

S whens=+2,= ?j'? 4(\5)2 =8 units?/s

9(a)

By factor formula,
Sin(x+%)n—sin(x—%)ﬂ: = 2cos[%(2x—%)n]sin(%n)

=2c0s(x—1)m.

Hence

XZHL‘ZCOS(X——
:g[sin(x+%)n—sin(x—%)n]

=[sinsn—sinin]+[sin$n—sindn]+...
+[sin(n—2)n—sin(n—)x |+[sin(n+4)m—sin(n—3)x ]
=sin(n+%)n—sinin
:sin(n+%)n—%
Therefore,

Zn:COS(X—%)n =1sin
x=1

Many students expanded each
term using compound angle
formula then tried to collapse the
terms back into one trig function,
mostly without success.

The most common error was to
first factorise m out of the
expression then use factor
formula:

sin(x+%)n—sin(x—%)n

= n[sin(XJr%)—sin(X—%)]

which is ridiculous.

Students need to realise that this is
a 1-mark question which should
not require page-long working.

Those who couldn’t do the first
part naturally were not able to do
this part accurately.

Amongst those who did, some
evaluated the value of each trigo
expression and hence could not
see which terms cancelled out
using the method of difference:

xZ;[S|n(><

TE B

+[S|n( —-3)m—sin(n— })n]+[sm

)n ﬂm(x i)n

>

TE sm T[]
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9(b)(i)

Biggest problem for the plot is
students keying in to G.C.
wrongly. Plotting

Y =sin(X +4)n—sin(X —2)=n
instead of

Y =sin[ (X +1)n|-sin[ (X -%)x
Students should be careful, using
brackets when appropriate.

Once the graph is correctly
plotted in the G.C. with the
correct domain, they should
notice that one full period is
plotted, and that the range is
easily read off the G.C.

(b)(ii)

Least value of a is % .

Let y=2cos(x—3%)x.
Then COS_l(%)=(X—%)n - x=— 2/ =

fIZXH10081(§j+%, XE[—«/E,Z]

T

If graph is correctly sketched,
least value of a is easily found.

Method mark for making x the

subject of y=2cos(x—%)x is

awarded for any attempt to find
the inverse function, regardless
of whether students’ graphs are
sketched correctly.

Many students were careless in
either not quoting the domain
of f~* or, for those who did,
quoted it forgetting that domain of
f is now restricted so that its
inverse exsits.

(b)(iii)

fg exists — R, = Dy

now R :{—E,—Zj
4
and D; =[a,1]

. i 13 .
since fg exists, a < e Hence the greatest value of a is

13
T

Ry =f(Rg)=f[—§,—2j:[_z,\/§],

Students were not tenacious
enough to find R, properly,

perhaps discouraged from the
earlier parts. g is a straight
forward function that can be
sketched with the G.C., bearing in
mind that there is a horizontal
asymptoteat y =-2.

10(3)(i)

After one month, if she pays $x at the beginning of the
month, she will owe the bank

Many students were confused
about the interest rate, and
hence multiplied by 1.1 or
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$(50000— x)x(1.001)
Hence (50000—x)x(1.001)=50000 = x=49.95
Abbie needs to pay $49.95 (to the nearest cent) a month.

1.01. Some merely took 0.1%
of $50,000.

(@)(ii) | One month after graduating, she owes While many students were able
(50000 -k )x(1.00375). to deduce that this was the sum
n months after graduating, she will owe ofa tC;P lf' corphmtotr;] mI'St?/l;? )

. v 1y, was thinking that the last/firs
1.00375" (50000 -k ) —1.00375" "k —...—~1.00375k term of the GP was 1 instead of
=1.00375" (50000) — k (1.00375n +1.00375" " +...+1.00375) 1.00375.

1.00375(1.00375n —1)
=1.00375" (50000) — k
1.00375-1
N 803 n
=1.00375 (50000)—?k(1.00375 ~1)  (shown).

(@)(iii) | Sub n =120, and k = 500: Many students did not realise n
1.00375% (50000)—8—:033(500)(1.00375120 ~1)=2467.1150 " months, and used n =
No, she cannot. A monthly payment of $500 is not enough.

When n =120,

120 803 120
1.00375" (50000) - ==k (1.00375* -1)=0
= k=516.26 (nearest cent)

She needs to pay $516.26 per month.

(b)(i) | Oustanding amount upon graduation Some students used 1.00375°°.
—1.001% (50000) Some took the 35™ power.
=51831.86 : :

Many students did not realise
Using Abbie’s formula, but with a starting outstanding ;hey CTUId use the same_ h
amount of $51831.86, ‘?”““ aas (a)_("') utwith a
803 different starting amount.
1.00375'° (51831.86) -5k (1.00375% -1) =0
= k=53517 (nearestcen) Some intrprete he et
He needs to pay $535.17 per month. rate wrongly and used 1.1 or
1.01, and some thought n was
in years.
(b)(ii) | 120x535.17—50000=14220.43 (to 2 d.p.) Some students had very

He paid $14220.43 in interest altogether.

involved ways of calculating
the interest, including summing
the GP all over again.

Many students did not subtract
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50,000.

11(i)

jtz e dt =—%ek‘(t2)—f—%e“(2t) dt

2l 1 j 1 }
=——te " +—|——e " (t)- | ——e (1) dt
k k[ Ler - [Le
:_ltze*kt—%te*“—%e*k#D
k k k
=—e™ lt2+%t+£3 +D
k k k

Some students were careless in
the first step and could only be
awarded the subsequent
method mark if they proceeded
to integrate by parts a second
time.

Some students integrated the
terms incorrectly or made
wrong choices for the terms.
Students should remember that
the aim of integration by parts
IS to obtain a simpler integral
which can then be integrated
(unless it requires the “loop”
technique which is not the case
for this question) and realise
that something is wrong if they
ended up with one which looks
even more complicated.

Few students left this part
blank or did not proceed to do
integration by parts a second
time.

Quite a number of students did
not put the final expression in
the required form and lost
marks. Students are reminded
to take note of the
requirements of the questions.

(i)

Majority could not get this
expression or even gave an
expression for x in terms of t

. dx
instead (E was not even

seen) which should not be the
case since the question asked
for a “differential equation”.

Some students also made
mistakes in the unit for x (in
hundred thousands) or missed
out the “x” in the “0.75x” term
(or incorrectly wrote it as
0.75t) or missed out the
constant of proportionality “p”.
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(iil)

+gt+%j+D

3

3 9 27

:%Z pe (ﬂt2+gt+@j+ D
e

When t =0,x =1,
p(lZS]
27

X=p A2, 32,128 1—%p et
3 9 27

128

1 +D=D=1-"""p

Students would not be able to
show the given differential
equation if the expression in (i)
was incorrect.

Some students were not able to
correctly differentiate u e,

Students should read the
question carefully and if they
are not able to show the
required DE, students should
still proceed to solve the given
DE, and not solve their own
incorrect DE, which was what
many students did.

Many students incorrectly used
K —_3 and were penalised. A
4

few students failed to see the
link to part (i) and redid the
integration without using the
results obtained in (i).

Many students failed to
substitute “X” back into the
solution and of those who did,
majority forgot the arbitrary
constant D or forgot to

multiply e®' to D — some even
labelled De™ as another

constant E = De" which is
incorrect since it now contains
the variable t and is not just a
product of constants.

Many also failed to sub in the
initial conditions, which was
required to obtain the arbitrary
constant in terms of p. Some
did so in the next part but no
credit was awarded since it was
the requirement in (iii). Some
students used the wrong units
or failed to show the link from
X to u when using the initial
conditions.

(iv)

When p=1,

Parts (iv) and (v) were badly
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1(4., 32, 128 47 s
X==|=t"+—t+— [+| —— |€*
33 9 27 81

(2.87, 3.65)

(4.35,0)

>t

ol

Maximum number of players on the game = 365 000.

Yes, x =0 when t = 4.35 months.

done as students were not
likely to obtain the answers to
these parts if their expression
for x was incorrectly in (iii) —
only a handful of students
could obtain the correct final
expression for x in (iii).

Students were expected to use
the GC (graph) for this part and
not expected to differentiate,
solve the equation, etc to find
the maximum value or the t-
value which gave 0 players -
only 2 marks are awarded for
the two required answers and
students can get the hint from
the marks allocation that they
were not expected to manually
find these answers on their
own.

(v)

For x=0 after some time,

1—@p<0:> p>£=0.211
27 128

This required students to see
that the coefficient of the
exponential term,

(1—% pje?‘t, in the
27

expression for x found in (iii)
had to be negative in order for
there to be no players after
some time. However, as
mentioned in (iii), only a
handful of students had the
exponential term in their
solution for x, thus this part
was not well done.
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Section A: Pure Mathematics [40 marks]

1 Given that 1+i is a root of the equation z° —4(1+1)z°+(~2+91)z+5—1=0, find the other roots
of the equation. [4]
2 A curve C has parametric equations
X =cost
1
= —sin 2t
4 2
where T << 3 .
2
(i) Find the equation of the normal to C at the point P with parameter p. (2]
The normal to C at the point when ¢ = ZTR cuts the curve again. Find the coordinates of
the point of intersection. (2]
(ii) Sketch C, clearly labelling the coordinates of the points where the curve crosses the x-
and y- axes. [1]
(iii) Find the cartesian equation of C. [2]
The region bounded by C is rotated through n radians about the x-axis. Find the exact
volume of the solid formed. [3]
3 X
() Find | ———dx. [2]
(1 +x° )
(ii) By using the substitution x =tan®@ , show that
%dx:k( X 3 +tan1xj+c,
(1 +x° ) I+x
where c is an arbitrary constant, and & is a constant to be determined. [5]
2
(iii) Hence find x—z dx. [3]
(1 +x° )
. : X +2x+5 T
(iv) Using all of the above, find | ————— dx, simplifying your answer. (2]
(1 +x° )
4 (@) (i) The unit vector d makes angles of 60° with both the x- and y-axes, and 6 with
the z-axis, where 0° <0 <90°. Show that d is parallel to i+ j+ J2k . [3]
(ii) The line m is parallel to d and passes through the point with coordinates
(2,-1,0) . Find the coordinates of the point on m that is closest to the point with
coordinates (3,2,0). [3]
(b) The plane p, has equation r-(i+2j+2Kk) =15, and the line / has equation
al ; 4_ yT—l = —i, where a and b are constants.
Given that / lies on p,, show that =1 and find the value of a. [2]
(i) The plane p, contains / and is perpendicular to p, . Find the equation of p, in
the form r-n =c, where c is a constant to be determined. [3]
Need a home tutor? Visit smilftutorég
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(ii) The variable point P(x,y,z) is equidistant from p, and p,. Find the cartesian

equation(s) of the locus of P. [3]

Section B: Statistics [60 marks]

5 A group of 12 students consists of 5 bowlers, 4 canoeists and 3 footballers.
(i) The group sits at a round table with 12 seats. In how many different ways can they sit so
that all the players of the same sport sit together? (2]
(ii) The group stands in a line. In how many different ways can they stand so that either the
bowlers are all next to one another or the canoeists are all next to one another or both?
[2]
(iii) Find the number of ways in which a delegation of 8 can be selected from this group if it
must include at least 1 student from each of the 3 sports. [2]

6 Alex and his friend stand randomly in a queue with 3 other people. The random variable X is
the number of people standing between Alex and his friend.

(i) Show that P(X=2)=0.2. [2]
(ii) Tabulate the probability distribution of X. [2]
(iii) Find E(X) and E(X — 1)>. Hence find Var (X). [3]

7 It has been suggested that the optimal pH value for shampoo should be 5.5, to match the pH
level of healthy scalp. Any pH value that is too low or too high may have undesirable effects
on the user’s hair and scalp. A shampoo manufacturer wants to investigate if the pH level of
his shampoo is at the optimal value, by carrying out a hypothesis test at the 10% significance
level. He measures the pH value, x, of » randomly chosen bottles of shampoo, where # is large.

(a) Inthe case where n=30, it is found that ) x=178.2 and ) x” =1238.622.

(i) Find unbiased estimates of the population mean and variance, and carry out the

test at the 10% significance level. [6]

(ii) Explain if it is necessary for the manufacturer to assume that the pH value of a

bottle of shampoo follows a normal distribution. [1]

(b) In the case where n is unknown, assume that the sample mean is the same as that found
in (a).

(i) State the critical region for the test. [1]

(ii) Given that » is large and that the population variance is found to be 6.5, find the

greatest value of n that will result in a favourable outcome for the manufacturer at

the 10% significance level. [3]

8 A swim school takes in both male and female primary school students for competitive
swimming lessons. The school assesses its students’ progress each year by recording the time,
t seconds, each student takes to swim a 50-metre lap in breaststroke, and the number of months,
m, that he or she has been at the school. The records for 8 randomly chosen students are shown
in the following table.

m 6 7 10 12 15 19 21 24
t 9232 | 87.11 66.12 | 59.41 53.94 | 43.82 | 42.07 | 41.45

(i) Labelling the axes clearly, draw a scatter diagram for the data and explain, in context,
why a linear model would not be suitable to predict the time taken by a student to swim
a lap of breaststroke given the number of months that he or she has been at the school.

[2]
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It is desired to fit a model of the form In(¢ — C) = a + bm, where C is a suitable constant. The
product moment correlation coefficient » between m and In(z —C) for some possible values of

C are shown in the table below.
C 36 37 38 39
r -0.992114 -0.992681 -0.992192

(ii) Calculate the value of » for C =37, giving your answer correct to 6 decimal places. [1]

(iii) Use the table and your answer to (ii) to choose the most appropriate value for C. Explain
your choice. [2]

For the remainder of this question, use the value of C that you have chosen in (iii).

(iv) Find the equation of the least squares regression line of In(t—C) on m. Give an

interpretation of C in the context of the question. (2]
(v)  Another student who has been swimming at the school for 9 months clocked a time of
60.33 seconds for a lap of breaststroke. Using your regression line, comment on the
student’s swimming ability. [2]
(vi) Suggest an improvement to the data collection process so that the results could provide
a fairer gauge of the expected outcome for the students in the first 2 years of lessons. [1]

(i) A procedure for accepting or rejecting a large batch of manufactured articles is such that
an inspector first selects and examines a random sample of 10 articles from the batch. If
the sample contains at least 2 defective articles, the batch is rejected.

It is known that the proportion of articles that are defective is 0.065. Show that the
probability that a batch of articles is accepted is 0.866, correct to three significant figures.
[1]
To confirm the decision, another inspector follows the same procedure with another
random sample of 10 articles from the batch. If the conclusion of both inspectors are the
same, the batch will be accepted or rejected as the case may be. Otherwise, one of the
inspectors will select a further random sample of 10 from the same batch to examine.
The batch is then rejected if there are at least 2 defective articles. Otherwise, it is
accepted. Find
(a) the probability that a batch is eventually accepted, (3]
(b) the expected number of articles examined per batch. (4]

(ii) In order to cut labour cost, an alternative procedure is introduced. A random sample of
10 articles is taken from the batch and if the sample contains not more than 1 defective
article then the batch is accepted. If the sample contains more than 2 defective articles,
the batch is rejected. If the sample contains exactly 2 defective articles, a second sample
of 10 articles is taken and if this contains no defective article then the batch is accepted.
Otherwise, the batch is rejected. Given that the proportion of defective articles in the
batch is p, show that the probability that the batch is accepted is 4 where

A=(1+9p)1-p)’ +45p*(1-p)"*. 2]
If the probability that, of 100 batches inspected, more than 80 of them will be accepted
is 0.98, find the value of p. [3]

10

(a) An examination taken by a large number of students is marked out of a total score of
100. It is found that the mean is 73 marks and that the standard deviation is 15 marks.

(i) Give a reason why the normal distribution is not a good model for the distribution

of marks for the examination. [1]

(ii) The marks for a random sample of 50 students is recorded. Find the probability

that the mean mark of this sample lies between 70 and 75. [2]
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Need a home tutor? Visit smilfﬁjltgréger




(b) The interquartile range of a distribution is the difference between the upper and lower
quartile values for the distribution. The lower quartile value, /, of a distribution X, is such

that P(X </)=0.25. The upper quartile value, u, of the same distribution is such that
P(X <u)=0.75.

The marks of another examination is known to follow a normal distribution. If a student

who scores 51 marks is at the 80th percentile, and the interquartile range is found to be

10.8 marks, find the mean mark and the standard deviation of the marks scored by

students who took the examination. [5]
(¢) Inathird examination, the marks scored by students are normally distributed with a mean

of 52 marks and a standard deviation of 13 marks.

(i) If 50 is the passing mark and 289 students are expected to pass, how many

candidates are there? (2]
(ii) Find the smallest integer value of m such that more than 90% of the candidates will
score within m marks of the mean. [3]
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2017 ACJC JC2 H2 Mathematics 9758

Preliminary Examination Paper 2 Markers Report

Qns | Solutions Remarks
1 | 2-401+1)2%+(-2+9)z+5-i=0 Quite a large number of
: students say that 1—1i is
-1 A7’ +B = L
(Z ( H))( o Z+C) 0 another root, which is
By comparing coefficients, wrong because not all
*:A=1 the coefficients are real.
ZO : _(l+ |)C — 5_| StUdentS WhO dld thIS
5 i getsa 0.
=C= i =-2+3i
~(1+1) When comparing
2% :B—(L+i) =—4(L+i) coefficients, many
= B=-3(1+1) students use a+ib, c+id
=(z—- @1+ i))(22 —3(1+i)z —2+3i) -0 as the two other roots
_ , _ _ which resulted in
Solving (Z _3(1+')Z_2+3'):03 unnecessarily tedious
. . : and complicated
—(=3L+i)) £ /(=30L+1)) —4(Q) (-2 +3i
= ( (1+0)) \/( ( )) o ) working.
2(1)
_3+ 3i++/8+6i About half who used the
2 quadratic formula had
- . :
_ 3+3i+(3+1) 3490 or i problem evaluating
2 \J8+6i , which can be
- other 2rootsarez=3+2i or z=i done using GC.
2(1) | X= cost Generally students were able
1 to write down the egn of
y==sin2t normal at point with
2 parameter p.

ﬂ However, some wrote
ij:Q:COS_ZJ[ ﬂ:dlxdﬂ.Althoughno
dx dx —sint dx dp dx

dt mark is deducted here,
dy cos2p : sinp students should realize that p
dx . = sin p —> gradient of normal = c0s2p in most cases is a constant

= equation of normal at (cos P, %sin 2 pj:

y—lsian _np
2 cos2p

sinp 1, .
= X+—=(sin2p—tan2
cos2p 2( P p)

(x—cos p)

(though not specified by

question) and dy =0.

dp
A minority wrote the egn of
normal as
sint
cos 2t
without putting t = p.

y—%sian: (x—cosp)

Many careless mistakes in

evaluating the cosine and

sine values when ¢ = 27,
3
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: 2
— equation of normal at t = ?ﬁ :

N
y=LX+E(—§—J§J: y:—ﬁx—%(S«/g)....(l)

1 2

To find point of intersection of normal and C (when the normal cuts C again),

Substitute x=cost and y = %sin 2t into (1):
1
4 (33)

1. 1
Esm 2t +\/§(cost)+z(3\/§) =0

From GC,

%sin 2t =—\/§(cost)

t =2.094395 (corresponds to t = 2?”)

ort =3.495928
= point normal meets C again:

(cos(3.495928),%sin (2(3.495928))] =(-0.938,0.325)

normal, such as

y=—ﬁX—‘/§'
4
y:ﬁx_g\jg etc

Many did not understand that
the question is asking for

point of intersection between
the curve and the normal at

t= %” and simply sub

t = 2% to find the point.
3

Those who correctly sub
x=costandy = %sin 2t into (1)

often did not use GC to solve
the eqn, and simply stopped
at this step.

2(ii)

(-1.0)

Many did not note the range

of values of t and sketched 2
loops.

A number of students did not
give the coordinates of the x-
intercept.

2(iii)

Method 1:

X =cost = x° =cos’t

1. .
y:ESInZt:y:smtcost

2 _ ain? 24 2 24 2 2
= y* =sin’tcos’t = (1—cos’ t)cos’ t = (1-x* ) x

. Cartesian equation: y* = (1— xz)x2

Method 2:

+41— x2
x:cost:>cost:%,sint:_l—X (':%Stsgﬂj

y :%sin 2t =y =sintcost = 41— x* (x)

. Cartesian equation: y = +xy/1— X2

Many simply wrote the egn
as y =sin2(cos™ x) and
did not go on to simplify.

Those who used method 2
often omitted the negative
sign.
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Method 3:
X =C0ost = x? =c0s’t = cos 2t =2cos’t—1=2x*-1

y:%sin 2t =sin2t =2y
Using sin®2t +cos’ 2t =1,
(2y)" +(2¢ —1)2 =1

. : s a2 2 z
. Cartesian equation: 4y* +(2x* -1)" =1

Method 1:
J.Oﬂ' 2dx
LY
=7zJ'_01(1—x2)x2dx
3 5710
:ﬁjoxz—x“dx:ﬂ x_x :Eﬂunitse’
= 3 5. 15

Method 2 (not advised):
X = cost :>%=—sint
dt

3

whenx =0, t :%,7 (can use either)

ST N
=7 Estt (—sint) dt

3z

= —7z.|.7(sintcost)2 (sint) dt
3z

=7 7 sin’teos”t(sint) dt

= —nI?(l—coszt)coszt(sint) dt

_ —ﬂI}T(coszt—cos“t)(sint) dt

37

3z
=—r| - Z(COSt)Z(—Sint)dt+I2(COSt)4(—Sint)dtj
o &
2 2
. [(cost) } +!(cost) }
3 5
=-7 —O—1+0+lj=£ﬂ' units®
3 5 1

Many did not realize that
method 1 is the desired
method and were stucked
with method 2 as they did not
know how to integrate the
integrand.

For method 2, common
mistakes include wrong
limits, or writing volume as

2_|'izry2dx :

3(3i)

X 1 2X 1
Jﬁdx=—JﬁdX=——2+C
@+x°) 2) (1+x9) 2(1+x%)

This is a simple
question. No one should
be getting this wrong.
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3(ii)

x:tan6?:>%:sec29
do

sing =

J%dx:J%se&ede
(1+x%) (1+tan26?)
:Jsec 20

=JC0329+1d6?=l(5m29+9j
2 2 2

:l(sin 0cosd+0)+
2

cosé =

do= jcos 6do

+tan~ Xj+C

x=tané

(ii) was done better than (i) in
general.

A significant minority did not
know that

1+ tan? @ =sec? @ though,
X and either got stuck or used

2 very long methods to get to a
integrand they could work
with.

As this is a show question,
students have to present the
way they substitute the
variable x back into the

X integral clearly, either using
the triangle or with identities.
This was quite poorly done

1 though a lot of leeway was
given in the awarding of
marks.

[y

3(iii)

_1( X
1+ x°
x?+1-1

There were many different

d x methods available here, the

J(1+x) T | @y

X
=tan'x-= >
2(1

+ X
:Jeo

= 1[tanl X——
2 1

+ X

+tan™ xj +C

|t 1
)X (1)

splitting (shown on the left).
Other easy methods include:
(1) using the substitution
provided in (ii).

(2) by parts with parts

> and x and using
(1+ xz)
(i).

A long method uses the parts

1 2
— and X".
(1+ x2)

Many careless mistakes
surfaced in this part
(although they were

prevalent throughout the
question as well), such as

confusing
(1+x2)
1 or 1
1+x? (1+x)2

> With

3(iv)

N 2X N 5
(L+x%)?  (@1+x%)?* (@1+x%)?

j+2(—;j+5(l( X
2 2(1+x%) 2\ 1+ x?

1
~+C

X2 +2x+5
(L+x%)?

:l(tanlx— X
2 1

+ X

=3tantx+ 2X-
1+x

This was generally well
done, as students could use
(i)-(iii). Working mark was
given even if their integrals
were wrong, as long as they
were based on their answers
in the earlier part.

The simplification of the
answer was not done by a
significant minority.

+tan™ XD +C

4(a)
(i)

d = cos60°i + cos60°j + cos yk
cos® 60° + cos® 60° + cos® y =1
=cos’y=1-1-1=1

= cosy =4 (- is acute)

This part was rather poorly
done, though most students
can apply the geometrical
definition of the scalar
product and get 1 or 2 marks.
Common errors include:
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d=1l+2j+ k//l+j+x/_k

(2) poor presentation with
regard to the treatment of
vectors and scalars, for e.g. d
=0.5.

In addition, the showing part
needs to be worked on.
Students have to present
steps logically and quote
relevant information from the
question as part of their
reasoning.

(@)(i)

2 1
mir=|-1|+4| 1
0 V2
2 1 3
“1|+Al 1 [—]2]]|] 1
0 J2) \0)) ({2 0 J2)) 2
(1= + AR+ 1242 ) =0 A =1
2 1
-1(+| 1

o) (v2) \\z2

1 -1 1

Therefore position vector of point is

Coordinates = (3, 0, \/5)
OR

1
1 1
) _ 1

vz

AN = (AP -d)d = Hﬂ[ﬁ {}J

1+1+2 AL+1+2

2 (1 3
“1l+| 1 |=]| o

0) (V2) V2
Coordinates = (3,0,«/5)

~.ON =OA+ AN =

This is a simple part. No
one should be getting
this wrong.

There were still students
who upon not being able
to show (a)(i), decided
that (a)(ii) was not
doable and had no
attempt on it.

A variety of methods
were applied, though the
easiest one is shown
first on the left.

Students who applied
the vector of the
projection with modulus
sign instead of brackets
could arrive at the
answer as well, but they
were not awarded the
full marks due to a
conceptual error.

Of those who could do
this part, around 50% of
them lost the answer
mark for not expressing
in coordinates form.

4(b)

a 2
‘r={1(+A| b
0 -2

|:—=y—‘1=—5:>|

2 1
b [2 =0=>2+2b-4=0=b=1
-2 2

1

2

2

a
1| =5=a+2=5=a=3

0

This was generally well-
done, though a minority
wrote

a+24 1

1+ba || 2|=5
22 2

= a+21+2+2bi-
but obviously did not
understand why
24+2bA—-41=0.

42=5

(b)()

p, perpendicularto p, =n,// p,
3 2 1
P,ir=|1|+A| 1 |+u|2
0 -2 2

Some used longer method
where they solved

ety

Some remembered that the
direction vector of line of
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2 1 6 2 wrote [i}([l} {i]but
1 |x|2|=|-6|l-2 L) s
-2 2 3 1 failed to include
2 3\( 2 X] {j as another
yl]2|=0
p,:r-|-2|=1]| -2|=4 ) \2
1 0/\ 1 condition.
A significant minority made
careless mistakes while
computing the vector
product. They should remind
themselves how to check for
correctness of the vector
product.
(b)(ii) x—3) (1 X—3 2 Only less than 30 students
Lyl o= |2 Nt s
—y-1] = v=1l|=
\/5 . 2 \/5 . 1 solutions, c?btaingi]ng nas
1 2 3 or
[x=3+2(y-1)+2z|=|2(x-3) - 2(y -1 + ¢ 2]+[2]=[ J
= X+2y+22-5=2Xx-2y+z7-4 i ; i
o
2 1 1
or
= X+2y+22-5=—(2x-2y+2-4)
=>3X+32=9=>Xx+2=3
5 (i) | Number of ways = (3 —1)!-5!-4!-3! = 34 560 Generally well done
5 (ii) | Number of ways Most students added the
= N(5 bowlers together) + N(4 canoeists together) three numbers instead of
— N(5 bowlers together & 4 canoeists together) subtracting the case for
=85! +9!-4! — 5!-5!-4! intersection:
=4838 400+ 8 709 120 — 345 600 81-51 +91-41 + 51-51-41,
=13 201 920 If students had drawn a
venn diagram, the
correct operation would
have been clearer.
5 (iii) | Number of ways Very badly done,
= N(Total) — N(0 bowlers) — N(0 canoeists) — N(O footballers) although there is a
=12Cs -0 -8Cq—°Cg =485 question in Tutorial 20
Qo.
Many did
°Cy **C1 ¥°C1¥°Cy
which is a gross
overcount.
i 6(i) and (ii) were very crucial
6 P(X =2) =P(A**F* *A**F) = 2( 2X3!j = 1 =0.2 (shown) pgr)ts to t(hil question.y
o! S Students who were unable to
6 (ii) 2% 3l 2 start finding the pdf of X, or
P(X =0) = P(AF *** *AF ** ** AF* *** A\E) = 4( j =— did it wrongly, would not
o! S have been able to answer
0.4 (iii).
x 31
L e R Ml I ereviieid

=01

P(X =3) =P(A***F) :EZXS!]: L

51 ) 10
| x [ o [ 1 | 2

sufficient elaboration, e.g.
writing simply 4/20 or 2/10
without justifying how they

gedy %IF@%IM%FS

They would have gotten t




| PX=x) | 04 | 03 | 02 | 01 |

mark if they had drawn some
diagram of how there are 4
ways of arranging Alex and
his friend 2 persons apart
(ignoring the arrangement of
the other 3 people).

A significant number of
students assumed X was a
binomial random variable.

Students are also reminded to
present sufficient working for
the other probabilities in the
table.

6 (iii)

E(X) =) xP(X =x)=0(0.4)+1(0.3)+2(0.2) +3(0.1) =1

all x

E(X -1)? = (x=1)?P(X =X) =1(0.4) +0(0.3) +1(0.2) + 4(0.1) =1

all x

Var(X) = E(X — u)? =E(X -1)? =1

This part was generally well
done. Most of the errors
came from the formula for
E(X =1). A variety of
methods were seen for
calculating Var(X), but very
few students figured out the
shortest method: by the
definition of Var(X), which

is E[(X - )]

One way for students to
check if their answer for
Var(X) is correct is to know
that variance cannot be a
negative number.

7(a)
(i)

Let X be the random variable “pH value of a randomly chosen
bottle of shampoo™.
Unbiased estimate of population mean
=X
1782
30
= 594
Unbiased estimate of population variance
= Sz

_1 1238.622 -
29

178.22j

=6.21083
=621 (3sf)

Totest H,: ©=55
against H,: u=5.5 at 10% significance level
Under H,, since n=30> 20 is large,

X ~ N(S.S, 621083) approx. by Central Limit Theorem
Test statistic Z = —>—>°_ ~ N(0,1) approx.
6.21083
30
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5.94-55

Value of test statistic z=———==0.967 (3s.f.)
6.21083
30
Either Since —1.64<0.967<1.64 , z lies outside the critical
region

= Do not reject H,
Or  p-value=0.334>0.1 = Do not reject H,

. There is insufficient evidence at 10% significance level to
conclude that the mean pH value of the shampoo is not 5.5.

Comments

The best solutions for this question are a result of careful attention to the way
students phrase their working and calculate the required values. If students take
some time to understand the rationale for writing things a certain way, they
would be able to appreciate the principles behind a statistical hypothesis test.

Students are encouraged to spell out “unbiased estimate of” rather than just

writing X or s®. Some students even wrote “pop. mean/variance” or x and

o? instead of the unbiased estimates.

The correct alternative hypothesis has been hinted in the question (“...too high
or too low...”). Presentation wise, a number of students wrote subscripts on

which is not necessary.

Many students are still writing the wrong mean in the distribution for X . The
phrase “Under H,” implies that we’re assuming that the population mean

1 =55, therefore E(X) =5.5. Students should also be aware of whether CLT
is used.

An alarming number of students attempted to write down the formula of the p-
value, and then seemed to calculate the p-value using normalcdf instead of the
Z-test. Students should only attempt to do this if they’re very sure of the correct
formula for the p-value in the respective tests; otherwise, they’re better off
using the Z-test function in the GC and letting it do its work.

Some students keyed in the wrong o into the GC, which resulted in an
extremely low p-value.

The final part of comparing p-value to significance level and the conclusion
was also horribly done. Students generally made some permutation of the
following mistakes:

Dividing the p-value by 2, or using the p-value for the one-tail test
Comparing p-value to 0.05 instead of 0.1

Comparing wrongly (e.g. 0.334<0.1)

Mixing up the results of the test (e.g. 0.334 > 0.1, hence reject H,)

S N

. Mixing up “sufficient/insufficient evidence” and “ H,/H, is true/not true”.

In particular, students should learn that the purpose of the test is to use the
evidence to try and prove that H, is true, and hence the final conclusion must

reflect this (i.e. is there sufficient evidence to conclude that H, is true?).

(@)(i)

It is not necessary to assume X is normally distributed. As the

sample size is large, by Central Limit Theorem, X is
approximately normally distributed.

Need a home 11

This question has highlighted
a fundamental conceptual
error that many students have
about CLT: that CLT allows
us to approximate X as a
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ranging from “No, CLT says
X is normal” to “Yes, since
CLT says X is normal”.
Because it is very easy for
students to simply give the
correct answer “No” with a
superficial explanation, the
marking of this part is very
much stricter. Many students
simply said “It is not
necessary, since n is large, it
is approximately normal by
CLT”. These are important
concepts that need to be
corrected so students can
have a better picture of how
CLT is used.

(b)(¥)

Critical region of the test is z <—1.64485 or z >1.64485
= z<-1640rz>1.64 (3s.f)

The phrases “critical value”
and “critical region” are
added into the new syllabus,
so students must know and
distinguish between them. A
number of students gave just
the critical values.

Also, critical region is
usually expressed in terms of
the test statistic (in our case,

2).

Finally, there are also
students who gave the non-
critical region as the critical
region. One way to rectify
this is to reinforce the fact
that the critical region is also
known as the rejection region
(i.e. rejection of H,).

(b)(ii)

5.94-5.5 _0.44\n

\F J6.5
For a favourable outcome at 10% significance level, do not reject
HO
— z lies outside the critical region
0.44/n
65
_ L ~1.644856.5 cdn<l 1.64485\6.5

Value of test statistic z =

= —-1.64485< <1.64485

0.44 0.44
< £1.64485\/ﬁ JZ
0.44
= Nn<90.837

Hence largest n = 90

Students who are careless
with reading the questions

would have used either 22

as the sample mean or 6.2108
as s°.

Some students were confused
about what the “favourable
outcome” meant about the
rejection of H, . This

involves understanding the
context of the problem.

A significant portion of
students only wrote down

z <1.64485 and not the full
non-critical region. Credit
was only given if the correct
inequality with the p-value
was given earlier; the
assumption is that with the
correct inequality, students
would be able to use

Need a home 11
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full region should be written
down. It is actually also
possible to obtain the correct
answer with z >—1.64485,
but the earlier inequality
would have been more
appropriate since the test
statistic here is positive.

Students were also generally
very careless with solving
inequalities.
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8(i)

t
(time for 1 A
lap in sec)
92.32 -«
I x
1
1
1
1
' X
' X
1 X
1
L oo
| |
6 24 'm

(no. of months

A linear model would imply that in the long run, the time taken to
swim a lap would be negative, which is unrealistic.

3 important points to
note for scatter diagram:
1) axes t and m labelled
2) extreme values
labelled

3) 8 points in total

Acceptable answers
include:
- negative time

(Note: Extrapolation is not accepted as a reason, as the question | - Zero time
isn’t looking for a reason based on the data obtained.)
8(ii) | Using GC, for C =37, r = —0.992555 R: 6 d.p.
8(iii) | The most appropriate value for C is 38, as the magnitude of its | Acceptable answers
corresponding value of r is closest to 1. include:
- |I’| ~1
-r=-1
Quite a number of
scripts had “closet”
instead of “closest™!
8(iv) | From GC, least squares regression line of In(t—38) on mis R: use C =38
In(t —38) =5.01236 —0.16349m R In(t—-38) onm
= In(t—38) =5.01-0.163m (35s.f) 3 s.f. for final answer
Please note that
C =38 is the fastest time that a student can expect to complete a ¢ 1S NOT the gr_adlent,
lap of breaststroke after spending a long time at the swim school C is NOT the y-intercept
" | Acceptable answers
: . . . . include:
l(Jl;/lakmg t the subject in the equation of the regression line gives | - fastest _time after a
t=38+e>%%" spas m—>o0, t—38)) I_osr;]goftzgltotcijme after a
long period
8(V) | When m=9, t =38 g>01236-0.16349(9) Acceptable answers
=72.50 (2d.p.) include:
A timing of 60.33 seconds is well below the expected timing of | - Very strong
72.50 seconds. Therefore, we can say that the student is | - very talented
exceptionally strong in his/her swimming ability. - way above average
8(vi) | The 8 randomly selected students might have been of different | The following may not

genders and ages. To make the results fairer, data could be
collected separately based on genders and age ranges.

give fairer results:

- increase sample size

- increase frequency

- group by ability
(beginner, intermediate,
advanced) is subjective
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9 (a) | Let X be the random variable ‘number of defective articles in | Although most people
sample of 10°. X ~ B(10,0.065) are able to do this part,
P(accepting a batch) = P(X <1) = 0.86563 = 0.866 there are quite a number

of students who doesn’t
know how to do this
basic question. Or some
calculated this manually
instead of using
Binomial distribution.
(i) | P(batch eventually accepted) Most students who got
_ 2 this wrong did not
=(0.86563)“ +2(0.86563)(1—0.86563)(0.86563) multiply by 2 for the
=0.95069 second case.
=0.951
Some did not
understand the question
and interpret it as a
geometric series
question.
(if) | Let N be the number of articles examined per batch. About 30% have no clue
20 if both findings agree how to do this part. 40%
130 otherwise of.those who attempted
missed out some cases,
P(N = 20) = (0.86563)% + (1— 0.86563)* = 0.76737 such as RR or did not
P(N =30) =1-0.76737 = 0.23263 multiply by 2 to account
. E(N) =20(0.76737) +30(0.23263) = 22.3 for AR and RA.
9 (b) | Let Y be the random variable ‘number of defective articles in a | Except for some who

sample of 10°. Y ~B(10, p)
A=P(Y <1)+P(Y =2)-P(Y =0)

=19C, p° (- p)*° + °C,p' (- p)® +1°C,p* (- p)* - °C, p° (1 p)]
=(1-p)° +10p(- p)’ +45p*(L- p)*®
=(1+9p)1-p)°? +45p%(L- p)*® (shown)

did not interpret the
question properly, this
opart is quite well done
for those who attempted
it. Except for those who
did not use the formula

and thus left out *°C, or
lOC:2 .

9 (b)

Let W be the random variable ‘number of acceptable batches, out
of 100 inspected’. W ~ B(100, A)

P(W >80) =0.98 = P(W <80) =0.02

By GC, A =0.876235

o A=(1+9p)(1— p)° +45p*(1— p)*® =0.87624

By GC, p=0.08

There are a good
number students who
have problem dealing

with complement.
P(W >80) =0.98=1—-P(W <79)=0.9

A large number of
students applied (CLT)
erroneously or normal
approximation to this
gn, and took invNorm.

Students should also be
advised not to use table
to solve for A as A is not
an integer value.

10 (a)
(i)

Let X be the random variable ‘marks of an examination’.
By GC, P(X >100)=0.0359 if X ~ N(73,152)

Common wrong
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i.e., there are 3.59% of the students scoring more than the
maximum mark of 100, which is impossible.

students marks are not
independent of one
another / the mean
should be around 50 /
mark is a discrete
random variable / mark
cannot take negative
values or values above
100.

Students need to
understand that normal
distribution is a model
to help analyze the data
and can be applied as
long the population is
large and the values that
it cannot take have
negligible probabilities.

10 (a)| Since n =50 > 20 is large, by Central Limit Theorem, Majority assumed X is
(i) _ 152 _ normal and then applied
X ~ N(73, E) approximately. CLT for X . This
- P(70<X <75)=0.748 questions shows that
most people do not
understand the meaning
of X.
10 (b)| Let Y be the random variable ‘marks of a school examination’. | Quite a number had
Y ~ N(u, o°) problem with 80th
P(Y <51)=0.8 percentile:
P(Y>51)=08&
pz <222y _038 P(Y = 51) are WRONG!
o
51— u _0.84162 Standarcizsitlon should
e be|z =2"4
1+0.841620 =51 o
P(u—54<Y < u+54)=05 Note that
InvNorm (0.8) = 0.84162
5.4 5.4
P(——<2<-7)=05 InvNorm (0.8) = 0.8
5.4 Note the interquartile
P(Z<-—)=025 range and its related
o probability:
_E=_067449 P(Y <U)—P(Y<|):O.5
o) where u—1=10.8
o=8.01
1 =51-0.84162(8.0061) = 44.3 P(Y <u)—P(Y <1)=10.8 is
WRONG!
10(c)| Let M be the random variable ‘marks of another school
() | examination’. M ~ N(52,13%)

P(50<M)=0.56113
Number of passes = (total candidature) x0.56113 = 289
.. total candidature = 289 +0.56113 =515

laed-a
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10 (¢)
(ii)

P(M -52/<m)>0.9=P(52-m<M <52+m)>0.9

where M ~ N(52,13%)

= P(M <52-m)<0.05

= 52-m<30.6

= m>21.4

.. Smallest integral value of m =22

P: Missing first step
R: m marks from mean,
90%, more than, etc.

As 52 & 13 are given,
there is no need for
standardisation.

The preferred method is
InvNorm(0.05, 52, 13).
Trial and error using GC
table is not advisable.
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5

A parabola, P with equation (y—a)2 = ax, where a is a constant, undergoes in succession, the following

transformations:
A: Atranslation of 2 units in the positive x -direction

B: Ascaling parallel to the y -axis by a factor of 1

The resulting curve, Q passes through the point with coordinates [2, %)

(i) Showthat a=4. [3]
(ii)  Find the range of values of k for which the line y = kx does not meet P. [3]
The region bounded by the curve y = J_l 5 the x-axis and the lines x=9 and x =16 is rotated through
2n radians about the x-axis. Use the substitution t = \/; to find the exact volume of the solid obtained.
[6]
. . A B
i Express in the form + ,Where A and B are integers to be found.
() Bxpress T (r+1) (r+2)! |
[2]
i) Find S _"+1 3
(ii) Y3 [3]
= r+1
iii) Hence, evaluate _ 2
(i) ;‘ 3(r+2)! [2]

Kumar wishes to purchase a gift priced at $280 for his mother.
Starting from January 2017,
. Kumar saves $100 in his piggy bank on the 1% day of each month;
o Kumar donates 30% of his money in his piggy bank to charity on the 15" day of each

month and
e Kumar’s father puts an additional $20 in Kumar’s piggy bank on the 25" day of each
month.
(i)  Find the amount of money in Kumar’s piggy bank at the end of March 2017. [2]

(i)  Show that the amount of money in Kumar’s piggy bank at the end of n months is
300(1-0.7"). [3]

(iii) At the end of which month will Kumar first be able to purchase the gift for his mother? [2]
The diagram below shows the sketch of the graph of y =f (x) for k> 0. The curve passes through the

points with coordinates (k,0) and (3k, 0), and has a maximum point with coordinates (4k, 2). The

asymptotes are X=0, x=2Kk and y =0.
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i y= f(x)
(4k,2)
o kN | /o) &
X I: 2k

Sketch on separate diagrams, the graphs of
(i) y=f(-x—k), [2]
(i) y=f'(x), [2]
(i) y=—, [3]

f(x)
showing clearly, in terms of k, the equations of any asymptote(s), the coordinates of any turning point(s)
and any points where the curve crosses the X -and y -axes.

6 A straight line passes through the point with coordinates (4, 3), cuts the positive x -axis at point P and

the positive y -axis at point Q. It is given that Z/PQO =84, where 0< 0<§ and O is the origin.

(i) Show that the equation of line PQ is given by y =(4-x)cot&+3. [2]

(ii) By finding an expression for OP +0OQ, show that as & varies, the stationary value of OP +0Q is

a+bﬁ , where a and b are constants to be determined. [5]

7 Acurve C has parametric equations

x=—2 and y=t>-3, t=-1.
t+1
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(i) Find g_y in terms of t. 2]

X
(if) Find the equation of the normal to C at P where x=-2. [3]
(iii) Find the other values of t where the normal at P meets the curve C again. [3]
8 The curve C has equation
2% -3x+5
X—95

(i) Express y inthe form px+q+L5 where p, g and I are constants to be found.  [3]

(ii) Sketch C, stating the equations of any asymptotes, the coordinates of any stationary points and
any points where the curve crosses the x - and y -axes. [4]

(iii) By sketching another suitable curve on the same diagram in part (ii), state the number of roots of
the equation

(2x2—3x+5)2:5x(x—5)2. [3]
9 (a)  Given that the first two terms in the series expansion of v4—x are equal to the first two terms in
the series expansion of p+In(q—x), find the constants p and q. [5]
(b)(i) Given that y=tan(ax+1) where a is a constant, show that g—y =acos” y . Use this result to find
X
the Maclaurin series for y in terms of a, up to and including the term in x°. [5]
(i) Hence, or otherwise, find the series expansion of ;2 up to and including the term in x?.
1+(4x+1)
3]
10 ~ N

N—

hm
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The figure above shows a cylindrical water tank with base diameter 8 metres. Water is flowing into the
tank at a constant rate of 0.36xm%min. At time t minutes, the depth of water in the tank is h metres.
However, the tank has a small hole at point A located at the bottom of the tank. Water is leaking from
point A at a rate of 0.8xh m*/min.

(i) Show that the depth, h metres, of the water in the tank at time, t minutes satisfies the differential
equation
dh 1

E‘4To<9_20h)' [3]

(ii) Giventhat h=0.4 when t=0, find the particular solution of the above differential equation in the
form h=f(t). [6]

(iii) Explain whether the tank will be emptied. [1]

(iv) Sketch the part of the curve with the equation found in part (ii), which is relevant in this context.

[2]

11 A median of a triangle is a line segment joining a vertex to the midpoint of the opposite side.

For the triangle shown below, O, A and B are vertices, where O is the origin, OA=a and OB =b.The
midpoints of OB, OAand AB are M, N and T respectively.

B

o)

It is given that X is the point of intersection between the medians of triangle OAB from vertices A and

(i) Show that OX =1(a+b). [4]

(ii) Prove that X also lies on OT , the median of triangle OAB from vertex O. [2]
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The centroid of triangle OAB is the common point of intersection X between all three medians of the
triangle.

Ray tracing is a technique in computer graphics rendering used to realistically capture the lighting effect
in a scene being modelled. Starting from a chosen viewpoint, different rays are being traced backwards
towards different parts of an object in the scene and reflected off the object. For each ray, if it reflects
off the object and intersects a light source, then the part of the object at which the ray is reflected off
would be made to appear brighter.

In a particular scene depicting a dolphin jumping out of the ocean, a ray is being traced back from a
chosen viewpoint at V to the centroid X of a particular triangular facet defined by the vertices
comprising the origin O, A(5, 4, 6) and B (-2, 2, 3), and then reflected off the facet at X , as shown
in Figure 1.

Figure 1

(iii) Show that the plane p which contains the triangular facet OAB can be represented by the cartesian
equation -3y +2z=0. [2]

(iv) Given V (1,-68,—-37), determine the coordinates of the foot of perpendicular F from V to plane
p. [4]
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The reflected ray travels along a line m such that:
e both line VX (denoted by ) and line m lie in a plane that is perpendicular to plane p, and

e the angle between line | and plane p equals the angle between line m and plane p.

(v) By first finding two suitable points lying on line m, or otherwise, find a cartesian equation for
line m. [5]
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ANNEX B
CJC H2 Math JC2 Preliminary Examination Paper 1

1 |Graphs and .. 1
Transformation (ipk < 4
2 |Application of
Integration 7(2In2+2)
3 |Sigma Notation and | 1
Method of Difference |V (r+1)!_ (r+2)!
! 1
)= =—
( )3{2 (n+2)!}
oo 1
11)—
( )3
4 |APand GP (i) $197.10
(ifi)August 2017
5 |Graphs and (1)
Transformation : ._
t y=T(-x-k)
(-5k,2)
: : —
(kO i (2%0) 0 o
x :.-3k x=—k
(i1)
+ i y=f(x)
2] : (4‘._{}W X
x=2k
(111)
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(k0) | %3

Differentiation &

Applications (i) 7+43
Differentiation & . t(t+1)’
Applications (i) - )

(i1) y:—lx+H or 6y+x=34
6 3
(i11) t=-3 (given) or —0.915 or 2.91

Graphs and
Transformation

(i) p=2, =7, r=40
(i)

A H y= 2x+7
2% =3x+5 t -
) - 1 7
K= ' -

1(9.47:34.9)

O (0.528,+0.889)

(0,-1)

(iii)2

Maclaurin series

(a) p=2—-In4

~mo 1 1 1
b)(i) —+—ax——a*x* +—a’x® +...
( )W) 4 2 4 12

(ii)% —2X+4x’
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10

Differential Equations

11

\/ectors

(iv) (1,-38,-57)

V) I, :x=1L,y-2=
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H2 MATHEMATICS

’ CATHOLIC JUNIOR COLLEGE
2017 JC2 PRELIMINARY EXAMINATION PAPER I SOLUTION

Q1. Transformations, Conics and Inequalities

Assessment Objectives Solution Examiner’s Feedback
Determine the transformations on | (i) (y- a)z — ax Most candidates were able to
the graph of y =f (x) as answer this part correctly. Some
ted by v —f q LA forgot that scaling to a variable is
represented by y =f(x)+a an (y-a) —a(x-2) achieved by dividing the variable
ay =f(x). by the scaling factor.
!B
(3y—a)2 =a(x-2)
Since resulting curve passes through point (2, %j
(4-a)’ =a(2-2)
(4-a)" =0
a =4 (shown)
Applying the concept no real roots | (ii) Method @: Many presented satisfactory
= b’ -4ac<0 Parabola: (y - 4)2 —4x — @ answers. Some students failed to
- link the intersection of
Line: y =kx —@ linear/quadratic curves to solving
Substitute @ into ©: simultaneous and subsequently
(kx - 4)2 = 4x quadratic equations, and that the
- number of common points can be
k™" —8Kkx +16 = 4x inferred from the sign of the
k*x? +(-8k —4)x+16=0 determinant. Some also had
algebraic slips when handling
For the line not to meet the parabola, b” —4ac <0 :Tr]]g?galltles. They need to practise
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(-8k —4)" - 4k*(16) <0
64k? + 64k +16—64k? <0

64k +16 <0
k<—l
4
Method @:
Parabola: (y—4)2 =4x — O
Line:y:kx:>x=E — Q@
y

Substitute @ into @:
4y
YA
(y-4) =+
ky? —8ky +16k = 4y

ky? +(-8k —4)y+16k =0

For the line not to meet the parabola, b® —4ac <0
(-8k —4)" ~ 4k (16k) <0
64k* + 64k +16—64k* <0
64k +16 <0
1

k<-=
4
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Q2 Definitelntegral

Perform integration by a given
substitution.

2

r16
1
dx
J9 (\/;_Zj

2

:(t—izj (2t)dt

=T
r4
IR S
Jat -4t +4
r4
o 2t—4 4 dt

=T

=T

=T

=T

=T

+
J P —dt+d (t-2)

In[t* —4t+ 4\]: +nf 4(t-2)" dt

-1
ln‘t2—4t+4|+4M]
3

— 4
1n|t2—4t+4\—i}

I (t-2)
[(In4-2)—(In1-4)]

(In4+2) units®

3

Substitution:
t=x

t? =x

_dx

Tt

When x=9,t=3
When x=16,t=4

2t

Assessment Objectives Solution Examiner’s Feedback
Find the volume of solid formed Method @: Most candidates were able to setup
by revolution. Volume the correct integral for the volume

of revolution. However, many
failed make the correct substitution

of dx by %dt and thus 2tdt .

Another group of students forgot to
change the upper and lower limits
to the respective values of t when
the variable was changed.
Many students were also stuck at

4 _
o asitis

the integration of "

not very easy for those who don’t
practise much to identify the
fraction as a power function of
power -2.
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Method @:

Volume
J 9 \/;_2 t:\/;
rd 1 2 t2:X
J, () e o0
2 dt
. 2t dt When x=9,t=3
2
d3(t_2) When x=16,t=4
rd
=TT 2 + 4 2dt
.)3(11—2) (t—2)

—x[2inft-2[] + nj:4(t —2)” dt

-1
= 21n|t—2|+4@]
3

- 4
=7 21n|t—2|—i}

025
=n[(2In2-2)-(2In1-4)]
=n(2In2+2) units®

3
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Q3. Sigma Notation
Examiner’s Feedback

Assessment Objectives Solution

Apply concept of factorial (1) Method @: Most students were able to get the
A B values of A and B correctly. There

r+1

(r+2)! ) (r+1)! ’ (r+2)! were a variety of methods used to
A(r+2) B(r+2)! get the correct answers.

(r+ ).+ (r+2)!
(r+1)!  (r+2)!
r+l=A(r+2)+B

When r=-1, A+B=0 — @
When r=0, 2A+B=1 —®
Solving, A=1and B=-1

1 1 1

r+l=

: (r+2)r! (r+1)! (r+2)!

Method @:
r«1 A N B
(r+2)! (r+1)! (r+2)!
When r =1, éJFE:g
2 6 6
3A+B=2 —O®
When r:0,A+E=1
2 2
2A+B=1 — @
Solving, A=1and B=-1
1 1 1

- (r+2)r! (r+1)! (r+2)!
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Apply summation of series by the | (ii) noor+1 Most students were able to get this
method of differences. . 3(r N 2 part correct.
+ —
(M+1)! (n+2)!
EE N
3|2 (n+2)!
Understand convergence of a (iii)

series and the sum to infinity.

o+l 101 !
From (ii), rlng{z_m}

1 " org1 1
A , 0, thus =
RGN TP T 2_1:3(r+2)!_)6

2 r+1 1 = r+1
= +
> >

Most students were able to get the
sum to infinity correct but failed to
realized that the starting value of r
had change.
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TR —

+0.7° (100) +...+0.7" (100)
+0.7"(20) +...+0.7% (20)
+0.7(20)+20

Amount of money Kumar has at the end of March 2015
=$[0.7(100)+0.7° (100) +0.7° (100) +0.7* (20) +0.7(20) +20 |
=$197.10

Assessment Objectives Solution Examiner’s Feedback
Determine sum of a finite (i) Amount of $ Kumar has @ the ... Most students were able to get the
geometric series Beginning Middle End value correct.
Jan | 1] 100 0.7(100) 0.7(100) +20
2017
Feb | 2 | 100+0.7(100)+20 | 0.7[100+0.7(100)+20] 0.7(100) +0.7% (100)
2017 +0.7(20)+20
Mar | 3| 100+0.7(100) 0.7[100+0.7(100) 0.7(100) +0.72 (100)
2017 +0.7%(100) +0.72(100) +0.7(20) + 20] +0.7°(100) +0.7%(20)
+0.7(20)+ 20 +0.7(20)+20
n 0.7(100) +0.7% (100)

(i)

Amount of money Kumar has at the end of n months
=0.7(100)+0.7%(100)+0.7° (100) +...+0.7" (100)

+07“’1(20)+...+0.72(20)+O.7(20)+20
100( 0.7+0.7%+..+0.7" )+20(1+o.7+o.72+...+o.7”-1)

1 0. 7 —0.7"
:100 +20 1707
1 0.7 1-0.7

There were a many methods
presented by students. However,
because it is a show question, their
working must be clear. Credit were
not given to students who just state
that a =90,r = 0.7 unless the
explanation on why a = 90 is clear.
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Solve inequality

(i)

300(1—0.7“)2 280
107" >34
15
07" <&
15
n=>7.59

Kumar will first be able to purchase the gift for his mother at the 8™

month. (or August 2017)

Quite badly done by students wo did
not use the GC table method with
many students not realized that
In 0.7 < 0 and hence there is a need
to change the inequality sign when
dividing by In 0.7 on both sides of
the unequalities.
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Q5. Transformations

Assessment Objectives

Solution

Examiner’s Feedback

Apply effect of transformation on
the graph of y=f(x) as

represented by y =f(—x—k).

(i)

»
»

(5k.2)

y=~f(x—k

Many good answers. However,
students should take note that they
are supposed to state the
coordinates of any turning point(s)
and any points where the curve
crosses the x- and y-axes as given
in the question.

Correct sequence.
y=1(x)

o]
I

(=5k.2)

(2k,0) (4k,0)

y="f(-x-

> ranslate k units in the +ve x-direction
y=Ff(x-k)

{ reflection in the y —axis

y=Ff(-x-k)

k)

(-4, 0)

(<2, 0)

~ 1
Xx=—3k X=—x
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Relate the graph of y=f'(x) to | (ii) y . ' Many good answers. However,
y=1"(x) | students should take note that they
the graph of y=f(x).

are supposed to state the
coordinates of any turning point(s)
and any points where the curve
crosses the x- and y-axes as given
in the question.

There were a number of students

0 (4k,0) > X | who mixed up the skeltching of
—f'(x) and y=——.
y=f'(x) and y 0
or x=2k
A)k/ é y:f'(x)
0 | (4k,0)\ﬁ' > X

x=2k
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Relate the graph of y =

the graph of y=f(x).

Lto

F(x)

(i) y

(2k,0)

Many good answers. However,
students should take note that they
are supposed to state the
coordinates of any turning point(s)
and any points where the curve
crosses the x- and y-axes as given
in the question.

There were a number of students
who mixed up the sketching of

y="F'(x) and yzi.

F(x)
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Q6. Application of Differentiation

tanf = — = QR = 4cot 0
OR

y —intercept =3+ 4cot
Equation of line PQ is y =—(cot@)x+3+4cotd

y =(4—x)cot@+3 (shown)

Assessment Objectives Solution Examiner’s Feedback
Use of trigonometric ratio to (i) y Poorly attempted. Many students
express gradient and y-intercept in 4 could identify that they needed to
terms of 4. N find gradient but did not realized
Q that gradient in this question is in
fact negative. Students who
R attempted to ‘work backwards’ but
did not show sufficient and
> % accurate working were penalized.
@)
. 1 1
Gradient op o— coté
0Q

Page 12 of 27




Find axial intercepts using
equation of line.

Find stationary value using first
derivative.

(ii)

Whenx =0, y=4cotd+3
Wheny =0, 0=(4-x)cotd+3

X=4-—> _4:3tang
coté

OP+0Q=4+3tanf@+4cotfd+3

=7+3tan@+4cotd
LetL=0P+0Q
a =3sec? A —4cosec’d
do
d—L:O:3sec20:4cosecze
do
3 B 4
cos’@ sin‘é
tan29:ﬂ
3
2 ) 2 T
tanfd=—| rej.———=--0< O <—
v@[ e zj
Stationary value of OP+0Q =7 +3(ij+ 4 ﬁ
3 2
=7+43

Many students were unable to find
the x-coordinate of point P.

For students who found the
expression for OP + OQ, they were
unable to differentiate the
expression.

Students should know the
following:

d
1) —(tan#)=sec* &
()de(an) sec

d
2) — t@)=— 20
( )d (CO ) cosec
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B L —

Equation of normal at P(-2,6) is

1
—6=—= 2
y 6(x+ )

117
=——X+— or 6y+x=34
y 6573 y

Assessment Objectives Solution Examiner’s Feedback
Find first derivative of a function | (i) dy Most students able to get the
defined parametrically. dy gt 2t t(t+2)° correct answers. Those who were
dx dx -4 9 unable to do made careless mistake
dt (t +1)2 in dx/dt.
Find equation of normal. (i) 4 Most students got the correct
When x = -2, t+1 —2 concept to solve for the eqn of
t—_3 normal but lost the accuracy mark
due of the wrong expression in part
y=6 ().
Gradient of normal = ———— = R
-3(-3+1) 6

Find t-values at points of
intersection of a Cartesian line and
a parametric curve.

(i)

t2_3:_l(i)+£
6\t+1 3

6(t+1)(t* —3)=—4+34(t+1)
3(t+1)(t* -3) =17t +15
3t° +3t° -9t -9 =17t +15

3t° +3t* —26t-24=0
Using GC, t =-3 (given) or t =—-0.915 (3s.f.) ort =2.91 (3 s.f)

Many students attempt to convert
the parametric eqgn of the curve to
cartesian form first then solve for
the x values, then solve for the t
values which lead to a longer
method.

Please note that this method may
not work for all questions as it may
be hard/impossible to convert to
cartesian form.

Also, many students didn’t make
use of their GC to solve and hence
wasted their time to solve
algebraically.
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B B

Assessment Objectives Solution Examiner’s Feedback
Perform long division 0] 2%x%2 —3x+5 - 40 I% 47
Y=—— =X+ i+—C This part was generally well done.
X—=5 X—=5 x—552x2—3x+5
Lp=2
2
q=7 —(2x* ~10x)
r=40 7X+5
—(7x-35)
40
Identify characteristic of (ii) Asymptotes: y=2x+7 and x=5
asymptotes, turning points and Candidates need to use a ruler for
axial intercepts. y 2yt axis and asymptotes to provide an
i 4 e accurate sketch.
Use of a G.C. to graph a given y= 2x"=3x+5 ’ Many students did not write down
function. x-5 intercept in coordinate form.

| (9.47,34.9)

vy
>

(0.528,-0.889)
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Understand that the number of
intersections is equivalent to the
number of roots in an equation.

(ii)

2

(2 3x+5 =5x(x-5)

[2x —3x+5j

y* =
y= iﬁ
Sketch y =++/5x in part (ii).
From the diagram, there are 2 points of intersections. Hence, there are 2
roots.

Many students did not include

y =—5X .

Some students drew a sketch of

y =++/5x which did not touch the
origin.
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Q0 Maclaurin s Series T T —

Assessment Objectives

Solution

Examiner’s Feedback

Use of series expansion formula in
MF26.

(@) Method @:

WA
JA—x =47 (1—1]

:2@_g+mj

=2—§+...
4
p+In(g—x)= p+|n{(q)[1—§ﬂ
:p+lnq+ln[1—5j
q
X
=(p+Ing)——+...
(pina)-2
Comparing,
2=p+Ing and _X__ X
4 q
2=p+In4d q=4
p=2-In4
Method @:
-1
Let f(x) =v4—x = f'(x) =
v N2

Let g9 = p+In(@-—2) = G0 ==, ~9(0)= p+ING&T(O) =~

Comeparing,
g=4and p=2-In4

- f(O):Z&f'(O):—%

Quite a majority of the students
attempted this question
successfully with a variety of
methods. The most successful
method being the use of repeated
derivatives to form equations in p
and g.

Common errors include erroneous
use of the standard series
expansions and also not knowing
how to convert the expressions into
the standard form required in their
use.

A significant number of students
also made arithmetic errors on the
rules of logarithms, resulting in
many marks lost.
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Implicit differentiation involving
trigonometric expressions.

Use of formula given in MF26 to
find Maclaurin series.

(i) y=tan"*(ax+1)
tany =ax+1

dy
sec’y—2=a
y dx

Y _ acos? y (shown)
dx

2
ay_ 2acos y(-sin y)d—y =-asin Zyd—y
d dx dx

X2
d3y dyj2 R dzy
— =-2aco0s2y| — | —asin2y—-
dx? y(dx %
When x =0,

Most students performed badly for
this question as they are unclear
about the process of implicit
differentiation, often omitting the
multiplication of the first
derivative.

Students who attempted direct
differentiation are rarely successful
due to the complexity of the
equations.

Most students who are successful
with the repeated differentiation
ended up with the correct
expression, except a few who made
arithmetic errors on the
coefficients.
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Use of chain rule and formula
given in MF26 to differentiate
tan*(4x+1), and make use of

expression found in (i).

(ii)

Method @ (HENCE: direct differentiation using MF26)

4
1+(4x+1)°
1 1d

— = = Ttan(4x+1
1+(4x+1)° 4dx[ (4x+)]

_1d |:£+2X—4X2 +%x3+..1

%[tanlmx +1)] =

T 4dx| 4
=%[2—8x+16x2 +}

:l—2x+4x2+...

Method @ (OTHERWISE: binomial expansion)

1 -1
m = [1+ (16x2 +8X +1)}

-1

=271 [1+ (4x +8x2 )]

:%[1—(4x+8x2)+%(4x)2 +}
:%[1—4x—8x2+16x2+...]

L oxsaxs.

Method ® (OTHERWISE: repeated differentiation)

1 , —8(4x+1) 1,.
f(X)=——— = f(x) = f(0) == &f'(0) =2
W Ty 7Y [1+(4x+1)2]2:> 0)=2&10)
:>f"(x)=_32[1+(4x+1) ] +128(4x+41) [1+(4x+1) ]:f"(0)=8

[1+(4x+1)° ]
.'.f(x):%—2x+4x2+...

Most students were unable to see
the link necessary for the “hence”
method and adopted the otherwise
methods. The most successful
methods were those which
involved repeated differentiation as
it does not depend on the previous
answers.

Many students attempted to use the
series expansion for (1+x)" using
(4x+1)% in place of x, but failing

to realize that all powers of
(4x+1) will result in terms which

have to be include (i.e. constant, x
and x?).
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QL0 DTNt Equations T T ——

dh 1
—=——-(9-20h) (shown
dt 400( )( )

Assessment Objectives Solution Examiner’s Feedback
Use of chain rule (i) V = n(42)h This part is usually well done.
Formulate differential equation av =167 Some candidates introduced t,
from a problem situation dh representing time, in an attempt to
establish an equation of h in terms
av _dv,,  dv,, of t. Followed by wrong
dt  dt dt differentiation of h with respect to t
=0.361—0.87h .This approach earn no mark.
v _dv dh
dt dh dt
0.36m—0.87th =167 - dh
dt
dh _ 0.36n—0.8zh
dt 167
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Solve differential equations to find | (ii) dh 1 9 20h Careless mistakes in writing the
particular solution. dt m( ~20h) numbers are unusually frequent in
1 1 this part and resulted in marks loss.
f dh =——[1dt
9-20h 400

=20 gt [1t
20) 9_20n"" "~ 200

~Linjo—20n|=-1 (t+A)
20 400
1

Inj9—20h| = - —(t+ A

n| =5 (t+A)

1
9-20h| = ="

S
9—20h=te @

Ly 1
9-20h=+e  .e @

(t+A)

1 1

9-20h=Be ® where B=+e 2"

When t=O, h=0.4,
1

9-20(0.4)=Be ®
B=1

(0)

Ly
. 9-20h=e ®
1

20h=9—¢ 2

h=L 9—e7%t
20

Generally well done.
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No marks awarded to candidates

Interpret a differential equation
and its solution in terms of a
problem situation.

(iii) If the tap is on indefinitely, the tank will not be empty. In the long run,

there will be % m of water in the tank.

who attempted to explain in words
without clear reference to the
mathematical equation obtained

earlier.
Many candidates often overlooked

Interpret a differential equation
and sketch a graph.

the presence of a horizontal

asymptote.
Lacks proper labelling of axes or

asymptote.
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QI Vectors

Assessment Objectives Solution Examiner’s Feedback
Solve a two-dimensional vector (i) AM = —a+%b Most students were able to obtain
geometry problem involving BN = _bila at least 2 out of 4 marks by using
abstract vectors, by : R - ratio theorem to find AM and BN,
OX =a+ AX =b+BX but some were unsure how to
e Using the collinearity theorem =a+A(-a+ib) =b+ u(-b+21a) for some scalars A, u continue.
to formulate expressions for 2 2
the position vector of an (1-Aa+2b =Fa+(1-ub Since a and b are non-parallel, we
unknown point, in terms of 1-=4 can compare the coefficients of the
two non-zero non-parallel base : {4 2 2 vectors to obtain the 2 equations.
vectors, and 7=1-u

Solving, A1=u=%
e Compare and equate
corresponding coefficients of

respective base vectors in a _ _ _
vector equation, to solve the Method @: (Using Equation of Lines)

problem. Lo :r=a+/1[—a+%bj, AeR

. OY — 2 1 _1 1
. OX =a+£(-a+3b) =za+3b (shown)

lon :r=b+,u(—b+%aj, HeR

Since X lies on both lines,

a+ﬂ(—a+£bj:b+y(—b+laj
2 2

Solving, A=u=%

. OY _ 2 1 _1 1
. OX—a+§(—a+5b) —§a+§b (ShOWﬂ)
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Method @: (Using Ratio Theorem)

l(a)+(1—/1)@bj

. -1
Using triangle OAM, OX = =/1a+ub
A+(1-2) 2
,u[;aj%—(l—,u)b
Using triangle ONB, OX = == ua+(1-u)b
y+(1—,u) 2 ( )
/1a+(1_/1)b=3,ua+(1—,u)b
2 2
1=H
2
1-2
71—
5 H
. 1 2
Solving, A==, u==
O ATy ATy

OX =ta+lp (shown)
3 3

Apply the midpoint theorem.

Apply the collinearity theorem to
determine whether three distinct
points are collinear.

(i)

oT = % (a+b) using the midpoint theorem

OX =1(a+h)
~3[2@m]-307

Since OX =kOT for some scalar k where 0 <k <1, OX is parallel to OT

with a common point O, hence X lies on OT.

Most students gave an incomplete
proof for X lying on OT. It is

essential to show that OX is a

scalar multiple of OT and hence
the 2 vectors are parallel.
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Find a normal vector for a plane
given three non-collinear points on
the plane.

Formulate a vector equation of a
plane in scalar product form, using
a point on the plane and a normal
vector to the plane.

(i)

OAxOB =| 4 |x| 2

Since

it is represented by r-| -3

0
-3
2

-2
2
3
(4)3)-(6)(2)
=1 (6)(=2)-()Q)
(5)(2) (4)( 2)
=|-27| =9| -3
18 2

is perpendicular to the plane, and origin O is on the plane,

0 0)(0
={0]||-3|=0
2 0)(2

. —=3y+2z=0 (shown)

Most students were able to obtain
the normal of the plane.

Since O is on the plane, the most
direct method is to cross OA and
OB.
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Find the foot of the perpendicular
from a given point to a given
plane, by:

e Formulate an equation for the
perpendicular line passing
through the point, and

e Find the point of intersection
between this perpendicular line
and the plane.

(iv)

1 0
Line VF, | :r=| 68 |+ 1| -3 |, 1eR.
=37 2
1 0
Since Fison I, OF =| —68 |+ A| -3|, forsome AR .
=37 2
0
Since F ison p, OF -| -3 |=0.
2
1 0 0
= —-68 [+ 4| -3 ||| -3|=0
=37 2 2
130+131=0
A=-10
1 0 1
OF =| 68 |+(-10)| -3| =| -38
=37 2 -57

The coordinates of F is (1,-38,-57) .

Some students had the
misconception that
1 0
VF =| —68 |+ 4| =3 | and that since
=37 2
VF is parallel to the normal of
0
plane, VF -| -3 [=0. The 2 vectors
2

are parallel, not perpendicular.

A number of students were careless
in solving for the value of 1.
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Given a line and a plane that
intersects at a point, construct a
vector equation for the reflection
of a line in a plane, by :

e Locating the point of
intersection between the line
and the plane,

¢ Finding the point of reflection
of another point on the line in
the plane, and

e Constructing a vector equation
of the reflected line containing
these two points.

Convert a vector equation for the
line into a Cartesian equation.

(v)

1
O7=%(ﬁ+@)= 2

V)
Let V' be the reflection of V in plane p.
oF - VOV [or use VF = F\T’J
2
OV '=20F -0V
1 1 1

OV'=2|-38|-| 68 |=| -8

1 1 0 0
VX =2|-| -8 |=|10|=10]1
3) |=77) (8 8

0
1 0
Line m:r=|2|+k 1} keR
3 8
z-3

Line m: x=1, y—Z:T

Some students failed to notice that
X is the centroid of triangle OAB
although it was mentioned in the
question.

Common mistakes include using
07:% instead of OF .
The above mistake could have been
avoided if the student had drawn a
diagram.

The question asked for a cartesian
equation of line m, hence students
were penalized for giving the
vector equation form as the final
answer.
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The curve with equation y =f (x), where f (x) is a cubic polynomial, has a maximum point with

coordinates (—2,3—;j and a minimum point with coordinates (3,—%}. Find the equation of the

curve. [4]

Referred to the origin O, the points A, B, P and Q have position vectors a, b, p and q
respectively, such that |a| =2, b is aunit vector, and the angle between aand b is %

(i)  Give a geometrical interpretation of |b-a|. [1]
(i)  Find |axb|, leaving your answer in exact form. [2]

Itis also given that p = 3a+(x+2)b and q = (u+3)atub, where ueR.
(iii) Show that pxq = (4*+2u+6)(bxa). [3]

(iv) Hence find the smallest area of the triangle OPQ as s varies. [3]

The function f is defined by

fZXHltaI’l X for xeR, OSX<3—n.
3 3 2

(i) Sketch the graph of y=f(x), indicating clearly the vertical asymptote.
[2]

(i) State the equation of the line of reflection between the graphs of y=f(x) and
y =f7(x), and hence sketch the graph of y =~ (x) on the same diagram, indicating
clearly the horizontal asymptote. [2]

The solutions to the equation f (x)=f"(x) are x=0 and X=a, where 0 <« <3?n.

(iif) Using the diagram drawn, find, in terms of « , the area of the region bounded by the
curves y=f(x) and y=F"*(x). [5]

Another function g is defined by

g:Xt>e* for xeR, x>-2.
(iv) Show that the composite function gf exists and define gf in a similar
form. [3]

(@) The complex numbers Z and w satisfy the simultaneous equations
Z+W*+5i=10 and |w| =z +18+i.
Find Z and w. [4]
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(b) (i) Itisgiventhat 2+i is a root of the equation z° —5z+7+i=0. Find the second root

of the equation in cartesian form, showing your working clearly. [2]
(ii) Hence find the roots of the equation —iw” +5w+7i—1=0. [2]
(©) The complex number z is given by z=—a+ai, where a is a positive real number.
. L J2z* . 0
(i) Itis given that w=————. Expressw in the form re', in terms of a, where r >0
z
and —-t<@<m. [4]

(if)  Find the two smallest positive whole number values of n such that Re (W")=0. [3]

A planning committee of 12 students consisting of one male and one female student from each of
the 6 Arts stream classes (Class A to Class F) in a junior college is to be formed for the Humanities
Seminar. There are 10 male and 10 female students in Class A.

() How many ways can  the representatives ~ from Class A  Dbe
chosen? [1]

The committee meets for their first planning meeting and is seated at a round table.

(i)  How many ways can the committee be seated if all the members need to be seated together
with the member from the same class? [2]

At the seminar, the committee members are to be seated in a row of 14 seats in the theatre together
with the Principal and the Guest of Honour. The chairperson and the secretary are selected from
the committee and they are both from Class F.

(ili) How many ways can this be done if the Principal and the Guest of Honour occupy the middle
seats and the committee members are seated together with the member from the same
class except for the chairperson and the secretary? [4]

The table below shows the petrol mileage, y km/L and the weight, X kg in thousands for various
car models in the year 1995.

X [ 35| 3 | 27525225 2 | 175 | 15 | 125
75180 | 85 (87100 | k | 135 | 16.8 | 18.0

(i) The equation of the regression line of y on X is y=2251355-4.908387x. Show that
k=11.0. [2]

(i) Draw a scatter diagram to illustrate the data. [1]

Need a home tutor? Visit smiletutor.sg




(iii) With reference to the scatter diagram and context of the question, explain why model (C)
below is the most appropriate for modelling the data as compared to the other 2 models.
(A) y=a+bx, where a is positive and b is negative,

(B) y=a+blnx, where a is positive and b is negative,

©) y:a+E , where a and b are positive. [1]
X

(iv) Calculate the least squares estimates of a and b for model (C). [1]

(v) Predict the weight of the car if the petrol mileage is 12 km/L. Comment on the reliability of
your prediction. [2]

(vi) Suppose there was an error in recording the y values and all the y values must be increased
by a constant M km/L, state any change you would expect in the values of

@ Vv, [1]
(b) standard deviation of y and [1]
(c) the correlation coefficient. [1]

(@) The random variable X follows a binomial distribution B(10, p).

(i) Giventhat X hastwo modes, X =4 and X =5, find the exact value of p. [2]
. . 1023
(ii) Given instead that P(X <9) ~T07d’ find the exact value of p. [2]

(b)  The random variable Y follows a binomial distribution B(500,0.5).
A sample of 30 independent values of Y is recorded.

(i) Find the probability that all the values recorded are less than or equal to 256. [2]

(i) The mean of the 30 values is calculated. Estimate the probability that this sample mean
is less than or equal to 256, stating clearly the approximation used. [3]

(iii) Explain why the probability found in part (ii) is larger than that found in part (i). [1]

A trading card game has rectangular cards of nominal size 64 mm wide and 89 mm long. However,
due to the limited precision of the machine used to cut the cards to size, the widths of the trading
cards follow a normal distribution with mean 64 mm and standard deviation 0.3 mm. The lengths
of the trading cards follow an independent normal distribution with mean 89 mm and standard
deviation 0.45 mm. The perimeter of the trading cards is twice the sum of its length and width.
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(i)  Trading cards with length 90 mm and above are called “tall” cards. Find the percentage of
trading cards that are “tall”. [1]

(i)  Write down the distribution of the perimeter of the trading cards, in mm, and find the
perimeter that is exceeded by 8% of the trading cards. [4]

A brand of rectangular card sleeves are manufactured for the trading cards and the widths of the
card sleeves follow a normal distribution with mean 66 mm and standard deviation 0.45 mm,
whereas the lengths of the card sleeves follow an independent normal distribution with mean 91
mm and standard deviation 0.675 mm.

For a card sleeve to fit the trading card nicely, the dimensions of the sleeves must be larger than
the dimensions of the trading card, but there should only be a maximum allowance of 1.2 mm on
each side.

(iif) Find the probability that a randomly chosen card sleeve fits a randomly chosen trading card
nicely, stating clearly the parameters of any distribution used. [5]

A computer hard drive manufacturer claims that the mean usage hours before failure of their R
series hard drives is 50 thousand hours. A technology columnist wishes to investigate this claim
and collected the usage hours, t thousand hours for each of the 50 randomly chosen hard drives
which were submitted to the local service centre for drive failures. The data is summarized as
follows.

n=>50 Xt =2384.5 Tt? =115885.23

The technology columnist wants to use hypothesis testing to test whether the mean usage hours
before failure of a hard drive is different from what the manufacturer has stated.

(i) Explain whether it is necessary for the columnist to know about the distribution of the usage
hours before failure of the drives in order to carry out a hypothesis test. [1]

(i)  Find the unbiased estimates of the population mean and variance and carry out the test at 1%
level of significance for the columnist. [6]

The columnist published the data and the results of the hypothesis testing in an online article.

(iii) Suggest a reason why the test result might not be useful to a reader of the article who is
deciding whether to buy an R series hard drive from the manufacturer. [1]

(iv) State an alternative hypothesis that is more relevant to the decision making process and
explain whether the result will differ from the earlier test carried out by the columnist at 1%

level of significance. [2]

(v) State a necessary assumption that was made for all the tests carried out. [1]
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10

A box contains 2 red balls, 3 green balls and x blue balls, where xeZ,x>5. A game is played
where the contestant picks 5 balls from the box without replacement. The total score, S, for the
contestant is the sum of the number of green balls chosen and thrice the number of red balls chosen.
The blue balls will not contribute any points, unless all 5 balls are blue. If all the 5 balls are blue,
the score will be 25 points.

20x(x* —3x+14)

(i)  Show that P(S =6) = : [2]
(X+5)(X+4)(x+3)(x+2)(x+1)
(i) Given that P(S =6) :%, calculate X. [2]
(iii) Complete the probability distribution table for S . [4]
S 1 2 3 4 5 6 7 8 9 25
P(S =5) S |5 VS s 1
42 63 21 63 84 252
(iv) Evaluate E(S) and find the probability that S is more than E(S). [2]

(v) Find the probability that there are no green balls drawn given that S is more than E(S) .[2]
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ANNEX B
CJC H2 Math JC2 Preliminary Examination Paper 2

1

Equations and
Inequalities

y:lx3—lx2—6x+4
3 2

\Vectors

(i) V2

(iv) %unit2

Functions

(1)

.........................................

pd ' 3n

/ PX=—
i i 2
ry ]

(ii) y = X

(iii) &® +21n {cos (%ﬂ

1 X
(iv) gf:X|—>e3t (J for xeR, O£X<377t

Complex numbers

(a) w=3+4i,z=T-1
w=-4+4i, z=14-1

(b)) 3-i

(i) w=1-2i, w=—-1-3i
y 1

(©)(@@) Ee

(1) 2, 6

P&C, Probability

(i) 100
(i) 7680
(iii)92160
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6

Comelation & Linear
Reqgression

liv) a=0257.5=228
(v) 1860ke
(vija) ¥ will be mereased by a.

(b) ranmnxmchaﬂ.ged_
() remain unchanged.

[Binomial Distribution

(@) p= ﬁ

- 1
{l-l:' ra =E
(b)) = 0.0000514
(1) 0998

Nomal Distribution

(1) 1.31%.
(1) { =307.51mm
(0525

Hypothesis Testing

(1) T =47.69 thonsand hours
P =443

10

DRV

127

L 11
(V) 737
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CATHOLIC JUNIOR COLLEGE
H2 MATHEMATICS
2017 JC2 PRELIMINARY EXAMINATION PAPER II SOLUTION

Q1. System of Linear Equations

Assessment Objectives Solution Examiner’s Feedback
Formulate a system of linear (1) y =ax® +bx? +cx+d Most common mistake:
equations. 34 - Some students assumed the
Curve passes through (—2,—) : coeff of X3 is 1, eg,
Solve a system of linear equations 3 y=x°+bx?+cx+d
using a G.C. a(~2) +b(-2) +c(-2)+d = >
3 Some attempt to form ONLY 2 or 3
—8a+4b-2c+d = 4 _ 0) equations to solve for 4 unknowns;
3 note that at least 4 eqns are needed
Curve passes through @_%j : to solve for 4 unknowns.
5 , 19 A few students left their eqn as
a(3) +b(3) +c(3)+d=——
(3) +b(3) +c(3) 2 Ex3—£x2—6x+4 instead of
27a+9%+3c+d=-— — @ 1, 1,
2 y==—X —=X"-6x+4
dy 3 2
—Z =3ax’ +2bx+c
dx

Curve has maximum point (—2,%} :
3a(-2)" +2b(-2)+c=0
12a—-4b+c=0—0®

Curve has minimum point [3,—%}:

3a(3)"+2b(3)+¢c=0
27a+6b+c=0—®
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Solving, azl,b=—1,c:_6,d =4
3 2
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Assessment Objectives Solution Examiner’s Feedback

Concept of geometrical interpretation. | (i) Length of projection of a onto b Generally OK, but many gave the
answer as length of projection of b
onto a.

Concept of unit vector and cross (ii) laxb|=a||b|sin& Many students mixed up the

product formula. definition of dot and cross product,

. T
= (2)dsin 4 although sin Zis the same as cos =
4 4
=2 which some students ended up with
the correct final answer, but they
still get penalized as they are using
the wrong definition.

Expansion of cross product. (iii) p=q Common mistakes:
= [3a+(u+2)b |x[(1+3)a+ub ] - axa=f
=3(u+3)(axa)+3u(axb)+(u’ +5u+6)(bxa)+u(u+2)(bxb) - The third term in the

expansion was
(1 +5u+6)(axb) instead
=(4*+2u+6)(bxa) of (ﬂ2+5y+6)(bxa);

note that the direction of
cross product is important.

© AR = 0 —s

:(—3y+,uz+5y+6)(bxa) [-.-axa:O and b><b=0]

vty
-t Ax4 = O
Finding stationary value. (iv) Area OPQ = 1‘(/12 Y2+ 6)H(b xa)‘ (iommon mistake:

2 —(,u2+2,u+6)b><a
:1‘(#2_'_2#4_6)‘\/5 2 ..

2 Note that the above expression is a

vector, not magnitude.
2

:%‘(,u+1)2 +5‘
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52

Smallest Area OPQ = = Tunit2
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Q3. Functions & Definite Integrals

Assessment Objectives Solution Examiner’s Feedback
Understand the relationship Q) Many students did not fully
between a function and its y4 L yex dth 3z
inverse. y=1(x) | extend the curve past x = >
| # 3z
! i and/or y=—
e K
_________________________.:,';____________ ;—3—7[
i e
| y=1()
E —> X
] 3n
| X =—
i 2
(i) y=X
Find area bounded by 2 curves. | (iii) Method @: Most students did not use this
« 1 X method, opting for the more
Area = ZL x—gtan 3 dx tedious alternative.
, " Students can use area of triangle
X X a
N 2{?"” Sec(gj‘ formula %a(a) instead of _[x dx
(o] 0
0{2 (04
:2{——In sec| — [—-0+0 (Some used 1a 1tan e
2 3 2 (3 \3
, a which is not simplified
=a“+2In| cos 3
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Method @:
Area = I “3tan? 3x—1tan (fjdx
0 3 3

- (ZX)Z dx — [In (sec%ﬂz

18x
1+9x°

=3atan 3 —%[In (1+ 9x? )J: —In (sec%)

—[3xtant3x | — [ 3x
0 0

=3atan’13a—lja dx—In (secgj+ln1
270 3

—3atan! 30:—1 In (l+ 9x2)— In(sec zj
2 3

Note the two answers are equal.
Most students did this method, not
utilizing the symmetry of the
curves.

Determine if the composite
function exists.

Find the rule and domain of a
composite function.

(iv)  R,=[0,x)
D, = [—2, oo)

¢]
Since R, < D,, of exists.

s inls

3n
Dy =Dy = {0’ 7}
3n

Lian[ X
gf :xi—e® (3) for xeR, O£x<?.

Common mistakes:
Dgf = Dg = [_2’00)

Many students did not put in
similar form
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Q4. Complex Numbers

Assessment Objectives Solution Examiner’s Feedback
Solving simultaneous equations (@) z=10—-w*-5i Most students were able to do this
involving complex numbers. |W|2 —10—W*—5i +18+i question except for the occasional
, slips in algebraic manipulation.
W +w*=28-4i
Let w=a-+Dbi, A number of students mistook ||’
a’+b*+a—bi=28—4i for w?.
By comparing, b =4,
a2 +(4)z +a=28 Presentation for simultaneous
equation is unclear.
a’+a-12=0

(a+4)(a—3)=0
a=—-4 or a=3
Sw=3+4i or w=-4+4i

When w=3+4i,
z:lo—(3—4i)—5i
=7-i

When w=—-4+4i,
z=10—(—4+4i)—5i
=14-9i

(b)(i) z2-5z+7+i=[z—(2+i)][z—K] Generally well done.
By comparing coefficient of z:
2? =5z+7+i=[z2-(2+)][z-K]
—5=—k—(2+i)

K=3—I

The second root is 3—i
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(i)  —iwWP+5w+7i—1=0
W —5iw+7+i=0
(iw)” —5(iw)+7 +i=0
iw=2+i or iw=3-i
w=1-2i or w=-1-3i

Badly done. Most students fail to
identify the term to replace.

Property of modulus and
argument.

(©)(i) Method ®:
z=-a+al

i(3n

4

AL

(et )

Badly done.

Most students prefer to simplify the
denominator but had problems with
the algebraic manipulation.

Most students got the argument

4a%e'®V wrong as they left their answer as
1 ei(*”%ﬂn] —%e‘“ , or they mistook
2a° a
7 3 arg(—\/iz*) =—J2arg(z*).
_ 1)
2a’ Another common mistake was that
many students left the argument of
zas ;.
Concepts of argument to find (i) If Re (w") =0, Most students got the method
purely imaginary roots. 3\ marks but lost the last mark as their
n (_TJ =5t kr, where k € Z argument was wrong.
2

n =—§(1+2k), where k e Z

Three smallest positive whole number values of n are 2, 6.
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Q5. Permutations and Combinations

Assessment Objectives Solution Examiner’s Feedback

Solving simple counting problems | (i) No. of ways = '°C, x °C, =100 Generally well done except for
involving multiplication principle some who did *°C, +*°C, instead.
Solving counting problems (i) No. of ways =(6-1)! x(2!)6 — 7680 Some students used (6—1)! x2! or

involving circular arrangements .
J J (6-1)! x6(2)! instead.

Since there are 6 couples, and for
each couple there are 2! ways to
arrange them, we do
21 x21 x21 x21 x2! x2! which
is different from 6(2)!.
Solving complex arrangement (iii) Method @: Most students were able to get 1 or
problems involving restrictions (1) Arrange P and GoH =2! 2 marks for this part.
(2) Choose side where CP and Sec are on (left or right) = °C,

Key is for the GoH and P to be

g _5
(3) Choose 2 classes to be seated with CP :fmq Sec ="C, seated in the middle, and for the CP
(4) Arrange the 2 classes and the people within each class and S to be separated, they must be

=21 x(21)? on the same side. Otherwise with 5
students on one side and 7 students

i 2 3 I
(5) Slotin CP and Sec =°C, x 2! o on the other side, GoH and P will
(6) Arrange the 3 other classes and the people within each class not be in the middle.

=31 x(2)’
No. of ways = 21 x2x °C, x 2! x(2!)2><3C2><2! x 3! x(2!)3=92160

So the remaining 5 classes will be
split to 3-2, with CP and S joining
the side with 2 classes. Hence,

Method @: (Arrange the 5 classes at one go) using the 2 classes, we will choose

No. of ways = 21 x2x5! x(2!)’x °C, x 2! =92160 2 out of 3 slots for CP and S. Bear
in mind that the 2 classes can either

Method ®: (Complement) be on the left, or on the right.

No. of ways = n(CP/S on 1 side but may be tog ) —n (CP/S tog )
= {ZX[SCZ x 3! ><23:'><2><(2)2 x4!}—[6! ><(2)6 ><2} =92160
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Q6. Correlation and Linear Regression

Assessment Objectives Solution Examiner’s Feedback
Concept of (y, y) lies on the Q) y =22.51355—-4.908387X Poorly attempted. Many students
N 91+ k 205 simply substituted x = 2 into the
regression line. ( 5 j =22.51355-4.908387 (Tj equation of the regression line and
hoped that the resulting y, i.e. k will
k=110 be 2. They failed to understand that

the point x = 2 may not pass
through the regression line.

Students must understand the
concept that (X, ¥) lies on the
regression line.

Scatter diagram (i) Most students handled this part
y accurately.

18 |5 There were students who carelessly
. o wrote the x-intercepts as y-
. intercepts and vice versa. Others
I o thought that 1.25 >3.5and 7.5 >
i 18. All these could have been
| o avoided if students made an effort
a g to check their scatter diagram
7.5 ) o q before proceeding.

A 4
>
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Concept of linearization of non-
linear model.

(iii) As x increases, y decreases at a decreasing rate and tends towards a
limit.

Poorly attempted. Students merely
says that the graph of model (C) is
similar to the graph in the scatter
diagram. This warrants no marks.
Students are reminded that they
need to describe the shape of the
graph.

Students are advised against
describing the gradient of the
scatter diagram as it is prone to
careless mistakes. In this question,
as x increases, the gradient actually
increases because it becomes less
negative.

Use of GC to find the regression

(iv) a=0257

Many students failed to leave their

line. b=228 final answer in 3 s.f.
Estimation and its reliability. (V) 22.837 Many students left their answer as
y =0.25681+ X x = 1.94. They did not conclude
29 837 that the weight of the car is 1940kg
12 =0.25681+ » or 1.94 kg in thousands.
x=194 (3s.f)

The weight of the car is 1940kg .
The prediction is reliable as y =12 is within the data range of y and the
|r |-value is close to 1.

Many students failed to mention
that the |r |-value is close to 1 when
stating that the prediction is
reliable.

Concept of mean and standard
deviation

(vi) (@) y will be increased by a.

(b) Standard deviation of y remain unchanged.
(c) Correlation coefficient remain unchanged.

Well-attempted by students.
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Q7. Binomial Distribution and Sampling Distribution

Assessment Objectives Solution Examiner’s Feedback
Setting up and solving equations @) P(X =4)=P(X =5) Most students could identify that
using the formula for a Binomial 10! s 10! . s the probabilities for the outcomes
random variable ne p*(1-p) =S5l p’(1-p) of 4 and 5 should be equal and
o T wrote the expressions according to
5(1-p)=6p the formula. Some failed to solve
5 the equation due to inadequate
P=0 skills in algebra.
Setting up and solving equations (ii) 1023 Many students did not realise that
using the formula for a Binomial P(X <9)= 1024 the complementary case is simply
random variable 1 10. Once this hurdle was overcome
P(X =10) = 1024 most were able to find the final
o answer.
ol = ( 1 j
2
1
P 2

Solving simple problems based on
random samples from a binomial
random variable

(b))  P(Y <256) = 0.719485301

P(all 100 values are less than or equal to 256) = 0.719485301%
=0.0000514

Many students immediately dived
into the irrelevant routine of using
CLT to find the sampling
distribution once they saw the
conditions given, without analyzing
the question carefully.

Majority of the students left the
first probability as the answer.
Their understanding of the term
“sample” may be in question.
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Applying Central Limit Theorem
for the sampling distribution of a
random sample from a binomial
random variable

(i)  E(Y)=500(0.5)=250, and Var(Y)=500(0.5)(0.5) =125
Since the sample size is sufficiently large,

Y ~N (250, 132—05j approximately by CLT

P(V < 256) =0.998

Most were able to follow the
routine to write down the
expectation and variance of Y.
However, half of them did not
show clear understanding of
sampling distribution and central
limit theorem in their subsequent
presentation of the solution. The
most common mistake is that
quoting CLT to write down

Y ~ N(250,125) , which is
WRONG! It is the mean of samples
of large size may be considered as
normally distributed
approximately, not the individual
observation.

Other common mistakes include
forgetting to divide the variance by
sample size, or using a wrong
notation for the random variable of
sample mean.

Making comparison between
probabilities that are calculated
based on the context

(iii)  The probability in part (ii) included cases where some of the values can
be larger than 256, but the final average is still at most 256.

Many students were able to give
the correct reason though the
phrasing can still be improved. For
example many casually wrote
“probability in (i) is a subset of
probability in (ii)”, which showed
understanding but failed to make
sense mathematically when it is the
collection of “events/outcomes” in
one being subset of the other.
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Q8. Normal Distribution

Assessment Objectives Solution Examiner’s Feedback
Practical application of Normal Q) Let L be the random variable denoting length of a trading card in mm. Badly done by students. Mistakes:
distribution to obtain percentages L ~ N(89, 0.2025) 1) Confusing CRV and DRV by
of items with certain properties P(L >90) =0.0131, hence the percentage is 1.31%. writing P(L < 90) =
P(L < 89)
2) Not answering in %
Practical application of Normal (i) Let T be the random variable denoting the perimeter of a trading card, in | Badly done by students. Most
distribution to obtain the critical mm. common mistake:
value of a certain property T~N (2(64) +2(89), 2%(0.3%)+ 22(0.452)) Taking invNorm with RHS area
satisfied by a given percentage of 0.2.
items ~ N(306, 1.17)
P(T >t)=0.08
P(T <t)=0.92
Hence t =307.51mm
Practical application of Normal (iii) Let X and Y be random variable denoting the width and length of a card | Badly done.
distribution to obtain probability sleeve subtracting away the width and length of a trading card Better students were able to find
of randomly selected items respectively in mm. the new mean and new variance but
fulfilling certain independent Hence X ~ N(66—64, (0.45%) +(0_32)) mistakes were made when calculate
physical properties the probabilities, Mistakes:
~N(2, 0.2925) 1) P(X <2.4)P(Y <2.4)
and Y ~ N(91-89, (0.45°)+(0.675)) 2) P(X <1.2)P(Y <1.2)

3) P(O<X <1.2)P(0<Y <1.2)

~N(2, 0.658125) _
Most students left this part blank.

P(width fits nicely) = P(0 < X <2.4) =0.7701200999
P(length fits nicely) =P(0 <Y <2.4) =0.6821730404
P(sleeve fits nicely) = P(width fits nicely) P(length fits nicely)

=0.7701200999 % 0.6821730404
=0.525
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B L

Solution

Assessment Objectives

Examiner’s Feedback

Provide reasoning to support the
application of Central Limit
Theorem in Hypothesis testing

(i)

It is not necessary as the sample size is sufficiently large for Central

Limit Theorem to apply.

This part is poorly attempted with
many students discussing about the
PARAMETERS of the distribution
rather than the fact of whether it is
a normal distribution.

Some students simply stated that it
is necessary as the hypothesis
testing requires the use of a normal
distribution, showing clearly their
lack of understanding for the
Central Limit Theorem and
Sampling Distributions in general.

There are also quite a number of
students who either left out the fact
that the sample size is large or that
Central Limit Theorem is
applicable, resulting in an
incomplete explanation.

Conduct a z-test for a practical
situation

(i)

t =2384.5/50=47.69 thousand hours

2
s° = %(115885.23— 2384.5

] =44.25357143=44.3

H,: =50
H,:u#50
Under H,, since n is large, by C.L.T.
'F ~ N(SO, WJappx

p-value = 0.01407 OR test statistic = — 2.4554

Most candidates are successful
with the unbiased estimates, but
some left the answer as 47.7 for
population mean, not realizing that
it is an exact decimal. Quite a
number of students also quoted the
wrong formula for population
variance or left their answers as the
value before dividing by 49.

While most students with the
correct estimates were successful
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Since p-value = 0.01407 > 0.01, we do not reject H, and conclude that

there is insufficient evidence at 1% level of significance to claim that
the mean number of hours before failure is not 50 thousand hour.

with the testing, there is also a
significant number of students who
lost all marks by simply stating an
incorrect p-value based on their
wrong parameters. P-values
calculated based on 3 s.f. values of
the parameters or a combination of
5s.f. and 3 s.f. values were
accepted. Correct p-values based
on erroneous presentation of the
sampling distributions were not
penalized due to benefit of doubt
given.

Students who attempted to use
critical values were less successful
as they applied modulus to the the
test statistic without doing so for
the critical value resulting in
erroneous comparisons. Students
should state clearly the rejection
region when using critical values.

Most conclusions were not given in
context, did not mention level of
significance, or were not phrase in
terms of the alternate hypothesis.
Many students phrased the
conclusion wrongly as “having
sufficient evidence to claim that the
mean is 50 thousand hours”.

Provide reasoning to support the
choice of alternate hypothesis
based on the context of the
practical situation

(iil)

The reader would be more interested to test whether the mean is
actually lower than the stated value which is not beneficial to them.

Most students simply stated that the
test did not indicate whether the
mean is more of less, but did not
make any reference to why these
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cases would matter to the reader.

Students who manage to make
reference to higher mean being
beneficial and/or lower mean being
not beneficial, were given credit
based on benefit of doubt.

Identifying alternate hypothesis
relevant to the context and provide
reasoning on the effect of the
alternate hypothesis on the
resulting p-value and final
conclusion of a z-test

(iv)

H,:u<50
Yes, the result will differ as the p-value will be halved when switching
to a one-tail test.

Most students were successful with
stating the correct alternate
hypothesis, except some who used
the left tail test in (ii). However,
not all were able to provide an
explanation to support the change
in conclusion, especially those who
used critical values in (ii).

Students who did not identify that
the p-value is exactly half of the
value found in (ii) will have to state
the actual value, simply mentioning
that the p-value is smaller is in
sufficient as 0.011 is also a smaller
p-value, but it will not result in a
change in the conclusion.

Most students who re-did the test

were most successful for this part,
but many went on to write the full
conclusion, which is not required

by the question.

Identifying implicit assumptions
made in a hypothesis test

(v)

We need to assume that the usage hours before failure for hard drives
are independent for all hard drives.

Many students were able to state

the assumption needed, but some
did not exhibit any understanding
of the situation.
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Q10. Probability and Discrete Random Variables

based on the expression for the
probability density function of the
discrete random variable

63 (x+5)(x+4)(X+3)(x+2)(x+1)
5(X +5)(X+4)(x +3)(x + 2)(x +1) —~1260x(x> —3x+14) =0
Solving, the only integer root is x =5

Assessment Objectives Solution Examiner’s Feedback
Formulating an expression for the | (i) P(S=6) This part is usually well done.
probability density function of a — P(RRBBB) + P(RGGGB) Lack of essential working is not
discrete random variable 5 . acceptable.
_G@)[X(x-D(x-2)] Cx(2)(2)(3!)
(X+5)(X+4H)(x+3)(x+2)(x+1) (X+5)(X+4)(X+3)(x+2)(x+1)
20x| X* —3x+2] 20x(12)
= +
(X+5)(X+dD)(x+3)(x+2)(x+1) (X+5)(x+4)(X+3)(x+2)(x+1)
B 20x(x* —3x +14)
(X+5)(x+4)(x+3)(x+2)(x+1)
Solving for an unknown parameter | (ii) 5 20x(x? —3x+14) This part is well done.

Completing the probability
distribution table of a discrete
random variable

(iii)
S 1 4 7 25
P(st) iorE iorﬂ iorﬂ i
84 252 | 21 252 | 42 252 252

P(S =1) = P(GBBBB)

A

I
Note: % is for arranging GBBBB with 4 repeated "B'"s.

P(S=4)and P(S=7) proved to

be quite challenging for most
candidates.
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P(S =4) = P(RGBBB)

0E

|
Note: % is for arranging RGBBB with 3 repeated "B"'s.
P(S =7)=P(RRGBB)

98 HEH e

I
Note: % is for arranging RRGBB with 2 repeated "R"s

and 2 repeated "B"'s.

P(S = 25) = P(BBBBB)

)66 5

/2
252
Calculating expectation of a (iv) E(S) — 4.60 1159 This part is poorly done as a result
discrete random variable and I o 252 of errors from (iii).

probabilities based on the
probability distribution table

P(S > 4.60) = 121 or 0.504
252
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Solving for conditional
probabilities based on a discrete
random variable

(v) P(noG|S > 4.60)
_ P(RRBBB) + P(BBBBB)

127
252
20E)#)E) |, 1
_ 10)©O)E)(7)(6) 252
127
252
10 1

7_{_7
_ 252 252
127

252
u
127

Common omission or error
pertaining to the case P(RRBBB),

led to wrong answer.
This part is poorly done.
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H2 Mathematics 2017 Prelim Exam Paper 1 Question
Answer all questions [100 marks].

n-1

1 n
Given that Zk I(k*+D) =(n+D!n, find Z(k +1)1(K*+2k +2). [3]
k=1 kL
5 A geometric sequence T, T,, T, ... has a common ratio of e. Another sequence
U,, U,, Us, ... issuch that U, =1 and
U, =InT, -3 forallr>1.
(i) Prove that the sequence U, U,, U,, ... is arithmetic. [2]
A third  sequence = W, W,, W;,... is such that w,=1 and
W, =W, +U, forallr>1.
n-1
(ii) By considering Z(Wr+1 ~W,), show that W, =1 (n* —n+1). [3]
r=1
3 Using an algebraic method, find the set of values of x that satisfies the inequality
2—-X< L.
2—-X [3]
X2
Hence solve 2—x* < . [2]
2—X
4

In the isosceles triangle PQR, PQ = 2 and the angle QPR = angle PQR =(%n+9)
radians. The area of triangle PQR is denoted by A.

Given that @ is a sufficiently small angle, show that

A= NBHENO o bgce?,
1-+/3tané
for constants a, b and c to be determined in exact form. [5]
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(@)

(b)

Given that cosecy=x for 0<y<zimn, find g—y in terms of y. Deduce that
X

(;j—x (cosec™'x) = — for x>1. [3]

_ 1
X+ (X =1)

The function f is such that f(x)and f'(x) exist for all real x. Sketch a possible
graph of f which illustrates that the following statement is not necessarily true:

“If the equation f'(x)=0 has exactly one root x=0 and f"(0)>0, then
f(X) >0as x >+w.” [2]

(@)

(b)

State a sequence of transformations that transform the graph of
X +i(y-2)°=1 to the graph of (x—2)*+y> =1.

(3]
The diagram below shows the curve y =f (x). It hasa maximum pointat (4, 2)

and intersects the x-axis at (—4, 0) and the origin. The curve has asymptotes
X=—2,y=0and y=x+2.

Ay
a y_'x-l-2
///
//
//
///

7/

Y (4,2)
//
//
//
0 X

N NI W AN
\4

>
]
|

N

Sketch on separate diagrams, the graphs of

i) y=f'(x, [3]
.. 1
(i) yzm’ [3]

including the coordinates of the points where the graphs cross the axes, the
turning points and the equations of any asymptotes, where appropriate.

(i)

Express sinx++3cosx as Rsin(x+a), where R>0 and « is an acute
angle. [1]
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The function f is defined by

f:x>sinx++3cosx, xeR, —in<x<im

(if) Sketch the graph of y =f(x). [2]

(iii) Find f(x), stating the domain of f *. On the same diagram as in part (ii),
sketch the graph of y =f"'(x), indicating the equation of the line of symmetry.

[4]
(iv) Using integration, find the area of the region bounded by the graph of f * and
the axes. [3]

The function g is defined by

g: x> |In(x+2)|, forxe R, x>-2.

V ow thatt ecomposﬂe unctlong “exists, and find t erange or g -
(v) Show that th ite function gf “exists, and find th fof *  [3]

Do not use a graphic calculator in answering this question.

€Y
y="1f(x)

N
>

>» X
/o

It is given that f (x) is a cubic polynomial with real coefficients. The diagram
shows the curve with equation y =f(x). What can be said about all the roots
of the equation f(x)=07? [2]

(b) The equation 2z —(7+6i)z+11+ic =0, where ¢ is a non-zero real number, has

a root z=3+4i. Show that ¢ =—2. Determine the other root of the equation
in cartesian form. Hence find the roots of the equation

2w +(—6+7i)w—11+2i =0. [6]

(c) The complex number z is given by z=1+e'".
(i) Show that z can be expressed as 2cos(%a)ei(%“). [2]
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(i) Given e =%m and w=—-1-+3i, find the exact modulus and argument of

*

B

9 The line 1, passes through the point A, whose position vector is 3i+7j+3k, and is
parallel to the vector 3i+4j+k . The line I, is given by the cartesian equation
X — 2 — 3__y — Z__5
2 2
The plane p,contains I, and is parallel to 1,. Another plane p, also contains I, and
is perpendicular to p;.
(i) Find the cartesian equation of p,. [3]
(i) Find the distance of I, to p,. [2]
(iii) Find the equation of p, in the scalar product form. [2]
A particle P moves along a straight line ¢ which lies in the plane p, and c passes
through a point (5, %,—3). P hits the plane p, at A and rebounds to move along
another straight line d in p,. The angle between d and I, is the same as the angle
between c and |,.
(iv) Find the direction cosines of d. [6]
(v) Another particle, Q, is placed at the point (2,2, —1). Find the shortest
distance PQ as P moves along d. [3]
10 y Cannonball (x, y)
0 /{90 \\\\ Ground
T X

The diagram shows the trajectory of a cannonball fired off from an origin O with an
initial speed of v ms™and at an angle of #° above the ground. At time t seconds, the
position of the cannonball can be modelled by the parametric equations

X =(vcos)t, y=(vsin@)t—5t?,

where x m is the horizontal distance of the cannonball with respect to O andy m is
the vertical distance of the cannonball with respect to ground level.

(i) Find the horizontal distance, d m, that a cannonball would have travelled by the
time it hits the ground. Leave your answer in terms of v and 6. [4]

Use v =200 to answer the remaining parts of the question.

An approaching target is travelling at a constant speed of 10 ms* along the ground.
A cannonball is fired towards the target when it is 3000 m away. You may assume
the height of the moving target is negligible.
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(if) Show that in order to hit the target, the possible angles at which the cannonball

should be fired are 22.7° and 69.5°. [2]
(iii) Explain at which angle the cannonball should be fired in order to hit the target
earlier. [2]

(iv) Giventhat @ =22.7, find the angle that the tangent to the trajectory makes with
the horizontal when x =370. [4]

11

For this question, you may leave your answers to the nearest dollar.

(a) Mr Foo invested $25,000 in three different stocks A, B and C. After a year, the
value of the stocks A and B grew by 2% and 6% respectively, while the value
of stock C fell by 2%. Mr Foo did not gain or lose any money. Let a, b and c
denote the amount of money he invested in stocks A, B and C respectively.

(i) Find expressions for a and b, in terms of c. [2]

(if) Find the values between which ¢ must lie. [2]

(b) Mr Lee is interested in growing his savings amount of $55,000 and is
considering the Singapore Savings Bonds. He is able to enjoy a higher average
return per year when he invests over a longer period of time as shown in the
following table.

Number of years invested 1 2 3 4 5 6 7 8

Average return per year,% | 104|121 {135 148|160 |1.71|1.82 | 1.92

For example, if Mr Lee invests for two years, he is able to enjoy compound
interest at a rate of 1.21% per year.

(1) Calculate the compound interest earned by Mr Lee if he were to invest
$55,000 in this bond for a period of five
years. [2]

A bank offers a dual-savings account with the following scheme:

“For every $1,000 deposited into the normal savings account, an individual can
deposit $10,000 into the special savings account to enjoy a higher interest rate.
The annual compound interest rates for the normal savings account and the
special savings account are 0.19% and 1.8% respectively.”

Mr Lee is interested in setting up this dual-savings account and considers an n-
year investment plan as such:

At the start of each year, he will place $1,000 in the normal savings account
and $10,000 in the special savings account.

(it) Find the respective amount of money in the normal savings account and
special savings account at the end of n years. Leave your answers in terms
of n. [4]
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(iii) Find the least value of n such that the compound interest earned in dual-
savings account is more than the compound interest earned in part (i). [2]

End Of Paper —
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ANNEX B
DHS H2 Math JC2 Preliminary Examination Paper 1

1 |Sigma Notation and
Method of Difference |(n+D!n—2
2 |Sigma Notation and

Method of Difference

3 |Equations and {1gx<2 or x24} :
Inequalities
x<=2 or —J2<x<-lor 1Sx<y2 or x=2
4 \Maclaurin series J3+40+ (4\/5) 9
5 |Differentiation & @ dy _ 1
Applications dx  cosecycoty
(b)
y
6 |Graphs and (a) 1. Translate 2 units in the positive x-direction
Transformation 2. Translate 2 units in the negative y-direction

1
3. Scale by a factor of ﬁ parallel to the y-direction

Alternative

1
2. Scale by a factor of ﬁ parallel to the y-direction

2 o . o
3. Translate 73 units in the negative y-direction
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(b))

(b) (ii)
Functions (i)  sinx++v3cosx =2sin(x +4im)
(ii)
YN (¢, 2) -
S y=x
(0, \/g ) . /,/
y =) /// (29%7.[)
¢ o ’/ X
(-im0) (+/3,0)
S y=1f'(x)
// <
// (O: —%TC)
(iii) f7(x) = —4{m+sin” (x); D, =R, =[0,2]
(iv) 1
v) R . =0, 0.926]
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8 |Complex numbers (a)  Since the curve shows only one x-intercept, it
means that there is only one real root in the
equation f(x)=0.

Since the equation has all real coefficients, then the
two other roots must be non-real and they are a
conjugate pair.
(b) l—i; 4-3i and —l—li.
2 2
L V3w
c) (i) —; ——
(c) (i) 2 6
9 |Vectors (1) 2x—y—=2z=-7
. 2
il —
(i1) 3
=7
(i) r| 8 [=2
-11
@iv) _16 3 and 8 or
/329 "/329 V329
16 3 and 8
V3297 329 3297
. =35
\4 40 |[=2.11 (3 s.f.
v) 57320 (3s.f.)
=55
10 |Differentiation & ) vsin @cos @
Applications O
) -
(i)  22.7°
(iv)  17.2° (to 1dp)
11 |AP and GP (a)(1)) a=37500-2c,b=c—-12500

(i1) between 12500 and 18750
(b)(i) 4543 (to the nearest dollar)

(i1) Normal savings account: 527315.79(1.0019" —1)
Special savings account: 565555.56(1.018" ~1)

(iii) 7
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H2 Mathematics 2017 Prelim Exam Paper 1 Solution

1 | Method 1
Consider replace k by (k—1):

n-1 k-1=n-1

> (k+1)I(K? + 2k +2) = Z (k=1+1)Y(k -1)" +2(k-1)+2)
= S KI(K? +1)

k
KI(K2 +1)—11(12 +1)
k=1

=(n+1)In-2

2

Method 2
S ki(k2+1) = > (k-+1) (k+2)° +1)
k=1 0

(k +1)! (k2 +2k +2)

k=0

=(n+1)!In

:s

s X
Il

n_1(k +1)!(k2 +2k +2) = nft(k +l)!(k2 +2k +2)
k=1 k=0

+(0+1)1(0%+2(0)+2)
=(n+1)n+2

2 (i) To prove AP, consider
U r+1 -U r
=(InT,.,-3)-(InT, -3)

|n(Tr+1j
Tl’
=Ine

=1

Since difference is a constant, the sequence is arithmetic. (Proven)
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—w, -1
n-1

RHS=)"U,
r=1

. ”7‘1(2@) +(n-2))
_ n(n-1)

2
Thus, W, _1_nn-Y)
2 2

W, = %(n2 -n +1) (shown)

n

e -

|
|
4

Set of values of x: {1<x<2or x>4}
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(ii) Let y = x2.

2
X opye Y
2—-X 2-y

2-x2<

1<y<2o0r y>4

Method 1: Using y = x* graph

. ] L X
2 _»-10 1V2 2

The range of values of x is x<-2 or —J2<x<-1or1<x<+2 or x>2

Method 2: Using definition of |x|

Since x? :|x|2
Forls|x|2 <2

=1<|x|<V¥2 = —V2<x<-1 or 1<x<v?2
For |x|224

X 22=>x<-2 orx=2

Hence, the range of values of x is x<-2 or —J2<x<-1or1<x<+2 or x>2
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h:tan[EJr@j
3

A =1(2)tan(£+0j=tan(£+0j
2 3 3

tan (“j +tan @
_ 3 B J3+tano (shown)

1-tan (g)tan p 1-3tand

ﬁ+0

~

T1-03
=(V3+0)(1-03)"
~ (J§+ 9)(1+ 9ﬁ+392)

=\3+40+(4\3)¢’

cosecy =X

Diff wrt x:

@,
dx
Cdy 1

“dx  cosecy coty

—cosecy coty

Using cot®y +1= cosec?y, & 4 !

dX  cosecy./(cosecy)® -1

[since0<y<g:>tany>0

=coty>0

= cot y = \/(cosec y)? —1]

_a L (shown)

xx? -1

Since y = cosec™'x,

dy_d (cosec™x) =—
dx dx

xax? -1
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Alternative

cosecy =X
Diff wrt x:

—Ccosecy cotyj—yzl
X

Ay 1
“dx  cosecy coty

Since cosecy =X,
1
S——=X
siny

*.sin —E
N y_X xi -1

By constructing the right angle triangle, tany = =
x° -1

dy__ ! __fny 1 (shown)

dx  cosecycoty  coseCy  xx?_1

(b)

(8) ¥ +3(y-2) =1

! Replace x by x -2
(e-2f +3(y-2)' =1
! Replace y by y +2
(x—2)2+%(y)2 =1

! Replace y by \/3y
(x-2)"+y?*=1
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1. Translate 2 units in the positive x-direction
2. Translate 2 units in the negative y-direction

1
3. Scale by a factor of % parallel to the y-direction

Alternative:

1
2. Scale by a factor of % parallel to the y-direction

2 . . o
3. Translate — units in the negative y-direction

V3
(b) (i)
y
y=1'(x)
y=1 1;"\_(&,%0) ______________ y=0 )
o S~ _—
x=l—2
(b) (ii)

(-2,0)
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(i) Using R formula, sinx++/3cosx = 2sin(x+ 1)

(i)

y /‘(%7:,2) Ly =X
Ve
(0,43)
Y =16 et
o~ b ‘
(-im0) (+/3,0)
/// y =f1(x)
/
// (0,_%7[)
) :

(iii) To find f1:
Lety =2sin(x+3m)

s Xx=—in+sint(ky)

fr(x)=—iz+sin(1Xx)

D.. =R, =[0,2]

(iv) For the area bounded by the graph of f ™ and the axes:

I Gm2)
o e
y=1(x) ,
(=5m.0)
//
//
By symmetry,
Area

= _[_oﬁf(x) dx = J._Oi (sin x ++/3cos x) dx
3 3

:[—cosx+\/§sin X:|: :(—1+0)—(—%—gj=1
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(v) of "existsif R, <D, .

Since
R.=[-3m ]
D, =(-2,),

le.R , =D, = gf “exists

To find the range of gf *:

Method 1 (two stage mapping method)

R, =[0, 0.926]

Method 2 (find gf ™) (need to use GC to see shape)

NORMAL FLOAT AUTO REAL RADIAN HMP n
Y1=abs(In(Z-m/3+5in1(X/2)))

X=0 ¥=.04834769
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Yizabs(In(2-m/3+sin1(X/2)0)

Hinimu.m
®=.09435913 Y=H4.6787E"7

NORMAL FLOAT AUTO REAL RADIAN MP n
YiZobs(In(2-1/3+sin"1(X/2)))

X=2 ¥=.92568597

of () =|In(2— 47 +sin (3 %)
D, .=D,.=[0,2]
R+ =[0,0.926]

(@  Since the curve shows only one x-intercept, it means that there is only one real
root in the equation f(x) =0.

Since the equation has all real coefficients, then the two other roots must be non-
real and they are conjugate pair.

(b) Since z=3+4i isaroot of 2z° —(7+6i)z+11+ic=0,
2(3+4i)* — (7+6i)(3+4i) +11+ic=0
2(9+24i-16)—(21+28i+18i—24)+11+ic=0
Comparing the Im - part,

2+c=0

-.c=-2 (shown)

Since z=3+4i isaroot of 2z° — (7+6i)z+11-2i =0,

27 — (7T+6i)z+11-2i=[z-(3+4i)](2z-a), whereaeC

Comparing the coefficient of constant term,
11-2i=a(3+4i)

L 11-2i (11-2i)(3-4i) 25-50i _
3440 25 25

22—(1—2i)=0:>z=%—i

1-2i

Therefore, the other root is 1— i.
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10

Replace z by iw

2(iw)* — (7 +6i)(iw) +11-2i =0
—2W? —(=6+T7i)w+11-2i =0
2w +(—6+7i)w-11+2i=0

iw=3+4i =w=4-3i or iW:%—i :>w=—1—1i

.. The roots of the equation are 4-3i and —1—1i :
Alternative Method:

27" —(7T+6i)z2+11-2i=0

Let the other root be a +bi.

7+61 7

Sum of the roots = 3+4i+a+bi= :§+3i

Comparing real and imaginary parts:
7 1
a+t3=—=a=—
2
4+b=3=b=-1
The other root is 1—i
) (i) z=1+¢"

a

g, -2 g
:eZ(e 2+e2)

i)

=2co0s % e’z (shown)

Alternative Method:

z=1+e"“
o

[ L
:eZ(e 2+e2)

i a) .. a a ...«
=e cos| —— |+ISIn| —— |+ CO0S—+1SINn —
( ( 2) ( ZJ 2 Zj

a

if a .. «a a .. o
=€ COS——ISIN—+COS—+1SIN—
2 2 2

=2 cos%ei2 (shown)
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11

Alternative Method:

z=1+¢'"
=1+cosa+isina

=1+ 2c0s° g—1+i(23in gcosgj
2 2 2
a a .. o
=2C0S—| COS—+1SIh —
2( 2 2]

=2 cos%ei2 (shown)

(&)

arg (is] =-arg [%) =—[arg(z) —3arg(w)]
3

T
2C0S—

V3
6 2[2} 3

L

w'o(e3) (@ 8

3 3
(i) A vectorequationof I, is r={7|+4|4|, AR
3 1
3— z-5
Let y=x-2=—-=—+—
¢ 2
X=2+u1,Yy=3-2u,2=5+2u
2 1
Then a vector equation of |, is r=|{3 |+A|-2|,1eR
5 2

A vector perpendicular to p, is

3) (1) (10 2 2
4|x|-2|=| -5 |=5|-1]//]| -1
1) L2 (=10 2) (-2
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2 3)( 2
Egqnof p,: r|-1|=|7||-1|=-7
-2) (3)\-2

Cartesian eqn : 2X—y—2z2=—7

(ii) Distance of a line // to a plane is the distance between a point on this line to the

plane
Required B(2.3.5)
distance ‘k [
2
QL e -
2
AB.| -1
-1\ ( 2
. -2 1 2
Distance of I, top, =BF =—F———===| 4|.| -1 ||==
2 3 3
2 )\ -2
-1
-2
Alternative :
2 2
Equation of line BF: r=| 3 |+a| -1
5 -2
2 2
OF =| 3 |+a| -1 | for some « e R
5 -2
As F liesin p,
2 2 2
3|+al-1|||-1|=-7
5 -2 -2
-9+9a=-7
2
Sa=—
9
2 2 2 2
Distance of I, to p, = BF :‘(f—(ﬁ‘ =3 -1 :§x3=§
-2
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(i)

2
I
P

A vector perpendicular to p,

3 2 -7
=4 |x|-1|=| 8
1) (-2 -11

Equation of p,

—7 3)( -7
rh 8 |=|7]| 8 |=2
-11 3)\-11

line d is a reflection of line ¢ in the line e which passes through A, is perpendicular to
l,and p, and lyingin p,.

3 2
Egnoflinee: r=|7 [+ u| -1
3 -2

Foot of perpendicular, N, from (5,%,—3) to line e

Need a home tutor? Visit smiletutor.sg
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-2 2 2
6.5 +u| -1|].|-1]=0
6 2/ =2
~4-65-12+ u(4+1+4)=0

45 5
18 2

3 2 8

ON=|7|+2| -1|=|45
3) %l2) =2

y7,

ON - (06 +06')

8 5 11
0G'=2|45|-|05|=|85
2] | =3 -1

11) (3 8 16
AG'=|85|-|7|=[15]//| 3
1) (3] |4 -8

Direction cosines of line d are 16 _3 8

,—— and
J329 /329 J329
16 3 ., 8
J329 " 329 J329°

or

[Alternative to find ON - intersection of 2 lines]

3 2
Egnoflinee: r=|7 |+ 4| -1
3 -2
5 3
EgnoflineGN: r=| 05 |+«a| 4
-3 1

At N,
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3 2 5 3
7|+ul -1|=105|+ca| 4
3 -2 -3 1
2u—3a=2
u+4a=6.5
2u+a="6
Solving, u=25a =1
3 2 8
ON=|7 +g ~1|=|45
3 -2 -2
(v) Shortest distance from Q to line d
16
EX 3
B -8
V329
_ 2 _
. 221 3)| (16
:E ? —| 7 x| 3
1 -
L 2 -
Q
2| (16 19) (16
IR x| 3 __ 1 7 x| 3
329 2 2:/329
- -8 -7) (-8
2
. =35
=———| 40 ||[=2.11(3s.f.
2:/329 55 ( )

(i)  To determine range of cannonball, we consider y = O:
0=(vsin@)t—5t°

0=t[vsing—5t]

~.t=0 (rejected) or vsind-5t=0

_vsing

5

ot
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When t:vsme’
5
X =(vcos)t
_ (Vcose)vsm@
_v?sinfcosd .d_vzsianose
5 5

(i)
Trajectory of cannonball

/\\ Target (10m/s)
b o

0] 3000 m Ground

Time taken for cannonball to hit the ground = time taken for the target to reach the
point of impact of the cannonball.

vsing _3000-d
5 10
2 -
2vsin @ =3000_ Y SiN0cosd

(200)?*sin @ cos @

+400sin & = 3000

Possible angles are 22.7° (to 1 dp) or 69.5°(to 1 dp). (shown)

vsin22.7° - vsin 69.5°
5

vsing

(iii) Since t= when cannon hits target and

Therefore to hit target earlier, cannonball should be fired at 22.7°.
(iv) X = (200C0s22.7°)t y = (200sin 22.7°)t — 5t°

ax _ 184.51 dy _ 77.181-10t
dt dt

_dy 77.181-10t

Cdx 184.51

When x =370, 184.51t=370=t=2.0053
_dy 77.181-10(2.0053)

. =0.30962
dx 184.51

Let the required angle be « .
tan o = 0.30962 = o =17.2° (to 1dp)
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11

@(@) a+b+c=25000 @ - 1)

0.02a+0.06b—0.02¢ =0  -------- )
[or 1.02a +1.06b +0.98¢ = 25000]

Solving SLE,
a=237500-2c
b =c-12500

(i1) Since a and b must both be positive, it implies that ¢ must lie between 12500 and
18750.

(b)(i) Since Mr Lee invested in a period of five years, the average return per year will be
1.6%.

Total amount of interest earned
= (1.016)° (55000) —55000
= 4543 (to the nearest dollar)
(i) Amount of money in the normal savings account at the end of n years
=1000(1.0019+1.0019° +1.0019° +...+1.0019")
1.0019" -1

= 527315.79(1.0019" —1)

= 1000(1.0019)(

Amount of money in the special savings account at the end of n years
1.018" -1

1.018-1

= 565555.56(1.018" ~1)

(ili)  Total interest earned from dual-savings account
= 527315.79(1.0019" —1) +565555.56(1.018" —1) ~11000n

:10000(1.018)(

527315.79(1.0019" 1) + 565555.56(1.018" —1) ~11000n > 4543

From GC, n>7
Least value of nis 7.
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- d 1 :
(i) Find d—tanzx. Hence evaluate J“‘n sec? xtan x e®"* dx, leaving your
X 0

answer in exact form. [3]

(ii) By expressing 1+72x—32x% as 1+mx(9—4x*) where m is a constant, find
1+72x-32x°
=2 o [2]
V(9-4x%)

x*+(a-1)x—a-1
x-1

, Where a is a constant, has the

The curve C with equation y =

oblique asymptote y =x+1.

(i) Show that a = 1. Hence sketch C, giving the equations of any asymptotes and
the exact coordinates of any points of intersection with the axes. [3]

(if) The region bounded by C for x >1 and the lines y=x+1, y=2 and y=4 is

rotated through 2 @ radians about the line x =1. By considering a translation of
C, or otherwise, find the volume of revolution
formed. [5]

The variables y and x satisfy the differential equation

dy _1-Inx
dx xInx+2x?

(i) Show that the substitution u=|nTX reduces the differential equation to

—=Uu+2.
Yy

Given that y =0 when x=1, show that y=|n(|2—x+1j. [6]
X

The curve C has equationy = In(lg—xﬂj. It is given that C has a maximum point
X

and two asymptotes y=a and x=h.
(if) Find the exact coordinates of the maximum point. [2]

(iif) Explain why a=0. [You may assume that as x — oo, '”TX_>0,] [1]

(iv) Determine the value of b, giving your answer correct to 4 decimal places. [2]

(v) Sketch C. [2]
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Referred to the origin O, the points A and B have position vectors a and b, where a
and b are non-zero and non-parallel. The point C lies on OB produced such that
30C =50B. Itis given that |a| = 2|b| and cos ZAOB =—1.

(@) (i) Show that a vector equation of the line AC is r=a+4(3a—5b), where
A is areal parameter. [2]
The line | lies in the plane containing O, A and B.

(if) Explain why the direction vector of | can be expressed as sa+tb, where s
and t are real numbers. [1]

Given that | is perpendicular to AB, show that t = 3s. [4]

Given further that | passes through B, write down a vector equation of |, in
a similar form as part (i). [1]

(iii) Find the position vector of the point of intersection of line AC and |, in
terms of
aandb. [2]

(b)  Explain why, for any constant k, | (a+k b)xb| gives the area of the

parallelogram with sides OA and OB. Find the area of the parallelogram,

leaving your answer in terms of |a|. [4]

A new game has been designed for a particular casino using two fair die. In each
round of the game, a player places a bet of $2 before proceeding to roll the two die.
The player’s score is the sum of the results from both die. For the scores in the
following table, the player keeps his bet and receives a payout as indicated.

Score Payout

9or 10 $1

20r4 $5
11 $8

For any other scores, the player loses his bet.

Let X be the random variable denoting the winnings of the casino from each round of
the game.

(i) Show that E(X) :é and find Var(X). [4]

(i) X is the mean winnings of the casino from n rounds of this game. Find

P(X >0)
when n =30 and n=50 000. Make a comparison of these probabilities and
comment in context of the question. [3]
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The students in a college are separated into two groups of comparable sizes, Group
X and
Group Y. The marks for their Mathematics examination are normally distributed with
means and variances as shown in the following table.

Mean Variance
Group X 55 20
Group Y 34 25

(i) Explain why it may not be appropriate for the mark of a randomly chosen
student from the college population to be modelled by a normal
distribution. [1]

(ii) In order to pass the examination, students from Group Y must obtain at least d
marks. Find, correct to 1 decimal place, the maximum value of d if at least 60%
of them pass. [3]

(iii) Find the probability that the total marks of 4 students from Group Y is less than
three times the mark of a student from Group X. State clearly the mean and
variance of the distribution you use in your
calculation. [3]

(iv) The marks of 40 students, with 20 each randomly selected from Group X and
Group Y, are used to compute a new mean mark , M. Given that
P(|M —44.5|< k) =0.9545, find the value of K.

[4]

State a necessary assumption for your calculations to hold in parts (iii) and (iv). [1]

The company Snatch provides a ride-hailing service comprising taxis and private cars
in Singapore. Snatch claims that the mean waiting time for a passenger from the
booking time to the time of the vehicle’s arrival is 7 minutes.

To test whether the claim is true, a random sample of 30 passengers’ waiting times is
obtained. The standard deviation of the sample is 2 minutes. A hypothesis test
conducted concludes that there is sufficient evidence at the 1% significance level to
reject the claim.

(i) State appropriate hypotheses and the distribution of the test statistic used. [3]
(ii) Find the range of values of the sample mean waiting time, t. [3]

(iii) A hypothesis test is conducted at the 1% significance level whether the mean
waiting time of passengers is more than 7 minutes. Using the existing sample,
deduce the conclusion of this test if the sample mean waiting time is more

than 7 minutes. [2]
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A retail manager of a large electrical appliances store wants to investigate the
relationship between the monthly advertising expenditure, x hundred dollars, and the
monthly sales of their refrigerators, y thousand dollars. The table below shows the
results of the investigation.

X 5 8 12 16 18 20 23
y | 125 | 129 | 136 | 148 | 17.0 | 193 | 251

(i) The manager concludes that an increase in monthly advertising expenditure will
result in an increase in the monthly sales of refrigerators. State, with a reason,
whether you agree with his conclusion. [1]

(ii) Draw a scatter diagram to illustrate the above data. Explain why a linear model
is not likely to be appropriate. [2]

It is thought that the monthly sales y thousand dollars can be modelled by one of the
formulae

y=a+be™ or y=a+bx?
where a and b are constants.

(iii) Find, correct to 4 decimal places, the value of the product moment correlation
coefficient between

(A) e and y,
(B) x*andy.

Explain which of y=a+be™ or y=a-+bx? is the better model. [2]
Assume that the better model in part (iii) holds for part (iv).

(iv) The manager forgot to record the monthly advertising expenditure when the
monthly sales of refrigerators was $11300. Combining this with the above
data set, it is found that a = 10.876 and b = 0.09906 for the model. Find the
monthly advertising expenditure that the manager forgot to record, leaving

your answer to the nearest hundred. [3]

A sample of 5 people is chosen from a village of large population.

(i) The number of people in the sample who are underweight is denoted by X.
State, in context, the assumption required for X to be well modelled by a
binomial distribution. [1]

(ii) On average, the proportion of people in the village who are underweight is p.
It is known that the mode of X is 2. Use this information to show that

3<P<3. [3]
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1000 samples of 5 people are chosen at random from the village and the results are
shown in the table below.

X 0 1 2 3 4 5
Number of groups 93 252 349 220 75 11
(i) Using the above results, find X. Hence estimate the value of p. [2]

You may now use your estimate in part (iii) as the value of p.

(iv) Two random samples of 5 people are chosen. Find the probability that the
first sample has at least 4 people who are underweight and has more people
who are underweight than the second sample. [3]

10

(@) The word DISTRIBUTION has 12 letters.

(i) Find the number of different arrangements of the 12 letters that can be
made. [1]

(it) Find the number of different arrangements which can be made if there
are exactly 8 letters between the two Ts. [3]

One of the Is is removed from the word and the remaining letters are arranged
randomly.

(iii) Find the probability that no adjacent letters are the same. [4]

(b) The insurance company Adiva classifies 10% of their car policy holders as
‘low risk’, 60% as ‘average risk’ and 30% as ‘high risk’. Its statistical
database has shown that of those classified as ‘low risk’, ‘average risk’ and
‘high risk’, 1%, 15% and 25% are involved in at least one accident
respectively.

Find the probability that

(i) arandomly chosen policy holder is not involved in any accident if the
holder is classified as ‘average risk’, [1]

(i) arandomly chosen policy holder is not involved in any accident, [2]
(iii) arandomly chosen policy holder is classified as ‘low risk’ if the holder is

involved in at least one accident. [2]

It is known that the cost of repairing a car when it meets with an accident has
the following probability distribution.
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Cost incurred (in thousand dollars) 5 10 50 100

Probability 0.75 0.15 0.08 0.02

It is known that a ‘low risk’ policy holder will not be involved in more than one
accident in a year. You may assume that there will be no cost incurred by the
company in insuring a holder whose car is not involved in any accident.

(iv) Construct the probability distribution table of the cost incurred by Adiva
in insuring a ‘low risk’ policy holder assuming that the cost of repairing a
car is independent of a ‘low risk’ policy holder meeting an accident. [1]

(v) Inorder to have an expected profit of $200 from each policy holder, find
the amount that Adiva should charge a ‘low risk’ policy holder when he
renews his annual policy. [2]
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H2 Mathematics 2017 Preliminary Exam Paper 2 Solution

Alternative
x*+(a-1)x—a-1
(a-1) :(x+1)+—b
x-1 x-1
= x’+(a-1)x-a-1=x"-1+b

Let

Comparing coeff of x:
a-1=0
.a=1(shown)and b=-1

NGy
x-1

1
Ly =(x+)———=
y=(cr) =

HA: x=1
OA: y=x+1(given)

1 z ) z ,
j4seczxtanxeta” X dx:£'|.423ec2 xtan x e™" * dx
0 2Jo
1 tan® x %
—5[9 I
_ %(etanzz 3 etanzoj
1
==(e-1
H(e-1)
14+ 72x—32X° 1+8x(9—4x*)
(i) = dx
J Jo—4x? <= Jg 4x2
—j +8x(9-4x* )2 dx
«/9 4x?
3
=lsinl(3)—3(9—4x2)2+c
2 3 3
2 . x?+(a-1)x—a-1
(i) y= (a-1)
x—1
(x+a)(x-1)-1
- x—1
1
= a)———
(x+a) ]
Given that oblique asymptote is y = x+1, ..a=1 (shown)
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(i)

. X2 -2 replacex with (x+1) (X +1)2 -2
y =
x-1 X
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X+1)° -2
y:( )
X
Xy =x?+2x-1
X +(2-y)x-1=0

_—(2-y)#4(2-y)’ +4Q)Q)

X
2
J— 2_
:(y 2)+¢2y 4y+8 (reject -ve root)
2
—2)+\y’ -4
Volume:ﬂj:{(y )+ 2y y+8J dy—%ﬂ'(Z)Z(Z)
= 9.75 units® (3 s.f)
()u=tnx_du_1-inx
X dx x?
du_du dx_1-Inx xInx+2x® _Inx+2x
dy dx dy x° 1-Inx X
du

—=u+2 (shown)
dy

1 du

=1=Inju+2|=y+c, cisan arbitrary constant
u+2dy

lu+2|=e"*=ee’

u+2=Ae’, Aisan arbitrary constant
In_x +2=A¢e’
X

y=0,x=1: A=2
In—X+1:ey
2X

y=In (In_x +1j (shown)
2X

Alternative

_1 du =1=Inlu+2|=y+c, cisan arbitrary constant
u+2dy
With the boundary condition u=0,y =0, we see that u+2>0

Thus Inju+2|=y+c and c=In2

1-Inx

Lo dy
(i) dx  xInx+2x?
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1
When ﬂ:o, 1-Inx=0 = x=e, yzln(—+1)
dx 2e

Therefore the maximum point is [e, In(%ﬂn.
e
(iii) y = |n('”—x+1j
2X

When x—>oo,|n—x—>0.
2X

yzln(ln—x+1j—>ln1:0.
2X

Thus a =0 (shown)

(iv) For y ——o0 , Ig—x+1—>0
X

Inx+2x—>0
X — 0.4263
-.b=0.4263

Alternative
dy  1-Inx

r I o is undefined.
X xInx+2x

When y is undefined,

Thus xInx+2x?=0.
Since x>0 for Inx to be defined, Inx+2x=0.

v)

fde)

S Vi

x=04763
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(@)
© b 3 B 2 C
oC =2p .-.E=§b—a=1(5b—3a)//5b—3a
(i) 3 3 3

Equation of line AC: r=a+4(3a—5b), 2€RR

(i) Since I lies on the plane containing O, A and B, its direction vector is
coplanar with aand b, thus it will be a linear combination of a and b,

i.e. sa+tbhisadirection vector for I.

(iii)  Let intersection point be D.
AtD,

a+A(3a—5b)=b+ u(a+3b)

Since a and b are non-zero, non-parallel vectors,
1+3l=pu————- @

—51=1+3u———-(2)

Solving,

52 =1+3(1+31)

144 =-4

1 10

sa=-2u=1  .ob-2a+Zp
7 77
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Method 1

Since the base length (OB) and perpendicular height remain the same, the area of
parallelograms formed by different k remains the same as the area of the parallelogram
with sides OA and OB.

Method 2
|(@a+kb)xb|=faxb+kbxb|=axb+0l=axb]

Area of parallelogram
=laxb|=|allb|sine

W

V5
8
(i)
X -8 -5 -1 2
PX=x |2 _ 1[4 2 |7 3
36 18 |36 18 | 36 36
()28 7 _20 16 _1
36 36 36 36 12
92 7 50 64 1
Var(X)=E(X?*)—(E(X —t—t———
(X) =K )(()) 36 36 18 18 127
=@ or 9.08 (to 3sf)
144
coy o : v 1 1307
(ii) Since nis large, X ~N ' 12an approximately by Central Limit Theorem.

For n = 30, P(Y > o) =0.560 (to 3sf)
For n = 50000, P(Y > 0) =1.00 (to 3sf)

The more rounds this game is played, the higher the chance of casino receiving a

positive average winnings. In other words, it is almost certain that casino will win in

the long run.
(i) The distribution may become bimodal when the data for both groups are
combined
(i) Let Y be the score of a random student from Group Y. Y ~ N(34, 25)
P(Y >d)>0.6
P(Y <d)<04
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When P(Y <d.)=0.4, d, =32.733.
Thus d <32.733. The maximum mark is 32.7

(i) E(Zj:Yi —3XJ=4E(Y)—3E(X)=—29
Var(iYi _3xj ~ 4Var(Y) + 9Var(X ) = 280
Zj‘yi ~3X ~ N(-29,280)
P(Z::Yi <3X) = P(Z::Yi _3X <0)=0.958 (o 3sf)

20 20
DX DY,
M = izt i=1

) 40
E(M)= ZOE(X)L;)ZOE(Y) - %(E(X) +E(Y))=445
Let o2 = Var(ﬁ)

1
=——(20Var(X)+20Var(Y
1600( (X) ( ))

= %(Var(X) +Var(Y)) =0.5625
M ~ N (44.5,0.5625) \
Since P(|M —44.5| < k) =0.9545 ,%\'

:>P(M<44.5—k)=1_0'29545=o.02275 R ’ k

>

- 44.5—k =43.000 4.5
—k=150(3s.f)

Alternative

M ~ N(44.5, 0'2)

Since P(W —44.5\ <20) =0.9545
-k =20 =20.5625 =1.50 (3sf)

Marks of students are independent of one another.

M Let £ be the mean of X.
Hy: u=7
H: u#7
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s? = z—g(sample variance) = 2—8(4) = %

Under Ho, since the sample size is large, the test statistic is

T~ N(Y,Zig) approximately by Central Limit Theorem.
(i) Since the claim is rejected i.e. to reject Ho at 1% significance level.

X~ N(?’,ij
29

0.005

From GC, ¢, =6.04 and ¢, = 7.96.
t<6.040r t>7.96

(iii) From the two tail test, we know that p-value (two tail) <0.01. For a one-tail
p-value (two tail)
2
therefore we reject Ho and conclude that there is sufficient evidence at 1% significance

level to say that mean waiting time is more than 7 minutes.

test, p-value(one tail) = <0.005<0.01,

Alternatively,
From the two tail testand t > 7, P(T >t) <0.005.

Thus, P(T >t)<0.005<0.01.

p-value for one-tail test = P('f > f) <0.01. Therefore we reject Ho and conclude that

there is sufficient evidence at 1% significance level to say that mean waiting time is
more than 7 minutes.

0] No, because correlation does not imply causation /
The increase in the monthly sales of refrigerators could be due to other

factors such as a rise in the income level.
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(i)
y (S in thousands)
o
(23, 25.1)
o
o
o
g o o x(Sin
IIIIIIIIIIIIIIIIIIIIIIII hundreds)
5,12.5)

There appears to be a curvilinear/non-linear relationship between x and y, thus a linear
model is not likely to be appropriate.

(iii)
(A) r=0.9684 (to 4dp)
(B) r=0.9495 (to 4dp)

Since the r value between e'* and Y has an absolute value closerto 1, y = a+be™is
the better model.

(iv) New regression line (8 data points) for y on e(vx) isy :10.876+0.09906e(\lx)

y = 11.3+12.5+12.9 +13.68+14.8+17 +19.3+25.1 —15.813

Since e(vx) and y lie on the new regression line y on e(w),
and letting x=m wheny =113,

ie(vxi) o)

15.813 =10.876+0.09906| =L

7
Using GC (1-var stats), Zewx‘) =390.96
=
(Ym)

- 15.813=10876+0.00906| 22> 20"€

<™ _77479 = m-419~4
Monthly advertising expenditure = $400 (nearest hundred)
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(i) Assume that the:

e sample is chosen randomly.

(i) P(X =) <P(X =2)

and P(X =2)>P(X =3)
"C,p(1-p)* <°C,p*(1- p)’

and °C,p’(1-p)’>°C,p°(1- p)*
Since (1-p)>0andp>0,
1-p<2p and 1-p>p
p>1 and p<3
s.3<p<3 (shown)

(iii) X =1.965 (from GC)
Since N=5, np~1.965=> p ~0.393

(iv) X ~ B(5, 0.393)
P((X,24)n (X, >X,))
=P(X, =4)P(X, <3)+P(X, =5)P(X, <4)
= 0.0724(0.91823) + (0.00937)(0.99063)
=0.0758 (3 sf)

121

e weights of the 5 people chosen are independent of each other

10

() Number of ways = T 39916800

(i)  Method 1

ISDRIBUION

f

ISDRIBUIO,N

! !

ISDRIBUION

!

There are 3 ways to slot in the 2 T’s

Total number of ways

|
= total number of ways to arrange the remaining ten letters x3 = 1—O|'>< 3=1814400
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Case 1: One I included between the two T’s
1
Number of ways = "C, x 8! x% =120960

Case 2: Two I’s included between the two T’s
1
Number of ways = 'C, x%x 31=846720

Case 3: Three I’s included between the two T’s

]
Number of ways = 'C, x%xS! =846720

Total number of ways =120960+ 2(846720) =1814400

(iii) Method 1
Case 1: Both | together but both T separated
@ DSRBUON 7 single letters (excluding Is
/]\ T T T T T T T T and Ts) and 1 block of 2ls.
Number of ways = 8 °C,=1451520

Case 2: Both T together but I separated
Number of ways = 8!x °C, =1451520 (same approach as case 1)

Case 3: Both | together and both T together

@@ DSRBUON 7 single letters (excluding Is and
Number of ways = 91=2362880 Ts),1 block of Is and 1 block of Ts.

Total number of ways in complement
= (1451520x 2) + 362880 = 3265920

Method 2

|
Number of ways in which both T are together = 121'

|
Number of ways in which both | are together = 12%

Number of ways in which both pairs of identical letters are together = 9!

1
Total number of ways in complement = 2x 12% —91=3265920
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Required probability = 1—% =0.673

2121
(b)(1) P(holder is not involved in any accident | the holder is classified as ‘average risk’)
=100%—-15% =85%=0.85

(ii) Probability of a randomly chosen policy holder not involved
in any car accident
=(0.1)(0.99) + (0.6)(0.85) + (0.3)(0.75)

=0.834 or ﬂ
500

(ii1) P(policy holder is ‘low risk’ | has met at least one car accident)
_ P(holder is classified as 'low risk' and met with at least 1 accident)

P(holder meets with at least 1 accident)

~0.1(0.01)
1-0.834

=0.00602 (to 3sf) or 1
166

(iv)  Let C be the cost of insuring a randomly chosen ‘low risk’
policy holder (in thousands).

c 0 5 10 50 100
P(C=c) [0.99 | (0.01) | (0.01) (0.01) | (0.01)
(0.75) = (0.15) = | (0.08) = | (0.02) =
0.0075 | 0.0015 0.0008 | 0.0002

(V)  E(C) = 100(0.0002)+50(0.0008)+10(0.0015)+5(0.0075)= 0.1125

Note: “Profit = Premium Charged — Cost Incurred for Repair”

1000(0.1125) + 200 = 312.5
The company should charge $312.50 for a car insurance plan
for ‘low risk’.

Alternative (Using “Profit = Premium — Cost Incurred”)

Let P be the premium charged by Adiva for a ‘low risk’ holder.
P(0.99) + (P —5000)(0.0075) + (P —10000)(0.0015)

+(P —50000)(0.0008) + (P —100000)(0.0002) = 200

Solving, P =312.5
The company should charge $312.50 for a car insurance plan for ‘low risk’.
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HCI Paper 1

1

The floor function, denoted by ij , s the greatest integer less than or equal to x . For
example, |_—2.1J =-3 and |_3.5J =3.
The function f is defined by

| x| forxeR, -1<x<2,
f(x)=
0 forxeR, 2<x<3,

where \_xJ denotes the greatest integer less than or equal to x.

It is given that f(x)=f(x+4).

(i)  Find the values of f(—1.2) and f(3.6) . [2]
(it)  Sketch the graph of y=f(x) for -2<x<4. [2]
(iii) Hence evaluate | i f(x) dx . [1]

By writing sec’ x = secx sec’ x , find I sec’ x dx .

an™' 2
Hence find the exact value of J.Ot sec’ x dx . [6]

(i) By first expressing 3x — x° —4 in completed square form, show that 3x — x> —4 is
always negative for all real values of x. [2]
(if)  Hence, or otherwise, without the use of a calculator, solve the inequality
3x—x>—4)(x-1)’
X =2x-5

leaving your answer in exact form. [4]

The complex number z is given by z=re'’, where >0 and 0 <6 < 7 . It is given that

the complex number w = (—\/5 - i)z.

(i) Find |W| in terms of , and argw in terms of . [2]

8
(i)  Given that Z—* is purely imaginary, find the three smallest values of & in terms of
w

. [5]
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(@) Itis given that three non-zero vectors @, b and C satisfy the equation
(a + b) X (a + C) =bxc, where b # C. Find a linear relationship between @, b an

C. [3]

(b) A point 4 with position vector OA=a i+ fj+ykK ,where & , f and y are real

constants, has direction cosines cosé, cos¢ and cos® , where 8, ¢ and @ are

the angles OA4 make with the positive X, y and z -axes respectively.

(i)  Express the direction cosines cos@, cos¢ and cos® intermsof & , # and ¥ .

Hence find the value of cos” @+ cos’ ¢+cos’ o . [3]

(i)  Hence show that cos26+cos2¢+cos2mw=-1 . [2]
A particle moving along a path at time ¢, where 0<? < % , is defined parametrically by
x =cot3t and y=2cosec3r+1.

(@) The tangent to the path at the point P ( cot3p, 2cosec3p +1 ) meets the y-axis at the

point Q. Show that the coordinates of Q is ( 0, 2sin3p +1) . [4]
(b) The distance of the particle from the point R (0, 1) is denoted by s, where

s> = x> +(y—1)*. Find the exact rate of change of the particle’s distance from R at

time =72 . [4]

2

2
(i) Ttis given that In y = 2sin x. Show that ((iixy =—ylny +i(d_y] . [2]

2 dx
(i)  Find the first four terms of the Maclaurin series for y in ascending powers of
X. [4]
(iif)  Using appropriate expansions from the List of Formulae (MF26), verify the
expansion found in part (ii). [2]

(iv) Given that x is sufficiently small for x* and higher powers of X to be neglected,

(2sinx)—In(secx)

deduce an approximation for e in ascending powers of x. [2]
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() A curve is defined parametrically by the equations
x=sint and y=cos’t, -mw<t<r.

(i)  Show that the area enclosed by the curve is given by
kJ‘7 cos’t dr,
0

where k is a constant to be determined. [3]

(i) Hence find the exact area enclosed by the curve. [3]

3x-1
+1

, y=+x and

(b) In the diagram, the region G is bounded by the curves y=
X

the y-axis.

Find the exact volume of the solid generated when G is rotated about the y-axis through
27 radians. [6]

ax* —bx

2
X —C

A curve C, has equation y= ,where a, b and c are constants. It is given that

C, passes through the point (3, % ) and two of its asymptotes are y =2 and x=-2.

(i)  Find the values of a, b and c. [3]
In the rest of the question, take the values of a, b and c¢ as found in part (i).

(if) Using an algebraic method, find the exact set of values of y that C, cannot

take. [3]

(iif) Sketch C,, showing clearly the equations of asymptotes and the coordinates of the
turning points. [3]

(iv) Itis given that the equation e’ =x—r, where r € Z", has exactly one real root.

State the range of values of r. [1]
. 3x+5
(v) The curve C, has equation y =2 +T3 . State a sequence of
X —2x-
transformations which transforms C, to C,. [3]
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11

Food energy taken in by a man goes partly to maintain the healthy functioning of his body
and partly to increase body mass. The total food energy intake of the man per day is
assumed to be a constant denoted by / (in joules). The food energy required to maintain
the healthy functioning of his body is proportional to his body mass M (in kg). The
increase of M with respect to time ¢ (in days) is proportional to the energy not used by
his body. If the man does not eat for one day, his body mass will be reduced by 1%.

(i) Show that /, M and ¢ are related by the following differential equation:

dM I —aM .
—= , Where a is a constant.
dt 100a
State an assumption for this model to be valid. [3]

(if)  Find the total food energy intake per day, /, of the man in terms of ¢ and M if he
wants to maintain a constant body mass. [1]

It is given that the man's initial mass is 100kg.

(iii) Solve the differential equation in part (i), giving M interms of 7, a and ¢. [3]

(iv) Sketch the graph of M against ¢ for the case where / >100a . Interpret the shape
of the graph with regard to the man's food energy intake. [3]

(v) Ifthe man's total food energy intake per day is 50a, find the time taken in days for
the man to reduce his body mass from 100kg to 90kg. [2]

A manual hoist is a mechanical device used primarily for raising and lowering heavy

loads, with the motive power supplied manually by hand. Three hoists, A, B and C are

used to lift a load vertically.

(i)  For hoist A, the first pull will raise the load by a vertical distance of 45 cm. On each
subsequent pull, the load will raise 1.6 cm lesser than the vertical distance covered
by the previous pull. Determine the number of pulls needed for the load to achieve
maximum total height. Hence find this maximum total height. [4]

(i)  For hoist B, the first pull will raise the load by a vertical distance of 45 cm. On each
subsequent pull, the vertical distance raised will be 95% of the distance covered by
the previous pull. Find the theoretical maximum total height that the load can reach.

[2]

(iii) For hoist C, every pull will raise the load by a constant vertical distance of 45 cm.
However, after each pull, the load will slip and drop by 2% of the total vertical height
the load has reached. Show that just before the 4™ pull, the load would have reached

a total vertical height of 130 cm, correct to 3 significant figures.

Hence show that before the (n+1)" pull, the load would have reached a total vertical
height of X +Y(0.98)""", where X and Y are integers to be determined. [5]
(iv) Explain clearly if hoist C can lift the load up a building of height 25 metres. [2]
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ANNEX B
HCI H2 Math JC2 Preliminary Examination Paper 1

1 |Functions (i)f(-1.2)=1(2.8)=0
£(3.6) = £(~0.4) = -1
(i)
Ar Yy
1 —0
¢ o o ® ® — X
-2 -1 O 1 2 3 4
o—(i -1 *—o0
2 |Graphs and (i) Since y =2 is a horizontal asymptote, a =2.
Transformation Since X =-2 is a vertical asymptote, C=4.
2x* —bx

b=3

(3, %) lieson y=

X2

___________________________________________________________________________________

X
0
i 2x* —3x
Wil Y
Xx=-2 x=2

(iv)r=2
(v)
1. Translation of C, 1 unit in the negative X-direction to
get

8—-3(x+1 -
y=2+ ( a ) o XD pollowed by

(x+1) -4 X" +2x-3
2. Reflection of y =2 +2_3X—+5 in the y-axis to get

X" +2x-3

C,.
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3 [Sigma Notation and NA
Method of Difference
4 |Binomial Expansion NA
5 |AP and GP (i) n<29.125
Hence number of pulls needed to achieve maximum total
height is 29.
Maximum total height
=22[2(45)+(29-1)(-1.6)]
=655.4 cm
. . . 45
(i) Maximum total height = " s =900 cm
(iii) Before 4™ pull, total height reached
~0.98(45)(1-0.98%)
1-0.98
=129.67164
=130 cm (3 s.f)
Before (n+1) " pull, total height reached
_0.98(45)(1-0.98")
1-0.98
=2205-2250(0.98)"" , where X =2205, Y =-2250
(iv) Maximum total height reached by load using hoist
C will approach 2205 cm. Therefore the hoist C cannot be|
used to lift the load up the building of 2500 cm
6 |[Equations and , 3\ 7 7
Inequalities i IX=X"—=4=—X—=| ——<-—<0
q @ ( 2] 47 4
(i) x<1-v6 or x>1++/6 or x=1
7 |Differentiation & . dy
Applications (a) At point P, X ep=2c0S3Pp
Equation of tangent at P:
y—(2cosec3p+1)=2cos3p(x—cot3p)
Hence the coordinates of Q is ( 0, 2sin3p+1 )
(b) % = —5cosec’3 (%) cot3 (%)
==5(2)(-D)
=10 unit/s
8 |Integration techniques J‘ sec’ X dx

= jsec X sec’x dx
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J-sec3

ZI sec® X dx =sec Xtan X+ 1n|sec X + tan x|

Jotani ’ sec’ x dx=+/5 +%ln(\/§ +2)

1
X dx :E(secxtanx+ln|secx+tan X|)+C

o g oy Ara=4] y

= 4.[02 (cos’ t)cost dt

=4 IO% cos'tdt  (shown)

k=4

(a)(ii) 37” unit?

(b) 29T7z —8zIn2 unit’
10 [Maclaurin series ()  y=1+2x+2X"+X +...

(iv) e(zsm)cosx z1+2x+%xz+...
11 |Differential Equations (i) Assumption (any 1 below):

us

us

e The man does not exercise so that no food energy is
e The man does not fall sick so that no food energy is

e The man does not consume weight enhancing/loss
supplements that affect his food energy gain/loss
other than maintaining the healthy functioning of his
body and increasing body mass.

ed up through exercising.

ed up to help him recover from his illness.

(ii) For d—Mto be zero, | =aM
dt
I I =
(iii) M™M=——|—-100 |e'®
a a
(iv)
A
______ M M=
O »
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Explanation (any 1 below):

e The man consumes more food than is necessary for
maintaining a healthy functioning body. Therefore
the graph shows that his body mass will increase.

e Since | >100a, hence —!;> 100 . The man's body

mass is always less than !7.

e In the long run, the man's body mass will approach
|

a .

(V) t=-100 ln% =22.3 days

12 |Complex numbers ) |w|:2r, arng_%+0
G o9-Z- L Z T ST
6 2 22 2
T 4r s
The three smallest values of @ are — , — and — .
27 27 27
13 |Vectors (a) Since a is non-zero and b #c,
. a is parallel to (C—D).
~a=k(c-b), keR.
D)) cosf=—— % - cosgm—u B
[a2+ﬂ2+7/2 ’a2+ﬁ2+]/2
cos@=—ul . cos’ @ +cos’ g+cos’ =1
14 |P&C, Probability NA
15 DRV NA
16 |Binomial Distribution  NA
17 |[Normal Distribution NA
18 |Sampling NA
19 |Hypothesis Testing NA
20 |Correlation & Linear  NA
Regression
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H2 Mathematics 2017 Prelim Exam Paper 1 Solution
Section A: Pure Mathematics

0] f(-1.2)=1(2.8)=0
f(3.6)=f(-04)=-1

(i)

AY

|
N
|
[EEN
[ERN
N
w
N
v
>

(i) [ f()dx=-1+1-1=-1

U=Secx =u'=secxtanx
v'=sec’ X =V =tanx

I sec® x dx

= Isec X sec®x dx

=secxtan x—jsecxtan2 X dx

=sec x tan x—jsec x(sec? x—1) dx
=secxtan x—jsec3 X —sec x dx
=secxtan x—J.sec3 x dx + In|sec x+tan X|

2.[sec3x dx =sec x tan x+ In|sec x + tan x|

1
J.sec3x dx:E(secxtan x+Injsecx+tanx)+C

1

tan—" 2 3
jo sec® x dx

1 tan™t2
zz[secxtan X+ Injsec x + tan x|]0 N )
:%[\/Exzm(ﬁu)]

:\/§+%In(\/§+ 2) !
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2 4
3V 3\
Since (X—Ej >0 forall xeR, —(X—Ej <0
2
Hence 3x—x2—4=—(x—§j —ZS—Z<O
2 4

. 3x—x? —4 is always negative for all values of

(i)
3x—x2 —4)(x-1)°
X —2x-5
; 2 ; ; (X_l)z
Since 3x—x"—4 is always negative, —————2>0
X°—2x-5

Method 1 (Quadratic formula)
Let x*—2x-5=0

L 25\(-2 -4)(5) _ 2424 148

6
2(1) 2
(x-1)
Hence (x—(l—\/g))(x—(lJr«/g))ZO

AN d

NN

. x<1—J€ or x>1+J§ or x=1
Method 2 (Complete the square)

(x-1°
(x-1)"-6
(x=1)° >0
(x-@-6))(x-@+8))
o E o
1-J6 1 1+6

" x<1—«/§ or x>1+«/§ or x=1

X.
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(i)
Method 1
w=(—3-i)z Im
e N
:[2el(6J]re”’ 2//{{5%
= 2r ei(f 5 P -1

sw=2r, argw=—%”+<9
Method 2
pi={-~B-1)4
|81
=2r
argw = arg([—\@—i] z)

:arg(—ﬁ—i)+argz

:—5—7[+9
6
(i)
Method 1
8
arg[%j =arg(z") -arg (W*) «— arg(w*) =—arg(w)
=860 +argw
:80+(_%”+9j «—1 From (ii)
—99-~
6
ZS
For — to be purely imaginary,
W*
4 3r m© & 37
aY| — | = coovm— — = Ty
w* 2’ 22 2
go-F._ 3 _z oz 3w
6 20 2020 2
99: ;_2_72.1 z’ 4_72.’ 7_72.’
3 3 3 3
0= 2 © 4r Ix

.. the three smallest values of @ are 17 ,

Cor 21 21t 21

A

27

s
27
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Method 2

2 _ (e’ re®

W el O] gl
Rup o5 0)
_ % o (%)

8
For Z— to be purely imaginary,
W*

8
arg i :£+k7r,where keZ
w*) 2

2 90— % kp
6 2
00-% 1 kx
3

0=4_ﬂ._|_k_ﬂ.
27 9
_ _ 2
When k=-2, 6’——2—’7’
When k =-1, Hzl

When k =0,

0=%
_7
When k =1, 6’—2—’77
.. the three smallest values of @ are x , il nd 7—”
27 27 27
(@
(a+b)x(a+c)=bxc
(axa)+(axc)+(bxa)+(bxc)=bxc
(axc)+(bxa)=0
(axc)-(axb)=0
ax(¢c-h)=0
Since a isnon-zeroand b=c

. a isparallel to (c—-Db).
~ a=k(c-b), keR.
(b)(i)

‘ a +,B +y?

(24

Jali + B +y?

cosf =
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Y
Jai + 2+ P
___r
«/az + B+

cos’ @ +cos® ¢+cos’ m

) N 2+ F, 2+ ) 2
\,/a2+ﬂ2+72 \/a2+ﬂ2+y2 \/a2+ﬂ2+7/2

_a Byt
a’+ B4yt
=1

COS¢ =

COSw =

(b)(i1)

C0S 26 + C0S 2¢) + COS 2

=2c0s° 6 —1+2c0s* ¢ —1+2cos’ w—1
=2(cos” 0+ cos” g+ cos” w) -3
~2(1)-3

=-1  (shown)

(@)

X=cot3t = % =-3cosec’ 3t

y=2cosec3t+1 = 3—3{ =—6cosec3tcot 3t

dy § —6cosec3tcotlt

dx % —3cosec? 3t
_2cot3t
cosec 3t

=2c0s3t

At point P, j—yh_p: 2c0s3p
X
Equation of tangent at P:
y—(2cosec3p+1)=2cos3p(x—cot3p)
When tangent meets y-axis, x=0.
Hence y=—(2cos3p)(cot3p)+(2cosec3p+1)

-2(cos’3p) 2
=— +—
sin3p sin3p

+1
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_ —2(cos*3p-1) 1
sin3p
~2(-sin*3
- (sin3p ” +l
y=2sin3p+1
Hence the coordinates of Q is (O, 23in3p+1) . (shown)

(b)

Method 1
s? =x*+(y-1)
= cot” 3t +(2cosec3t + 1—1)2

= (cosec?3t —1) + 4cosec’ 3t
=5cosec’3t —1
Differentiate w.r.t. t,

2s % =10cosec3t(—cosec3t cot 3t)(3)

= —30cosec?3t cot 3t

s % = —15cosec?3t cot 3t

When t=2 , §%=(2y2+1-1)" +(-1)* =9
. =3 (sinces>0)

5 % = —5cosec’3(Z )cot3( %)

=-5(2)(-1)
=10 unit/s

Method 2
s? =x2+(y-1)
= cot’ 3t +(2cosec3t +1—1)2

= cot? 3t + 4cosec’ 3t
Differentiate w.r.t. t,

23 % = 2 cot 3t(—cosec?3t)(3) + 8cosec3t(—cosec3t cot 3t)(3)

= —6cosec?3t cot 3t — 24cosec? 3t cot 3t

= —30cosec®3t cot 3t

S % = —15cosec?3t cot 3t
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When t=Z% , §*=(2y2+1-1)+(-1)* =9
. §=3 (sinces>0)
g’ % = —5cosec’3(Z )cot3( %)

=-5(2)(-1)

=10 unit/s

Method 3
s =x*+(y-1)°
Differentiate w.r.t. t,

ds dx dy
258 o oy )Y

TR U

ds dx dy

222 1) =X

St X TV
When t=72,

1 2

X=— " =1, = 1=2J2+1

tan(%”) ¢ sin(%”)
dx ) -3
— =-3c0seC” At=—7-——=—06
dt sinz(%”)
Y _ _geotatcosecat = — 0« : 1 =62
dt tan(37) " sin(3F)

2= (242 +1-1)2 +(-1)* =9
. s=3 (sinces>0)

Hence E=1{x%+(y—1)d—y}
dt s| dt dt

—[D-6)+ 2V2)(6v2)

=10 unit/s

()
Method 1
Iny =2sinx
ld_y: 2C0S X

y dx
Q:Zycosx
dx

2 2
d—32/ = —2ysin x+2¢0s x ~yIn y+£[%j (shown)
dx dx y \dx
Method 2
yZGZSinx

@ _ (2cos x)e*"™
dx
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— =(2cosx)y

2
d’y =-2ysin x+2cosxd—y

W dx

2 2
d_y=—y|n y+l(%j (shown)
y Ldx

2
When x=0, y=1, ¥ =2, dz' 4,—y=
dx dx dx®

(ii)
&y
dx®

2
y= 1+2x+4i+6i+
2! 3!

Y =1+2X+2X" + x> +...

(iii)
Method 1

2sinx

y=e
+(25inx)3+
6
L)+ [2(x+..)T [2(X+ )]
2 6

=1+(2sinx)+

(2sin x)?
2

_1+2(x—

3 3

:1+2x—X—+2x2 +4i+...
3 3

=14+ 2X+2X° + X3 +...

Method 2

2(x—§)
y=e 3

X, [2(x-

x3\12 _
=1+2(x——)+ )] +[2(X

2 6

P .

+
2 6
=14+ 2X+2X2 + X3 +...

(iv)
e(23in x)-In(secx) _ e(25inx)e,|nsecx _ e(Zsin x)emcosx
(2sinx)
=e COS X
Method 1
e ™) cos x ~ (L+ 2% + 22 + x3)(1—><—2

2
=1-%+2x— 25 +2x% 4+ X2 +.

o)
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=1+ 2x+3x% +...

2
Method 2
yZEZSinx
dy _ (2cos x)e*™
dx
- cosxem =19
2 dx
1d ,
:E&(HZ)HZX +X° +...) <« From (iii)
:%(2+4x+3x2+...)
=1+2x+3 % +...
@) A
y
0 <

) dx
X=sint = — =cost
dt
When x=0, t=0.

When x=1, t:%.

1
Area = 4j0 y dx
= 4]07 (cos® t)cost dt
= 4[07 cos‘t dt  (shown)
S k=4
(a)(ii)
Area = 4jf cos*t dt

= J? (2cos’t)? dt
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= If (1+cos2t)? dt

- Ifl-i- 2¢0s 2t +cos? 2t dt

= J-fl-i- 2c0s 2t +% dt

cos 4t

:F 3 4 2c0s2t+ dt
o 2
3t in4t2
:{—+sin2t+sIn t}
2 0
_3z unit?
4
(b)
From GC, coordinates of intersection = (1, 1)
Method 1
y=3x_1 = xy+y=3x-1= x=tY
X+1 3-y

Required volume

2
11+ 1
:7Z'J_l —3_);/} dy—;;jo(yz)z dy

2
ol (55 o-aly e

[
3
‘
+
oo
=)
w
|
=
+
<
| I
A
N
|
I

— 7[8+8In2+1-(4+8In4-1)]-=
5

—7[6+8In2-16In2]-=

_27 grin2 unit

Method 2

y=321 o yryoae1 o x=2Y
X+1 3-y

Required volume
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2
11+ 1
:ﬂjl(_g_i’/j dy-ﬂjo(yZ)z dy

_ ryr+2y+l Loy
i Bl B R

5 1
—7rJ- 1+————— 8y -8 dy -7z Y
1 y?_6y+9 5

0

- 116 Vs
:ﬁ[y]1+4ﬁj_1—y2_6y+9 y+ﬁj_l(y_3)2 dy—g
z
5

e
=27r+47z[ln‘y2—6y+9H1_1+167{(y_—3)1} _
1

1
=9€+47z[|n4 |n16]+167z[ L }
-y

:9—ﬂ+4 In= +16 11
5 4 2 4

=9?”—47z|n4+47z

229?72-—872'”12 unit®

(i)
y =

—bx
X2 —c

Since y =2 is a horizontal asymptote, a=2.
Since x =-2 is a vertical asymptote, c=4.

x* —bx
X’ -4

( 2) lieson y_

. 9_ 2(3%-b(3) _

'E_—(3)2_4 = b=3
(i)

_2x2 —3X

X’ -4

y(x2—4):2x2—3x
(y-2)x*+3x—4y=0 \ﬂ
For no real roots, n/
(3)° —4(y—2)(-4y)<0 7 LT
16y2 —32y +9<0
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Method 1
32:+,(32)°-4(16)(9

_ 324448 _ 4, (7
216) = 5 =lEg

Ly=

.required set is {yeR:l—@< y<1+@}.

Method 2 (completing the square)
16y* -32y+9 <0

/

(y—l)z—%<0
(y—1+@)(y—1—§)<o

1—g< y<1+g

.. required set is {y eR :1—@ <y <1+JT7}

1

y?—2y+75<0 \‘
7
4

1+£
4
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(v)
2 —3x 8-3x
{-"I:J':= 11—4 =2+Il—-'-1- 2
Cip=l4 _.3I+5 r'—4i2f—31'
T X =2x=3 It —8
:2+i —ix+8
(x=1) =4
Pt (L)
(1=x)° =4
Method 1

Transformation: x — x+1 = —x+1

1. Translation of C, 1 umt m the negative x-directon to get

8-3(x+1 —3x+5

B30l 5, 259 lowedby

(x+1) -4 ' +2x-3

E.Reﬂectiﬂnufy=3+;h—+5jnﬂm}haxismger ..
X +2x-3 o

Method 2

Transformation: x = —-x = —(x—-1)=—x+1

&+3x

xt—4

1. Reflechon of C, m the y-axis to get y=2+
followed by

2. Translation of y =2+ gj- i 1 umit in the posihve x-direction to get C,.
X =
(i)
dM : »
= e I —kM , where k 15 a positive constant.
dM
—=b{I-kM
it )
1
If I=0, —M=00-kM
- ~1op M =M )
M
———=—hkM
100
1
h=—"
100k
dMd _ 1 ( _I-kM
df 100k 100k
I—aM
T where a=k (shown)
Assumphon (any 1 below):

» The man does not exercise so that no food energy 15 used up through exercizing.

* The man does not fall sick so that no food energy 15 used up to help him recover
from lus illness.
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e The man does not consume weight enhancing/loss supplements that affect his food
energy gain/loss other than maintaining the healthy functioning of his body and
increasing body mass.

(i) For dd—l\:lto be zero, | =aM

(iii)

[—2 M =L dt
| —aM 100
—In||—aM|:L+C

100
In|l —aM|=_—t—C
100

-t -t
| —aM =+e0e™C = Ael® \where A=+
Whent=0, M =100 = A=1-100a
;t
I —aM = (I —100a)e’®
—t

aM = | — (1 —100a)e®

—t
M :'——(l—loojewo
a a

v

Explanation (any 1 below):

e The man consumes more food than is necessary for maintaining a healthy
functioning body. Therefore the graph shows that his body mass will increase.

e Since | >100a, hence %>100 . The man's body mass is always less than !;.

In the long run, the man's body mass will approach !7 .

(v)
Given | =50a,
90=50— (50 —100)e% Using equation
Lt found in (iii)
50e1° =40
5
—t 4
—=In—
100 5
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-, t=-1001In g =22.3days (3s.f)

(i)

Method 1

Distance covered at the n pull =45+ (n—1)(-1.6)
=46.6-1.6n

46.6-1.6n>0

n<29.125

Hence number of pulls needed to achieve maximum total height is 29.
Maximum total height

= 2[2(45) + (29-1)(-1.6)]
— 655.4 cm

Method 2

Distance covered at the n" pull, u, =45+ (n-21)(-1.6)
=46.6-1.6n

Using GC,

n Un
29 0.2
30 -14

Hence number of pulls needed to achieve maximum total height is 29.

Maximum total height = 2—29(45+ 0.2)=655.4 cm

Method 3
Distance covered at the n'" pull =45+ (n—1)(-1.6) =0
=n=29.125
n Un
29 0.2
30 -1.4

Hence number of pulls needed to achieve maximum total height is 29.
Maximum total height=22(45+0.2) = 655.4 cm

Method 4
Total height after n pulls,

S, :2[2(45)+(n—1)(—l.6)] — 45.8n—0.8n2

Using GC,

n Sn
28 655.2
29 655.4
30 654

Hence the number of pulls needed to achieve maximum total height is 29, and the
maximum total height covered is 655.4 cm.
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(if)

Since r =0.95<1, sum to infinity of G.P. exists.

H_ 900 cm
5

. maximum total height =1

(iii)

Total height reached
Before 2" pull | 0.98(45)

Before 3 pull | 0.98(0.98(45) +45)

— 0.98%(45) + 0.98(45)

Before 4" pull 0.98(0.982(45) + 0.98(45) + 45)
—0.98°(45) +0.987 (45) + 0.98(45)

Before (n+1)" | 0.98"(45)+0.98"*(45) +...+ 0.98(45)
pull ©0.98(45)(1-0.98")
1-0.98
[sum of G.P. with a=45, r=0.98]

. before 4" pull, total height reached
~0.98(45)(1-0.98%)

- 1-0.98

=129.67164

=130cm (3s.f.)

Before (n+1) " pull, total height reached
~0.98(45)(1-0.98")

- 1-0.98

=2205-2250(0.98)"" , where X =2205, Y =-2250

(iv)

From (iii),

Total height reached by load using hoist C = 2205 —2250(0.98)""
As n—o, (0.98)"" —0.

Hence maximum total height — 2205.
Therefore maximum total height reached by load using hoist C will approach 2205
cm. Therefore the hoist C cannot be used to lift the load up the building of 2500 cm
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HCI Paper 2

1 The sum, S, , of the first 72 terms of a sequence u,, u,, u,, ... is given by
. 3a
" (n+1!”°
where @ and b are constants.
(i) It is given that u, =k and u, :%k , where k is a constant. Find @ and b in terms of
k. [3]
(i) Find a formula for u, in terms of k, giving your answer in its simplest form. [2]
(ilf) Determine, with a reason, if the series Z u, converges. [1]
r=1
) The complex numbers z and W satisfy the following equations
2z+3w=20,
w—zw¥*=6+221 .
(i) Find z and W in the form a+bi, where a and b arereal, a#0.
(ii)

(3]

Show z and W on a single Argand diagram, indicating clearly their modulus. State the

relationship between z and W with reference to the origin O. 2]

The function f is defined by

f:xH\/gsinx+cosx ,

xeR, —7r<x< % )
(i) Express f in the form Rsin(x+ «), where R and « are exact constants to be determined,
R>0,0<as<%. 2]
(i)  Sketch f, giving the exact coordinates of the turning point and the end-points. Deduce the
exact range of f. [4]
(iii) The function g is defined by

g:xH%—|x—l

, xeR, —ééxél.
2

Explain why the composite function fg exists. Find the range of fg .

[3]
(iv)

The domain of f is restricted such that the function £~ exists. Find the largest domain of f

for which T exists. Define £ in a similar form.

[4]
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4 Referred to the origin O, the position vector of a point 4 is —i+2j+4Kk. A plane p contains 4
and is parallel to the vectors 4i —2j+K and 2i +K.
(i) Find a cartesian equation of p . [2]
(ii) A plane g has equation x—2y +z =2. Find a vector equation of the line / where p and ¢
meet. [1]
A point B lies on [ such that 4B is perpendicular to /.
(iii)  Find the position vector of B . [3]
(iv) Find the length of projection of 4B on ¢q. [2]

(v) A point C lies on g such that AC is perpendicular to ¢ . Find the position vector
of C . Hence find a cartesian equation of the line of reflection of AB in ¢q. [6]

5 The independent random variables X and Y are normally distributed with the same mean 7 but

different variances Var(X') and Var(Y), respectively. It is given thatP(X <10) =P(Y > 6).
(i)  Show that Var(X)=9Var(Y). [3]
(i) If Var(Y)=1, find P(X <9). [2]

6 A biased tetrahedral (4-sided) die has its faces numbered '-1', '0' ,'2" and '3". It is thrown onto a

table and the random variable X denotes the number on the face in contact with the table. The

probability distribution of X is as shown.

x -1 0 2 3
IR

() The random variable Y is defined by X, +X,, where X, and X, are 2 independent
observations of X . Show that P(Y =2) =% . [2]

(i)  Ina game, a player pays $2 to throw two such biased tetrahedral dice simultaneously on a table.

For each die, the number on the face in contact with the table is the score of the die. The player

receives $16 if the maximum of the two scores is —1 , and receives $3 if the sum of the two

scores is prime. For all other cases, the player receives nothing. Find the player’s expected gain

in the game. (4]

7 Mandy has 10 beads, of which 5 are spherical and 5 are cubical, each of different colours. She wishes
to decorate a card by forming a circle using 8 of the 10 beads. Find the number of ways Mandy can

arrange the beads if

(i)  there are no restrictions, [1]
(i) 3 particular beads are used and not all are next to one another, [3]
(iii) spherical beads and cubic beads must alternate. [3]
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A man wishes to buy a 4-digit number lottery. He plays by randomly choosing any number from

0000 to 9999. 1t is assumed that each number is equally likely to be chosen. Find the probability that

a randomly chosen 4-digit number has

(i)
(i)

(iii)

four different digits, [1]
exactly one of the first three digits is the same as the last digit, and the last digit is
even, [3]
four different digits with the first digit greater than 6, given that the 4-digit number has odd and
even digits that alternate. [4]

In a large shipment of glass stones used for the Go board game, a proportion p of the glass stones is

chipped. The glass stones are sold in boxes of 361 pieces each. Let X denote the number of chipped

glass stones in a box.

(i)

Based on this context, state two assumptions in order for X to be well modelled by a binomial

distribution. [2]

In the rest of the question, assume that X follows a binomial distribution.

(i)

(iii)

(iv)

It is known that the probability of a box containing at most 2 chipped glass stones is 0.90409.

Find p. [2]

A box is deemed to be of inferior quality if it contains more than 2 chipped glass stones. Find
the probability that, in a batch of 20 boxes of glass stones, there are more than 5 boxes of
inferior quality in the batch. [3]
Each week, a distributor purchases 50 batches of glass stones, each batch consisting of 20 boxes
of glass stones. A batch will be rejected if it contains more than 5 boxes of inferior quality. The
distributor will receive a compensation of $10 for each rejected batch in the first 20 weeks of
a year, and a compensation of $20 for each rejected batch in the remaining weeks of the year.
Assuming that there are 52 weeks in a year, find the probability that the total compensation in
a year is than

$250. [5]

more

A large cohort of students sat for a mathematics examination. Based on selected data of the

examination results, the following table shows y , the proportions of students who scored X marks.

X 20 30 40 50 60 70 80 90

Y 1 0.00029 | 0.00174 | 0.00663 | 0.0161 0.0252 0.0252 0.0161 | 0.00663
(i)  Draw a scatter diagram for these values, labelling the axes. [2]
(i)  Explain why, in this context, a linear model is not appropriate. [1]

It is decided to fit a model of the form Iny = —LZ()C—m)2 +b, where a>0 and m is a suitable

constant, to the data. The product moment correlation coefficient between (x—m)2 and Iny is

denoted by 7. The table below gives values of » for some possible values of m .
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m 62.5 65 67.5
r [1110.9899292 [1110.9938968

(iii) Calculate the value of r for m =65, giving your answer correct to 7 decimal places.

[1]

(iv)  Use the table and your answer in part (iii) to suggest with a reason which of 62.5, 65 or 67.5 is

the most appropriate value for m . [1]

(v)  Using the value of m found in part (iv) , calculate the values of @ and b, and use them to
predict the proportion of students who scored 45 marks.

Comment on the reliability of your prediction. [5]

11 Yummy Berries Farm produces blueberries and raspberries packed in boxes.

(@) Yummy Berries Farm claims that the mass, x grams, of each box of blueberries is no less than
125 grams. After receiving a complaints from consumers, the Consumers Association of
Singapore (CASE) took a random sample of 50 boxes of blueberries from Yummy Berries Farm

and the mass of each box was recorded. The data obtained are summarised in the table.

x (grams) 120 [ 121 | 122 | 123 | 124 | 125 | 126 | 127 | 128 | 129 | 130
No. of boxes | 3 6 6 6 3 10 | 3 4 6 2 1

(i)  Find unbiased estimates of the population mean and variance. [2]
(if)  Test, at the 10% level of significance, whether Yummy Berries Farm has overstated its

claim.

State, giving a reason, whether any assumptions about the masses of boxes of blueberries are

needed in order for the test to be valid. [6]

(b) The masses of boxes of raspberries, each of y grams, are assumed to have a mean of 170 grams
with standard deviation 15 grams. CASE took a random sample of n boxes of raspberries and
the mean mass of boxes of raspberries from the sample is found to be 165 grams. A test is to be
carried out at the 5% level of significance to determine if the mean mass of the boxes of
raspberries is not 170 grams. Find the minimum number of boxes of raspberries to be taken for

which the result of the test would be to reject the null hypothesis. [4]
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ANNEX B

2017 HCI H2 Maths Preliminary Examination Paper 2

1 |AP and GP (i)azgk, b= 2k
(i) U, =%(—” j
nt\in+1
(iii) S, — 2k, Zur converges.
r=1
2 |Complex (i) w=6+21, z=1-3i
Numbers (i) LZWOZ is 90°
3 |Functions

(i) f(x) = 2sin[x +%)
(i1)

(iii) Ry, =[~2,1]

. 2r 7w
iv) largest D, =[-—,—),
(iv) larg e =l 3 6)

f_I:XHsin_l(gj—% , XeR, —2£X<\/§

)
N —-----\-/OL_\

N

&
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4 Vectors -4 1
(1) x+y-2z=-7;(1) r=|-3 |+a|l|,ceR
0 1
1
0 _—
= N R
(1) OB =| 1 |; (iv) 7;(V) OC=| 1 |, x=0,y=5-z.
4 2
2
5 |Normal ~
Distribution (i) P(X <9)=0.748
6 |DRV (ii) —80.25
7 |PaC (1) 226800 ; (ii) 90720; (iii) 3600
8 |Probability L 63 ... 243 .. 3
1) —; (il) ——; (i) —
® 125 ) 2000 (1) 125
9 |Binomial (1) Assumptions
Distribution; @ The probability of a randomly chosen glass stone being chipped is
Sampling constant.
e  Whether a glass stone is chipped or not is independent of that of any
other glass stones.
(i) p=0.00300; (iii) 0.00923; (iv) 0.953
10 |Correlation &  |(i)
Linear ‘ Ay
Regression
0.0252==========mmmmmmmmmmmmme %o o-X
X X
b3
X
x |
0.00029 -~ N
20 90 X

i1) The scatter diagram displays a curvilinear relationship which suggests
the presence of a maximum point. Hence a linear model is inappropriate.

(ii1) r=-0.9999984 (7 decimal places)
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(iv) m=65. Of the 3 negative r values, the r value corresponding to
m =65 is closest to —1

(v) a~0.00222, b~-3.63, Iny=-0.00222(x—65)* =3.63, 0.0109,
Since X =45 is within data range and r =—0.9999984 is very close to
—1, the prediction is reliable.

11

Hypothesis
Testing

2 _
(a) () X=124.4,5 =743 .
(i1) p-value =0.0598 < 0.1, we reject H, and conclude that at the 10%

level of significance, there is sufficient evidence that Yummy
Berries Farm has overstated its claim.

No assumptions about masses of boxes of blueberries are needed.
Since n =50 is sufficiently large, by Central Limit Theorem, the
mean mass of boxes of raspberries will follows a normal
distribution approximately.

(b) least n is 35
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. 3a 3a

() 8,=b-" =b-""=k ..(1)
s, b2 _p_2

3! 2

(2) - (),

_a_(_3a =§k—k
2 2 3

k2K =2
3 3

2k

“DS“ZZK_UH4y
Sn—1

u =S

n n_

[ 2 o2

%K%
“nt (n+1)

:%@_LJ

n! n+1

-ile)
n'in+1

2kn
(n+1)!

L 2k
(iii) ;ur - 4 :2k_(n+1)!

AS N — o0, —0.

(n+1)!

oS —ok——2 ok

(n+1)!

Hence the series ZUr converges.
r=1

.2

Need a home tutor? Visit smiletutor.sg



(i)
2z+3w=20 ..(D)
W—ZW*=6+22i ...(2)

From (1), z = 20— 3w

Substitute into (2),
w—(zo_sWJw":6+22i

2W—(20—3W)W*:12+44i

2W—20Ww* +3ww* =12 + 44i
Let w=a+bi
2(a+bi)—20(a—bi)+3(a+bi)(a—bi) =12+ 44i

2a+2bi—20a+20bi+3(a*+b®) =12+ 44i
(3a° —18a+3b*)+(22b)i =12+ 44i

Comparing real and imaginary parts,
22b =44

sh=2
3a’ -18a+3(2)° =12
3a°-18a+12=12

3a(a—6)=0
a=0 (rejected sincea=0), a=6
SW=6+2I
L 20-3(6+2i)
- 2
z=1-3i
(ii)
A Im
X WE(6,2)
Vi
O Re
510
X ZE(],—3)
ZWOZ is 90°
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(i)

f(x) = /35in x+cos x

Rsin(x+a) = Rsin xcos a + Rcos xsin
Recosa=+/3 ...(1)

Rsina=1 ...(2)

(12 +(2)%,

© R=y(3)2+12 =2
1)/ (2),

V4
La=—
6

Hence f(x) = 23in(x+%)

tana =

&l

(i)
y
A
abp(e
L y=1(0)
i —» X
z z
6 2
(~.-1)
When y=-2,

23in(x+%) -2

. T
sin(x+—)=-1
( 6)

. .. 27
. turning point is (—?

R, =[-2,4/3)
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(iii)
Since —§3xsl,
2 2
1 1
X)==—+X-1=X——
9(x) > >
R, =[-3,0]
T
D, =(—7z,—
, =(-7 6)

Since R, = Dy, fgexists

D

o Ry =[-2.1]

(iv)
From the graph,

largest domain for f = [—2?”,%)

Let y= 23in(x+%)

X=sin™ (XJ—Z
2) 6

f_12XI—>Sin_1(§J—%, xeR, —2<x<+3.

—1.2344

g Ry = restricted Dy restricted Ry = Ry,

—-3.:1—> [80 - [-2]]
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4 2
()| -2|x|0|=

1 1

1 -1
rf1i=l2

-2 4

.. Cartesian equation of p is x+y—2z=-7.

(i) x+y—2z=-7

X—=2y+2=2 f
Using GC, I
a vector equation of | is
r=|-3|+a|l|,aeR. P
S
(iii)
—4+a
OB=| -3+a q
o
Ad+a) (-1 '

a-3
=la-5
a—-4
a-3)(1
a-5|.1|=0
a-4)\1

q
(iv) Equationof q: r.| -2 |=2
1 |
4-3) (1 ( 28
AB=|4-5|=|-1

p
4-4) (o0 '
.. length of projection of AB on q is

oy 1 . 1 1 L -1 Needarlﬁne tutor? Visit smiletutor.
ABx—=| -2 | =—=| -1|x| 2 |=—=| -1 | === (B)="=
\/6 1 \/6 0 1 \/6 -1 \/E( ) 2

[

g



(i)

X ~N(7,Var(X))
Y ~N(7,Var(Y))
P(X <10)=P(Y >6)

plz<-10°7 | plz-_ 07
a/Var(X) JVar(Y)

3 -1
P{Z<«/Var(X)j_P{Z>«/Var(Y)j

» -

0 —— =L_ 0

 Var(X) JVar(Y)

) 3 _ -1

N «fVar(X) - («/Var(Y)J
3yVar(Y) = {Var(X)

Hence Var(X)=9Var(Y) (shown)

(i)
Var(X)=9(1)=9
X ~N(7,9)

. P(X <9)=0.748
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(i)

P(Y =2)

= 2P(X, =2and X, =0)+2P(X, =3and X, = -1)
= 2P(X, = 2)P(X, =0)+2P(X, =3)P(X, =-1)

“4sa) G4
(i)

P (maxof 2 scores = —1)
=P(X,=-1)P(X,=-1)

1 2
(3]
1
64
When sum of scores is prime, then Y=2,30r5.
. 3
From (i), P(Y :Z)ZE
P(Y =3)=2P(X,=0)P(X, =3)

(3
P(Y =5)=2P(X, =3)P(X,=2)
He

16
.. Expected gain

=16(i +3 i+1+ij—2
64 16 4 16

=-0.25
Hence expected gain is —$0.25.
[Or expected loss is $0.25.]

Alternatively,
.. Expected gain

=(16—2)(ij+(3—2)(i+l+lJ—2{l—(i+i+1+iﬂ
64 16 4 16 64 16 4 16

=-0.25
Hence expected gain is —$0.25.
[Or expected loss is $0.25.]
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(i)
No. of ways = “°C, (8—1)! = 226800

(i)
Method 1: (method of complementation)
No. of ways = 'C,(8-1)! - 'C,3!(6-1)! =90720

No. of ways No. of ways

without restriction with 3 particular beads
[5 other beads, and all together
together with 3 [5 other beads, with 3
particular beads particular beads grouped

arranged inacircle]  as 1 unitand 3! ways to
arrange among themselves,
and all 6 units arranged

inacircle]
Method 2: (method of slotting)
Case 1: (all not next to one another) %
No. of ways «
='C, (5-1)! x °C,3! =30240
‘\
%,_/
5 other beads use(zjd :fgo(r)ust g;r?i éb?;sr X X
t
St 0, e s t

to arrange among
themselves

Case 2: (2 together, 1 not)
No. of ways= "C;(5-1)!x °C,2! x °C,2! =60480

5 other beads used 2 Of 3 particular 2 out of 5 slots

as seperators, and beads together, for 3 particular

arranged inacircle ~ and 2! ways to beads grouped
arrange among as 2 units (2
themselves together, 1 not),

and 2! ways to
arrange among
themselves

.~. total no. of ways =30240+ 60480 =90720

(iii)
If spherical beads and cubic beads alternate, then there must be 4 spherical beads and
4 cubic beads.

No. of ways o =u
5 5
= °C,(4-1)! x °C,4! =3600 n °
%/_/ .
4 spherical beadsand 4 CUb:C beads,
arranged in a circle gprda :de"‘gan%zrt]% o [}
themselves m Py
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(i)

Method 1: (using permutations)

10x9x8x7 63
5

Probability = 0

[or 0.504]

Method 2: (using probability)

PI’ObabI|Ity—Exg E r_6

[or 0.504]
10710 10 10 125

(ii)
Method 1: (using permutations)

thousands

hundreds
$ tens unit

No.ofways| 9 | 9| 1|5

R

3 ways to arrange digit same as last even digit

_ [(9x9x1)x3]x5
10

Required probability =

243 [or 0.1215]

Method 2: (using permutations and combinations)
Case 1: The other 2 digits are different

thousands

hundreds
+ tens  unit

No.ofways| 'C, | 1|5
%—/

3! ways to arrange

9 ]
Probability = (G, Xl)fs ]X5 2 [or 0.108]
10 250
Case 2: The other 2 digits are the same
thousands
hundreds
l + tens  unit
No. of ways 9(:71 1|5
%—l
4 ways to arrange
9
Probability = Lt Xl)f a5 _ 27 o 0.0135]
10 ~ 2000
Required probability = 27 21 243 [or 0.1215]

250 2000 2000

Method 3: (using probability)
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Case 1: The other 2 digits are different

Probablllty—2 E i i i 27 [or 0.108]

10710 10 10 2! 250
Case 2: The other 2 digits are the same

I
Probablllty_3 i i i 3— 21 [or 0.0135]

10710 10 10 2! 2000

Required probability = 2+ 21 = 243 15 0.1215]

250 2000 2000

(iii)
Let A be the event '4 different digits with 1% digit greater than 6".
Let B be the event 'odd and even digits that alternate'.

Method 1: (using permutations)
Case 1: 1% digit is even, i.e. 8, and odd and even digits alternate

thousands
hundreds

+ tens unit

No.ofways| 1 | 54| 4

1><5><4><4__

Probability = 0

[or 0.008]

Case 2: 1% digit is odd, i.e. 7 or 9, and odd and even digits alternate

thousands

hundreds
+ tens unit

No.ofways| 2 | 5| 4| 4

%
Probability = = or 0.016
y 10* 125 [ ]
Hence P(ANB)= L + 2 _3 [or 0.024]
125 125 125
P(B)=P('odd,even,odd,even" or 'even,odd,even,odd')
_ 2x(5x5x5x5)
10*
[or 0.125]
P(ANB) 2
p(AlB)—TACB) i 24 g0
P(B) ¢ 125

Method 2: (using probability)
Case 1: 1% digit is even, i.e. 8, and odd and even digits alternate

Probability = i><i><i><i =0.008

10 10 10 10
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Case 2: 1% digit is odd, i.e. 7 or 9, and odd and even digits alternate
Probability =2 x> x+ x4 _0.016
10 10 10 10

1.2 _3
125 125 125
P(B) = P('odd,even,odd,even' or 'even,odd,even,odd')

Hence P(ANB)=

[or 0.024]

(5 5 5 5)
=2X| —X—X—Xx—
1010 10 10
~0.125
P(ANB) 2
-~ p(aB)=TACB) 55 24 10109

P(B) { 125
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Mo
Assumptions
e The probability of a randomly chosen glass stone being chipped is constant.

e Whether a glass stone is chipped or not is independent of that of any other glass
stones.

(i)
X~ B(361, p) e
P(X <2)=0.90409
Using GC,
p =0.00300
Rebaes ton  yeo.s0u09
(iii)

P(X > 2) =1- P(X < 2) =1-0.90409 = 0.09591
Let Y be number of boxes with more than 2 chipped glass stones, out of 20 boxes.
Y ~ B(20,0.09591)
P(Y >5)=1-P(Y <5)
=1-0.9907736392
=0.0092263608
~ 0.00923

(iv)
Let A be the number of rejected batches, out of 50 batches.
A~ B(50, 0.0092263608)

E(A)=50(0.0092264) = 0.46132
Var ( A) =50(0.0092264)(1-0.0092264) = 0.45706

Let M, =A+...+ A,
Since n =20 is sufficiently large, by CLT,
M, ~ N(20x0.46132, 20x0.45706)

=N(9.2264, 9.1412)  approximately

Let M, =A, +...+ A,
Since n=32 is sufficiently large, by CLT,
M, ~ N(32x0.46132, 32x0.45706)
=N(14.76224,14.62592)  approximately
Let T =10M, +20M,
T ~ N(10(9.2264) + 20(14.76224), 10°(9.1412) + 207 (14.62592))

= N(387.5088,6764.488)  approximately

Hence
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». P(T >250) = 0.952729 ~ 0.953
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10

(i)
Ay
0.0252 {-+-s+erssemseaserssemsseasenasenaseasas Moo
X X
X
X
§ |
0.00029 {----% L,
20 90 X
(ii)

The scatter diagram displays a curvilinear relationship which suggests the presence of
a maximum point. Hence a linear model is inappropriate.

(iii)
r =-0.9999984 (7 decimal places)

(iv)
m=65. Of the 3 negative r values, the rvalue corresponding to m=65 is closest to
-1.

(V)

Using GC with m =65,
a~0.0022230 ~ 0.00222 (3 s.f.)
b ~-3.6269 ~ —3.63 (3 s.f.)

- Iny =—-0.002223(x - 65) —3.6269

or Iny =-0.00222(x —65)> —3.63

When x =45,
y ~0.0109 (3s.f.)

Since x =45 is within data range and r =-0.9999984 is very close to —1 , the
prediction is reliable.
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11

(@)(i)

Using GC,

Unbiased estimate of the population mean,
X =124.4 g

Unbiased estimate of the population variance,
s? = 2.725540575°

=7.428571429
—7.43 (3sf)

(@)(i)
Let u g be the population mean mass of a box of blueberries.
H,: u=125

H,:u<125
Under Ho, test statistic

7o X1 N(0,1) approximately by CLT

,7.428571429
50

Level of significance: 10%
Critical region: Reject H, if p-value <0.1
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Since p-value =0.0598 < 0.1, we reject H, and conclude that at the 10% level of

significance, there is sufficient evidence that Yummy Berries Farm has overstated its
claim.

No assumptions about masses of boxes of blueberries are needed. Since n=50 is
sufficiently large, by Central Limit Theorem, the mean mass of boxes of raspberries
will follows a normal distribution approximately.

b
(Le)t 4, g be the population mean mass of a box of raspberries.
H,:w =170
H,:w #170
Under H,, assuming n is large,
test statistic Z = _1;70 ~ N(0,1) approximately by CLT
Jn

Level of significance: 5%
Critical region: Reject Ho if p-value < 0.05
I.e. Reject Ho if z-value <—-1.959963986 or z-value >1.959963986

0.025 i i

4 0 4
-1.959963986 1.959963986
% <-1.959963986 or 1651ﬂ >1.959963986
Jn Jn

Jn>587989 or Jn <-5.87989 (rejected)

. n>34573
Hence least n is 35.
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4x2+7x+1
- T <

Without using a graphic calculator, solve the inequality el x+2. [3]
x+
4x+7\x +1
Hence solve the inequality & <Jx+2. [2]
3x +1
i) Find J‘ncos_1 (nx) dx, where nis a positive constant. [3]
L
(ii) Hence find the exact value of I 21 peos™ (nx) dx. [2]
0

The vectors p and q are given by p = 2i + j +ak and q = bi + j, where a and b are

non-zero constants.
(i) Find (2p —5q)*(2p +5q) in terms of a and b. [2]

Given that the i- and j- components of the answer to part (i) are equal, find the value

of b. (1]
Use the value of b you have found to solve parts (ii) and (iii).

(i) Given that the magnitude of (2p —5q)*(2p +5q) is 80, find the possible

exact values of a. (2]

(iii) Given instead that2p—5q and 2p +5q are perpendicular, find the exact

value of [p|. [3]

A graphic calculator is not to be used in answering this question.

(a) The equation W + pw2 +gw+30 =0, where p and g are real constants, has
aroot w =2 —i. Find the values of p and ¢, showing your working. [3]
(b) The equation 22 +(=5+2i)z+(21-1)=0has a root z =3+ui , where u is

real constant. Find the value of u and hence find the second root of the

equation in cartesian form, a + bi, showing your working. [5]
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A sequence uy, Uy, us,... is such that

1 2

u, =———— and u,4 =u, - ,forall n=2 .
" 2n® (n—l)2 " " n(n—l)2 (n+1)2
J 2
(i) Find . [3]
nz-;‘n(n-l)2 (n+1)°
3y . N 2 . .
(i)  Explain why Z 7 5 1s a convergent series, and state the
= n(n=1)" (n+1)
value of the sum to infinity. [2]
. . R 2N
(iii) Using your answer in part (i), find Z 5 5 [2]
~'(n+Hn” (n+2)

(i) The variables x and y are related by

(x+y)(§1—di:+ky=2 and y=1 at x=0,

2

2
where k is a constant. Show that (x + y)ﬂ +(1+ k)Q +£Q) =0. [1]
dx? dx \dx

By further differentiation of this result, find the Maclaurin series for y, up

to and including the term in X’ , giving the coefficients in terms of k. [4]

1

sin2 [2)( +ﬂj
2

ascending powers of x, up to and including the term in X

(ii) Given that x is small, find the series expansion of g(x) = in

If the coefficient of x”in the expansion of g(x) is equal to twice the

coefficient of x° in the Maclaurin series for y found in part (i), find the value

of k. (4]
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A population of a certain organism grows from an initial size of 5. After 5 days, the

size of the population is 20, and after 7 days, the size of the population is M. The rate

of growth of the population is modelled as being proportional to (1002 -M 2) .

(i) Write down a differential equation modelling the population growth and

find M in terms of . [6]

(ii) Find the size of the population after 15 days, giving your answer correct to

the nearest whole number. 2]

(iii)  Find the least number of days required for the population to exceed 80. [2]

2x-1 0<sx<2,
It is given that f(x)={2~(x-3)’ 2<x<4,
1 otherwise.

Sketch, on separate diagrams, for 0 < x <8, the graphs of

(i) y=f(x) and state the range of f, [5]
1

ii =—. 4

(ii) 7 (4]

In each graph, indicate clearly the coordinates of the end points, points of intersection

with the axes and stationary point, if any. State clearly the equation of any asymptote.

-4
(iii) Deduce the value of j f(—x)dx. [1]
-6

Given that f(x)=sin2x+cos2x , express f(x) as Rsin(2x+a) , where R>0,

T
O<a< 5 and R and @ are constants to be found. [2]

() Describe a sequence of transformations involved that transformed y =sin x

toy=f(x). (3]
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RY/4
(i) Sketch the graph of y =f(x) for 0<x < < indicating clearly the exact

coordinates of the maximum point and the end points of the graph. [3]

T
(iii)  The region bounded by the curve y =f(x), the line x = 3 and both axes is

rotated about the y-axis through 277 radians. Find the volume of the solid

of revolution correct to 4 decimal places. (4]

10

When a light ray passes from air to glass, it is deflected through an angle. The light
ray ABC starts at point A(1,2,2) and enters a glass object at point B(0,0,2). The

surface of the glass object is a plane with normal vector n. The diagram shows a

cross-section of the glass object in the plane of the light ray and n.

n
B
C—4sy 0 A
/
/
(i) Find a vector equation of the line AB. [1]

The surface of the glass object is a plane with equation x + z = 2. AB makes an acute

angle € with the plane.

(ii) Calculate the value of &, giving your answer in degrees. [2]

The line BC makes an angle of 45° with the normal to the plane, and BC is parallel
-2
3

to the unit vector | p
q
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(iii) By considering a vector perpendicular to the plane containing the light ray

and n, or otherwise, find the values of p and g. [4]
The light ray leaves the glass object through a plane with equation 3x+3z=—4.
(iv)  Find the exact thickness of the glass object, taking one unit as one cm. [2]

(v)  Find the exact coordinates of the point at which the light ray leaves the glass

object. [3]

11

[It is given that the volume of a circular cone with base radius r and height 4 is

3

4
%ﬂrzh and the volume and surface area of a sphere of radius r are 3 7 and 477

respectively.]

In a distant Northern kingdom of Drivenbell, Elsanna builds a spherical snowball
with radius 3 m. The snowball is inscribed in a right conical container of base radius
r m and height 2 m. The container is specially designed to allow the snowball to

remain intact with fixed radius 3 m (see diagram).
II ‘
[ 1

(i) By considering the slant height of the cone, show that r = 3h

(ii)  Use differentiation to find the values of / and r that give a minimum volume

for the container. Find the value of the minimum volume. [6]
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The snowball is being removed from the container and it starts to melt under room

temperature.

(iii)

Assuming that the snowball remains spherical as it melts, find the rate of

decrease of its volume at the instant when the radius of the sphere is 2.5 m,

given that the surface area is decreasing at 0.75 m? per minute at this

instant. [5]
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ANNEX B
1JC H2 Math JC2 Preliminary Examination Paper 1

1 |Equations and
Inequalities x<-1 or —§<XSI;

0<x<1

2 |Integration techniques (i)(nx)cos‘l(nx)— /(1—n2x2)+C
7 3
S L |
(11)6 5
3 |Vectors —a
(1)20| ab
2-b
b=-1
(ii)iE
2
L 5\2
(111)7
4 |Complex numbers @ P=2,9=-19

(byu=-5, z=2+3i

5 |Sigma Notation and 1 1
Method of Difference (1)§— 2N (N +1)2
1
1)—
( )8
(i) Y| 1 4 .
8 (N+1)(N+2)

6 |Maclaurin series 3k -6

(i)y:1+(2—k)x+( jx2+(k2—6k+8)x3+...

(i) 1 +4%% +...; k=?

7 |Differential Equations

(i)%:k(m(ﬂ—mz) , k>0
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t
M =

t

21(19)5
—— | +1
19\ 14

(i) M =47
(iii) 35
8 |Graphs and (i) Ry :[_1,3]
Transformation
(iii) 2
9 |Application of B . r
Integration tx) = ﬁsm(z)”?j
@
A: A translation of % units in the negative X-direction
B: A scaling/stretch with scale factor % parallel to the
X-axis.
C: A scaling/stretch with scale factor \/5 parallel to the
y-axis.
(ii1) 0.6506
10 |Vectors 1 1
(i) r=[2[+4]|2
2 0
(i1)0=18.4°
2 1
m)p=——; qg=—
(iii) p 3 9773
52
(iv) cm
3
o[22
Y197 979
11 |Differentiation & S 3
Applications (i)h=12; r—ﬁ,v—nﬂm

(iii) 0.9375 m® per minute
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2
4x +7x+1<

<x+2
3x+1
4x2+7x+1—(x+2)(3x+1)<0
3x+1 B
4x2+7x+1—(3x2+x+6x+2)<0
3x+1 B
2
X —1S
3x+1
=D+ _ o
3x+1
— | + | - | +
-1 _l 1
3
1
. x<-1 or —<x<1
3
A Tx+l_ oy
3\/;+1
Replace X with v/x,
1
\/)_CS—I or —§< x <1

(rejected as \/)_C >0)

Since VX >0,

—§< ¥<l = 0<+Jx<1

(1)
jn cos™! (nx) dx

= (nx)cos ™! (nx) —J‘(nx)[—L} dx
\/1—(nx)2

)—1/2

:(nx)cos_l(nx)—%j(—2n2x)(l—n2x2 dx

1/2
_ 1 (1=—n?x?
=(nx)cos l(nx)—ax%+C

2
= (nx)cos ™! (nx) —\/(l—nzxz) +C
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(i)
1

I 2 cos”! (nx) dx
0

= [(nx) cos ! (nx) (1= n%x?)

L
}Zn
0

(1)

Cp-59)x(2p+5q)=4pxp+10pxq—10gxp—25q%xq

=20pxq

2
=20

a

b

1 |x|1

0

—a
=20| ab
2-b

Alternative:

(2p-5q)x(2p+35q) =

b 2 b
1](x|2]1 [+5]1
0 a 0

4+5b

2a

—6a—14a
=| —(8a-10ab—8a—10ab)
28-35b+12+15b

—20a —a
=| 20ab |=20| ab
40-20b 2-b

—a
Given that the i- and j- components of the vector 20| ab |are equal,
2-b
—a=ab
ab+a=0
a(b+1)=0

Since a #0, thus b=-1
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(ii)
|2p —5q) = (2p +5q)| =80
—a
20| ab ||=80
2-b

(iii)
Since 2p - 5q and 2p +5q are perpendicular,
(2p—5q){(2p+5q)=0

4lp|* -25|q|* =0

2 25 p
pl” =g

=§((—1)2 +12)

25
2
Ip| = V2
2
Alternative:
4+5)(4-5
(2p-5q9)i2p+5q)=| -3 7
2a 2a

—16-25-21+4a>
— 44 -30
Since 2p - 5q and 2p +5q are perpendicular,
(2p—59)(2p+5q9)=0
4a*>-30=0
2_15
2

|p|=\/22+1+a2 =‘/5+%=\/§:¥

a
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(a)
Method 1

Since the coefficients are real, w=2+1 is another root of the equation.

(w—2+i)(w—2—i)=(w—z)2 —(i)2
=w? —4w+4+1
=w? —4w+5

w3+pw2+qw+30=0

(W2 —Aw+5 ) ( w+ 6) =0 (By inspection)

Comparing coefficients of W2 , p=6—4=2
Comparing coefficients of W , ¢ =24+5=-19

Method 2
Substitute w=2—1( or w=2+1) into the given eqn,

2-1)>+p2-1)* +¢(2-1)+30=0
(3-4i)(2-1)+ p(3—4i)+¢(2-1)+30=0
(6-3i—8i—4)+ p(3—4i)+¢q(2—1)+30=0
(32+3p+2¢)+(-11-4p—¢q)i=0

Comparing the real parts, 3p+2q =32 (1)

Comparing the imaginary parts, 4p—|—q =—]1____ )
(1) = (2) *2: 3p—8p=-32+11x2

-S5p=-10
p=2
From (2): C]=—11—4X2=—l9
s p=2 . q=-19

(b)

Substitute z=3+ui into the given eqn,
(3+ui)’ +(=5+2i)(3+ui) +(21-1) =0
9+ 6ui—u* —15—5ui+6i—2u+21-i=0

(15—2u—-12)+(u+5)i=0

Compare imaginary coefficient: #+5=0
u=-5
Sz=3-51

[Note: if using 15— 2u—u” =0, need to reject u =3 ]

Method 1
Let the other root be w.

22+ (=5+2i)z+(21-i) = (z-3+5i)(z—w)
Comparing coefficients of z,
—5+2i=-w-3+5i

w=2+3i
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Method 2

Let the other solution be a +bi,

22 +(=5+2i)z+(21-1)

=(z—(3-50))(z - (a+bi))

=22 —(a+bi)z— (3=5i)z+ (3=5i)(a + bi)

=22 ~[a+3+(b-5)i]z+ (3~ 5i)(a +bi)

Compare the zterm: —(a+3)=-5 =>a=2
—(b-5)=2 =>b=3

- z = 2 + 3i1s another root.

+( N_MNH)J
juz u];H ) 1
C2(2%)(2-1)" 2(N+1) ((N=1)+1)
1 1

(i)
1
As N>, — 0
2N? (N +1)
Z f N 1 which is a constant, hence it is a convergent series.

nan(n—1) (n+1)2 8
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(1ii)
Method 1
N

Z +2 _N

— 1(n+1)n n

o (n+1)n n+2

N+1

2
=N

= (n)(n —1)2 (n +1)2

NF_ ! ]
8 2(N+1) (N+2)

_N 4
8| (N+1y (N+2)

Method 2 By listing the terms
al 2
2 2
2 n(n—1)"(n+1)
2 2 2
= + +ee 4
23 3(2)°(4) N(N=1)*(N +1)°

i 2N

oy (n+ 1n? (n+ 2)2
2 2 _ 2

+1

2(1)*(3)° " 3(2)%(4) 'S | (N+1)(N)?(N +2)?

=N
Y y—

) n(n—l)2 (n+1)2

:NF‘ ; 2}
8 2(N+1)(N+2)
N

T
8| (N+1)(N+2)

(1)

N Eiky=2 )
dx

Differentiating (1) wrt. x:

dyjdy kd 0

+—+1+
(x+y) (dxdxdx

d dy (dyY
(x+y)g);+(l+k)ay+(ayj =0 (2
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Differentiating (2) w.r.t. x:

&y dy\d’y y dy\(dy)_
(x+) +(1+dxjdx2 1+ k) (dxj(dxzj_o

3 2
(x+y)d (2+3j§ kj%:()

LY 6k 36k + 48 = 6(k> — 6 +8)
dr

X +..

_ 6(k*—6k+8
Y =1+(2—k)x+[3k2'6jx2+ %

3k—-6

=1+(2—k)x+[ jx2+(k2—6k+8)x3+
(ii)
sin(2x +§) = sin2xcos%+ cosS 2xsin§ =CoS2x

1 1

2
) V4
sz()ﬁ_zj cos” 2x

2
~ Ll__(ZX)ZJ
2

)
:(1—2x2)
=1+4x" +
4_2[3k—6J
2
=10
3

(i) %zk(lOOZ—MZ) . k>0

Since ddﬁ>0andM>O,:(1002—M2)>0 and 0 < M <100
t

1 —
.[ (1002—M2) dM_I ke

1 1 (100+M

j:h+C

n
200 \100-M Need a home tutor? Visit smiletutor.sg




in[ 209 M ) o600k 4
100 — M
100—+M=Ae200k’ , where 4 =¢¢’
100— M
When t=0, M =5 = A= 105_21
95 19
When =5, M =20 = E=%e1000"

elOOOkZB or 200k—lln(19J
14 5 14

t
Thu 100+ M 21( 1000k)§ 21(19)5
100-M 19 19114

t

100+M =22 (100~ a1)
1914
L
M 21(”} +1|=100 ﬂ(ng—l
19\ 14 1914
w22 [U
19 14

2f-2)

100

M= t OR OR t

g(gjsﬂ 21(19j +19 (Bjs +£

19\ 14 14 14 21
(ii)

21(19Y
100 E(ﬁj -1

When ¢ =15, M = =46.847

21(19
+1
19(14)

M = 47 (nearest whole number)

(1ii)

Method 1: Graphical Method

Sketch the graphs of M=f(¢) and M=80

From the graph, when ¢ > 34.336397, M >80

Least number of days required is 35.

Method 2: Use GC table

Whent =34, M =79.627 < 80

When t = 35, M = 80.718 > 80 } = t=235
Whent =36, M = 81.756 > 80

Thus least number of days required is 35.
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Method 3:

1>21

L
210 .|
1914

(1) .
V
(2,3)
_
(1) (s.1)
X,
o/(0:5,0)
(0,-1)1
Range of fis [—1, 3]
or sz[—1,3]
oer:{y:—léyS3}
(i) _
y T
I
I
: (8,1)
I i _
ol ; 2
(0,-1)f! ot
: A
I.
-
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(iih)
4 6
.[ F(—x) dx = J' £(x) dx
-6 4

= area of rectangle
=2

f(x)=sin2x+cos2x
R=AG1+1° =2

V4
tana =1 = a=Z

f(x):sin2x+cos2x:\/fsin(2x+%j

(1)
Transforming y =sinx to y =/2sin (2)&7 + %)

Sequence of Transformation:
Either

A: A translation of % units in the negative x-direction

B: A scaling/stretch with scale factor % parallel to the x-axis.

C: A scaling/stretch with scale factor \/5 parallel to the y-axis.

Acceptable sequence: ABC, ACB, CAB.

OR yzx/isin[z(ﬁgﬂ

D: A scaling/stretch with scale factor % parallel to the x-axis.

E: A translation of % units in the negative x-direction.

F: A scaling/stretch with scale factor \/5 parallel to the y-axis.

Acceptable sequence: DEF, DFE, FDE

(i)

Max point occurs when sin ( 2+ ﬁj -1 y
4

= [2x+£]=£
4) 2

= x=%,y=\/§

Lad

Need a home tutor? Visit smiletutor.s

28




(ii1)
y=\/5sin(2x+%j y

for Oﬁxﬁz,
8

The curve is one-one

thus inverse function exists.

sin(2x+£j:L
4 2

NG
Volume = Volume of cylinder - 71'-.‘ x2 dy
1

RO K

= 0.6506458
~0.6506 (4 d.p.)

10

(1)
0) (1 -1
5
AB=|0|-|2|=| -2
2) (2 0
1 1 0 1
lygir=[2|+A12] or r=|0|+4]| 2|, A€l orequivalent
2 0 2 0

(i)

(iii)

Let m be a vector perpendicular to the plane containing the light ray and ».
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p |00
1 q ) \~1
cos45’ =—= = ——g=1
V2 V2 3
_ 1
1 3
2 2
-3 “3] (2
plilm = | p |J-1|=0
q -3) (-2
A 20 o, 2
3 P P 3

(iv)

Glass upper surface is x+z=2

Glass bottom surface is 3x+3z=-4 = x+z= —%

‘2_(_§J 10 5V2

Distance between two planes =

V2 32 3
. 52
Thickness of the glass object is cm
v)
Let the point at which the light ray leaves the glass object be F.
Method 1:
0 2 0 —2
lpgpir=|0|+ul2| or r=|0|+u —%
1
2 1 2 -3
At F, 0 5 ;
] 2 5 0 _g 0o 4
0 [+u|2 o|=-a OR THTS T
2 -1 3
2 1 3 3
6+ u(6+3)=—4 6+pu(-2-1)=—4
10
__10 H=7
# 9
The coordinates of F are
(_20 20 8}
9° 979
Method 2:
5v2
- - 2 1
cos45° =% = ‘BF - 5‘/7>< _10
3

(or using Pythagoras’ theorem) Need a home tutor? Visit smiletutor.sg




_% 2
Bﬁ _10 _% __ 10 2
3 | 9
-1 1
2 0 20
N
0 :—2 21+]0 :l -20
9 9
1 2 8
) 20 20 8
The coordinates of F are | —,——,—
9 9 9
11 (1)

Let / be the slant height of the cone.

P=i+r ————()
Using similar triangles,
h-3_3
[ r
rh—=3r
[= -————(2
3 (2)

ht—6r*h+9r* =9h* +95°
r*(h* —6h) =91
3h

= —— (Since 7> 0)
h* —6h

(it)

2
Volume of cone, V =17r°h

2
h* —6h

B 3nh’
h* —6h
B 3rh?

h—6

[ 6h(h—6)—31h?
dh (h—6)

B 3xh* =367h

~ (h-6)
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—=0 = 3zh* -367h=0
dh
h(h—-12)=0
h=12 or h=0 (reject .- h>0)
h 12 12 12
. dv
Sign of —— _ +
g i ve 0 ve
Tangent \ /
Thus, V' is a minimum when 42 =12
When h=12,
}”:Lz)zi (z4.2426)
Ja2)—6(12) V2
12)*
V :M =72r (z 226.195)
12-6
(1i1)
Let R be the radius of the snowball
S =4rR’ = d—S=8;rRE
dt dr
V=f7rR3 = d—V=47rR2%
3 dt dt

When R=2.5, % =075 = 8%(2.5)% =—0.75

R__3 00375 50119366
dt 80 T

d_V:477(2_5)2 3 =—E or —0.9375

dt 807, 16

At the instant when R=2.5 m, the rate of decrease of volume is 0.9375 m® per
minute.
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The complex number z is such that |zl =1 and argz =@, where 0< @< %T .

(i) Mark a possible point A representing z on an Argand diagram. Hence, mark the

points B and C representing z? and z+z? respectively on the same Argand
diagram corresponding to point A. [2]

(ii) State the geometrical shape of OACB. [1]

(iii) Express z+z in polar form, pcos(gb) [cos(k@) +isin(k9)], where p, ¢ and k

are constants to be determined. [2]

The function f is given by f:x — 3+ for xOr x>2.

x—2
(i) Find f _l(x) and state the domain of f . [3]
(ii) Explain why the composite function f % exists. [1]

(iii) Find the value of x for which f 2()c) = x . Explain why this value of x satisfies the

equation f (x)=f _l(x) . [3]

It is given that a curve C has parametric equations

for 2<t<2.

2
x=t>-1, y=
2 +1

(i) Sketch C, indicating clearly the coordinates of the end points and the points where
C cuts the y-axis. [4]

(ii) Find the equation of the tangent to C that is parallel to the y-axis. (4]

(iii) Express the area of the region bounded by C, the tangent found in part (ii) and
both axes, in the form

Jj f(z) dt,

where the function f and the constants ¢ and b are to be determined. Hence find
this area, leaving your answer in exact form. [5]
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A farmer owns a plot of farmland. To prepare for wheat planting, the farmer has to
plough the farmland before sowing wheat seeds. At the start of the first week, 300 m?

of the farmland is ploughed. The farmer ploughs another 100 m? of the farmland at the
beginning of each subsequent week. To sow wheat seeds, the farmer is considering two
different options.

(a) In the first option, the farmer sows wheat seeds on 60% of the unsown ploughed
land at the end of each week.
(i) Find the area of unsown ploughed land at the end of the second week.  [1]
(ii) Show that the area of unsown ploughed land at the end of the nth week is
given by
[0.4" (300) + & (1 —0.4"1 )} m?,
where k is an exact constant to be determined. [3]

(iii) Find the number of complete weeks required for the area of unsown ploughed

land to first fall below 70 m>. [3]

(b) In the second option, the farmer sows 80 m? of the unsown ploughed land at the

end of the first week. At the end of each subsequent week, he sows 20 m? of the
unsown ploughed land more than in the previous week. This means that the area of

sown ploughed land is 100 m? in the second week, 120 m? in the third week, and
SO on.

(i) Find, in terms of n, the area of unsown ploughed land at the end of the nth
week. [4]

(ii) Find the number of complete weeks required for the farmer to finish sowing
all the ploughed farmland in this option. Deduce the area of ploughed land to
be sown in the final week. [4]

A group of twelve people consists of six married couples. Each couple consists of a
husband and a wife.

(i) The twelve people are to stand in a straight line. Find the number of different
arrangements if each husband must stand next to his wife. [2]

(ii) The group of twelve people finds a round table with ten chairs. Assuming only
ten people are to be seated, find the probability that five married couples are seated
such that each husband sits next to his wife and husbands and wives alternate.

(3]
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Seven red counters and two blue counters are placed in a bag. All the counters are
indistinguishable except for their colours. Clark and Kara take turns to draw a counter
from the bag at random with replacement. The first player to draw a blue counter wins
the game and the game ends immediately.

If Clark draws first, find the probability that
(i) Clark wins the game at his third draw, [2]

(ii) Kara wins the game. [3]

An archer shoots an arrow into a circular target board that has a radius of 60 cm. The
target board further consists of three inner concentric circular sections, with radii 40 cm,
20 cm and 10 cm respectively as shown in the diagram.

The archer scores

* 50 points if the arrow lands in the centre circle of radius 10 cm,
e 20 points if the arrow lands in the ring with outer radius 20 cm,
e 10 points if the arrow lands in the ring with outer radius 40 cm,
* 0 point otherwise.

Assume that the arrow will definitely hit the target board and is equally likely to hit any
portion of the target board.

(i) Let X be the number of points scored for one arrow shot. Find the expectation of
X, leaving your answer in 4 significant figures. [3]

(ii) Interpret, in this context, the value obtained in part (i). [1]

(iii) The archer shot at the target board forty times. Find the probability that the
average score obtained by the archer is between 10 and 20 points (inclusive). [4]
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At a hospital, records show that 84.5% of patients turn up for their appointments. It is
known that on any day, the doctor has time to see 20 patients.

On one particular day, there are 20 patients who make appointments to see the doctor.

(i) State, in this context, one condition that must be met for the number of patients
who turn up for their appointments to be well modelled by a binomial distribution.

[1]
For the remainder of this question, assume that the condition stated in part (i) is met.

(ii) Find the probability that more than 15 patients turn up for their appointments.
(2]

(iii) Given that at least 12 patients turn up for their appointments, find the probability
that more than 2 patients fail to turn up for their appointments. [3]

(iv) To improve efficiency, the hospital decides to increase the number of
appointments that can be made on each day. Given that there will still be enough
time for the doctor to see 20 patients, find the greatest number of appointments
that can be made so that there is a probability of at least 0.85 of the doctor having
time to see all patients who turn up. [2]

In order to recruit the best possible employees, a large corporation has designed an
entrance test that consists of three components, namely Logical Reasoning, Personality
and Communication. The scores obtained by candidates in each of the three components
are independent random variables L, P and C which are normally distributed with means
and standard deviations as shown in the table.

Mean Standard deviation
Logical Reasoning, L 35.2 5.2
Personality, P 24.6 3.8
Communication, C 29.3 4.3

(i) For a particular role in the corporation, the Logical Reasoning and the Personality
scores of a candidate is valued and hence a special score of 3L +2P is computed.

(a) Find the special score that is exceeded by only 1% of candidates taking the
test. Leave your answer in 1 decimal place. (4]

(b) Five candidates are selected randomly. Find the probability that three of them
obtained a special score of more than 150, and the other two obtained less
than 140. [3]

(ii) For another role in the corporation, a candidate must achieve a result such that his
special score of 3L +2P differs from 5C by less than 25. Find the percentage of
candidates who will be able to achieve this. [4]
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10

The following table shows the mass (m) of a foetus, in grams, taken at various weeks

().

t 12 16 20 24 28 32 36
m 14 100 300 600 1005 1702 | 2622

(i) Draw a scatter diagram to illustrate the data, labelling the axes clearly. [1]

(ii) Calculate the product moment correlation coefficient between ¢ and m, giving
your answer correct to 5 decimal places. Explain why this value does not
necessarily mean that the linear model is the best model for the relationship
between ¢ and m. [2]

It is proposed that the mass of the foetus at week 7 can be modelled by
m=at’,

where a and b are positive constants.

(iii) By using logarithm to transform m = at’ into a linear equation, calculate the
value of the product moment correlation coefficient and give two reasons why
this model may be a better model. [4]

(iv) Calculate the values of a and b. [2]

(v) Using the equation of a suitable regression line, estimate the mass of the foetus at
26 weeks, giving your answer to the nearest grams. Comment on the reliability of
the estimate. [2]

11

The mass of strawberry jam in a randomly chosen jar follows a normal distribution and
has a mean mass of 200 grams. A retailer suspects that the mean mass of the strawberry
jam is being overstated. He takes a random sample of 30 jars of strawberry jam and
weighs the content, x grams, in each jar. The results are summarized as follows.

> (x-200)=-66 and Y (x—200)" =958
(1) Test at 2% significance level, whether the retailer’s suspicion is justifiable. [6]
(ii) Explain, in this context, the meaning of ‘at 2% significance level’. [1]

(iii) Suppose the retailer now decides to test whether the mean mass differs from 200
grams at 2% significance level. Without carrying out the test, explain whether the
conclusion would change in part (i). [1]

The manufacturing process has now been improved and the population standard
deviation is 3.5 grams. The retailer selects a new random sample of 20 jars of strawberry
jam and the sample mean is found to be k grams. Find the range of possible values of k
so that the retailer’s suspicion that the mean mass differs from 200 grams is not justified
at the 2% significance level. Give your answer correct to one decimal place. (4]
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ANNEX B

I1JC H2 Math JC2 Preliminary Examination Paper 2

1

Complex numbers

(i1) rhombus

(1) 2 cosg cosﬁ + isinﬁ
2 2 2

Functions

@) f‘l(x)=2+%, xeR, x>3
X_

(iii) X = 3.62

Differentiation &
Applications

. 1
(11) X= —Z

(i) n o= Z 4 tan~' L
5 4 2

AP and GP

(a)(i) 88 m>

(a(ii) k is 222

(a)(iii) 5

(b)(i) ~10n? +30n + 200

(b)(ii) number of complete weeks is 7; 120m?

P&C, Probability

(i) 46080
(i) 0.0000120

P&C, Probability

(1)0.0813
(i) 0.4375

DRV

(1) 6.389
(i) 0.00965

Binomial Distribution

(i) Whether a randomly chosen patient turns up for an
appointment is independent of any other patient.

(1) 0.812

(1i1) 0.618

(iv) 22

Normal Distribution

(i)(a) a=195.2
(i)(b) 0.0875
(ii) 61.3%

10

Correlation & Linear
Regression

(i1) r =0.94597

(iii) r =0.990

(iv) a=2.30x10"*, b =4.59

(v) m=728

Since the value of 26 is within the range of values of t
and the value of r is close to 1, this estimate is reliable.
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11

Hypothesis Testing

(i) At 2% significance level means that there is a
probability of 0.02 that the test will indicate that the
mean mass of the strawberry jam in the jar is less than 200
g when in fact it is 200 g.

(ii1) This will result in a different conclusion;

198.2 <k <201.8

Need a home tutor? Visit smiletutor.sg



(1)

(i)

(i)
z+z°

.. .. 2
=cos@ +isinf +(cos O +isin §)

=cos@ +isin @ +cos? O+ 2icosHsin @ —sin’ O

=(cos 0 +c0s20)+i(sin @ +sin20)

360 6 ... 30 0
=2c0S—C0S—+ 21SIn — COS —

2 2

0 30 .. 30
=2c0S—| cos—+1sin—

2 2 2

Alternative

3

ar (z+22)=t9+
g

|
D

2
|z+22| =20M =2cos(§j

omelffolin]

A 4

Since OACB is a parallelogram with 4 equal sides, it is a rhombus.

1
op=2,9g==,k==
p q 5 >
(1)
f:x >3+ ,xell, x>2
x=2
Let y =f(x).
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x=24+—
y-3

; f‘l(x):2+%, xell, x>3

Since R; = Dy, the composite function f* exists.

(ii)

34——<=x
x—1
&=
3(x—l)+(x—2):x
x—1
4x-5=x(x—-1)
x2=5x+5=0
Using GC, x=1.38 (rej *-1.38 ¢ D;) or x=3.62

ff(x) =X
fHf (x)=1"(x)

f(x)=f"(x)

Therefore x =3.62 satisfies f(x)= £ (x).
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When x =0, t(t—1)=0 = t=0or t=1

1
= y=1 or y=§

Coordinates are (0,1) and (O,%j.

(ii)
dx dy -2t
E: l‘—l, E—(z )2
t“+1
dy 2 y 1
= > -
(t2+1) 2t-1

-2t

2
(2 +1) (2-1)
When tangent is parallel to y-axis,

(t2+1)2(2t—1):0 = t:% ( (r2+1)2>oj

Equation of tangent: x = —%

(iit)
Area of the required region
0
=J‘—1/4 y A
1 1 Whenx=——, t=—
- (2-1) dt T
12 42 41
Whenx =0, t=1
12t 1
= -5 dt
V2 241 241

= [ln(z‘2 + 1) —tan”! tﬁ/z
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()(0)

Area of unsown ploughed land

=0.4[0.4(300)+100 |

=88 m*
(a)(ii)

n | Beginning of week End of week

1 300 0.4(300)

0.4[0.4(300)+100
2| 0.4(300)+100
=0.4%(300)+0.4(100)
| 042 (300)+0.4(100) 0.4/ 0.4 (300)+0.4(100) +100 |
+100 = 0.4 (300)+0.4% (100)+0.4(100)

0.4"(300)+0.4"71(100) + ..
+0.4% (100)+0.4' (100)

Area of land unsown ploughed land at the end of nth week
0.4(1-04"")

=0.4" (300)+100
1-0.4

:[0.4"(300)+¥(1—0.4"—1)} m?

.. the value of & is iﬁ )

(a)(iii)
Method 1
0.4 (300) +¥(1 ~04")<70
0.4" (300) +¥—¥(0.4)‘1o.4" <70
@(0.4”) L0
3 3
0.4" < L
40
ln( Iy
40
"= n0.4
n>4.02588

Hence the number of complete weeks required is 5.
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Method 2

0.4" (300) +2310(1 -0.4"1)<70

Using GC,

when n = 4, unsown ploughed land = 70.08 (> 70)
when n = 5, unsown ploughed land = 68.032 (< 70)
when n = 6, unsown ploughed land = 67.213 (< 70)

Hence the number of complete weeks required is 5.

(b)(@)
n Beginning of week End of week
1 300 30080
2 300+(100)—80 300+(100)—80-100
3| 300+2(100)-80—100 | 300+2(100)—80-100—120

300+ (1-1)(100)—80—100
— - =[80+20(n-1)]

Area of unsown ploughed land at the end of nth week
=300+100(n —1)—%[2(80) +20(n-1)]

=300+100n —100—%(140+20n)

=300 41007 —100— 707 — 101>
— 10712 +30n +200

(b)(i1)

For the farmer to finish sowing all the ploughed farmland,
~10n* +307+200< 0

Method 1:
Solving the inequality,
n>6.21699 or n<-3.21699 (rejected)

Hence the number of complete weeks is 7.

Method 2:

Using GC to set up a table,

When n =6, area unsown = 20

When n =7, area unsown = —80

When n =8, area unsown = —-200

Hence the number of complete weeks is 7.
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In week 6, the area of unsown ploughed land

=-10(6)’ +30(6)+200 =20 m?

. area of ploughed land to be sown in week 7 (the final week)
=20+100=120 m’

(i) Number of arrangements = 6!x2° = 46080

(i)
Required probability
6Csx(5-1)!x2
2% (10-1)!
288

~ 23950080
~0.0000120 (3 sig fig)

(i)

P(Clark wins in 3™ draw)

=0.081322
=0.0813

(i)

P(Kara wins)

7 2 (7Y 2 (7Y 2
==X = | X=4| = | x=+....
9 9 \9 9 9 9

2
9

O | o

=0.4375 or l
16

(1) Given that X is the number of points scored for one arrow shot.
(10> 1
7(60)> 36
m(20)* —7(10)* 1
760> 12
_ (40’ 720> 1
(60 3

P(X =50) =

P(X =20) =

P(X =10)
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E(X):(10)(%J+(20)(%j+(50)(£j
=6.389 (4 sig fig)

(i)
If the archer is to shoot at the target board repeatedly, then in the long run his average score will be
6.389 points.

(iii)
B 2 (1 2 1 2 1) 2
Var (X )=(10) [3J+(20) (12j+(50) [36) (6.38888)

=95.2932
X+ X5+ + Xy
40 '

Let X =

95.2932

Since 7 = 40 is large, by Central Limit Theorem, X ~ N(6.38888 , J approximately.

Required probability
=P(10< X <20)
=0.00965 (3 sig fig)

(1)

Whether a randomly chosen patient turns up for an appointment is independent of any other patient.

(i)

Let X be the number of patients who turn up for their appointments, out of 20 appointments.
X ~B(20,0.845)

P(X >15)

=1-P(X<I15)

=0.812 (3 sig fig)

(iii)

Required probability
=P(X<17 | X 212)
P(12< X <17)

O P(X212)
P(X<17)-P(X<I11)
- 1-P(X<11)
=0.618 (3 sig fig)
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(iv)
Let Y be the number of patients who turn up for their appointments, out of » appointments.
Y ~B(n,0.845)

P(Y<20)>0.85 - (*)

Using GC,

When n=21, P(Y<20)=0.9709 (>0.85)
When n=22, P(Y<20)=0.8762 (>0.85)
When n=23 , P(Y<20)=0.7146 (<0.85)

.. Largest n is 22.

()(a)
Given: [ ~ N(35.2 ,5.2° ) P~ N(24.6 3.8 ) C~ N(29.3 4.3 )

Let T=3L+2P.

E(T)=3x352+2x24.6=154.8
Var (T)=3% x5.2% +2% x3.8* =301.12
- T ~N(154.8,301.12)

Let a be the required score exceed by 1% of the candidates.
P(T >a)=0.01

= P(I'<a)=0.99

Using GC, a =195.2 (1 dec pl)

(1)(b)
Required probability

=[P(T >150)] [P(T <140)]’ x(;—;‘j

=0.0875 (3 sig fig)

(ii)

Consider 4 =3L+2P-5C
E(A4)=1548-5(29.3)=83

Var (4)=301.12+5" (4.37 ) =763.37

. A~N(83 ,763.37)

Required probability

=P (|4 < 25)
=P(-25<4<25)

=0.613 (3 sig fig)

Required percentage = 61.3%

Need a home tutor? Visit smiletutor.sg




10

(1)

(i)
The product moment correlation coefficient between ¢ and m is » =0.94597 (5 d.p.).
A value of 0.94597 for r suggests that there is a strong positive linear correlation between ¢ and m.

However, the points on the scatter diagram show a curvilinear relationship. Therefore this value
of » does not necessarily mean that the linear model is best model for the relationship between ¢ and

m.

(iii)
m=at"
Inm= ln(at b)

Inm=bInt+Ina
The product moment correlation coefficient between In ¢t and In m s
r=0.98967=0.990 (3 sig fig)

Reason 1: From the scatter diagram, as ¢ increases, the weight of the foetus increases at an
increasing rate.

Reason 2: The value of 7 between In ¢ and In m is 0.98967, which is closer to 1 as compared to
that between ¢ and m, hence indicating a stronger positive linear correlation between In ¢ and In
m.

Hence m = at” is a better model.

(iv)
From GC,
Inm=-8.3764+4.5938 Int (5 sig fig)

In a =-8.3764

and b=4.59
a=230x10""
v)
When ¢ =26, Inm =-8.3764+4.5938In26
m =728 (nearest grams)
Since the value of 26 is within the range of values of 7 and the value of r is close to 1, this estimate
is reliable.
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11

(i)
Let X be the random variable denoting the mass of strawberry jam, in grams, in a randomly chosen
jar.

Unbiased estimate of population mean

7="% 1 200=197.8
30

Unbiased estimate of population variance

2
—66

§2 = L 958—u =28.02759

29 30
Ho : =200
Hi: <200
Test at 2% significance level
Assume Hp is true. X ~ N(ZOO,%J
Test statistic: Z :ﬂ~ N(O,l)

/28.0275%0

Using GC, p-value = 0.011420121 < 0.02

Reject Ho and conclude that there is sufficient evidence at 2% level of significance that the mean
mass of strawberry jam in each jar is overstated. Therefore the retailer’s suspicion is justifiable.

(i)
At 2% significance level means that there is a probability of 0.02 that the test will indicate that the
mean mass of the strawberry jam in the jar is less than 200 g when in fact it is 200 g.

(iii)
Ho : 1t=200
Hi:p # 200

For a two tailed test, the p-value will be twice of 0.0114 which is 0.0228. This value is now more
than the 0.02 where we do not reject Ho at 2% significance level. As such this will result in a
different conclusion.

(iv)
Ho : i =200
Hi:u# 200

Test at 2% significance level

. _ 3.52
Assume Ho 1s true. X ~ N| 200, —— |.

20
Test statistic: Z = X200 N(O,l)
3.57
20
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For the retailer’s suspicion that the mean mass differs from 200 g to be not justified, do not reject
Ho.

= z-value falls outside the critical region
—2.32635 < z-value < 2.32635

~2.32635< k—-200 <2.32635

3.5
73
—1.82066 < k —200 <1.82066
198.17934 < k <201.82066

=198.2 <k <201.8 (to 1 d.p)
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H2 Mathematics 2017 Prelim Exam Paper 1 Question

rates:

1 Mr Subash returned to Singapore after his tour in Europe and wishes to convert his foreign

currencies back to Singapore Dollars (S$). Three money changers offer the following
exchange

) . Total amount of S$ Mr Subash
Money | 1Swiss | 1 British .
1 Euro would receive after
Changer | Franc Pound .
currency conversion
A S$1.35 S$1.80 S$1.55 S$1151.50
B S$1.40 S$1.85 S$1.65 S$1208.25
C S$1.45 S$1.75 S$1.60 S$1189.25

How much of each currency has Mr Subash left after his tour?

[4]

r=1

Explain why the infinite series

0052 7—T +cos2 2—” +cos2 3—” +...
5 5 5

is divergent.

2 )
2
(@) Find I s1n( «9)cos(39) d9. 2]
. . . \/’—7 3 2
(b) Use the substitution & = \/; to find the exact value of j s & cos (6’ ) déa. [5]
2
3 (i) Using the formula for sin P —sin Q, show that
sin [(Zr + 1) 6’:' —sin [(Zr - 1) 9] =2c0s (2r9) siné. [1]
(ii) Given that sin @ # 0, using the method of differences, show that
n sin| (2n+1)8 |—sin @
ZCOS(2I‘9) = [( ) :I ) (2]
prr 2sin @
L riT
(iii)  Hence find z cos? (?j in terms of n.

(3]

100 X
$T[(180 —k)(1.03)" + k]

4 A fund is started at $6000 and compound interest of 3% is added to the fund at the end of
each year. If withdrawals of $k are made at the beginning of each of the subsequent years,
show that the amount in the fund at the beginning of the (n +1)th year is

[5]
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(i) Itis given that kK = 400. At the beginning of which year, for the first time, will

the amount in the fund be less than $1000? [2]
(i) If the fund is fully withdrawn at the beginning of sixteenth year, find the least
value of & to the nearest integer. [2]

(@) The curve C has the equation
(x—2)2=a2(1—y2), 1<a<?2.

Sketch C, showing clearly any intercepts and key features. [2]

(b) The diagram shows the graph of y=f(x), which has an oblique asymptote
y =1-x,avertical asymptote x =—1, x-intercepts at (\/5, 0) and (—\/5 ,O) ,and y-

intercept at (O, 2).

v

P

Sketch, on separate diagrams, the graphs of
1

(1) = @ , (3]

(i) y=1'(x), [3]
showing clearly all relevant asymptotes and intercepts, where possible.

With respect to the origin O, the position vectors of the points U, V and W are u, v and w
respectively. The mid-points of the sides VW, WU and UV of the triangle UVW are M, N
and P respectively.

(i)  Show that UM =%(v+w—2u). [2]

(ii) Find the vector equations of the lines UM and VN. Hence show that the position

vector of the point of intersection, G, of UM and VN is %(u +v+ w) . [5]
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(1ii)

1 0 0

It is now given that u=| 0 |,v=| 1 |, w=| O |. Find the direction cosines of 0G.
0 0 1

(2]

(a)

(b)

If u=2-isin’ @ and v=2cos* @+isin’ @ where —77<@< 7, find u—v in terms
of sin” @, and hence determine the exact expression for |u —v| and the exact

value of arg (u - v). [6]

The roots of the equation X +(i—3)x+2(1—i) =0 are a and B, where a is a

real number and £ is not a real number. Find a and . [4]

(a)

(b)

When a liquid is poured onto a flat surface, a circular patch is formed. The area of
the circular patch is expanding at a constant rate of 677 cm’/s.

(i) Find the rate of change of the radius 24 seconds after the liquid is

being poured. [3]

(ii) Explain whether the rate of change of the radius will increase or decrease
as time passes. [1]

A cylindrical can of volume 355 cm® with height /2 cm and base radius » cm is made
from 3 pieces of metal. The curved surface of the can is formed by bending a
rectangular sheet of metal, assuming that no metal is wasted in creating this
surface. The top and bottom surfaces of the can are cut from square sheets of
metal with length 2r cm, as shown below. The cost of the metal sheets is $ K

o
@

(i) Show that the total cost of metal used, denoted by $ C, is given by

C=K(7—10+8r2j. [3]
r
(ii) Use differentiation to show that, when the cost of metal used is a minimum,
then ﬁ = E [5]
r I
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(i) Express \/5 cosx—sinx in the form Rcos(x+a) where R and @ are exact

positive constants to be found. [2]
(ii) State a sequence of transformations which transform the graph of y =cosx to the

graph of y =+/3cos x —sin x. (2]

The function f is defined by f : x> \/gcos x—sinx, 0<x<2rT

(iii)  Sketch the graph of y =f (x) and state the range of f. [3]

The function g is defined by g: x— f(x), 0<x<k.
(iv)  Given that g_1 exists, state the largest exact value of k and find g_' (x). [3]

The function h is defined by h: x> x—-2, x=0.

(v) Explain why the composite function fh does not exist. [1]

10

k 10 0

A laser from a fixed point O on a flat ground projects light beams to the top of two vertical
structures A and B as shown above. To project the beam to the top of A, the laser makes

an angle of elevation of %T radians. To project the beam to the top of B, the laser makes

an angle of elevation of (%T + xj radians. The two structures A and B are of heights 2 m
and (h +3 k) m respectively and are 10 m and (10 + k) m away from O respectively.

(i) Show that the length of the straight beam from O to A is 20

ﬁm. [1]

(ii) Show that the length of AB is 2k m and that the angle of elevation of B from A is

%T radians. [3]
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10sin x

= (m Y (2]
\/§ sin (6 - x)

(iii)  Hence, using the sine rule, show that k =

(iv) If x is sufficiently small, show that k = %(x + axz) , where a is a constant to be

determined. [6]

(@) The diagram below shows a section of Folium of Descartes curve which is defined
parametrically by
3m 3m?

x=1+m3, y=1+m3, m=0.

(i)  Itis known that the curve is symmetrical about the line y = x . Find the values
of m where the curve meets the line y = x . [1]

(ii) Region R is the region enclosed by the curve in the first quadrant. Show that

3
the area of Ris given by 2( L )2 xdy - %j , and evaluate this integral. [5]

In x

(b) The diagram below shows a horizontal line ¥ =€ intersecting the curve Y =~ at

a point where the x-coordinate is such that 1 <x<e
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@)

The region A is bounded by the curve, the line Y ~ €, the x-axis and the y-axis while

the region B is bounded by the curve and the lines X =€ and Y ~ €. Given that the
volumes of revolution when A and B are rotated completely about the y-axis are

equal, show that

[6]
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ANNEX B

XXJC H2 Math JC2 Preliminary Examination Paper 1

1

Equations and
Inequalities

He has 250 francs, 125 pounds and 380 euros left.

2 [Integration techniques 2(a) 1 cosd— 1 cos(50)+ ¢
2 10
1 7z
2(b) ————
®) 2 4
3 |Sigma Notation and ] (2n + 1) T
Method of Difference Sin 5
3(iii)) ——————-—+—n
Agi 4 2
sin—
5
4 |AP and GP 4(1) at the beginning of 19th year
4(ii) Least k = 503
5 |Graphs and 5(a)
Transformation
y4
2,1
(2,0)
@) 2-a - 2+a :X
(23 _1)
5(b) (1)
¥ AV x
_’j Y
—M
e Ll '¢
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5(b) (ii)

Va

6 [Vectors

6(ii) Line UM: r=u+A(w+v-2u), 1eR

Line VN: r=v+u(w+u-2v), ueR

6(iii) Direction cosines of OG are \/g, \/g, %

7 |Complex numbers

7(a) u—Vv=2sin’ @ —2isin’ @
|u—v|:2\/§sin29, arg(u—v):_%
Tb)a =2, p =1-i

Differentiation &
Applications

8(a) (1) " cm/ s, (i) % will decrease as time passes

Functions

. V4

91) R=2, a 5

9(ii)

A B
y=cosX—>Yy=cos(X+a)—>Yy=Rcos(X+ )

A: Translation by « radians in the negative x-
direction,

followed by
B: Scaling parallel to the y-axis by a scale factor R.
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9(iii)

Range of f, Rr = [—2, 2]

9(iv) Largest k = %T
X
T(X)=cos' -
g (X > =%

9(v) Since Ry = [-2,+00) and D, =[0, 27],
Rn & D;, fh does not exist.

10 |Binomial Expansion 10(v) a=~/3
11 |Application of 11(a) (i) m=0or1
Integration

11(a) (i) % units?
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H2 Mathematics 2017 Prelim Exam Paper 1 Solution

1 | Letx, yand z be the amount of Francs, Pounds & Euro Mr Subash has left respectively.

1.35x+1.80y +1.552 =1151.50
1.40x+1.85y+1.65z =1208.25
1.45x+1.75y +1.60z =1189.25

Using GC, x = 250, y = 125, z = 380.
He has 250 francs, 125 pounds and 380 euros left.

2 (a) By Factor Formula,
sin (20) cos (30)

%[sin (59) +sin (—«9)]

= %[sin (59) —sin (9)]

I sin (26)cos(36)d6 j%[sin (59)—sin(9)]d9

= lcosH—Lcos (59) +c
2 10

(b) 9_\/7_T:>\/__\/7_T:>x“ﬂ

i

6=x = E_F

J-j/:z, & cos(@z) dé
2

:j’;; x&(cosx)(ﬁjdx

COS X

&l

1 o7
:_I” xcos x dx
275

&g
<
I

sin x

;{[xsm =1 dx}

(o +[cosx]j
res

N | = NI»—

.|>|:| N|:|
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()
sin [(Zr + 1) (9] —sin [(Zr —1) H]

(2r+1)9+(2r—1)9 (2r+1)9

=2cos

—(2r—1)9

sin
2

=2cos (2r9) sin@ [Shown]

(ii) From (i), sin[ (2r+1)@]~sin[ (2r~1)
sin[(Zr +1) 6’} —sin[(Zr ~1) 6’]

2

49] =2cos (2r¢9) sin @

= COS (2r0) =

2sin @

sin [(Zr + 1) 9] —sin [(2r —1) 6’}

Dzn:cos(Zré?) = Zn:

r=1 r=1

2sin

e,

Yo
",
i

e

1
2sin @

_sin [(Zn + 1) 49] —-sin @

[ sin3@-sin @

e

2sin @

[Shown]

As n - oo, —l+ln_.oo and
4 2

0 Z:cos2 (%Tj ~ o0,
r=1

sin

O the series cos’ (%T) +cos? (2?77) +cos? (3?”} +... is divergent.
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Yr Amount at the beginning Amount at the end
of yr of yr
1 | 6000 6000(1.03)
2 | 6000(1.03) -k [6000(1.03) - k] (1.03)

= 6000(1.03)2 - k(1.03)

3 6000(1.03)> — k(1.03) — k [6000(1 .03)2 —k(1.03) - k} (1.03)

= 6000(1.03)% - k(1.03) - k
= 6000(1.03)> — k(1.03)% = k(1.03)

By inspection, amount in the fund at the end of nth year
= 6000(1.03)" =k (1.03)" " =k (1.03)" "> -... ~k(1.03)

Amount in the fund at the beginning of (n + 1)th year

= 6000(1.03)" =k (1.03)" " =k (1.03)" % — ...~ k(1.03) - k
=6000(1.03)" —k 141.03+(1.03)" +--- +(1.03)"" 1}
1— 1.03) }

=6000(1.03)" -k
1 —-1.03

=6000(1.03)" +@k 1 03 }

100[180(103) +k—k(1.03) }

_ 100
2 [(180 k)(1.03)" } [Shown]

(i) Given k = 400,

1(3)0[(180 400)(1.03)' +400| < 1000

A

-220(1.03)" +400 < 30

1.03)" > ;_7 (or 1.6818)
nlnl1.03 > ln3—7
22
In3Z
> —22 =-176(@3s
" o3 (3 s
Leastn = 18
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Or: use GC, table of values gives
leastn = 18
n+l = 19
Therefore, at the beginning of 19th year, the amount in the fund will be less than $1000
for the first time

(ii) When n+1=16= n =15,

%[(180—1()(1.03)15 k]

IN

0

)15

(180-%)(1.03)" +k

IN

0

IN

180(1.03)"° +k|1-(1.03)"° | <0

k| 1-(1.03)" | )

IN

-180(1.03

k| (1.03)" -1

)15

v

180(1.03

180(1.03)"
(1.03)° -1

k = 502.6
Least k = 503 (nearest integer)

k

v

Or: from GC (plot graph or table of values),
least k = 503 (nearest integer)

(@ (x=2)*=da’(1-y%)
(X_2)2+ D A

a* y =l

—\2 —o)
N 22) +()’12) _
a
1<a<?2

=

L,

Do
(b)) y= 0

v
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(b)(ii) y=1'(x)

v

U
P
N
Vv
M
w
(@)
— +
By Ratio Theorem, UM = UW—zUV
_ w-utv-u
2

%(V +w-— 2u) (Shown)

(ii) Vector equation of line UM is r =u+A (w +v- 2u) , A0

VN = VW +VU
2
= Fovtuoy L u-oy)
2 2

Vector equation of line VNis r =v+ ,u(w +u- 2v), J7ANRN

At point of intersection G,

u+/\(w+v—2u) = v+,u(w+u—2v)
For u: 1-24 = u
For w: A = u
Solving, A = % =u
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—_—

oG = u+%(w+v—2u)

= %(u +v +w) (Shown)

1 0
(i) u={0|,v= 1,w=0
0 0

=

1 (0) (0)] (¢
0—G=OIO:§
o) lo) (1| (4
\5@\:/%\[
1
3

1
Direction cosines of OG are ——

pi e S N

(@) u=2-isin’ @, v=2cos* @ +isin* 8
u-v = 2-isin®@-2cos’ @—isin’* 4
= 2-2cos*8-2isin’ @
= 2(1—cos2 H)—2isin26?

= 2sin*@-2isin’* 4 or 2(sin2 9)(1

—i)

=

2+/sin* @+sin* @

2\2sin% 8
24/2sin* @
2\2sin% 8

Note that # — v lies in the 4th quadrant.

arg(u-v) = —tan™ 2sin" 6

2sin” @

= —tan'1= =~

_4

Or: -
arg (u —v) = arg (2sin2 6-2isin’ 9) = arg[Z(sin2 9)(1

arg (2 sin’ 9) +arg(1-1i)

2fsin® @~isin® 6] | or  2[sin’ 6|1~

2 (sin2 9) Ji+1

—i)}
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= 0+(—7_Tj = —7T
4 4

(b) Method 1 Solve a first then factorise quadratic expression or use sum of roots

x2+(i—3)x+2(1—i) =0
Sub. x=aglU-.,
a’+(i-3)a+2(1-i) =
(0 -3a+2)+i(a-2) = 0
Comparing imaginary parts,
a-2=0
a =2

CH+([i-3)x+2(1-i) = (x-2)(x-B)

Comparing constants,

2(1-i) = 2B
Op =1-i
Or: Sum of roots, a+f = —(i—3)
2+ = 3-i
OB =1-i

Method 2 Factorise the quadratic expression first
H(i-3)x+2(1-i) = (x-a)(x-B)

Comparing coefficients of x,

i-3 = —(a+p)
a+pf = 3-i (1)
Comparing constants,
apf = 2-2i 2)
From (1), L = 3-i—a (3)
Sub. 3)into (2),  a(3-i-a) = 2-2i

3a-a*-ai = 2-2i

Comparing imaginary parts, a =2

Sub. into (3), L = 3-i-2
O =1-i

Or:

Let f=a+bi, where all -, b0 and b#0
X +(i-3)x+2(1-1) = (x-a)[x-(a+bi)]
Comparing coefficients of x,
i-3 = —a-bi—-a
b = -1 (Comparing imaginary parts)
ata =3 (1) (Comparing real parts)
Comparing constants,
2-2i

a(a +bi)
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= a(a-i) = qa-ai

a =2 (Comparing imaginary parts)
Sub. into (1), a=3-a=3-2=1
O g =1-i

Method 3 Solve x first using quadratic formula
X +(i=3)x+2(1-i) = 0

~(i-3) (i-3) -4(1)[2(1-1)]

2
 3-itAi2-6i+9-8+8 _ 3-i£2i
2 2
3—i+(1+i
- % (use GC to find ~/2i )
= 2orl-i

O a=2and f=1-i

For comparison purpose:
If GC is not used to find v/2i , then the algebraic works will look as follows:

Let \/Z = a+bi,where a0, b0
2i = a’—b*+2abi
Compring real parts, a” —b> = 0

a2 r_ b2

a= b (1)
Compring imaginary parts,ab = 1 (2)
When a = b,
Sub. into (2), a’ =1

a = *1

Whena=1,b=1.When a = -1,b= -1

£2i = x(1+i)

When a = —-b
Sub. into (2), - =1 (NA --pb0")
3-ix(1+i) ,
0 x= ———2=2o0rl-i

2
O a=2and f=1-i

(a)(i) Let A cm® be area of the circular patch.

A= mr
% = 27r
dr
dA

67Tcm?/s, a constant

Given
dr
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This means that, in 1 s, A increases by 677cm’” constantly.

When =0, A=20
When ¢ =24, A = 24x6m=144mr

mrt = 144

r=12 (reject r =—12 since r>0)
a 2m(12) =24m
dr
a4 _ dA dr
dr dr dt
671 = 24773
dr
dr _ 1
dr 4

U rate of change of the radius is i cm/s.

. dA dA dr
a)(ii — = —X—
(a)(if) dr dr dt

61 = 27Trﬂ
dt
& 6m_3
dr 27Tr r
Method 1

) dr 3 dr . .
As rincreases, d_ == decreases, [ d_ will decrease as time passes .
t r t

Method 2
d(&) _ d(3) ar
dr dr dr

- ﬁ(i};‘_%()
r\r r

dr . .
U . will decrease as time passes .
/ =

(b)(i) Vo= mth
355 = 71rh

355

Jrh = —

r
C = K(27rh)+2K(4r)

A
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10

= K (7—10 +8r° J (Shown)

r

b  2E - (—7120+16ij
dr

r

For C to be a minimum, CCII—C =0.
r

—7120+16r =0

p
-710+16r = 0
8

r

,3/% = 3.54 (3 sf)

2
e (1430“6)1( :£1420+16]K = 48K >0

dr’? r 3
Or
r 3.5 395 ~ 354 3.6
8
i—c ~1.96K <0 0 282K >0
,

/355
So, r=3 ? does give the minimum cost.

Recall 355 = mr*h

Tr
h 355 355
- = —3:
r ()
= § (Shown)
Vi

(i)x/gcosx—sinx = Rcos(x+a)

R= (3] +r=Va=2
a = tanﬂl:ﬁ
7

(i) y =\/§cosx—sinx=2cos(x+%[j

A B
y=cosx - y=cos(x+a) - y=Rcos(x+a)
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11

A: Translation by a radians in the negative x-direction,
followed by

B: Scaling parallel to the y-axis by a scale factor R.
[can be B followed by A]

(iii) f:xH\/gcosx—sinx, O0sx<2m

Range of f, Ry = [—2, 2] .

(iv) g:x—>f(x), 0Sx<k.

Largest k = %T .

Let y = gx).

T

= 2cos| x+—

g ( 6)

Vi

cos| x+—
(%)

- X = COS

N <

O g'(x) = cos

V) h:x—>x-2, x=0
Since Ry = [—2, +00) and D; =[O, 2721 ,
Ru O D, , th does not exist.

10
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12

()
T 10 J3k
coOS— =—
6 OA b N\
V3_1o0
2 OA ; »
OA:&m 0y
\/5 l %
k 10 [@]
(Shown)
(ii) AB = I +3K =\J4k =2k (Shown)
OBAC = tanﬂ%:tan-l\@
-2z (Shown)
3
(iii)
OCBO=Z~(Z+x)=Z-x Or | OBAO=27m-%-%-%
= = _5
OCBA=Z-Z=1Z =5z
OABO =% -x-d=F-x DABOIIT—x—%TZ%T—x
20
InMBO, 2K - &
sin x sm(’g—x)
L = 10sin x

@iv)

J3sin (%T—x)
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I = 10sin x

- \/gsin(’g—x)

10sin x

=

sin { cos x —cos I sin x)

20x
=2 (1+3x
= (1+354)
20
= (x+/3x°
(x5
11 3m 3m®
i = ) - s 20
@) x 1+m’ Y 1+m’ "
y = X
3m*  _ 3m
1+m’ 1+m’
m(m—l) =0
m = Qorl
(a)(ii) Whenm =0, y=0.
Whenm=1,y=i=§.
1+1 2

Notes:

Use GC to trace the path to
see how m varies when the
point moves along the path.
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Area of (lower) half of the “leaf” is

lA = J.% xdy — areaof A  (Note: I% x dy = shaded area)
2 0 0
3 1(3)\(3
a = 2fflo - 53)3))
= 2003 xdy - %) (Shown)
3 ) " 3m 6m(1+m3)—3m2(3m2) 9
o{[F 50 - 3)= 2, 1+m3[ (o) |
N R Gl ) P
)
_ 159
= 1 4 (by GC)
_ 3
2
(b) y = Inx
x = ¢
V, = ﬂJ.OC (ey)2 dy
= ITJ: e’ dy
Lo
0
- 2
V, = (1—c)7'[e:2—7TJ.C1 (e")zdy or l'rL1 [ez—(e")z}dy
1
= ﬂ(l—c)ez—ﬂ[%ez"l
= ﬂ(l—c)ez—l—r(ez—ez‘)
V., =V,
%T(ezc—l) = IT(l—c)ez——(e2 ezc)
e’ -1 = 2e*(1-c)-e’+e*
= 2e’-2ce’ e’ +e*°
2ce” = e’ +1

Need a home tutor? Visit smiletutor.sg




15

e’ +1
2e?

(Shown)
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H2 Mathematics 2017 Prelim Exam Paper 2 Question

1 | 1tis given that y =In(1+sinx).
: d’ .
(i) Find Q Show that —-=—¢™". (4]
dx dx
4
(ii) Express d ?: in terms of % and e’ [3]
(>iii) Hence, find the first four non-zero terms in the Maclaurin series for In (1 +sin x) .[3]
2 John kicked a ball at an acute angle &made with the horizontal, and it moved in a projectile
motion, as shown in the diagram. The initial velocity of the ball is # m s™'. Taking John’s
position where he kicked the ball as the origin O, the ball’s displacement curve is given
by the parametric equations:
horizontal displacement, x =utcos&,
vertical displacement, y =utsin @ —5¢°,
where u and @ are constants and ¢ is the time in seconds after the ball is kicked.
Y
A
,.——"/—’- W —--\
\
: O,
0
d 10
(i) Show that =~ = tan @ ——rsec 6. 2]
dx u
(ii) If the initial velocity of the ball is 30 m s™, find the equation of the tangent to the
displacement curve at the point where ¢ :% , giving your answer in the form
y= (a tan @+ bsec 6?) x+c, where a, b and ¢ are constants to be determined. [3]
3 Peter is using equations of planes to model two hillsides that meet along a river. The river

is modelled by the line where the two planes meet.

e
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One of the hillsides, H,, contains the points A, B and C with coordinates (3, 0, 2), (1, 0,
3) and (2, -3, 5) respectively. The point A is on the river. The other hillside H, has

equation 2x— y+kz =14, where k is a constant.

(i) Find a vector equation of H, in scalar product form. [4]
(ii) Show that k = 4 and deduce that point B is also on the river. [3]
(iii) Write down a cartesian equation of the river. [1]
(iv) Show that B is the point on the river that is nearest to C. Hence find the exact distance

from C to the river. [3]
(v) Find the acute angle between BC and H, . [2]

To determine whether the amount of preservatives in a particular brand of bread meets
the safety limit of preservatives present, the Food Regulatory Authority (FRA) conducted
a test to examine the growth of fungus on a piece of bread over time after its expiry date.
The piece of bread has a surface area of 100 cm”. The staff from FRA estimate the amount
of fungus grown and the rate at which it is growing by finding the area of the piece of
bread the fungus covers over time. They believe that the area, A cm®, of fungus present ¢
days after the expiry date is such that the rate at which the area is increasing is proportional
to the product of the area of the piece of bread covered by the fungus and the area of the
bread not covered by the fungus. It is known that the initial area of fungus is 20 cm” and

that the area of fungus is 40 cm’ five days after the expiry date.

(i) Write down a differential equation expressing the relation between A and ¢. [1]
(ii) Find the value of 7 at which 50% of the piece of bread is covered by fungus, giving
your answer correct to 2 decimal places. [6]

(iii) Given that this particular brand of bread just meets the safety limit of the amount of
preservatives present when the test is concluded 2 weeks after the expiry date, find
the range of values of A for any piece of bread of this brand to be deemed safe for
human consumption in terms of the amount of preservatives present, giving your
answer correct to 2 decimal places. [2]

(iv) Write the solution of the differential equation in the form A =f (t) and sketch this

curve. [3]

The probability distribution of a discrete random variable, X, is shown below.

X 1 2
P(X =x) a b
Find E(X) and Var(X) in terms of a. [5]

(i) Find the number of 3-digit numbers that can be formed using the digits 1, 2 and 3

when
(a) no repetitions are allowed, [1]
(b) any repetitions are allowed, [1]
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(¢) each digit may be used at most twice. [2]

(ii) Find the number of 4-digit numbers that can be formed using the digits 1, 2 and 3
when each digit may be used at most twice. [5]

At a canning factory, cans are filled with potato puree. The machine which fills the cans
is set so that the volume of potato puree in a can has mean 420 millilitres. After the
machine is recalibrated, a quality control officer wishes to check whether the mean
volume has changed. A random sample of 30 cans of potato puree is selected and the
volume of the puree in each can is recorded. The sample mean volume is x millilitres

and the sample variance is 12 millilitres”.

(i) Given that x =418.55, carry out a test at the 1% level of significance to investigate
whether the mean volume has changed. State, giving a reason, whether it is
necessary for the volumes to have a normal distribution for the test to be valid.  [6]

(ii) Use an algebraic method to calculate the range of values of X, giving your answer
correct to 2 decimal places, for which the result of the test at the 1% level of
significance would be to reject the null hypothesis. [3]

In this question you should state clearly the values of the parameters of any normal
distribution you use.

The mass of a tomato of variety A has normal distribution with mean 80 g and standard

deviation 11 g.

(i) Two tomatoes of variety A are randomly chosen. Find the probability that one of the
tomatoes has mass more than 90 g and the other has mass less than 90 g. [3]

The mass of a tomato of variety B has normal distribution with mean 70 g. These tomatoes

are packed in sixes using packaging that weighs 15 g.

(ii) The probability that a randomly chosen pack of 6 tomatoes of variety B including
packaging, weighs less than 450 g is 0.8463. Show that the standard deviation of the
mass of a tomato of variety B is 6 g, correct to the nearest gram. [4]

(iii) Tomatoes of variety A are packed in fives using packaging that weighs 25 g. Find the
probability that the total mass of a randomly chosen pack of variety A is greater than
the total mass of a randomly chosen pack of variety B, using 6 g as the standard
deviation of the mass of a tomato of variety B. [5]

A jar contains 5 identical balls numbered 1 to 5. A fixed number, n, of balls are selected

and the number of balls with an even score is denoted by X.

(i) Explain how the balls should be selected in order for X to be well modelled by a
binomial distribution. [2]

Assume now that X has the distribution B (n, %) )

(i) Given that n=10, find P(X =4). [2]
(iii) Given that the mean of X is 4.8, find . [2]
(iv) Given that P(X = 0 or 1) < 0.01, write down an inequality for » and find the least

value of n. [3]
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Shawn and Arvind take tumns to draw one ball from the jar at random. The first person
who draws a ball with an even score wins the game. Shawn draws first.

¥)

{vi) Find the probability that Shawn wins the game if the selection of balls is done with

Show that the probability that Shawn wins the game is 3 if the selection of balls is
5

done without replacement. [2]

replacement. [2]

10

(a)

{b)

Traffic engineers are studying the comelation between traffic flow on a busy main
road and air pollution at a nearby air quality monitoring station. Traffic flow, x, is
recorded automatically by sensors and reported each hour as the average flow in
vehicles per hour for the preceding hour. The air quality monitoring station provides,
each hour, an overall pollution reading, ¥, in a suitable unit (higher readings indicate
more pollution). Data for a random sample of 8 hours are as follows.

Traffic flow, x 1796 | 1918 | 2120 | 2315 | 2368 | 2420 | 2585
Pollution reading, v | 1.0 2.2 3.5 4.2 4.3 4.3 4.9

(i) Draw the scatter diagram for these values, labelling the axes. [2]

It is thought that the pollution ¥ can be modelled by one of the formulae
y=a+bx v =c+dy
where a, b, c and 4 are constanis.

(ii) Find the value of the product moment comelation coefficient between
{a) xand v,

(b) xand ¥*. [2]
(§ii) Use your answers to parts (i) and (i) to explain which of y=a+bx or
¥ =c+dx is the better model. [2]
(iv) It is required to estimate the value of ¥ for which x = 2000. Find the equation of
a suitable regression line, and use it to find the required estimate. [2]

(v} The local newspaper camies a headline “Heavy traffic causes air pollution™.
Comment briefly on the validity of this headline in the light of your results. [1]

The diagram below shows an old research paper that has been partially destroyed.
The surviving part of the paper contains incomplete information about some bivariate
data from an experiment. Calculate the missing constant at the end of the equation of
the second regression line. [3]

The mean of x is 4.4. Th
The equation of the regression line of yon xis y=2.5x + 3.8
The equation of the regression line of xon yisx=1.5
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ANNEX B

JJC H2 Math JC2 Preliminary Examination Paper 2

1 |Maclaurin series

Ohm

4 2 2
(ii) % = —(e"y)2 —e’ (%} or —e’ |:ey +(%j }

dy _

Ccos X

1+sin X

. o, 11,
(iii) In(1+sinx) =X—oX +gx — X e
2 |Differentiation & .. 1 5
Applications (i)y= (tan@—gsecé’jx+z
3 |Vectors 3
(1) re 5[=21
6
ooy X— Xx—1
(111) 5 =z-2,y=0 0r_—2=2—3,y:0

(iv) V14

(v) 49.3° or 0.861 rad

4 |Differential Equations

dA
1) — =kA(100—A
i) P =ka100- A)
(i1) 7.07 days

(1i1) 7

(iv) A

A

20

9.58< A<100

100e®"8 100et et
= T
4+e(% 8 4+ o010t

) 0

In:

5 |DRV

E(X)=2-a and Var(X) = a-a’

6 |P&C, Probability

(i) (2)

(ii) 54

6, (b) 27, (c) 24
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7 |Hypothesis Testing (i) Since p-value = 0.0242 > o =0.01, we do not reject
H, at 1% level of significance and conclude that there is
insufficient evidence that the population mean volume
has changed.

It is not necessary for the volumes to have a normal
distribution for the test to be valid as n =30 is large.
(i) X < 418.34 or X > 421.66

8 |Normal Distribution (1) 0.297
(iii) 0.364

9 [Binomial Distribution |(i) (1) Selection of balls is done with replacement.

(2) The balls are thoroughly mixed before each
selection.
(i1) 0.618
(iii) 12

n n-1
(iv) (Ej + n[gj[3j <0.01, leastn=14
5 S5)\5

)

(vi) 3 or 0.625
10 |Correlation & Linear  |(a) (ii) (a) 0.959, (b) 0.995

Regression

(iii) y* =c+dx is the better model since

e From (i), the points on the scatter diagram seem
to lie on a concave downward curve.

e From (ii), the product moment correlation
coefficient between X and y° is closer to 1, as
compared to that between X and Y.

(iv) y* =0.0279x—48.0,y = 2.79 when x 2000.
(v) May not be valid as coorelation does not necessarily
imply causation.

(b) 17.8

Need a home tutor? Visit smiletutor.sg




H2 Mathematics 2017 Prelim Exam Paper 2 Solution

1

(i)

(ii)

(1ii)

dy
dx
dZ
a

ln(1+sinx) =e’ =1+sinx

COS X (BI]

1+sin x

(1 +sin x) (—sin x) - (cos x) (cos x)
(1+sin x)2

—sin x —sin” x —cos” x

(1+sin x)2

—sinx—1

(1+sin x)2 Al

—(sinx+1)

(1+sin x)2

-1

1+sin x

-l

eV

—-e” (Shown)

= (_e-y) —e (%}2 (from (i))

Mttt

In1=0
cosO
1+sin0

-’ =-1

~1-1=-2
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O+x+(_—21) 2 +ix3 +ﬂx4 +...

Dln(1+sinx) = X 3l 2
= x—lx2+lx3—ix4+
2 6 12

(i)
& =ucosb, - usin -10¢,
dr dr
dy usin@-10¢t
dx ucos@
10z

ucos@

=tan @ -

=tan d _10 tsecd (Shown)
u

(i)  When u =30 and tZ%,

)

x=15co0s 0, yZlSsinH—%, :tané’—%secé’

Equation of tangent is

y—lSsin6+% = (tan@—ésec@j(x—lScos@)
1 ) 5
= tand——secd |x—15sinf+—
6 2

Oy = [tan@—lsecﬁjyﬁé
6 4

(1) A(3,0,2),B(1,0,3), C2,-3,5)

1) (3) (=2 2 (3) (-1
E:O—O:O KB:—3—0:—3
3 1 2 3

-2) (-1 3
AB xAC =| 0 |x| -3 {5
1 3 6
1) (3
Take n, =| 5|, a*n, =|0]|*|5(=3+0+18=21
6 3) 16
3
A vector equation of H,is rH5 | =21
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(ii) Equation of H, is 2x—y+kz = 14.

Sub. A(3, 0, 2) into equation of H,,
2(3)-0+k(2) =14

O k=4 (Shown)

Sub. B(1, 0, 3) into LHS of equation of H,,

LHS = 2x—-y+4z = 2(1)-0+4(3) =14 =RHS
O Bisalsoin H,.
Since Bis in both H, and H,, [ Bis on the river. (Deduced)

-2
(iii) Recall AB = [ 0 J ,using A(3, 0, 2) or B (1, 0, 3),
1

a cartesian equation of the river (line AB) is

—x_322—2,y20 or —x_122—3,y:0
1y (-2
(iv)  Since BCHAB =| -3 0(=1(-2)+(-3)0)+2(1) =0,
2 1

BC is perpendicular to AB.
U B is the point on the river that is nearest to C.
Exact distance from C to the river

1
=\§6\= 3| =1+9+4 =414
2

v) Acute angle between BC and H,

1 2
-3 1
2 4
6 =sin™ sin”’ 13

a2t " iavar

=49.3° or 0.861 rad

dA
i — =kA(100- A
@) " kA(100- A)

1

(ii) I—A(100—A) = Ik dt
By partial fractions,
1 _ 1 N 1
A(100- A) 100A  100(100 - A)
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DL (l+ 1 j dA
100°L A 100-A
L(1n|A|—1n|1oo—A|)

100
1
ﬁ[1nA—1n(1oo—A)] =
A
In =
100- A
A =
100-A

kt+c
kt+c (*~A>0and 100—A>0)
kt+c

100(kz +¢)

elOO(kz+c) = !0k G100 — kit

where k, =100k and D =¢'".

When t=0,A=20,

20 _ D
100-20
p = 1
4
When t=5,A=40,
40 .l
100-40 4
l eSkl = g
4 3
N 7,
3
Sk, = ln§
3
kl = lln§
5 3
D A - le(%ln%)t
100-A 4

50 _ le(%ln%)t
100-50 4
1 — le(%ln%)t
4
(%m%)t - 4
(l In §Jt = In 4
5 3
In4
t = 1 1 8
53

The required time is 7.07 days.

=7.07 (2 dp)
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(1ii)

When t =14 (days),

A _ l e(éln%)(M)
100-A 4
Method 1 Solve algebraically
A
= 3.8963 (5s
100-A (5 sD)
A = (100-A)(3.8963)
389.63-3.8963A
4.8963A = 389.63
A = 79.58 (2 dp)

For the bread to be deemed safe for human consumption in terms of the amount
of preservatives present, 79.58 < A <100

Method 2 Use GC to plot graphs

A 1 (3m3)09
Use GC to plot y = and y=—e"’ ¥ (=3.8963
plot y =5 Y=3 ( )

-A
Look for the point of intersection (adjust window).

A = 79.58 (2 dp)
For the bread to be deemed safe for human consumption in terms of the amount
of preservatives present, 79.58 < A <100

NORHMAL FLOAT AUTD REAL RADIAN HMP n
] HTERSECT

Ya=.25%e”((2.8XIn(8/3)0)

Intersection

X=79.576417 Y¥=3.8963006
A _ 1 (4w
100-A
1108,
A = ie(Sl 3) (100_A)
sa = oo-a) = 100 o4l
1) <Ing )t
{4+e(%1 1 } Ae 100l
1006(%1“%)’ 10019
A -

or
118 0.196
4+ e(31"§)’ 4+
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A
20
.............................. t
b=1-a
X 1 2
P(X =x) a l-a
E(X) = 1(a)+2(1-q)
= 2-a
E(X?) = 1*(a)+2*(1-a)
= 4-3a
var(X) = E(X?)-[E(X)]
= 4_361—(2—61)2
= 4-3a—(4-4a+a’)
= a-a’
@) Use 1, 2 and 3 to form 3-digit numbers

(a)
(b)
(0

(ii)

31=6

3x3x3 =27

Method 1 Consider the complement

Number of 3-digit numbers with all 3 digits the same (AAA) =3

Required number = 27-3 =24

Method 2 Consider cases

Case 1 Each digit is used exactly once
Number of 3-digit numbers = 6 (from (i)(a))

Case 2 One digit is used twice (AAB)

!
Number of 3-digit numbers = °P, X% =18

(°P, =3x2: 3 ways to select a digit to be used twice; 2 ways to select

another digit)

Total number of 3-digit numbers = 6 + 18 =24

Use 1, 2 and 3 to form 4-digit numbers
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Method 1 Consider the complement
Total number of 4-digit numbers = 3* =81

Case 1 AAAB
|
Number of 4-digit numbers = °P, X% =24

(°P, =3x2: 3 ways to select a digit to be used thrice; 2 ways to select
another digit)

Case 2 AAAA
Number of 4-digit numbers = 3

Total number of 4-digit numbers = 81-(24+3) = 54

Method 2 Consider cases
Case 1 AABC

!
Number of 4-digit numbers = 3 X% =36

(3 ways to select the digit to be used twice)

Case 2 AABB

!
Number of 4-digit numbers = °C, x " g
2!x2!

(°C, ways to select the 2 digits each to be used twice)

Total number of 4-digit numbers =36 + 18 =5

@)

H, : 1 =420
H, : p# 420
, 30

- 2 (12) = 12414

Under H,, since n=30 is large, by Central Limit Theorem,
12.414

X ~ N(420, j approximately.

Hence it is not necessary for the volumes to have a normal distribution for the
test to be valid.

.. X-420 .
Test statistic Z = \/m ~ N(O, 1) approximately
30
a =0.01
FromGC, 2= 7420 _ )55y

[12.414
30
p-value = 0.0242 (3 sf)
Since p-value = 0.0242 > a=0.01, we do not reject H, at 1% level of
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(ii)

significance and conclude that there is insufficient evidence that the population
mean volume has changed.

a =001 :% =0.005

Reject H, if z<-2.5758 or z=2.5758

X < 420-2.5758,/1254  or
X < 418.34

or 172205 55758
12.414
30
X 2 420+2.5758,/12314
or x 2

421.66

Let A g be the mass of a tomato of variety A and B g be the mass of a tomato of variety

B

A~N(80,112)

(@)

Let B~N(7O,02).

P(A>90) =0.18165

P(one greater than 90 g and one less than 90 g)
= 2xP(A>90)xP(A<90)

= 2(0.18165)(1-0.18165)

=0.297 (3 sf)

() Let S, = B +B,+..+B +15
H @ N(6x70+15,60%) ie. N(435,60%)
P(S,<450) = 0.8463
plz<B02%35 ) _ (463
Voo
b o 1.0207
Voo
g = L = 6 (nearest g) (Shown)
1.0207/6
(iii) Sy~ N(435,216)
Let S, = A+A +. +A+25
.~ N(5x80+255x11%) ie., N(425,605)
S, =S, ~ N(425-435,605+216) = N(-10, 821)
P(S,>S,) = P(S,-S,>0)
= 0364 (3sh)
(i)

(1) Selection of balls is done with replacement.
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(2) The balls are thoroughly mixed before each selection.

(ii)

(1ii)

(iv)

(v)

(vi)

Given X ~ B(lO,

P(X >4) =

Given

E(X)
2
==n
5

n =

Given X ~ B (n,

&>
oo oo

IS

2

g
1-P(X<3)
0.618 (3 sf)

%J

P(X =0 or 1)<
=P(X=0)+P(X = 1) <

SHEEE.

From GC, leastn =1

0.01
0.01

0.01

Without replacement,
P(Shawn wins the game)

5+36)5)

= % (Shown)

With replacement,
P(Shawn wins the game)

e
)4

__5

Toee
Yo

10

()
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10

y
A
6__
X
T X
X
X
X
4__
X
31
X
21
- X
0O 4+ 4 L oy
1700 1800 1900 2000 2100 2200 2300 2400 2500 2600 2700 2800 2900
(ii) (a) Between x and y: r=10.959
(b) Betweenx and y*: r=0.995
@iii) From (i), since as x increases, y increases at a decreasing rate, the points on the
scatter diagram take the shape of the graph of y* =c+dx.
Or: From (i), the points on the scatter diagram seem to lie on a concave
downward curve.
From (ii), the product moment correlation coefficient between x and y* is
closer to 1, as compared to that between x and y,
O the model y* =c+dx is the better model.
(iv)  From GC, the regression line of y* on x is

y* =0.027897x —47.985
y? =0.0279x-48.0 (3 sf)

When x=2000,
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11

y o= 0.027897(2000) - 47.985
= 7.809
Oy = 2.79 (3 sf) or 2.8 (1 dp, as shown in the table of values)

v) May not be valid as correlation does not necessarily imply causation.

Or: May not be valid as there could be other factors relating traffic flow and air

pollution.
(b) y = 2.5x+3.8

y = 2.5x+3.8
= 2.5(4.4)+3.8
= 14.8

Let x = 1.5y—-k
X = 1.5y -k
44 = 1.5(14.8) -k
k = 222-44

= 17.8
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H2 Mathematics 2017 Prelim Paper 1 Question
Answer all questions [100 marks].

1 Water is leaking at a rate of 2 cm® per minute from a container in the form of a cone, with
its axis vertical and vertex downwards. The semi-vertical angle of the cone is 45° (see
diagram). At time t minutes, the radius of the water surface is r cm. Find the rate of change
of the depth of water when the depth of water in the container is 0.3cm. [4]
[The volume of a cone of base radius r and height h is given by V = %ﬂl’zh q

2 | Without using a calculator, solve the inequality

X 4
—< . 5
X-1 x+2 ]
3 Do not use a calculator in answering this question.
Showing your working, find the complex numbers z and w which satisfy the simultaneous
equations
4iz-3w=1+5i and
27 +(1+i)w=2+6i. [5]
4 (a) The points A and B relative to the origin O have position vectors 3i—j+3k and
—3i + 2] respectively.
(1)  Find the angle between OA and OB. [2]
(i)  Hence or otherwise, find the shortest distance from B to line OA. [2]
(b) The points C, D and E relative to the origin O have non-zero and non-parallel
position vectors c, d and e respectively. Given that (cxd) «e=0, state with
reason(s) the relationship between O, C, D and E. [2]
5 (1)  Prove by the method of differences that
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Z": 1 _1 Kk
Fr(r+1)(r+2) 4 2(n+1)(n+2)’
where Kk is a constant to be determined. [5]

0

(i) Explain why )

1 : : .
—————— isa convergent series, and state its value. [2]
Fr(r+1)(r+2)

(iii)  Using your answer in part (i), show that Z < % . [2]

r=1 (r + 2)3

A curve C hasequationy = x +§) , Where a, b and c are positive real constantsand b > a .
CX + C

(i) Sketch C, stating the equations of any asymptotes and the coordinates of the points

where the curve crosses the axes. [3]

The curve C is transformed by a scaling parallel to y-axis by factor % and followed by a

translation of 2 units in the positive x-direction.

(if)  Find the equation of the new curve in the form of y=f(x). [2]

It is given that the new curve y:f(x) passes through the points with coordinates

(3, gj and (6,1), and that y :% is one of the asymptotes of the new curve y="f (x)

(iii) Find the values of a, b and c. [5]

. . 1 1 , 1 2 .

(i) Given that f(x):tan£§x+z7zj, show that f (x)=5[1+(f(x)) } and find
f(0), £'(0), £"(0) and f"(0). Hence write down the first four non-zero terms in
the Maclaurin series for f(x). [7]

(i)  The first three non-zero terms in the Maclaurin series for f (x) are equal to the first

: : : cos(ax) : :
three non-zero terms in the series expansion of Tibe By using appropriate
+bx

expansions from the List of Formulae (MF26), find the possible value(s) for the

constants a and b. [5]
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10 pirates live on a pirate ship and they are ranked based on their seniority.

(@) One day, the pirates found a treasure chest that consists of some gold coins. The
rule which the pirates adhered by to divide all the gold coins are based on their
seniority and is as follows: The most senior pirate will get 3 gold coins more than
the 2" most senior pirate. The 2" most senior pirate will also get 3 gold coins more
than the 3" most senior pirate and so on. Thus, the most junior pirate will get the

least number of gold coins.

Q) If the treasure chest contains 305 gold coins, find the number of gold coins
the most senior pirate will get. [3]
(i) Find the least number of gold coins the treasure chest must contain if all
pirates get some (at least one) gold coins each. [2]

(b) The pirates need to take turns, one at a time, to be on the lookout for their ship. Each
day (24 hours) is divided into 10 shifts rotated among the 10 pirates. The 1% lookout
shift starts from 10pm daily and it starts with the most junior pirate to the most
senior pirate. The length of their shift is also based on their seniority. The length of
shift for the most senior pirate is 10% less than that of the 2" most senior pirate.
The length of shift for the 2" most senior pirate is 10% less than that of the 3 most
senior pirate and so on. Thus, the most junior pirate has the longest shift.

(i)  Show that the length of shift for the most junior pirate is 3.6848 hours,
correct to 4 decimal places. [2]
(ii)  Calculate the length of shift for the 6" most junior pirate. Find the start time

of his shift, giving your answer to the nearest minute. [4]

A curve C has parametric equations

X:\/ZCOS%, y=v2sint, for 27 <t<2r.

(i) Find j—i and verify that curve C has a stationary point at P with parameter %

Hence find the equation of the normal to the curve at point P . [3]

(i) Sketch C, indicating clearly all turning points and axial intercepts in exact
form. [4]
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(iii)  Find the exact area bounded by the curve C. (You may first consider the area

bounded by the curve C and the positive x-axis in the first quadrant.) [6]
10 -1 3 2
The plane p, has equation r=| 1 |+A|-1|+xu|1|, where A and x are real
16 2 1
parameters. The point A has position vector 5i — 6j + 7k.
0] Find a cartesian equation of p, . [3]
(i) Find the position vector of the foot of perpendicular from Ato p, . [4]
1
The plane p, hasequation r-| =2 |=52. The plane p, is obtained by reflecting p, about
5
p, . By considering the relationship between A and p,, or otherwise, find a cartesian
equation of p,. [6]
11

A company intends to manufacture a cylindrical double-walled ceramic vacuum flask
which can hold a fixed V cm?® of liquid when filled to the brim. The cylindrical vacuum
flask is made up of an inner cylindrical aluminum casing (of negligible thickness) with
height h cm and radius r cm and an outer cylindrical ceramic casing of fixed thickness k
cm. There is a fixed k cm gap between the sides of the inner casing and outer casing where
air has been removed to form a vacuum. The diagram below shows the view of the

vacuum flask if it is dissected vertically through the centre.
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Cyl.indrica! ceramic
casing of fixed
thickness k cm

aluminum casing of
negligible thickness

%
%
R
R
R
R
% = Cylindrical
R
R
R
R
R
%
N
N

Let the volume of the outer ceramic casing be C cm?®.

(i) Show that the wvolume of the ceramic casing can be expressed as

C:k(ﬂﬁk:/m(wzk)zj . [4]
r r

(i) Let r, be the value of r which gives the minimum value of C. Show that r, satisfies

the equation zr* +2zkr® —rV —3kV =0. [3]
For the rest of the question, it is given that k =% and V =250.

(iii)  Find the minimum volume of the ceramic casing, proving that it is a minimum. [3]
(iv) Sketch the graph showing the volume of the ceramic casing as the radius of the

aluminum casing varies. [2]

— End Of Paper —
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ANNEX B
MJC H2 Math JC2 Preliminary Examination Paper 1

1 |Differentiation &

Applications 7.07
2 |Equations and
Inequalities -2<x<1

Complex numbers w=-3+5iand z=5+72i

4 |Vectors (a)(i) 2.35 radian
(a)(ii) h=2.58
5 |[Sigma Notationand |(i) k=1

Method of Difference (i) i
6 |Graphs and . _1[a(x-2)+b
Transformation (i) y _E[c(x——z)ﬂ}
(ii)) a=3, b=6and c=2
7 |Maclaurin series (1) f(0)=1; f'(0)=1; £"0)=1; £""(0)=2;

f(x) =1+x+lx2 +lx3---
2 3

(1)) a=%1;b=-1
8 |AP and GP (a)(i) 44

(a)(i) 145

(b)(ii) 1.05pm

9 |Application of o dy _ _2cost. 4
Integration @ PR
sinE

(iii) ? units®

10 [Vectors (1) 3x+y+5z=84
-1
(ii) OF =| —4
17

(i) —31x+22y+5z =308

11 |Differentiation &
Applications (iii) 49.7 cm?
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H2 Mathematics 2017 Prelim Exam Paper 1 Solution

1 Solution:

tan45°:%:>r:h

V = 17rr2h
3

V= 17rh3
3
v
e
When h=0.3,
dh  dh dv
dt dv dt
1
~ 2(0.3) (-2)

_20_ 707 (3s)
VA

h?

The depth of water is decreasing at 7.07 cm per minute.

Solution:

X(X+2)—4(x-1) g
(x=D(x+2)
x2+2x—4x+4<
(Xx=1)(x+2)
X2 —2X+4 .
(Xx=1(x+2)
(x—1)2+3 -
(x=D(x+2)
Since(x—1)2+3>0forallXER,
(x-1)(x+2)<0
—2<x<1

3 Solution:
4iz - 3w =1+5i -------- @

27 +(1+i)w=2+6i - )
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(2)x2i
4iz+2i(1+i)w=2i(2+6i)

4iz +2iw—2w =4i -12 -----—--- (3)
(3)-(1):

4iz + 2iw—2w—(4iz —3w) = (4i-12)—(1+5i)
W+ 2iw=-13—1
(1+2i)w=—13—i
-13-i\(1-2i
:( 1+ 2i j(l—Zij
 —13+26i—i-2
-y
—-15+ 25i
-
w=-3+5i
Substitute w=-3+5i into (2)
22:2+6i—(1+i)(—3+5i)
27 =2+6i—(-3+5i—3i-5)
22 =2+6i—(— 8+2|)

2z =10+4i

2=5+2i
Sw=-3+5iandz=5+2i.

Solution:

(@)(i) Let @ be the angle between OA and OB.

3)(-3
1 2

cosd =

=1\l 2
3 0

6 =cos™

i)

=134.4° (1d.p) = 2.35 radian (3 s.f)

(a)(ii) Let h be the shortest distance from B to line OA.

h
Ibl
h=/135in134.42°
=2.5752
=2.58 units (3 s.f)

sin134.42° =
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(b) Let cxd=s.
1) see=0= s is perpendicular to e.
2) cxd=s = s is perpendicular to both ¢ and d.

Since s is perpendicular to ¢, d and e and ¢, d and e passes through common point O =
points O, C, D and E are coplanar.

Solution:

1 A B C
et — - -, 2 L~
(i) Le r(r+1)(r+2) r+r+1+r+2

Using ‘cover-up’ rule,

Hng(%_ r11+2(r1+2)]
_ {1 1+1

2 2 6

( 1 j 1 1
+ - 4
2n-1) n 2(n+1)

1 1 1

+— - +

2n n+1 2(n+2)}
1 1 1 1 1 1
=———+=+ - +

2 2 4 2(n+1) n+1l 2(n+2)
I
4 2(n+1) 2(n+2)
_i L (proven)
4 2(n+1)(n+2) P
~k=1
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(i)
s 1

Ao ) & re2) 4
e 1 . .
",Z:;r(r+l)(r+ ) is a convergent series.
N 1 _1
";r(r+1)(r+2)_4
(iii)

Forallr >1,

(r+2)3>r(r+1)(r+2)

1 - 1
(r+2)° r(r+1)(r+2)

>

1 C 1
= (r+2) <Z‘ r(r+1)(r+2)

n 1 1_ 1
F(r+2) 4 2(n+1)(n+2)
n 1 1 1
2 >0foralln>1
r:l(r+2)3 4 ( 2(n+1)(n+2) J
Solution:
()
! A
: y
- \ob) ax+b
1 y_
! \Q
i a
""""""" A I — S
)
“ !
!
X=—
c
(if) Equation of new curve: y:l w
2| c(x-2)+1
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(iii)  Since the new curve y:f(x) passes through the points with coordinates
(3% and (6,1):

2
3 1{a(3—2)+b}

2 2| c(3-2)+1
_a+b

327"
c+1

a+b=3c+3
a+b-3c=3 - (1)
- a(6-2)+b

2| c(6-2)+1
5. 4a+b

2
~ 4c+1
4da+b=8c+2

4a+b-8c=2 --------- (2)

Since y :g is one of the asymptotes of y =f(x),

Solving equations (1), (2) and (3) using GC,
a=3 b=6andc=2.

Solution:

() f(x) :tan(%x+%7z)

f'(x)= L oec? (lx+17r]
2 2 4

_1 1+tan2(lx+l7rj
2 2 4

_ %(1+(f(x))2) (shown)

f (%) =F (X)f (%)

frr(x) = FOOF (%) +(F/(%))°
f(0) =1,

f'(0) =1,

f(0) =1,
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f(0)=2.

g f(x):1+x+1x2+1x3--~
2 3

(i)
C‘i(;‘xx) :[1_(35!) +...J[1+(_1)(bx)+%(bx)z+...j

- (1— a’x’ +...](1—bx+b2x2 +)
2

2,2
a“x
~1-bx+b*x* -

2
:1—bx+(b2—a—jx2
2

Comparing coefficients,

X:b=-1
2 2
N A SN S S|
2 2 2 2
Solution:
@)

Let a be the number of gold coins the most junior pirate will get.
10
?[2a+(10—1)(3)] =305
a=17
No of gold coins for most senior pirate =17 +(10-1)(3)
=44

(@)(ii)
Least no of gold coins = %[2(1) +(10-1)(3)]
=145

(b)(i)
Let b be the length of shift for the most junior pirate

b ~
—1_0_9(1—0.91 )=24

b=3.6848 hr(to 4 d.p.) (shown)

(b)(ii)
Length of shift for 6th most junior pirate = 3.6848(0.9)5
=218 hr
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Length of 1st 5 shifts = M(l—OQS)
1-0.9
=15.090
=15 hrs 5 mins
Start time of shift =1.05pm
. t dx N2 .t
i) X=+42C00S— = —=——-5in—
() V2 2 dt 2 2
y:\/ﬁsintzj—}t/:\/?cost
. dy  2cost
dx sinl
2
Att=Z2,
2
T
2C0s—
W _ 7772 g (verified)
dx sin”
4

When tzz, X= 2cos(£}=l
2 4

Equation of normal: x=1

(i)

(1.9

0,0)

(20
(1)
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Area:4j0ﬁy dx
0 . \/E t
=4 2sint-| ———sin— | dt
:4.[”sint-sin£ dt
0 2

(i) CG
:8I”sin2—cos— dt
0 2 2

{2 ) 3t}”
=8| =sin®*—
37 2]
_16 units?

3

Alternative Method
N
Area=4 IO y dx

0 . \/5 .t
:4.[” «Emnt-[—?smij dt
:4I”sint-sin1 dt

0 2
Z—ZIO”COS%—COS% dt

= —ZFSinﬁ—Zsin l}
3 2

2,
=% units?
10 | Solutions:
3 2 -3
O |-1|x/1|=] 1
2 1 5
-3 -1\ (-3
r-{1|=/11|]1 /(=84
5 16)\ 5

Cartesian equation of p, is —3x+y+5z=_84.

5
(ii) OA=| -6
7
Let the foot of perpendicular from Ato p, be F.
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5 -3) (5-3p8
OF =| -6 [+ 8| 1 |=|-6+p | forsome feR
7 5 7+5p
Since F lieson p,,
5-38) (-3
—6+8 || 1 |=84
7+58 )\ 5
354 +14 =84
p=2
5-6 -1
~OF =| 6+2|=| -4
7+10 17
5 1
Note that A lieson p, since | =6 |-| =2 |=52.
7 5

Let A" be the point of reflection of A about p, .
Note that A’ lieson p,.

(F:FMOW
2
-1\ (5) (-7
OA =20F ~OA=2| -4 |-| -6 |=| -2
17) \ 7 ) |27

p, : 3Xx+y+5z2=84.

1
P, r-| —21=52 = X-2y+5z=52
5
—44 3
By GC, the line of intersection between p, and p, isr=| 48 |+a| 4|, acR
0 1

—44\ (=T (-44\ (37
A vector parallel to p, is OA'—| —48 |=| —2 || —48 |=| 46
0 27 0 27

37) (3 —62 =31
46 |x| 4 |=| 44 |=2| 22
27) (1 10 5
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10

=31 —7) (=31
r- 22 |=| -2 || 22 |=308
5 27 5

A cartesian equation of p, is —31x+22y+5z =308

11

Solution:

(
(r2+4rk+4k2)—(r2+2rk+k2))+k(r+2k)2)
2

L(Zrk+3k2)+k(r+2k)2j (from (*))

r
(2r+3k)

:k(zl+3kv +7z(r+2k)2j (shown)

~Vr—=3kV +7zr’(r+2k)=0
ar* +2kzr* =Vr-3kV =0 (Shown)

(i) From GC,
r,=4.3736 (sincer>0)
r n h I
dC
d*C
dr?
C=49.7 (3 s.f.)
Minimum volume of ceramic casing is 49.7 cm®.

+

=5.33>0=C isa minimum
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11

Note: cannot use part (iv) graph to solve this part.

(iv)

(4.37, 49.7)

=0
I
(=
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H2 Mathematics 2017 Prelim Paper 2 Question
Answer all questions [100 marks].

1

The complex number z has modulus 3 and argument 2?”

(i) Find the modulus and argument of __Zi, where z* is the complex conjugate
Z-k

of z, leaving your answers in the exact form. [3]
(i)  Hence express __2*' in the form of x+iy, where x and y are real constants, giving

z

the exact values of x and y in non-trigonometrical form. [2]

(iii)  The complex number w is defined such that w=21+ ik , where k is a non-zero real

constant. Given that ~2™W is purely imaginary, find the exact value of k. [2]

Z*

Two students are investigating the rate of change of the amount of water in a reservoir,

x million cubic metres, at time t hour during a rainfall.

2
Student A suggests that x and t are related by the differential equation adx__2

dt*  (t+1)°
(i)  Find the general solution of this differential equation. [3]

Student B assumes that the amount of water flowing into the reservoir depends only on
the rainfall and is at a constant rate of k million cubic metres per hour. The rate at which
water flows out from the reservoir is proportional to the square of the amount of water in

the reservoir.

(if)  If the amount of water in the reservoir stabilizes at 0.5 million cubic metres, show
that the rate of change of the amount of water in the reservoir can be modelled by
the differential equation % =k(1-4x7). [2]
(iti) Find x in terms of k and t, given that there are initially 1 million cubic metres of

water in the reservoir. [5]

The function f is defined by

f:XI—)ln(Xz—l), xeR, x>1.

(i) Find £ insimilar form. [3]
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(ii) Sketch f, £* and f'f on the same diagram, indicating clearly all asymptotes and
axial intercepts. [3]

The functions g and h are defined by

_ 4(x—1)2 for0<x<2,
g:X
8—[2x—-8| for2<x<8,

h: x> 3sinx, 0<x<u.
(iii) Sketch the graph of y=g(x). [3]
(iv) Prove that the function gh exists and find the range of gh. [2]

The graph of Yy = e", for 0<x<1, is shown in the diagram below. Rectangles, each of

width L where n is an integer, are drawn under the curve.

n
y x
y=e
- X
oL 2 3 n=3 n=2 n-1 1
n n n n n n
(i)  Show that the total area of all the n rectangles, A, is 1c , Where ¢ is an
n (en —1)
exact constant to be found. [3]
(i) By considering the Maclaurin Series for e* —1, or otherwise, find the value of
1,

lim > (& -1) [3]
(iif) Hence, without using integration, find the exact value of lim A, . [2]

n—oo

(iv) Give ageometrical interpretation of the value you found in part (iii), and verify your

answer in part (iii) using integration. [2]

Another set of n rectangles are drawn, as shown in the diagram below.
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y=¢

(0] 1 i i n-3 n-2 n-1 1
noon

n n n n

The total area of all the n rectangles in the second diagram is denoted by B,. By

considering the concavity of the graph of y =e*, or otherwise, show that

M > J.lexdx
2 0
for any positive integer n. [2]

Andy needs two passcodes to open a treasure box. Both passcodes consist of three letters
and four digits. Each of the three letters can be any of the twenty-six letters of the alphabet
A-Z. Each of the four digits can be any of the ten digits 0-9.
(@) The first passcode consists of three letters followed by four digits. It is also known
that no letters and digits are repeated. An example of the code is ABC1234.
(1) Find the total number of possible first passcodes. [2]
(i) Anadditional hint is given to Andy to break the first passcode. The four digits
of the passcode form a number which is odd and greater than 3000. Find the
total number of possible first passcodes. [3]
(b) The second passcode has no fixed arrangement for the letters and digits. Given that
the letters and digits can be repeated (i.e. LAA3C34 can be a possible passcode),

find the total number of possible second passcodes. [3]

The probability function of X is given by
(2x-1)0 ifx=1,2,3
ifx=4

P(X =x)=1k
0 otherwise

where 0<9<%.
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(i) Show that k =1-96. Find, in terms of &, the probability distribution of X.  [2]
(ii) Find E(X) interms of & and hence show that Var(X)=260-1966". [3]
(iii) The random variable Y is related to X by the formula Y =a+bX , where a and b

are non-zero constants. Given that Var (Y ) =%b2 , find the value of &. [3]

Coloured lego pieces are packed into boxes of 20 pieces by a particular manufacturer.
Each box is made up of randomly chosen coloured lego pieces. The manufacturer
produces a large number of lego pieces every day. On average, 15% of lego pieces are
red. Explain why binomial distribution is appropriate for modelling the number of red

lego pieces in a box. [2]

(i)  Find the probability that a randomly chosen box of lego pieces contains at least 4

red lego pieces. [2]

(i) A customer buys 50 randomly chosen boxes containing lego pieces. Find the
probability that no more than 19 of these boxes contain at least 4 red lego

pieces. [2]

It is given instead that the proportion of lego pieces that are red is now p. The probability
that there is at least one red lego piece but fewer than four red lego pieces in a box, is
0.22198, correct to 5 significant figures. Write down an equation involving p and hence

find the value of p, given that p > 0.2. [4]

In an assembly line, a machine is programmed to dispense shampoo into empty bottles
and the volume of shampoo dispensed into each bottle is a normally distributed
continuous random variable X. Under ordinary conditions, the expected value of X
is 325 ml.

(i)  After a routine servicing of the machine, the assembly manager suspects that the
machine is dispensing more shampoo than expected. A random sample of 60 bottles

is taken and the data is as follows:
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Volume of shampoo
(correct to nearest ml)

324 325 326 327 328 329 330

Number of bottles 16 20 9 8 4 1 2

(ii)

Find unbiased estimates of the population mean and variance, giving your answers
to 2 decimal places. [2]

Test, at the 5% significance level, whether the assembly manager’s suspicion is valid.
[4]
Explain what it meant by the phrase ‘at 5% significance level’ in the context of the

question. [1]

Due to the assembly manager’s suspicion, the machine is being recalibrated to
dispense 325 ml of shampoo. Another random sample of 50 is taken and a
two-tailed test, at the 5% significance level, concluded that the recalibration is done
accurately. Given that the volume of shampoo dispensed into each bottle is normally
distributed with standard deviation 1.2 mi, find the set of values the mean volume of

the 50 bottles can take, giving your answers to 2 decimal places. [4]

The consumer price index measures the average price changes in a fixed basket of

consumption goods and services commonly purchased by resident households over time.

It is commonly used as a measure of consumer price inflation. In the 2013 Singapore

household expenditure survey, housing and food made up about half of the average

monthly expenditure of an average household.

The table below shows the housing and food price index from 2005 to 2012, where 2005

is the base period, i.e. in 2005, the price index is 100. For example, the food price index
of 104.6 in 2007 means that average food prices increased by 4.6% from 2005 to 2007.

Year 2005 | 2006 | 2007 | 2008 | 2009 | 2010 | 2011 | 2012
Housing Price Index, x 100 | 100.7 | 102.3 | 116.8 | 123.1 | 124.3 148
Food Price Index, y 100 | 101.6 | 104.6 | 112.6 | 115.2 | 116.8 | 120.3 | 123.1
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(i)

(i)

(iii)

(iv)
v)

Show that the value of the missing housing price index for 2011 is 136 (nearest

integer), given that the regression line of y on x is y =54.271+ 0.48363x, correct to
5 significant figures. [2]

Draw the scatter diagram for these values, labelling the axes clearly. Comment on
the suitability of the linear model. [3]

It is required to estimate the housing price index in 2016 where the food price index
in 2016 is 134.6. Find the equation of an appropriate regression line for y and vx
and use it to find the required estimate. Explain why this estimate might not be
reliable. [4]

Find the product moment correlation coefficient between y and +x. [1]
To simplify recordings and calculations, it would be more convenient to tabulate

ﬁ and Y instead. Without any further calculations, explain if the product

. 4 f X .
moment correlation coefficient between 5 and ﬁ would differ from the

value obtained in part (iv). [1]

10

(i)

(i)

Factory A produces nuts whose mass may be assumed to be normally distributed
with mean x grams and standard deviation o grams. A random sample of 50 nuts is
taken. It is given that the probability that the mean mass is less than 247 grams is
0.018079, correct to 5 significant figures. It is also given that the probability that
the total mass exceeds 12600 grams is 0.78397, correct to 5 significant figures. Find

the values of x and o, giving your answers to the nearest grams. [5]

(For this question, you should state clearly the values of the parameters of any
normal distribution you use.)

Factory B produces bolts and nuts. The masses, in grams, of bolts and nuts produced
are modelled as having independent normal distributions with means and standard

deviations as shown in the table:

Mean Mass (in grams) | Standard Deviation (in grams)

Bolts 745 7.3
Nuts 250 5
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(@)

(b)

Find the probability that the mass of a randomly chosen bolt differs from 3 times
the mass of a randomly chosen nut by at least 40 grams. [4]
This factory introduces a new process which is able to reduce the mass of each nut
by 10%. Find the probability that the total mass, after the introduction of this

process, of 10 randomly chosen nuts is less than 2.24 kg. [3]

— End Of Paper —
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ANNEX B
MJC H2 Math JC2 Preliminary Examination Paper 2

1 |Complex numbers )

(ii)
(i) k =3

(1) x=L+at+b, where b 0 —
t+1

2 |Differential Equations

+3% 1 1
6e’" -2 3™ -1 2
() f x> Al+e', xO-

(iv) Ry, =[0,6]

4 |Integration techniques |(i) c=e -1

(i) 1

(iii) e—1

5 |P&C, Probability (a)(i) 78624000

(a)(ii) 27081600

(b) 6151600000

6 |DRV (1)

(iii) x =

3 |Functions

X 1 [ 23] 4
P(X=x) | 6 |30 | 50 |1-96

(i) E(X)=4-146

(iii) =0.0144

7 |Binomial Distribution (i) 0.715

(ii) 0.715

(iii) p =0.250

8 |Hypothesis Testing (1) x =325.58; s> =2.35

p —value =0.00169 < 0.05

(i) {¥ Or324.67 <X <325.33}

9 |Correlation & Linear ;1) \/[x =0.0896y+0.860; x=167
Regression (iv) 7 =0.979

10 |Normal Distribution (1) u=255;0=27

(ii)(a) 0.0214

(i)(b) P(7'<2240)=0.241 (3s.f.)
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H2 Mathematics 2017 Prelim Exam Paper 2 Solution

1

Solution:

(i) Given |z|=3, arg(z)= 27

3

=2 (el -le)

) —2iw . . .
Since ——is purely imaginary,
z

ﬁ_lk=o
3 3

k=113

Solution:

(i)
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x__2
> (t+1)°

dx 3
" [2t+2)7 dt

-2
%:@+a, whereae R
=—(t+)*+a

X=[-(t+1) 7 +adt
=(t+1) " +at+b, wherebeR

=i+at+b, whereb e R
t+1

(i) d—X:k—cxz, k,c>0
dt

When x=0.5, OI—X:O
dt

k =¢(0.5)

c =4k

% — k—4kx? = k(1—4%2) (shown)

(iii)
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X _ gk :k(1—4x2)
dt

jl_ixz d=[kdt, 1-4x*#0

1 1+2x
——1In
2(2) 1-2x
1+2x
1-2x
1+2x
1-2x

=kt+d,deR

1
ZIn
4

=kt+d

=4kt + 4d

In

1+2x
Tox " +e*tH4d — Ae*M \where A=+e™
—2X

Whent=0,x=1,

2 _a
1-2

1+2x = —3e*™ + 6xe*
x(2 - 6e4“) |

X_—3e““—1_1+3e4kt or L 1
2-6e*™ e -2 M1 2

Solution:

()

Let y=In(x*-1).
X =+1+e’

Since x>1>0, . x=+1+¢’ .

D,. =R,
=R

fl:x>Jl+e*, xeR

(if)
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(iii)
y
(4.8)
(0.4) (2,4) e
o (I,IE)) (8,0) "

(iv) Since R, =[0,3]<[0,8)=D,, therefore the function gh exists.

Restrict D, to be [0,3]
From the graph in (iii), R,, =[0,6].

Solution:

(i)
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1 E n-2 0t
A1=—[e°+e”+e”+e”+---+e " +en" j
n
eo(l—(ei)j
1oV
1 1-e e-1
N 1—er n(ei—l)
c=e-1
(i)

(e =) = im
2
:Ilm(1+l+—+ j
x—0 21 31
=1
(iii)
. - . e-1
lim—— =I|rr011
naoon _1) X—> X—l
(1) e
=e~1
(iv)

e — 1 is the exact area under the graph of y=¢* fromx=0tox = 1.

1
area = _[Oexdx =e-1.

Since the graph of y =e¢* is concave upwards, and

@ is the sum of the area of n

trapeziums each of width 1 , the area of all trapeziums will be greater than the exact

n
area under the graph, which is Llexdx.
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Solution:

(a)()

Total number of possible passcodes = 26x25x24x10x9x8x 7 = 78624000
or

=*C,x3! x °C,x4!=78624000

or

= %P, x 1P, = 78624000

(@)(ii)
Case 1: 1% digit 4, 6, 8
4, 6,8 8 choices 7 choices
(3 choices)

1,3,57,9
(5 choices)

Number of possible passcodes
=26x25x24x3x8x7x5=13104000

Case 2: 1% digit 3,5, 7, 9

3,5,7,9 8 choices 7 choices
(4 choices)

4 choices

Number of possible passcodes
=26x25x24x4x8x7x4=13977600

Total number of possible passcodes
=13104000+13977600 = 27081600

(b)

Total number of possible passcodes

— 263 4 ! —
= 26° x10* x —— = 6151600000
413!

Solution:

(i)

| x J1]2]3]4]
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P(X=x) | 6 |30 |50 | k

Since ) P(X =x)=1,
all x

0+30+50+k =1
~k=1-94

Probability distribution of X is

X 1 2 3 4
P(X=x) | 0 |30 |50 |17

(ii)
E(X)=1(0)+2(30)+3(50)+4(1-90)
=0 +60+150 + 4360
—4-140
E(X?)=1°(6)+2°(30)+3(50)+4° (1-90)
—0+120 + 450 +16 —1440
—16-860
var(X)=E(X?)-[E(X)]
=16-860 —(4-140)’
=16-860—(16-1120+1966° )
=260 —1966?
(iii)
Y =a+bX
Var(Y)=Var(a+bX)
Var(Y)=b*Var(X)
Ly :b2(26¢9—19692)
3

196«92—266?+%=0 (- b#0)

Using GC,
0=0.0144  or 60 =0.118 (rejected - 0<9<%)

Solution:
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A binomial distribution is appropriate as there is a large number of lego pieces with
constant probability 0.15 of them being red suggests independence in selection.
Moreover, there are only two possible outcomes (red or non red).

(i) Let X be the number of lego pieces, out of 20, that are red.

X ~B(20,0.15)

P(X >4)=1-P(X <3)
= 0.35227
=0.352  (3sf)

(if) LetY be the number of boxes of lego pieces, out of 50, that contain at least 4 red
lego pieces.
Y ~ B(50,0.35227)

P(Y <19)=0.71498
=0.715 (3sf)

(iii) Let A be the number of lego pieces, out of 20, that are red.
A~B(20, p)

P(1< A<4)=0.22198
P(A=1)+P(A=2)+P(A=3)=0.22198

20p(1-p)” +190p? (1 p)” +1140p* (1~ p)’ =0.22198

Since 0.2< p<1, p=0.250(3s.f)

Solution:
(1) Using GC,
Unbiased estimate of population mean is X =325.58 (2 d.p.)

Unbiased estimate of population variance is s* =1.5326* =2.35 (2d.p.)
Let u« denote the population mean volume of shampoo dispensed by the machine.
_ 2
Given X ~N(u,0°) ». X ~ N[y,“—]
n
Ho: =325

Hi: u>325

Test statistic: Z = X-u

%— Alternatively,
n

Level of significance: 5%

Reject Ho if z-value >1.6449
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Reject Hoif p—value <0.05

Under Ho, using GC,

p —value =0.00160 (3s.f) or 0.00169 (3 s.)
Conclusion:
Since p—value=0.00169 <0.05, we reject Ho and conclude that there is sufficient

evidence, at the 5% significance level, that the mean volume dispensed is more than 325
ml.

Thus, the assembly manager’s suspicion is valid at 5% level of significance.

There is a probability of 0.05 of concluding that the mean volume of shampoo dispensed
is more than 325 ml when in fact, it is 325 ml.

(i) Ho: ux=325
Hi: u#325

Given X ~ N(,u,O‘Z) X~ N(,u,a—zj
n

X —u

(o)
7
Level of significance: 5%

Since Ho is not rejected,
—1.9600 < z — value <1.9600

X —325
1.2

50

324.67<X<32533 (2d.p)
{X e R:324.67 <X <325.33}

Test statistic: Z =

-1.9600 < <1.9600

Solution:
(i) Letk be the missing housing price index for 2011.

y=111.775 and x=or>2+kK
Since y and X lies on the regression line,

111.775-54.271+ 0.48363(%j

k =136 (3 s.f.)(shown)

(i)
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10

123.1 X

I X

100 148

X
100 + X
|

From the scatter diagram, as x increases, y increases at a decreasing rate. Thus the
linear model might not be the most appropriate model.

(iii) (Note that there is no clear independent variable.)
From GC, an appropriate regression line would be

Jx =0.0896y+0.860 (3s.f.)

When y =134.6, from GC, x=167 (3s.f).
The estimated housing price index in 2016 is 167.

Since y=134.6 falls outside the data range of y, the linear correlation between y and

Jx might no longer hold and thus, the estimate is unreliable.

(iv) FromGC, r=0.979 (3s.f.).

(v) The product moment correlation coefficient between ,/ﬁ and ﬁ does not

differ from the value obtained in part (iv) as the r-value is independent of the scale of
measurement.

Note that: ﬁ :1—\/5 means that the values of v/x undergo a scaling of 10 units and
ﬁ means that the values of y undergo a scaling of 100 units.
10 | (i)
Let X be the mass of a randomly chosen nut in grams.
X~ N(,u,az)
X ~ N(ﬂ,%) and X, +..+ Xy, ~ N(501,500°)

Given P(X <247)=0.018079 and P (X, +...+ X, >12600) =0.78397

Standardizing, Z ~ N(0,1)
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11

12600 —-50u
24/7 _ 0.018079 P(Z \/_a J 0.78397
247 V50 P(Z 12600 50/“‘) 0.21603
- =-2.095146 500
/ «/% 12600 50u _ 07856714
11— 0.29629840 = 247 ...(1) J500
504 —0.7856714(\/5_00) =12600...(2)

Solving equation (1) and (2), using GC,
w=255 (nearest gram)

o =27 (nearest gram)

(ii)(a)

Let Y be the mass of a randomly chosen nut in grams.

Y ~ N(250,5%)

Let W be the mass of a randomly chosen bolt in grams.

W ~N(745,7.3")

W —3Y ~ N(745-3x250,7.3° +3° x5°)

i.e. W—3Y ~ N(-5,278.29)

P(W —3Y|>40)=P(W —3Y <—40)+P(W —3Y > 40)
=0.0214 (3s.f.)

(ii)(b)
Let T be total mass of 10 randomly chosen nut, made using new material, in grams.
T =0.9Y, +0.9Y, +...+0.9Y,, ~ N(10x0.9x250,10x 0.9° x5

T ~ N(2250,202.5)
P(T <2240)=0.241 (3s.f.)
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H2 Mathematics 2017 Preliminary Exam Paper 1 Question
Answer all questions [100 marks].

1

The sum of the first n terms of a sequence is denoted by S, . The first term of the sequence
is 3 and it is known that S, =21 and §,, =210. Given that S, is a quadratic polynomial

in n, find S, in terms of n. [3]

1

x+\/;

Using the substitution v = \/; +1, find I dx, where x>0. [3]

b

> X

o 1

The diagram shows the curve C with equation y =sinx and the line x =1. With reference
to the diagram, a student wrote down the following series

faftoul2fo)onls]

(i) State what the series represents. [2]
(i) When n - o, § - L. State the geometrical meaning of L. Determine the exact
value of L, leaving your answer in the form a —cosb, where a and b are constants

to be determined. [3]

(iii) What can be said about the value of S in relation to the value of L? [1]

[It is given that the volume of a circular cone with base radius r and height 4 is %erh ]
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cylinder of radius r and height x is removed from the cone.

TTh 3r
(i) Show that the volume of the remaining shape, V, is ?(az =37 +LJ .
a

The diagram above shows a right circular cone with fixed radius a and fixed height 4. A

(2]

(ii) As rvaries, use differentiation to find the value of r that gives the minimum value

triangle FCP is 2:1. State the ratio AF : CF', justifying your answer.

of V, leaving your answer in terms of a. (4]
5 A line L passes through the points A(3,-1, 0) and B(11, 11, 4).
(i) Find the angle between L and the y-axis. [2]
0
(ii) State the geometrical meaning of OB [1]
1
The point F(2a+1, a, a—1) is a point on L, where a is a positive constant.
; 59
The point P is such that PF =| 0 | and the area of the triangle AFP is , /? units.
2
(iii) Determine the value of a. [3]

(iv) The point C on L is such that the ratio of the area of triangle AFP to the area of

(2]

(i) Show that J.ezx cosxdx = %e” COS X +%e“ sinx+C.

(3]

Blank Page
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(ii)  Find the volume of the solid generated when the region bounded by y =¢e*V (cos x)
2 m
and y=——x+1 between x=0 and x= 2 is rotated through 277 radians about
T
the x-axis, leaving your answer in exact form. [4]
(i) Prove by the method of mathematical induction that
i 2 _3__ 2n+3
r(r+2) 2 (n+1)(n+2)
for all positive integers of n. [5]
(ii)) Explain why Z ) is a convergent series, and state the value of the sum to
= r(r
infinity. (2]

N
(iii) Using the result in part (i), find Z

2

S(r=2(r=4) -

Using the substitution y =ux, show that the differential equation

xg =3x+y-2

dx
can be reduced to the form

x’ du =3x-2

dx
Hence, find the general solution to the differential equation x% =3x+y-2. [5]
(i) State the equation of the locus where the stationary points of the solution curves
lie. [1]

(ii) Sketch, on a single diagram, the graph of the locus found in part (i) and two members

of the family of solution curves, where the arbitrary constant in the general solution
isequal to 1 and —1. [3]

It is given that
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2
£(x) = (x=1)"+4 , k<x<3,
3x-1 , 3<x<4,
where kO~ k<3.

(i) Sketch, for k=0, the graph of y=1f(x), stating the coordinates of the turning
point. Write down the range of f. [3]

(ii) Explain why f ' does not exist. State the smallest value of k for ™' to exist.  [2]
(iii) Using the value of & in part (ii), find " in similar form. [4]

(iv) State the geometrical relationship between f and f™'. The point P(a, b), where a

and b are constants, lies on the graph y = f(x) . The point Q on the graph y=f"(x)
is the point corresponding to P. State the coordinates of Q. [2]

10 | (a) Itis given that —1+1i is a root of the equation 2z’ +az” +bz +(3 +i) =0.
(i) Find the values of the real numbers a and b. [4]
(ii) Using these values of a and b, find the other roots of this equation. [3]
(b) Itis given that w=—1+(V3)i.
(i) Without using a calculator, find an exact expression for w’. Give your
answer in the form re'?, where >0 and 0< @< 277. [3]
(ii) Without using a calculator, find the three smallest positive whole number
%k
values of »n for which w_n is a real number. [4]
w
11 ) ) ) ) 1 1
A curve C, is defined parametrically by the equations x =t —;, y=t+-, t#0.
t

(i) Sketch C,, stating the equation of the asymptotes and coordinates of any points of

intersection with the y-axis. [2]
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(ii) Show that the equation of the normal to C, at the point with parameter p is given by

2+ 2+
:_p2 1x+2(p 1)_
p 1 P

[4]

(iii) The normal in part (ii) intersects the x-axis at the point A and the y-axis at the point
B. Find, in terms of p, an expression for the area of the triangle OAB. [4]

The line [ is the normal to C;, when p=2.

(iv) Find the equation of /. [1]

A curve C, is defined parametrically by the equations x=3at, y=-t+a, t0>

where a 18 a non-zero constant.

(v) Given that [ intersects C,, show that the parameter g of the point(s) of

intersection satisfies the equation
q° —5ag+5-a=0.

Hence, determine the range of values of a such that / intersects C, at two distinct points.

[3]

12

As part of a project, a group of engineering students design two robots for a game. One
robot is called ‘Prey’ and the other robot is called ‘Predator’. The two robots are designed
with the following specifications.

‘Prey’: It is designed to leap 1 m forward for the first leap. Subsequently, it
leaps 2.5 cm less than the previous leap distance. ‘Prey’  shuts
down when the leap distance is 0 or when it is caught by ‘Predator’.

‘Predator’: It is designed to leap 2 m forward for the first leap. Subsequently, it
leaps 90% of the previous leap distance. ‘Predator’ shuts down
when ‘Prey’ shuts down or when it catches ‘Prey’.

Both robots take each leap at the same time and the number of leaps taken is given by n.
‘Predator’ starts the game from the starting line while ‘Prey’ starts the game 7 m in front
of ‘Predator’.

(i) Find the distance of ‘Prey’ and of ‘Predator’ from the starting line after n leaps,
leaving your answers in terms of n. [2]
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(ii) Explain why ‘Predator’ has to catch ‘Prey’ before ‘Predator’s distance from the
starting line reaches 20 m. [2]

(iii) Using a graphical method, explain why ‘Predator’ will not catch ‘Prey’. [3]

(iv) ‘Prey’ now starts the game 4 m in front of ‘Predator’. ‘Predator’ catches ‘Prey’ on
the k-th leap. Find the value of k.

Calculate the distance of ‘Predator’ from the starting line after completing the k-th
leap. [3]

— End Of Paper —
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ANNEX B

MI H2 Math PU3 Preliminary Examination Paper 1

1 |Equations and ,

Inequalities S, =2n" +n

2 |Integration techniques |7}, (\/; +1) +e
3 |Application of (1)

Integration The sum of the areas of n rectangles with equal width
from x =0 to x =1, where the top right vertex of each
rectangle lies on the curve.

(i1)
L is the actual area under C from x=0 to x =1,
1—cosl
(iii)
Since the sum of the areas of the rectangles in part (1) is
larger than the actual area under the curve C, S > L
4 |Differentiation & .
Applications i) r=2a
5 |Vectors () 36.7°
(ii) The length of projection of OB onto the z —axis .
(iii) 2
(iv) 2:1
6 |Application of (i) 1 . 2
i i) — e -—m-—
Integration 5 5 6
7 |Sigma Notation and i) 3
Method of Difference |1V 3
(i) 22N>
2 (N-3)(N-2)
8 |Differential Equations |y =3xIn|x+Cx+2
(i) y=2-3x

(i1)
y=3xln |I‘—I+2

X

Va Y
// 1\

y=3xln |x‘+x+2

Need a home tutor? Visit smiletutor.sg




9 |Functions (1)
4
i |
i (4, 11)
(38)
(o,5) | |
o
e ot
L)
> I
0 3 4
Range of f, Rf:[4,11]
(ii) 1
1+Jx-4 , 4<x<§,
(iii) f_l(x) =9 1 1
—x+— , 8<x<l1],
3 3
(iv) The graph y =f"'(x)is the reflection of the graph
y =f(x) in the line y = x. The coordinates of Q is
(b,a).
10 |Complex numbers (@)@d) a=6,b=7
. 1 1. 3 1.
a)(il) z=—=———ior z=———-—i
@) 2=y mgiorz==5"5
&
(b)d) 32’
(b)(i) 2,5, 8.
11 |Differentiation & ) _ 1 _
Applications O x=e=2, ySi, 120
= u‘I .ﬁ'l(_
ol
— - : " - ..—._)x_
~ ti;,—-dljﬁﬁ\\n_
v 1k
2(p* +1
(iif) M\ p’ =1 or %\ p* =1 units’
p p
. 5
(iv) y= —§x+5
(v) a<-0978 ora> 0.818 (3 s.f)
12 |AP and GP

@i -0.0125n" +1.0125n+7; 20(1-0.9")
>iv) 8;11.4m
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2017 PU3 H2 Prelim II Paper 1 Suggested Solutions

Qn. Question
No.
1 LetS, =an® +bn+ ¢ where a, b and ¢ are constants
S, =3 =a+tb+c=3
S$;=21 =9a+3b+c=21
S, =210 =100a+10b+c =210
Using GC,a=2,b=1,c=0 = Sn=2n2+n
2 1
%2 112%22)#
2x? Y
| L =| L dvy,
x+\/; = dv
x+x2
1
where 11 %: 11 (ZxZJ— 12 ~ = 12 :z
x+x2 x+x? (x+x2j[x_2j (x2+1j ’
1 2
dx =| —dv
J =]
1
=2| — dv
IS
=2lnv+c
:21n(&+1)+c
3 @)

The sum of the areas of n rectangles with equal width from x=0 to x =1, where
the top right vertex of each rectangle lies on the curve.

(i1)
L is the actual area under C from x=0 to x=1.
L =Ilsinxdx
0
1

=[—cosx]0

=—cosl+cos0

=1-cosl ie.a=1 b=1

(iii)
Since the sum of the areas of the rectangles in part (i) is larger than the actual
area under the curve C, S > L
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)]

r_h-x

a h

Dx:h—ﬂ

V ==ma*h-mr’ (h—ﬁj
a

3
=lh(a2 -3 +3LJ (shown)
3 a

(i)

dv 9r?
—=—| —6r+—
dr 3 a

For max/min volume: d—V =0

dr
2
3 a
2
_6r+9L =0
a

r=0 (rejectas r>0) or r:%a

Method 1 (2™ derivative test)
d’v ﬂh( 18rj
=—| —-6+—

dr? 2) a
At r:ga:
3
2
12,2
dr 3 al\3

) . . 2
Therefore the volume is a minimum when r = E a.

Method 2 (1% derivative test)

r 2 2 2 .,
—a —a —a
3 3 3
dav Negative Zero Positive
dr
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) . . 2
Therefore the volume is a minimum when r = E a.

@

8 2
AB=|12|=4|3
4 1
2)(0
3l
The required angle, & =cos™" DAY =36.7° (1d.p)
Jiah

(i1)
The length of projection of OB onto the z —axis .

(111)

L aF < pr|= [2
2 2
. 2a-2 3
—|| a+1 |X{0|= 2
2
a—1 2
2(a+1)
1-a :2,f5—9
2
=3(a+1)

J4@+1)? +(1-a)* +9(a+1)> =2 579

13(a+1)?+(1-a)? =118
14a* +24a-104=0
Ta* +12a-52=0
(Ta+26)(a-2)=0

2
a= —76 (rejected asa>0) ora =2

Accept: Using GC, a =2 or a = -3.7143 (rejected as a > 0)

@v)

Need a home tutor? Visit smiletutor.sg



Both triangles have the same height (h).

AF :CF = Area of tnangle AFP: Area of tniangle FCP
=2:1

(i}
[eh cos x dx =%e:‘ COSX +J‘11e1‘ sinx dx

)

= lez‘ COS X +l|:—le1‘ 51'11:-:——l [e"“ COSX |:lr:|
2 2| 2 7.

l - l . l = -
=—g" cmx+—e“sinx—1 [e“ cosx dy

: 1 - 1 .
|'E" cosx dx =EE.'" cnsx+Ee" sinx+C

oy

2 ., 1 .
e™ cos x dx =Ee“ m5x+§el‘ sinx+C

e

(ii)

MORHAL FLOAT AUTD REAL FEADEAM HF n

E’D.l
20 )

Volume = ﬂ:f yodx

F g ra

= Ix | '
=;rl[;e msxdx—sﬁr{]ﬁ—]

2 . l ... = &°
=x|=e™cosx+—e™sinx | ——
5 5 6

- x
=x le'sini—ie"msl] I
5 2 5 &

)

(i}
Let P, be the statement i

ral

2 3 2n+3

r+2) 2 (ntl)(n+2)

Prowve Py is true.

for ne £7.
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Rum
Stamp


_ 2 2
Ha+2) 3
RHS:E—&:&:%:LHS
2 (1+1)(1+2) 6 3
P, is true.
k +
Assume that Py is true for some k0 Z" i.e. Z 3 2k+3 .
< r(r+2) "2 (k+1)(k+2)

' ' K+l 2 3 2k+5
Prove Pi+1 1S true 1.e. Z}m = 5 _W'

LHS
k

e F—
r=1 r(]"+ 2)

3 2k+3 2
E_(k+1)(k+2)+(k+1)(k+3)
3 (2k+3)(k+3)-2(k+2)
2 (k+1)(k+2)(k+3)
3
2
3
2

2k* +7k+5
(k1) (k+2)(k+3)
(2K +5)(k+1)
(k+1)(k+2)(k+3)
_ 2k+5
- (k+2)(k+3)
Pi+1 1s true

=RHS

Since P is true, and Py is true implies Px+1 is true,

by Mathematical Induction, Z 2 __3__ 2% a0zt

S r(r+2) 2 (n+1)(n+2)

(i)

n —» o

2n+3 - 2 3

(n+1)(n+2) O’Z;r(r+2) T2

The series converges to a value. [ the series is a convergent series.

$_2 .3
Zr(r+2) 2

(iii)
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,Z:;‘(r 2)(r 4)

D lmin [+4=N 2
HE z+42=5 (I+4=2)(I+4-4)
N-4 2

_Z%w+2)

_ 3 2(N-4)+3

"2 (N-4+1)(N-4+2)
3 2N-5
2 (N-3)(N-2)

y = ux

Q =u+ X%

dx dx

x du _ 3x -2 (shown)
dx

d_u_3x—2
dx X
du du i =
dx

jdu:j%—fidx

2
X

dx

J‘Sx 2

u :3ln|x|+g+C
X

Y =3mn|af+Z+C

X X

y= 3xln|x| +Cx+2

)

For stationary points, b =0
dx

= x(0)=3x+y-2

=>y=2-3x

The equation of the locus is y =2 —3x.

(i1)
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/=31’1ﬂ |.t|—.t+2

y=3xln |x|+x+2

)

, |
%(4,11)

Co8)

Range of f, Rf:[4,1 1]

(i)
A horizontal line, y =k, 4 <k <5 intersects the graph of y =f(x) at 2 points. f

is not a one-one function. Hence, f~' does not exist.

For f™' to exist, the minimum value of k is 1.

(iii)
Lety=1f(x)
For 1£x<3:

Lety=(x—1)>+4
x=1+,/y—4
x=1+,/y—4 since 1< x<3

f'(x)=1+x—4,4<x<8

For3<x<4:

Lety=3x-1
3773

f_l(x):%x+%,85xsll
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1+vx—-4 , 4<x<8§,
=41 1

—x+— , 8<x<l1l,

3 3

@iv)
The graph y =f"'(x)is the reflection of the graph y =f(x) in the line y =x.
The coordinates of Q is (b, a).

10

(@)®)

Since —1+i is aroot of 2z° +az’ +bz+(3+i) =0,
2(=1+i) +a(-1+i)" +b(-1+i) +(3+i) =0
4+4i+a(-2i)~b+bi+3+i=0

Comparing real parts:
4-b+3=0=>b=7

Comparing imaginary parts:
4-2a+b+1=0=a=6

(a)(i1)

22 +62° +7z+(3+i) =0

[z=(-1+i) ][22 +(4+2i) z+(1+2i) ] =0

~(4+2i) V[ (4+2i)" ~4(2) (1+2i)

2(2)

z=-1+i(given) or z =

_(-4-2i)%2
4

1 1. .
———jorz=—-————i
2 2

zZ="

| =

3
2

(b)(@)
‘—1+i\/3‘ =2

arg(—1+i\/3) =7—tan”' (\/3) :Z?IT

5

(b)(ii)
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Method 1

(_2m_2um
21_”6[ : 3) =21_”{cos(—2—n——2nnj+isin( —%T—zLﬂﬂ

) w* |
Since — isa real number,
w

.(2” 2n7Tj
sinf —+——1=0
3 3

2 2nir

27T+ 2nr=37T,67T,977,1271,1571,1877...
2nmr =, 45, 7m105,1377,16177...
1 .7 _13

n=-—,2,—,5—.,8,...
2 2 2

The 3 smallest positive whole number values of n are 2, 5 and 8.

Method 2
) w* . w*
Since — 18 areal number, arg — | = km, kU—
w w

_2n7T_2_7T: -

3 3
n= —1—%

2

Atk=-2:n=2
Atk=-4:n=5
At k=-6:n=8

The 3 smallest positive whole number values of n are 2, 5 and 8.

11

@
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p2
2

p

When ¢ = p, the gradient of normal = -

The required equation of normal:

s

(iii)

When x =0,y =

2(p2+1) ~0

2+1
Pl _
p

p’-1
21
p

When y =0, +

X =

+1
-1
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11

Area of triangle OAB

fapes

p’ |
=2 ) -)
2
= 2(p 2+1)‘p2 —1‘ or %‘p“ —1‘ units’
4 4
@iv)
When p =2,
' ‘ 22 41 2(22 +1)
the equation of the normal is y = - Y x+ 5
y=—§x+5

The equation of [ is y = —§x+5.

(v)
By substitution,

-g°+a= —%(3aq) +5

q> —5ag+5-a=0 (shown)

For [ to intersect C, at 2 distinct points,
b* —4ac>0
(=5a)* =4(1)(5-a) >0
254> +4a-20>0
a<-0.978 ora> 0.818 (3 s.f)

12

)

Distance of Prey' from starting line, A,

= 3[2(1) +(n=1)(=0.025)]+7 =-0.0125n" +1.0125n +7

Distance of 'Predator' from starting line, G,
2(1-0.9")

—5 :20(1—0.9")

(ii)
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12

The sum to infinity = 2 =20

Hence, ‘Predator’ has to catch ‘Prey’ before its distance from the starting line
reaches 20 m.

(iii)
To determine when the leap distance of ‘Prey’ becomes O (if it is not caught):
1+(n-1)(—0.025) >0

n<41

If not caught, Prey' will leap 40 times before the leap distance
becomes 0.

Plot, for 0<n <40, the graphs of A = -0.01251* +1.0125n+7 and
G, = 20(1 —0.9”) as follows:

The distance from starting line n=40

For 0<n <40, since the two curves do not intersect, ‘Predator’ will not catch
‘Prey’.

(iv)

When 'Predator’ catches 'Prey’,

—0.01251 +1.0125n+4=20(1-0.9")

Using GC,

n="7.2557 or 12.012 (rejected)

'Predator’ catches 'Prey' on the 8th leap = k =8.

The required distance = 20 (1 - 0.98) =114 m (3 s.9)
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H2 Mathematics 2017 Preliminary Exam Paper 2 Question
Answer all questions [100 marks].

1 The curve C has the equation 4(x -1)* +9 y2 =36.
(i) Sketch, for y=>0, the curve C, stating the coordinates of the end points and the
turning point. [3]
(ii) By adding a suitable graph to your sketch in part (i), solve the inequality
(x— 1)2 2
2\/ 1_T +2_(X_1) =0. [2]
. . (e -1)° Y
(iii) Hence, solve the inequality 2V 1—T > (e —1) -2. [2]
Two loci in the Argand diagram are given by the equations
2
|z—2+2i|:1 and argz:—g.
The complex numbers z, and z,, where |Zl| <|Z2 , correspond to the points of intersection
of these loci.
(i) Draw an Argand diagram to show both loci, and mark the points represented by
z, and z,. [3]
(ii) Find the two values of z which represent points on |Z -2+ 2i| =1 such that
|z=z|=|z-2z,). [4]
(ili) Given that the complex number w satisfies [W—2+2i/<1 and argw< —%T, find
the range of values of arg(w+3i). [3]
3 |(a) Itisgiventhat tan” y=In(1+x).
(i)  Show that (1+x)%=1+y2. [1]
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(ii) By successively differentiating this result, find the Maclaurin
series for tan [ln (1 + x)] , up to and including the term in x’. [3]

(iii) Itis given that f(x) =e" tan [ln (1 + x)] . Using your answer to part (a)(ii),
estimate the value of f '(%J ) [3]

(b)  The diagram shows triangle ABC, where AC =k cm, BC=hcm,
0 BAC :gm and DABCz%

Zio
3

z
4

Given that @ is a sufficiently small angle, show that

h V2 )
;~T[2\/3+ze (v3)e } 3]
1 1
The plane 77, contains the line /,:r =| 2 |+ A| 1 |, where A0 , and is parallel to the line
3 1
1 2
Li:r=]0|+ul 0|, where 00 .
1 1
(1) Find the vector equation of 77, in scalar product form. [2]

(ii) Find the position vector of the foot of the perpendicular from the point A(l, 0, 1)
to the plane 77 . (3]

(iii) Find the position vector of the point A', which is the reflection of A about 7T [2]

1 1
(iv) Given that the angle between [, :r =| 1 |+a| —1 |, where a U] , and the plane
1 0
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T, :ax+2y—z=3,where allll ,is %T, find the value of a. [2]

(v)  Find the line of intersection between the planes 77, and 77, . [1]

(vi) 77, has equation bx+y+z=c,where b, cUl . Given that 77, 77, and 77, have no

points in common, describe the geometrical relationship between the three planes.
What can be said about the values of b and ¢? [3]

Resilience Primary School has 500 students who are either Chinese, Indian or Malay, as
seen in the table below.

Chinese Indian Malay
Boys 114 8 93
Girls 122 77 86

The National Eye Centre wishes to conduct a survey at Resilience Primary School to find
out the number of hours students spend on electronic devices each week, using a sample
of 50 students.

(i) Explain how stratified sampling can be carried out in this context. [2]

(ii) Give two reasons why systematic sampling may not be appropriate. [2]

In another survey conducted by the National Eye Centre, it was found that p% are boys
and the remaining are girls. The probability that a randomly chosen boy wears spectacles
is 0.3 and the probability that a randomly chosen girl wears spectacles is 0.24.

(i) Find the value of p, given that the probability that a randomly chosen child wears
spectacles is 0.267. [2]

(ii) For a general value of p, the probability that a randomly chosen child that wears
4(100- p)
spectacles is a girl is denoted by f . Show that f =—— . Proveb
p g y £(p) () 400+ ) y
differentiation that f is a decreasing function for 0 < p <100, and explain what this

statement means in the context of the question. [5]

In this question you should state clearly all distributions that you use, together with the
values of the appropriate parameters.

The mass, in grams, of broccoli and carrots are normally distributed with means and
standard deviations as shown in the table below.
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(i)

(ii)

(1ii)

(iv)

Mean (g) Standard deviation (g)
Broccoli H g
Carrot 180 15

Given that the probability that the mass of a randomly chosen broccoli does not
exceed 250g is 0.788 and the probability that the mass of a randomly chosen
broccoli exceeds 236g is 0.625, find the values of (/ and o . [3]

Find the probability that the mass of a randomly chosen broccoli lies within 5 grams
of a randomly chosen carrot. [2]

120 broccoli are randomly chosen. Using a suitable approximation, find the
probability that there are fewer than 90 broccoli with a mass not exceeding 250g.[3]

Determine, with explanation, whether the mass of a vegetable chosen randomly
from a basket containing an equal number of broccoli and carrots follows a normal
distribution. [1]

The table gives the values of eight observations of bivariate data, x and y.

x 1

3 4 5 6 7 8

(§]

y 5 1 18 2

J
)

28 31 33 34

s

(@

(i)

(iii)

(iv)
(v)

Draw a scatter diagram for these values, labelling the axes clearly. Determine the
outlier by labelling it as P in your scatter diagram. [2]

By omitting P, explain if y=ax’+b or y=alnx+b is the better model for the
data. [2]

Using the more appropriate model found in part (ii), calculate the equation of the
least-squares regression line. [1]

Interpret, in the context of the question, the least squares estimates of a and b. [2]

Use the regression line found in part (iii) to predict the value of y when x = 4.5.
Comment on the reliability of your answer. [2]

Based on past records, the mean number of rainy days per year in Singapore was
reported as 178. The authorities suspect that due to global warming, the number of rainy
days has changed. A random sample of 12 years is taken and the number of rainy days

per year, X, is summarised by
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> (x-8)=2017.7, > x*=372500.

(i) Calculate the unbiased estimates of the mean and variance of X. [2]

(ii) Test, at the 5% level of significance, whether the mean number of rainy days per
year has changed. State any assumptions used in your calculations. (4]

(iii) Explain, in the context of the question, the meaning of the p-value. [1]

(iv) The population variance is found to be 9 and the assumption used in part (ii) holds
true. A test at the 5% level of significance whether the mean number of rainy days
per year has changed was conducted. Find the range of values of x such that the
null hypothesis is not rejected. [3]

10

(a) Find the number of ways in which the letters of the word MILLENNIUM can be
arranged if

(i) there are no restrictions, [1]

(ii) the first and last letters are the same, and the letters E and U must be separated.

(2]

Four letters are randomly selected from the letters of the word MILLENNIUM to
form a code word. Find the number of possible code words that can be formed.

(2]

(b) Mr See (together with his wife and daughter) and Mrs Saw (together with her
husband and two sons) came to visit their former teacher Mdm Rain during
Millennium Institute’s Homecoming Day. Find the number of ways Mr See and his
family, Mrs Saw and her family, and Mdm Rain can be arranged if

(i) they are around a table with ten indistinguishable chairs, such that the children
are seated together. [2]

(i) the two empty chairs are removed and Mr See’s daughter is seated between
her parents and the See family are to be seated directly opposite Mdm Rain.

(3]

11

In this question you should state clearly all distributions that you use, together with the
values of the appropriate parameters.

The number of people queuing to buy coffee at CoffeeVille in a period of 1 minute during
lunch hour (12pm to 2pm) is a random variable with an average number of 2.9.

State, in context, a condition under which a Poisson distribution would be a suitable
probability model. [1]
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Assume that the number of people queuing to buy coffee at CoffeeVille in a period of 1

minute during the lunch hour follows the distribution Po (2.9) .

(@
(i)

(iii)

(iv)

(v)

State the most probable number of people queuing in 1 minute. [1]

Find the probability that in a period of 3 minutes, there are at most 5 people queuing
to buy coffee. [2]

N periods of 3 minutes are taken. Given that the probability that at least 7 periods
of 3 minutes have at most 5 people queuing to buy coffee is more than 0.99, find
the least value of N. [3]

A random sample of 120 periods of 3 minutes is taken. Using a suitable
approximation, find the probability that more than 12 periods of 3 minutes have
exactly 4 people queuing. [3]

Explain why the Poisson model would probably not be valid if applied to the
operating hours of CoffeeVille from 11am to 10pm. [1]

— End Of Paper -
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ANNEX B
MI H2 Math PU3 Preliminary Examination Paper 2

1 |Equations and (1)
Inequalities

(—0.88361,| 1.56) /

(2.8856. 1.
15) (2.8856. 1.56)
i }x

R o (4,b)

(2.0)

(1) -0.886 < x<2.89 (3 s.f)
(iil) x<1.06 (3 s.f)

2 |Complex numbers (1)
Lace)
0 > R.t(f)
3 o
drj z :,
|z -2424] =
(ii)z=§—( 2+£Ji,
2 2

(i) O <arg[z +3i] £0.927 3 5.0

3 |Maclaurin series ()i y = x_%xz +§x3 +

(a)(iii) 2

4 |Vectors 1
irl 1|=-3
-2
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2
3
(i) ON =| -1

3
3

1
3

7~ N\

(iii) OA' =| -2
a1
3
) 1
iv) a=—-—
(iv) a 1
-4 4
vy r=| 1|{+£2]|, L0~
0 3

(vi) Either: the three planes are the sides of a triangular
prism. OR: 77, is parallel to the line of intersection of 77,

and 77,, but does not contain it,

b=—§,c¢6
4
Sampling (i) _ 500 _ 10
50

Since k =10 > 8= number of Indian boys available, there
is a possibility the Indian boys may not be represented.

Systematic sampling does not ensure equal proportions
of students being taken from each strata.

P&C, Probability (i) p=45
(i1) As the percentage of boys in the survey increases, the
percentage that a girl wears spectacles decreases.

Normal Distribution (i) u=240, 0=12.5

(i1) 0.00200

(iii) 0.129

(iv) It will not follow normal distribution as the mass of
a randomly chosen vegetable from a basket containing
an equal number of broccoli and carrot follows a
bimodal distribution.
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NORHAL FLOAT AUTO REAL RADIAN HP n

)
(i) y=alnx+b

(iil) y =4.01+14.5Inx (3 s.f.)

(iv) The expected value of y when Inx is 0 is 4.01.

For every increase in In x by 1 unit, expected value of y

increases by 14.5 units.
(v) y=25.9, Reliable because x = 4.5 lies within the

data range and |r| is close to 1

Hypothesis Testing

() x=176, s> =17.9 (accept 17.2)

(i1) p-value = 0.156 (accept 0.149)

(iii) p-value is the smallest level of significance for which
the null hypothesis of the mean number of rainy days per
year is 178 will be rejected.

(iv) 176 < x <180

10

P&C, Probability

(a)(i) 226 800
(a)(ii) 15120
(a)(last part) 876
(b)(1) 15120
(b)(i1) 48

11

DRV

Average number of people queuing to buy coffee is a
constant

(12

(i1) 0.135

(iii) 104

(iv) 0.00135

(v) Mean number of people queuing varies throughout
the day.
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H2 Further Mathematics 2017 Midyear Exam Paper 1 Solution

1

The curve C has the equation 4(x—1)> +9y* =36.

(i) Sketch, for y >0, the curve C, stating the coordinates of the end points and the
turning point. [3]

(ii) By adding a suitable graph to your sketch in part (i), solve the inequality

_1\2
2\/[1—%}+2—(x—1)220. [2]
. . (e -1)>° Y
(iii) Hence, solve the inequality 2V 1—T > (e —1) -2. [2]
Solution:
(1)

(—0.88561,| 1.56)

P 2.8856, 1.5¢
Tl el
_ 3X

o o (40 7

(-2,0) ©

4(x-1)>+9y* =36
, _36—4(x-1)
y i ——

9 ¥
2 (x=1)?
=4|1-
=5
y:2,/1—(x;1) (for y = 0)

(i)
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2,/1—(x;1) +2-(x=1)220

(x-1)°

2./1- >(x-1)>-2

The suitable graph to be added is y=(x—1)>-2.
From the graph, —0.88561< x <2.8856
-0.886 < x<2.89 (3 s.f)
(iii)
By comparison, x - e*
0<e’<2.8856
Ine* <1n2.8856
x<1.06 (3 s.)

Two loci in the Argand diagram are given by the equations

|z—2+2i|:1 and argz:—%[.

The complex numbers z andz, , where |Zl|<|22 , correspond to the points of

intersection of these loci.

(i) Draw an Argand diagram to show both loci, and mark the points represented by

z, and z, . (3]

(ii) Find the two values of z which represent points on |Z—2+2i| =1 such that

|z=z|=|z-2z,). [4]

(iii) Given that the complex number w satisfies [w—2+2i|<1 and argw< —%T, find

the range of values of arg(w+3i). [3]
Solution:
)
|z-2+2i|=1=|z-(2-2i)| =1
=
argz = ¢
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T i)
Ay
M
|
— 2 L R, fz)
ﬂ \‘\{,}\"—' neve j
\\[f_: z,
B Nz 2
/ i _
\ Aozy) Dema=-Z
\ ’ I! d
E;?("--’ e e
(i1)
The 2 values of z are as indicated as P and Q on the diagram.
m
b=(1)COSg . a=(1)sing
b:ﬁ b:l
2 2
At Q: z:(2+lj— 2—£ i
2 2
At P: z=(2—lj— 2+£ 1
2 2
The 2 values of z are
5 V3 V3

2

(iii)

2-—-=

|

i and zzi—
2 2

2+2

)

Smallest value of arg [z - (—3i):| =0
Since a = £,

Largest value of arg[z - (—3i)] = 2tan_1% =0.927 (3 s.f)
D0<arg[z+3i]<0.927 3.0
(a) Itis given that tan”' y =ln(1+x) .
. dy _ 2
(i)  Show that (1+x)a—1+y . [1]
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(ii) By successively differentiating this result, find the Maclaurin

series for tan [ln (1 + x)] , up to and including the term in x’. [3]

(iii) Itis given that f(x) =e" tan [ln (1 + x)] . Using your answer to part (a)(ii),
estimate the value of f '(%J ) [3]

(b)  The diagram shows triangle ABC, where AC=k cm, BC=hcm,
0 BAC :’—3T+9 and DABC:%

Zio
3

Given that @ is a sufficiently small angle, show that

%:%[zmue-(m)eﬂ]. 3]

Solution:
€))
tan”' y=In(1+x)

Differentiating both sides with respect to x :
1 dy_ 1

1+y dx 1+x

(1+ x)(jl—di =1+y’ (shown)

(i)
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dy 2
1 —=1
( +x)d)c ty

Differentiating both sides with respect to x:

d’y d d & d
(1+x)af+ay:2yay:>(1+x)af+(1—2y)ay:0

Differentiating both sides with respect to x:

&y & d dyY
()3T va-2m 2 (2) £ ] =0

3

2 2
(1+x)%+2(1—y)ﬂ—2(9j =0

dx? dx
2 3
Whenxzo,yzo,ﬂzl,d—f:—l,d—fﬂ
dx O dx dx’

2 3

- _nx X
P =0+ DX+ (DA

1 2 2 3
yEx——x"t+—x +..
2 3

(iif)
f(x)=e" tan [ln (l + x)]

f(x) =x+lx2 +2x3 +...
2 3

f'(x) =1+x+2x> +...

2
f' l :1+l+2 l
2 2 2

(b)

+
n
[\]
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2.
=

VY

2.
=

VR

n

> > > x> x>
o |

Wiy =|wy
bl

_\3_\B¢ 6

+—
2 4 2

= (2V3+20-5¢)

o Blm Bl B &

(\/5 +6 —g 02] (shown)
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1 1

The plane 77, contains the line /,:r=| 2 [+A| 1|, where A[--, and is parallel to the

(ii)

(iii)

(iv)

(v)

(vi)

3 1

1 2
line ,:r=|0|+u| 0|, where uJ---.
1 1

Find the vector equation of 7z, in scalar product form.

(2]

Find the position vector of the foot of the perpendicular from the point A (1, 0, 1)

to the plane 77,. [3]

Find the position vector of the point A’, which is the reflection of A about 77, .[2]

1 1
Given that the angle between [, :r =| 1 [+a| —1 |, where a [l---, and the plane
1 0

T, :ax+2y—z=3,where all--- is g,findthevalueofa.

(2]

Find the line of intersection between the planes 77, and 7,.

(1]

7T, has equation bx+y+z=c, where b, c[]---. Given that 77, 77, and 77, have

no points in common, describe the geometrical relationship between the three
planes. What can be said about the values of b and ¢?

[3]

Soluti

(1)

on:
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1 1
ly:r=]0|+a| 1|,al
1 -2
1+a
ON=| «a , for some aJ---
1-2a

Since N is the intersection point of line AN and plane,
I+a 1

a 1(=-3
1-2a ) \ -2
l+a+a-2+4a=-3
1
a=-—
3
2
3
ON =| -1
s
3
Method 2:
1 1
1 1
1
AN =| AB -~  where OB=|2
V6 | V6
3
1 1
1 1
1 0 ) )
ON=|0|+||2|B—=£ |~~~
V6 | V6
1 2
2
3
ON =| -1
s
3
(i11)
- ﬁ-}-_;
ON=0A OA
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1
3

OA'=20N-0A=|-2

wl

@iv)
il 2 1=3
-1
1 a
=10 2
G- 0)(-1
T (v2)(v(a* +4+1))
Since 8 = I—T,
4
Q _ |a - 2|
2 (V2)v(a® +5)
\/((12 +5) =|a-2|
(a2 +5) =a’—4a+4
1
a=—-—
4
(v)
Using GC:
Equation of line of intersection:
-4 4
;:: 1 |+42|,p50--
0 3

(vi)
Geometrical interpretation:
Either: the three planes are the sides of a triangular prism

OR: r, is parallel to the line of intersection of 77, and 77,, but does not contain it.

b b) (4

hir 1|=¢c, |1 2=0:>b=—%
1 1)1(3

-4\ (b

1|01 |Fc=>c#6

0)\1

Resilience Primary School has 500 students who are either Chinese, Indian or Malay, as
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seen in the table below.

Chinese Indian Malay
Boys 114 8 93
Girls 122 77 86

The National Eye Centre wishes to conduct a survey at Resilience Primary School to find

out the number of hours students spend on electronic devices each week, using a sample
of 50 students.

(i) Explain how stratified sampling can be carried out in this context. [2]
(ii) Give two reasons why systematic sampling may not be appropriate. [2]
Solution:
@)
Chinese Indian Malay
Boys U4 so=11] B2xs0=1 | 2.x50=9
500 500 500
Girls 122, 50=12] 7 x50=8 | 20 x50=9
500 500 500

Split the students into the stratas for Chinese, Indian, Malay boys or girls as shown in
the table above. Arrange the students within each strata in alphabetical order (for
example). Using simple random sampling, obtain the required number in each strata.

(ii)
500

k=2—=10
50

Since k =10 >8 = number of Indian boys available, there is a possibility the Indian boys
may not be represented.

Systematic sampling does not ensure equal proportions of students being taken from
each strata.

In another survey conducted by the National Eye Centre, it was found that p% are boys
and the remaining are girls. The probability that a randomly chosen boy wears spectacles
is 0.3 and the probability that a randomly chosen girl wears spectacles is 0.24.

(i) Find the value of p, given that the probability that a randomly chosen child wears
spectacles is 0.267. [2]

(ii) For a general value of p, the probability that a randomly chosen child that wears
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spectacles is a girl is denoted by f ( p) . Show that f ( p) = M . Prove by
(400+ p)
differentiation that f is a decreasing function for 0 < p <100, and explain what

this statement means in the context of the question. [5]

Solution:

p B = Boys
0.7 s G=Girls
0.24 S S = wear spectacles

S’ = don’t wear spectacles
0.7 S’

p p _
L (0.3)+]1--£ |(0.24)=0.267
100( )+( 10())( )

0.0006 p =0.027
p =45
(i)

0.24(1 —15())
P (Girl | spectacles) =

0.3(”}0.24(1—")
100 100

_0.24-0.0024p
0.003p+0.24-0.0024 p
_0.0024(100 - p)
~0.0006(400+ p)

.+ (400+ p)(-4)-(400-4p)

r'r)= p(400+ ) -
-2000

(400+ p)’

Since (400+ p)’ >0,
~2000

f'(p)=——s

(7) (400+ p)’

[Jf is a decreasing function.

<O’ Dp[j.

Context: As the percentage of boys in the survey increases, the percentage that a girl
wears spectacles decreases.
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In this question you should state clearly all distributions that you use, together with the

values of the appropriate parameters.

The mass, in grams, of broccoli and carrots are normally distributed with means and
standard deviations as shown in the table below.

(@

(i)

(iii)

(iv)

Mean (g) Standard deviation (g)
Broccoli H o
Carrot 180 15

Given that the probability that the mass of a randomly chosen broccoli does not
exceed 250g is 0.788 and the probability that the mass of a randomly chosen
broccoli exceeds 236g is 0.625, find the values of / and o . [3]

Find the probability that the mass of a randomly chosen broccoli lies within 5
grams of a randomly chosen carrot. [2]

120 broccoli are randomly chosen. Using a suitable approximation, find the
probability that there are fewer than 90 broccoli with a mass not exceeding
250g. [3]

Determine, with explanation, whether the mass of a vegetable chosen randomly
from a basket containing an equal number of broccoli and carrots follows a normal
distribution. [1]

Solution:
Let X and Y be the random variable, the mass of a broccoli and the mass of a carrot
respectively

X ~N(u.0%). v ~N(180,15?)
(i) P(X <250)=0.788

P(ZS

250—-u
g

250 - u
g

J =0.788

=0.79950

M +0.799500 =250 —-—(1)

P(X >236)=0.625

P(ZS

236 U

236 -1
g

J =0.375

=-0.31864

H—0.318640 =236 ———(2)
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Using GC:
1 =23999=240 (3s.f.)and 0=12.521=12.5(3 s.f.)

(i)
X -Y ~ N(59.99,381.78)

P(|X -Y|<5)=P(-5< X -Y <5)
=0.00200 (3 s.f.)
(iii)

Let W be the random variable, the number of broccoli with mass not exceeding 250g

W ~ B(120,0.788)

Since n=120>50, np =94.56 >5, nq =25.44>5
W ~ N (94.56,20.047) approx.

P(W <90) =P(W <89)
= P(W < 89.5) (using Continuity Correction)
=0.129 3 s.f.)
(iv) It will not follow normal distribution as the mass of a randomly chosen vegetable

from a basket containing an equal number of broccoli and carrot follows a bimodal
distribution.

The table gives the values of eight observations of bivariate data, x and y.

x 1 3 4 5 6 7 8

y 5 1 18 23 28 31 33 34

[§S]

e}

(i) Draw a scatter diagram for these values, labelling the axes clearly. Determine the
outlier by labelling it as P in your scatter diagram. [2]

(ii) By omitting P, explain if y=ax’+b or y=alnx+b is the better model for the
data. [2]

(iii) Using the more appropriate model found in part (ii), calculate the equation of the
least-squares regression line. [1]

(iv) Interpret, in the context of the question, the least squares estimates of a and b. [2]

(v) Use the regression line found in part (iii) to predict the value of y when x = 4.5.
Comment on the reliability of your answer. [2]

Solution:

@
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NORHFIL FLOAT AUTO REAL RADIAN HMP n

g

w
B

mimramren

l|l||'|||"""'

w

+—+P

+

-

—
—
—
+

m«-—————-————«‘»

m
(Y

(i) y=ax’+b: r=0.880(3 s.f.)
y=alnx+b: r=0.994 (3 s.f.)

Since y =alnx+b has |r| closerto 1, y =aln x+b is the better model.
(i)

y=4.0144+14.5181In x

=4.01+14.5Inx (3 s.f.)

@iv)
The expected value of y when Inx 1s 0 is 4.01.
For every increase in In x by 1 unit, expected value of y increases by 14.5 units.
v)
Atx=4.5, y=4.0144+14.5181n(4.5) =25.9 (3s.1.)

Reliable because x = 4.5 lies within the data range and |r| is close to 1

Based on past records, the mean number of rainy days per year in Singapore was
reported as 178. The authorities suspect that due to global warming, the number of rainy
days has changed. A random sample of 12 years is taken and the number of rainy days
per year, X, is summarised by

D (x-8)=2017.7, > ¥’ =372500.

(i) Calculate the unbiased estimates of the mean and variance of X. [2]

(i) Test, at the 5% level of significance, whether the mean number of rainy days per
year has changed. State any assumptions used in your calculations. [4]

(iii) Explain, in the context of the question, the meaning of the p-value. [1]
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(iv) The population variance is found to be 9 and the assumption used in part (ii) holds
true. A test at the 5% level of significance whether the mean number of rainy days
per year has changed was conducted. Find the range of values of X such that the
null hypothesis is not rejected. [3]

Solution:
1

_ 20177
x —_

+8=176.14=176 (3 s.f.)

_ 1 3 2
‘ﬁ(372500 12(176.14)’)

=17.855=179 (3s.f.)

Method 2
> x=2017.7+8(12) =2113.7

2
:i{m s00- 21137)° ]
11 12

=17.214=17.2 (3sf)
(i1)
Let X be the random variable, the number of rainy days per year in Singapore
H,: =178
H, :u#178

Assume H is true. @ =0.05. Assume X follows normal distribution.

Since n =12 <50, population variance unknown,
T~ t(l 1) approx.

2 tail t-test used.
Method 1:

Using GC, p-value = 0.156 (3 s.f.) > 0.05 if s? =17.855 used
[Alt: p-value = 0.149 (3 s.f.) > 0.05if s> =17.214 used]
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Do not reject H,

Method 2:
Test-statistic value: I=M =-1.52 (3s.f)if s*=17.855 used
17.855
12
[Alt: z‘=M =-1.55 (3 s.f.) if s =17.214 used]
17.214
12

Critical region: 1 <-2.20 (3 s.f.) or r=22.20 (3 s.f.)
Since test-statistic does not lie in the critical region, Ho is not rejected.

There 1s insufficient evidence at 5% level of significance to conclude that the mean
number of rainy days per year has changed.

(iii)

Either

p-value is the smallest level of significance for which the null hypothesis of the mean
number of rainy days per year is 178 will be rejected.

Or
p-value is twice the probability of obtaining a test statistic less than or equal to —1.52,
assuming the null hypothesis of the mean number of rainy days per year is 178 is true.

(iv)
H,: =178
H, :u#178

Assume H, is true. Since X is normal,
X ~N| 178, 3)
12
2 tail z-test used.
Since H, is not rejected at the 5% level of significance,

_1.9600< =178 1 9600

(\/(?jj
4

3)_= 3
—1.9600\/(Zj <x-178< 1.9600\/(Zj

176 <x <180 (3 s.f.)

10

(a) Find the number of ways in which the letters of the word MILLENNIUM can be
arranged if

(i) there are no restrictions, [1]
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(ii) the first and last letters are the same, and the letters E and U must be
separated. [2]

Four letters are randomly selected from the letters of the word MILLENNIUM to
form a code word. Find the number of possible code words that can be formed.

(2]

(b) Mr See (together with his wife and daughter) and Mrs Saw (together with her
husband and two sons) came to visit their former teacher Mdm Rain during
Millennium Institute’s Homecoming Day. Find the number of ways Mr See and
his family, Mrs Saw and her family, and Mdm Rain can be arranged if

(i) they are around a table with ten indistinguishable chairs, such that the
children are seated together. [2]

(ii) the two empty chairs are removed and Mr See’s daughter is seated between
her parents and the See family are to be seated directly opposite Mdm Rain.

[3]

Solution:
(a)(i) No. of = £—226800
a)(i) No. of ways = oY
RN
/v_ Y ¢ .
M,LL, N M, L L, N
No. of ways = ‘C,x———x"C, x2!
212121
=15120
(a)(last part)
Case 1: 2 Repeats
|
No. of ways = *C, ><i =36
2121

Case 2: 1 Repeat
!
No. of ways = *C, x°C, X% =430

Case 3: No Repeat
No. of ways = °C, x4!1=360

Total ways = 876
(b)®)

8!
No. of ways =

8(2!)

x3!
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=15120
(b)(i)

!
No. of ways =%x2!x43

= 48

11

In this question you should state clearly all distributions that you use, together with the
values of the appropriate parameters.

The number of people queuing to buy coffee at CoffeeVille in a period of 1 minute
during lunch hour (12pm to 2pm) is a random variable with an average number of 2.9.

State, in context, a condition under which a Poisson distribution would be a suitable
probability model. [1]

Assume that the number of people queuing to buy coffee at CoffeeVille in a period of 1
minute during the lunch hour follows the distribution Po (2.9) .

(i) State the most probable number of people queuing in 1 minute. [1]

(ii) Find the probability that in a period of 3 minutes, there are at most 5 people queuing
to buy coffee. [2]

(iii) N periods of 3 minutes are taken. Given that the probability that at least 7 periods
of 3 minutes have at most 5 people queuing to buy coffee is more than 0.99, find
the least value of N. [3]

(iv) A random sample of 120 periods of 3 minutes is taken. Using a suitable
approximation, find the probability that more than 12 periods of 3 minutes have
exactly 4 people queuing. [3]

(v) Explain why the Poisson model would probably not be valid if applied to the
operating hours of CoffeeVille from 11am to 10pm. [1]

Solution:
Average number of people queuing to buy coffee is a constant

(1) Let X be the random variable, for the number of people queuing to buy coffee in 1
min.

X ~Po(2.9)

Using GC:
Mode =2
(i1)

Let Y be the random variable, for the number of people queuing to buy coffee in 3 min.
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Y ~ Po(8.7)

P(Y<5)=0.13516=0.135 (3s.f.)
(iii)

Let W be the random variable, for the number of periods of 3 min with ¥ <5

W ~ B(n,0.13516)

P(W=7)>0.99

1-P(W <6)>0.99

P(W <6)<0.01

Using GC:
N P(W<6)
103 0.0104 > 0.01
104 0.00947 < 0.01
105 0.00864 < 0.01

Least value of N is 104

(iv)

Let V be the random variable, for the number of periods of 3 min with Y =4

V ~ B(120, 0.039765)

Since n=120>50, np =4.7718 <5
V-~ Po(4.7718) approx.

P(V>12)=1-P(V <12)=0.00135 (3 s.f)
v)

Mean number of people queuing varies throughout the day.
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2017 NYJC Prelim Paper 1

A board is such that the n™ row from the top has # tiles, and each row is labelled from left to

- right in ascending order such that the /™ tile is labelled # , where n and # are positive integers.

1
1 2
1 2 3

n
. » n(n+1)(2n+1) ) _ . "
Given that ro= 6 , by finding the sum of the numbers in the »™ row, show

r=]

that the sum of all the numbers in » rows of tiles is é(n) (n+1)}(n+2). [4}

The curve C has equation 2x— )" = (x+p)’. -
()  Find the equations of the tangents to C which are parallel to the x-axis. [4]
(i)  The line / is tangent to Cat 4{2,-2). If the normal to C at the origin O meets / at the point

B, find the area of triangle O4B. [4]

Do not use a calculator in answering this question.

N Explain why the equation z° + az® + az+ 7= 0 cannot have more than two non-real roots,

where @ is a real constan. £

(ii) Giventhat z=-7 is aroot of the equation in (i), find the other roots, leaving your answers

' inthe form re'®, where >0 and ~z <8<z, {41

(iii) Hence, solve the equation iz’ +82z° —8iz—7 =0, leaving your answers in the form re
where >0 and —z <=7, (2]
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(i) By using the substitution x—1=3tan#, find J

1
—_— {x. . - [5]
Xt =2x+10

(ii)y Byexpressing x+3= A_(2x - 2) + B, find f

__ X3 4 [3]
VX' =2x+10 |

5

(i) By consxdenng f(r)-f(r+1), where (r)= 5 J_ . , find
+
St
(2J?~.+1)(2 r+l+1)
in terms of ». : : | i3]
ii H find ‘ : . 2
@ enee, b 2(2«/—4»1)(2\/” +1) . 2

(iii) Find the smallest integer n such that

Zn: \fr;+-ll~\)-r-i‘-2 <~_'01  R 3]
Eamraem e
The curve C has equation
' 2x+p
T a3y
where p is a constant.
{iy Find thé range of values df p for which C has more than one stationary point. [41

(ii) -~ Skeich C for p = 7, statmg the coordinates of the turning point(s) and the pomts of
intersection wrch the axes and the equanons of any asymptotes. _ [3]
(iii) By skewhmg a suitable graph on the same diagram, solve the mcquallty '
2x+7

1+ 12—-.17 '—“'-“'"'*'"'——-'— . . [3]
@Z-x)(x+3)
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The functions f and g. are defined by

0
Gi
(i)

. 2
fix—e’, xeR, x<0,

g:xl—)—lg, xelR, x#-3.

X+
Show that g~ exists, and define g™ in a similar form. 2]
State the solution set for gg~' (x)=x. [1]
Explain why fg~' does not ekist. [1]

Let the function /4 be defined by

h:xg(x), x<R, x<k,

where & is a real constant.

(iv)
v)

Given that £h™ exists, state the maximum value of £. [1]
For the value of & found in (iv),

(a) find the exact range of fh™, o [2]
(b) solve h(x)=h"{x). [2]

A curve ' has parametric equations

M
(it

(i)
(iv)

x=1+e+e", 2y=e~e’, teR.

(x=1)

Show that the Cartesian equation of Cis SR yi=1. | (2]
Sketch C, showing clearly the equations of any asymptotes and coordinates of the centre
and the point(s) where the curve cuts the x-axis. (3]
Find the exact area of the region bounded by C and the line x =1+e+e™. [4]

Find the volume of the solid of revolution when the region bounded by C and the lines
x =3 and y=4 isrotated completely about the y-axis. | [2]
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With reference to an origin O, a particle P moves in space with position vector
(A=p)i+{(1+24)j+(2~34)k . Another particle O moves along the line / with equation

3

) State the locusof P. . . - . L 1
(ii) Determine if the particles P and { can meet _ _ [3]
“(iii) - Find the shortest possible d1stance between P and Q. ' ' [2]

1 2
Anothet particle R moves a_long the line m with equation r =(k}+s[ —2 }, seR,wherekisa

0, \-3k
constant. : : [ & :
(iv) Find condition(s} satlsf ed by & if lines l and m are skew lmes 3]
(v) A particle is shot from X (0,-1,-5) perpendicularly toward the path of Q. Find the

coordinates of the point where it crosses the path of Q. : {2]

A car is travelling at a speed of 30 m/s on a road heading towards a perpendlcular train track

. which is elevated 30 m above the ground The front of the caris 40 m away from the track when

the front of the train fi rst crossed the road

- Ifthe train is travellmg at 20 m/s, show that the dlstance betwecn the front of the tram and the car

s J1300r —2400r+2500 m. I - 2]
(i) How fast is the front of both the train and the car separatmg 1 second later? | 2]
(i) Find the distance when the front of the train and the front of the car are closest. [4]

(i) Find the rate of change of the angle of elevatlon of the front of the train from the car 1

second later., . L - . e . (4]

- Suppose a point P on the rim of a wheel of radius 7 is mltlaily at the point Q. As the wheel roll

along the x -axis without slippage, the locus of P, known as a cycloid, has parametric equations

“given by

e : x=r(@-sing), y r(l cosé?) 6>0:
6) Sketch the locus of P for 0 <O <4z. - I 2]
ji) - Show that =~=c¢cot—. = . = o ' 3
) it | | | 3]
(iii) Show that thc_curvc'i_s a solu_tion_ to the differential equation [ayJ = 7 -1. I3] |
(iv) Find the exact area bounded by the locus'of P and the x-axis for 0 <x<27r. {4]

———END OF PAPER————
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2017 NYJC JC2 Prelim 9758/1 Solution

N Remarks
1 k 1 A handful of students
Sum of numbers in kth row = Zr =§k(k+1) )
r=1 1
Reduired ik(kJrl) wrote lek=§k(k+l),
equired sum=  ———~ r=
- 2
;‘1 ., without realising that &
- EZ(kz + k) is in fact a constant,
k=1
and the expression is
= La(ne1)@n+1)4 Sn(nr1) P
12 4 incorrect.
= La(n+1)(2n+1+3)
12
:%n(n+l)(n+2)
2(1) | Differentiating 2x—y* = (x+ y)’ (1)

implicitly with respect to x,
dy dyj
2-2y—=2(x+y)|l 1+—
v =2 y)[ ]

Where tangent is parallel to the x-axis, Z—y =0.
X

2:2(x+y)

y=1l-x (2)

Sub (2) in (1),
2x—(1—x)2 :(x+1—x)2
x*—4x+2=0

),

2
When x=2-+/2, y=1—(2—\/5)=—1+\/5
When x=2++2, y=1—(2+\/5)=—1—\/5

Many students stopped
at equation (2) and
incorrectly concluded
that it was the required

equation of tangent.
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2017 NYJC JC2 Prelim 9758/1 Solution

N Remarks
2(ii) dy [ dy}
2-2y—==2(x+y)| 1+—=
yoo= 2y I
dy
2= 2(x+y)+2(x+2y)—
dx
2= 2(x+y)+2(x+2y)d—y
dx
d_y 1= (x + y)
dx xX+2y
When x=0, y=0, — dly =0. This part was badly
dx
Hence normal to C at the originis y=0. done as many wrote
When x=2, y= 2, dy_ 1 the equation of normal
der -2 | to Cas x = 0, instead
Tangent to C at 4 (2,—2) s y=(-2)= _E(x_ 2) of 3 = 0. Due to this
Wherelthe normal and the tangent intersect, error, they were unable
2=- E(x -2) to obtain the required
x=-2 area.
Area of triangle OAB = %(2)(2) =2 units®
3(i) Since a is real, the polynomial equation has real coefficients, and thus all | Candidates showed
non-real roots must be in conjugate pairs. Since the degree of the | vague understanding of
polynomial is three, there will be 3 roots. The highest even number below | conjugate root theorem.
3is 2. Note that it does not
imply that there WILL
be complex conjugate
roots.
3(ii) P rat+az+7=0 If candidates sub in

(<7) +a(=7) +a(-7)+7=0
a=28
22 +82° +824+7=0
(Z+7)(22+Z+1)=O

—1+i/3
2

z=-Torz=

i2z _i2z

z=Te", e ,e 3

xX=a+bi and
x=a—-bi and proceed
to solve for a and b,
they will be penalised
as the complex
conjugate roots may
not even exist in the
first place.
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N Remarks
3(iii) —iz’ —82* +8iz+7=0

(iz)’ +8(iz)’ +8(iz)+7=0

From (ii), replace z with iz

i2r i2r
iz=7¢",e?% e ?
=>z=—i17¢", —ie 3 ,—ie ?
- S
=z=e 27", e %23 ,e %e 3
inir o ism

=z=Te?,¢e®,e®

4(i) x—1=3tan@
dx —3sec’ O Many candidates omitted the square
do root in the denominator when doing
J~ 1 dr = J~ 1 dx / the substitution or applying the trigo
[ _2x+10 ,(x—l)z L3 identity.
= I ! = -3sec’ 4 do
Apply \./(3 tan @) +3° . . :
2 _ Use the right angle triangle to give
tan’ 6+1=sec” & _I 1 3sec’ 0 do answer in terms of x.
et x—1:3tant9:>tanz9:xT_1

Remember the 3 jsec 0 do

modulus sign, =In |sec 0+ tan l9| +C //
arbitrary constant and |———
rewrite expression in |\/ X' =2x+10 x— 1|
=In + +C
terms of x. ‘ 3

|
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N Remarks

4(1) x+3=%(2x—2)+4

J. x+3 & Standard form integral

x/x2—2x+1 i 1 (x2—2x+10);+1

(r-2)+4 [(2x-2)(x* —2x+10) 2dx= 1 +C
N el L S T
Vx? =2x+10 e ) ?
_ I 2x-2 I 4 2 dr |
Vx"—2x+10 ) * 3\ Many students erroneously
3 A - applied the formula in MF26

= 1yx7—2x+10 + 4I dx when the form of the integral is

2 3 (x— 1)2 +3? not the same.

| ——— Ansin (i)

5(i) r F+
| f(r)_f(rﬂ):z\/\é_ﬂ_z\/gﬂ
(L) (24T )

(2vr +1)(2vr+1+1)
_ Nr=r41
(2vr +1)(24r+1+1)
: Jr—r+1
2(2\/;+1 2r+1+1) Z[f f(r+1)]
:f(l)—f(z)
+f(2)-f(3)

+f(n)—f(n+l)
£ (1)~ f(n+1)

_L o Nntl
3 2dn+1+1
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N Remarks
5(ii) Z.O: Jr=r+1 _hmi Jr=r+1
(2Vr+1)(2r+1+1) w247 +1) (24 +1+1)
r=1 r=1
1 [n+1 j Most students have the misconception
=lm| ————— that a fraction must go to 0 when the
oe(3 0 29n+l+] denominator goes to infinity. However,
note that the numerator goes to infinity
1 1 as well, thus the expression is
= r}gﬂlo 3 1 indeterminate until further manipulation
2+ N is done to get a clearer picture.
__ 1
6
iii 1 One may alternatively input
S(I ! I) 2}1 : Nr+l—=+r+2 2’” : \/_ —r+l the expression as a summation
= into the GC, but the calculation
- (2\/7"+1+1)(2\H"+2 +1) = (2\/;+1)(2\/V+1+1) of the sum for each n takes

much longer.

Z Jidrvl 12
- (2\/?+1)(2ﬁ+1) 3242 +1)
1 Aer2 142
"3 2dnt2+1 3(2V2+0)

\/5 Nn+2

o2 +1 2n+2+1

\/5 Nn+2
Need - <-0.1
22+1 2dn+2+1
Some students were not careful with
n V2 \Nn+2 the number of decimal places, thus
22 +1 B rnt2+1 | unable to compare the value with
56 20.099797 —0.1.
57 -0.100043

Using GC, least n = 57
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N Remarks
6(i) 3 2x+p Learn to use quotient
yElt—m—r
X" +x—-6 rule.
dy 2(x*+x-6)—(2x+ p)(2x+1)
dx (x2 +x- 6)2
Yo 2(x* +x-6)=(2x+p)(2x+1)=0
dx
27 +2px+12+p=0
4p° —4(2)(12+p) >0
P —2p-24>0
(p+4)(p—6) >0
p<—4 or p>6
6(ii) Iy 47 Write down all the
y=1 ( G 2)( |) Ya ; coordinates including
: the stationary points (in
i | this case) as stated in
---------- 1(—_132‘-‘—0—'2-5—5)-—-5——————————— V= the question.
(=5.16,0.785) )
|
6(iii) N T 2x+7 Sketch y=—/12—x"
(2—x)(x+3) on the same diagram
Dyt with the end points
Xt >_\J12—x2 touching the x-axis.

+—
(x—2)(x+3)

Sketch y =—/12—x" (as above)

Label both graphs
clearly using 2
different colours e.g.
blue, black or pencil.
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2J3<x<-3 OR -2.92<x<1.46 OR 2<x<2\3

7(i) :
yﬂ There is a need to
: draw the graph to
1 show that any
x= _3§ (0,—) 1 horizontal line will
| 3 cut the graph at
\ most once.
> X
y=0
To show that
function is 1-1,
there is a need to
e haveageneral
Every horizontal line y = & cuts the graph at most once. This implies g equation, y = k.
is one-one. Therefore g_lexists
. 1 This is different from
g Xk ;—3,xe]R, x#0 : “at only one point”,
Questl‘on asked for as the line y = 0 does
7(ii) {x eR|x# O} -~ | “solution set not cut the graph.
therefore answer must
7(ii —TR be written in sets.
(i) R, =D, =R\{-3},D;=R".
Since R . Dy, fg™" does not exist.
7(iv) | k=-3
7(v)
(@ XA 4

J, y=f(x)

v
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N Remarks
7(iv) h(x) =h" (x)
(b) h(x)=x
) Need to reject the other
=x root which does not lie in
x+3 to range x < -3.
X +3x-1=0 o —
Since x < -3, x = -3.30 (3sf)
8(i) (x- 1) = (e +e” ) =e¥ +2+e ¥
(2y = (e -e ) e
Hence (x—l) —(2);)2 —4
(x-1)°
2—2—y2 = 1
Alternative solution by students:
(x-1)+2y=2¢" __ (1)
(x-1)-2y=2¢" __ (2)
(1)*x(2):
()c—l)2 —(2y)2 =4e'e”’ =4
8(ii) Many students simply

Y

1,0)-.

drew the whole
hyperbola given by the
Cartesian equation in
(i) without taking into
account the original
parametric equations.
Note that one needs to
check the range of
values the x and y
coordinates can take.
Forall teR,
x=1+e'+e” >0.
Just key in parametric
equations in GC.
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xn Remarks
8(iii) | When x=3,3=1+¢'+¢’
e+e’ =2
t=0
When x=1+e+e', =21 (t=1:y>0,t=-1: y<0)
x=1+e'+e”’ Note that the integral
dx refers to the
d_x =g —e”! By symmetry -[ Y )
d¢ area either above the
x-axis (if y>0) or
tete — | -ax1s (1 'y
Area of required region =2 Ll ydx t;el:gv)the x-axis (if )
1 et_e_t t —t L y
__ZL) 2 (e__e )dt »

(Y

= Iol(ez’—2+e_2’)dt

1
:[leZt_2t_le—21j|
2 2,

=[%62—2—%62:|—0
=l(ez—e_2) 2

Alternatively (more tedious):

Area of required region

0

oot
10y 39

x=1+e'+e”’

—1 4
e+e

N
s 1”/

(1.0}~ \(3:0)
et€" \

X
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8(iv) ( Y 1)2 )
z v :
(x—l)2 =27 (1+y2) = __E ==
x=1+21+)* sincex>1 P S
4 Note that finding
Volume = ﬂJ.o x’dy —72'(32 ) (4) volume of revolution
) 5 when the curve is
= I (1 +241+ 7 ) dy—367x defined parametrically
0 is not in syllabus.
=335 units’ (3 s.f) Students can use the
parametric equations to
find volume but are not
expected to do so. You
should just use the
Cartesian equation.
9(i) _ (A-u 0 1 -1 Students are expected
OP={1+2u |=| 1 |+A| O |+u| 2 to identify that the
(2 —3/1] [ZJ [—J ( 0 } locus of P is a plane
Locus of P is the plane with equation and to give the correct
0 1 | equation (in any
r=[1]+i£0j+y(2} AueR acceptable form)
2 -3 0
9(ii) Many students made

1 -1 6
Normal of the locus of P (plane), [ 0 }{ 2 J = {3]
-3

HER

Hence the line / and the plane are parallel.

6 0)(6
Equation of the plane, r-| 3 |=| 1 |-| 3 |=7
2 2)(2
1) (6
1|-|2|=8%7
0)\3
Hence / is parallel to the plane and does not lie in the plane.
Hence points P and Q will never meet.

[Note that it is not sufficient just to show that / is parallel to the plane as
it may actually lie on it. One must still need to show that there is a point

on / that is not on the plane]
Alternatively, one can check that

calculation error in the
cross product. It is
strongly advised that
students check the
correctness by either
using the GC or simply
taking the dot product
between the resulting
vector and any one of
the two vectors and
verify that it is zero.
Fore.g.

e

The marker pointed
this out in the MY
exam but apparently it
has fallen on deaf ears
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N Remarks
1 2 6
1|4+¢—2|3|=7 forall teR.
0 =312
9(iii) | Shortest distance between P and Q is the distance between the line and | Many students used the
the parallel plane. wrong vector in this
1) (6 computation. Simply
1|-3|-7 take a point on /, say
0)12 2 (1,1,0) and compute its
6 T distance from the plane
3
2
9(iv) | Lines / and m are non-parallel. Hence k # 1. Students must
If the two lines intersect, understand that if two
1 2 1 2 lines are skew, then
kl+s| =2 |=|1|+t|-2| {forsome s,recRR they are:
0 -3k 0 -3 = Non-parallel
1+2s=1+2¢t (1) = Non-intersecting
k-2s=1-2¢t (2
35k = -3¢ (3) Students are expected
From (1), S=t N to justify that £ #1 is
Substituting S=t in (2), k =1 the. condition on k that
s=t and k = 1 satisfies (3) satlsfy the above two
Thus for the system of linear equations to be inconsistent, k # 1. requirements
Hence lines / and m are skew when k #1.
9(v) Let F be the foot of perpendicular from X to line /. Students must

SN\
{3
B3

~17+17t=0

=1

(1) (2 3

OF =| 1 |+]| -2 |=| -1

0) |-3) |-3
F=(3,-1,-3)

understand that XF and
not OF is
perpendicular to /.

F /
d //"\‘/
X
Therefore
XFed=0
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10

Let S be the distance between the front of the car and the train at time £.
s =~/x* +30% and x* = (40— 30¢)* + (207)*
5 =+/(40—301)* +(201) +30% =/13007> —2400¢ + 2500

10())

1
% = %(BOO[2 —2400¢ +2500) 2(2600¢ —2400)

When ¢t =1, E =2.67
dt

Generally ok. There are
still handful of students
not differentiating the
expression given.

10(ii)

At stationary point i_s =0
t

1
%(moof2 —2400¢ +2500) 2(2600¢ — 2400) = 0

2600t—240020:>tz%

2 1
% = % (1300¢ 22400t + 2500) 2(2600)

3
+(—%)% (1300¢> —2400¢ +2500) 2(2600¢ —2400)

TR

5= \/1300(%)2 —2400(%) +2500 = 19.884=19.9

10(ii)

Let the angle of elevation be 6
30

V130072 —2400¢ + 2500

cos 9% = —%(30)(1 300¢> — 2400¢ + 2500) * (2600¢ — 2400)

sin@ =

J(40-30)*+20°  [500

When t=1, cos@d = =
J1300-2400+2500 V1400

.40 _ _1(30)(1300—2400+2500)7(2oo)+ 129 0958 radss
a2 1400

(or =5.5°/s )

Most of the students are
not able to form the
trigo equation.
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11()

2r

0 2r

Arr X

Candidates often forget
to indicate the axial
intercepts. For those
whom had written
down the intercepts,
many simply wrote

27 and 47 without
the »

11(ii)

dx

&

dx B 1—cos®

— =r(l-cos), [ =rsind
de do

sind

do
formula

Use trigo identity

h ) /
2sin—cos—
2 2

2sin® Q
2

coS—
2

= =cot—
2

sin—
2

Some candidates did
not make use of double
angle formula and end
up using a long and
tedious method to
arrive at the given
answer

11(ii)

(d_y
dr

Thus La J ’

2
) = cot? 9_ cosec’ Q—l
2 2

1

= 1

formula

Use double angle

Sin2 g /
2
2 2r

1—cosé@ r(l—cos )

(dy\zzz_l

Badly done with poor
presentation. You are
required to prove that
( dy\ Cop

de ’ 1. Many
candidates started by
stating this equation
and proceed to prove.
This is not true! The
key is to apply double
angle formula.

11(iv)

27xr
Area = jo ydx

= IOZEr(l —cosf)-r(1—cosO)do

= rZJ.:”(l—2cos9+cos2 0)do

2z
rzf (§—2cosH+lcos26’)d6’
L2 2

2z
=7 é6’—2sin6’+lsin26’
2 4 o

2
=3xnr

dx

dx

=—df =r(1-cos@)dl

do

Use double
formula

angle

Many candidates are
unable to write out the
area expression in
parametric form
correctly.

A handful of students
did not integrate the
expression correctly.
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2017 NYJC Prelim Paper 2
Section A: Pure Mathematics [40 marks]
1 The position vectors of points A4 and B with respect to the origin O are a and b respectively
where a and b are non-zero vectors. Point C lies on O4 produced such that 404 = AC and point
D lies on OB produced such that OB = BD . The lines BC and 4D meet at the point M.

(i)  Giving a necessary condition for a and b, find the position vector of Af in terms of a
and b. : [5]
() If [a]=1and [b= 2, find the shortest distance of M from the line OC giving your answer

in the form k[a X bl where k is a constant to be determined. 2]

2 (a) Findthesetofvalues of & lying in the interval m%n <8< -é:z such that the sum to infinity

of the geometric series 1+ tan@ +tan’ @ +... is greater than 2. | [5]

(b)  The sum of the first » terms of a positive arithmetic sequence {x,} is given by the formula
S, =4n’ —2n. Three terms of this sequence, u,,#, and u,,, are consccutive terms in a

geometric sequence. Find . [4]

3 Itisgiventhat y=1In (cos ax—sinax), where g is a non-zero constant.

dy (&Y
(i) Show that ax—zj{a;) +a* =0. | [3]

(i) By further differentiation of the result in (i), find, in terms of a, the Maclaurin series for y,

up to and including the term in x°, - [3

(i) Hence show that when x is small enough for powers of x higher than 2 to be neglected
and a=2, then cos2x ~sin2x ~1+kx +kr® where £ is a constant to be determined.  [4]

(iv} Using appropriate expansions from the List of F ormulae (MF26), verify the correctness of

your answer in (iif). (2]

., Need a home tutor? Visit smiletutor.sg
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The growth of an organism in a controlled environment is monitored and the growth rate of the

~ organism is poportional to (N —x)x, where x is the popitlation (in thousands) of the organism

attime ¢ and N is a constant such that x < N . The initial population of the organism is %N .

() Find x in terms of ¢ and determine the population of the oi'ganlism in the long min, giving
your answer in termos of N. . - I D S [8]

Another model is proposed for the growth of the organism, which assumes the growth rate is

. . . S : £r o

purely a function of time and is modelled by the differential equation —=— = It
| - dr (4+97%)

predicts that the population of the organism will also evehtm’lly stabilise..
(i) Show that under this model, x= l_'lstan-‘ (32-’-] +§ .

Hence 'sta.te'_ _the_popolet_ioh of the orgamsm in the __Ioog i, giving your answer in terms of
N L e [6]

Sectlon B: Probablllty and Statlstlcs [60 marks]

From past records the number of days of hospltallzatlon for an individual wnh minor allment can
" be modelled by a discrete r_andom vaneble with p;'ob_ab_lllt_y densuy ﬁmctlon given by

: 6
2,
P(X x)— : .forx 1, 345

0’, ' othcmsc

An insurance pol:[cy pays $100 per day for up to 3 days of hospnahzatmn and $25 per day of

hospitalization thereafter.

) Calculate the expected payment for hospltallzauon for an individual under thls policy. [4]

(iiy The insurance company will incur a loss if the totai payout for 100 hosp1tallsatlon claims
under this policy exceed $24000 Using a suitable approximation, estimate the probablhty
that the insurance company will i mcur a loss for 100 sueh claxms _ 41

A teacher wants to randomly form two teams of 5 students from a group of 5 gxrls and 5 boys for

a sports activity. Two of the girls, Ann and Alice, are selected as team leaders Fmd the probability
that one team has exactiy 3 girls. - . | | 2]

- The ten students are seated at a round table of 10. Find the probabihty that
_ (i) : Ann and Ahce are not seated together S . . 2

(ii) no two of the remmnmg 3 gu'Is are next to each othe:r gwen that Ann. and Ahce are not

seatedtogether S e L [4]
- ' . 'Ne._ed-a home t_u_tor? Visit smiletutor.sg




25

7 In a large company, a small sample of # employees is obtained to find out their mode of transport
to work. The number of employees who ride the train to work is denoted by R. Assume that R has

the distribution B(», p).

(i) Given that n =10, find the value of p if the probability that 6 employees ride the train to
work is twice the probability that 4 employees ride the train to work. 3]

(i)  Given that p=0.25, find the largest value of » such that the probability that fewer than 2
employees who ride the train to work is more than 0.15. [3]

(iii) Given that n=11 and p=0.7, find the probability that at least 5 employees ride the train
to work if at least 3 employees do not ride the train to work. : [4]

8 (a) Comment briefly on the following statements:
() Flowers in a garden are watered and the product moment correlation coefficient
between petal size and the amount of water given is 0.073, so it follows that there is
no relation between petal size and quantity of water given to the flower. 1
() The product moment correlation coefficient between the risk of heart disease and
amount of red wine intake is found to be approximately —1. Therefore we conclude
that red wine intake causes the risk of heart disease to decrease. [1]

(b) The median age of residents in Singapore across the years are given in the table.

' Year (x) | 1984 | 1988 | 1992 | 1996 | 2000 ; 2004 | 2008 | 2012 | 2016
Median
age (»)

26.7 | 288 | 27.0 | 323 | 340 | 354 | 36.7 | 384 40..0

It is thought that the median age of residents in year x can be modelled by one of the
formulae

y=£+b, y:cln.x-kd,'
X

where a, b, ¢ and 4 are constants, _
(i) Plota scatter diagram on graph paper for these values, labelling the axis, using a scale
of 2cm to represent 5 years on the y -axis and an appropriate scale for the x -axis.

One of the values of y was quoted wrongly. Indicate this point as P on your diagram.
[2]

For parts (i), (i#i), (iv) of this question, you should exclude the point P.

(ii) Find, correct to 5 decimal places, the value of the product moment correlation
 coefficient between

(A) x'andy

(B) Inx andy. | 2]

(iif) Explain which model is more appropriate to predict the median age of residents in

' Singapore and find the equation of the least squares regression line for this model,

giving your answer to 2 decimal places. [2]

(iv) Explain why neither the regression line of x™ on y nor the regression line of In x on

v should be used to estimate the year when the median age is 30. | [1]

(v} Give a possible reason for the rise in the medffggR home tutor? Visit smiletutor.pg
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A manufacturing process produces ball bearings with diameters with known standard deviation
0.04 cm. Under normal circumstances, the manufacturing process will produce ball bearings of
mean diameter 0.5 cm. ' '

(i) During a routine quality control check, a random sample of 25 ball bearings gives a mean
' of 0.51 em. Is there evidence to believe that the manufacturing process is producing ball
bearings of the stated diameter? Perform anh appropriate test at 5% level of significance.
State a necessary assumption for the test to be valid. - f4]

. An enhancement on the manufacturing proc':e.ss. will ensure that the diameters of the ball béaringé

produced are less variable.
() Mcasuremcnts of a sample of 100 ball bearings gwe the following smnma.ry statistics:

Tx=50.6, T(x~0.5Y =0.08345.

'Show that the unbiased estimate of the population variance is 8.07x107.

Is there evidence at the 5% level of significance that after the enhancement, the

manufacturing process is producing oversized ball bearings? 4]
(iif} Another sample of 100 ball bearings yleid the same summary statistics as the previous

sample in (ii). Explain, with justification, whether the combined sample will give a different
conclusion to (if). | | S 43

The diameters of the bolts produced by two manufacturers Adand B follow a normal dlstnbutlon
with a standard deviation of 6.16 mm.

- The mean diameter of the bolts produced by manufacturer 4 is 1.56 mm. Of T.he bolts produced
~ by manufacturer B, 24. 2% have a diameter less than 1.52 mm,

(i) Show that the mean diameter of the bolts produced by manufacturer Bis 1.632 mm.  [3]

(ii) Find the probability that the diameter of a randomly chosen bolt from manufacturer A4
~ differs from the diameter of a randomly ¢hosen bolt from manufacturer B by less than 0.1

mm. . [3]
(iii) Find the probability that the total diameter of 5 randomly chosen bolt from manufacturer 4
is more than 5 times the diameter of a randomly chosen bolt from manufacturer B. [3]

(iv) A trading company buys 44% of ':i.ts stock of bolts from manufacturer 4 and the rest from

manufacturer B. A bolt is chosen at randotn from the irading company’s stock. Show that
the probability that the diameter of the bolt is less than 1.52 mm is 0.312. - S Bl

————END OF PAPER———
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OQn

| Remarks

1(7)

0—C=5a, @=2b

On the line AD, OM = u(2b)+(1- w)a
Since a and b are non-zero, non-paralle
5A=1- U 1 4

2u=1-1 = *Tg#%g

Thus @=§a+§b
9 9

Assume that a and b are non-parallel vectors.

Note that this is a condition on vectors, not points.

On the line BC, OM = },(Sa)+(1—ﬂ,)b/ You may use Ratio Theorem, or you may find direction

vectors BC and AD to find the respective lines.

| vectors, comparing coefficient

1(ii)

shortest distance = ‘OM X a’

Since a is a unit vector in the direction of OC,

cross product and dot product.
=‘(§a+§b}<a / axa=0, a-a=|a|2
9

Some students mixed up the properties for

9

8 . .
= 5‘3 X b] Note that distance cannot be negative. Always

8 ~____—| check your algebraic workings when your
k=— answers appear counter-intuitive.

2(a)

For sum to infinity to exist,

tan 6| <1 — AP
-l<tanfd<1

Most students failed to check the range of
values for |r| <1for sum to infinity to exist.

_£<6<z
4 4

1 >2
1-tanéd

O<1tan0<%\ Note:
For th

tan g > 2 = 6>0.464 In general, we should not cross multiply for inequalities
2 unless the term multiplied is strictly positive.

Many students cross multiplied to get 1> 2(1—tan 6?) .
iscaseitisokas 1-tand>0.

Since —%<9<1,

therefore {9 € R|0.464 < 6 < 0.786} oOr ¢

:(0.464,0.786) Set notation.
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

Qn

Remarks

2(b)

c
Il

| =5 =2=>a=8
,=5,-5,=10=d=8

» =a+(32-1)d =2+(32-1)8 =250
u

c C C

=82 _m _ constant
um u2 uzl

u,, and u,, are consecutive terms of GP

= (u,)* = (10)(250) = 2500
u,, =50 (since it is a positive sequence)
50=2+(M-)8=m=7

Alternatively,

u, = Sn - Sn—l
=4n’—2n-[4(n-1)*-2(n-1) |
=8n-6

Up _ Un

um l"|2

8(32)-6 8m-6

8m—-6 8(2)—6

(8m—6)" =(250)(L0) = 2500

m=7 or m=-5.5 (rejected as m is a positive integer)

3(i)

y =In(cosax—sinax)

e’ = cosax —sin ax

eyg—yz—asinax—acosax
X
d’y dy )’ .
ey—2+ey[—j =—a’cosax +a’sinax
dx dx
d’y dy )’ )
ey—2+ey(—j =-a’(cosax—sinax)
dx dx

A majority of students
produced very long,
tedious  and messy
calculations by direct
differentiation when the
calculation could have
been much simpler by
rewriting the equation into

the implicit form
e’ = cosax —sinax

and applying implicit
differentiation to obtain
the desired equation.
Students MUST learn

SMART WAYS of doing
math instead of using the
brute force method

Page 2 of 11
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

Qn Remarks
3(ii) dy dy ) d?y Fairly  straightforward
WJFZ e application of
Maclaurin’s theorem to
When x=0, y=0 obtain series expansion.
d? o
d_y__a, —z/——Zaz, —Z/——4a3
dx dx dx
y=-ax—-a’x’-=a’x*+
3(iii) In (cost _sin 2x) = ~2x - 4y2 _gxg e A number of st_udents did
3 not pay attention to the
) word  ‘Hence’  which
COS2X —Sin 2x ~ e ¥ % requires them to use an
(—2x _ 4y )2 X2 earlier result to deduce the
~ 1+(—2x —4x2)+—(since e* 1+ X+—) next result. Many simply
2! used the series expansions
5 of sin x and cos x from
1oy ay? o 72X MF26 which earn no
credit
=1-2x-2x*> where k=-2
3(iv) . (2x)? Some students forgot the
cos2x—sin2x=1--———(2x) e and Wrote
=1-2x-2x? COS2X —sin 2x

X2

=1-——Xx

2
Some used the double
angle formulae for sin 2x
and cos 2x which is not
necessary

Page 3 of 11
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

whenever the integral involves In.

Qn Remarks
40) 9X (N —x)x
dt
1 dx_
(N-x)x dt
1
dx=|kdt
J.(N—x)x -[
1 1 1
NI N—x +;d X=[kdt Remember to include the modulus sign

1
W(—In|N —x|+|n|x|):kt+C

L2 cksc
N N — X
X
In = Nkt + NC
N —Xx
X _ gNi+NC
N —x
X _ Ae™ where A=+e'C
N —X
When t =0, x:%N,
Al
2
X :leth
N-x 2
2x=(N-x)e™
x(2+e““) N e
Neth N
X=— equivalently, X = —————
2+ q y 207N

Alternative method (not recommended):

Page 4 of 11
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

Qn

Remarks

L dx_,
(N—x)x dt B

—IXL}Nde:Ikdt

-dx=[kdt

2
_N)Y_N
. 1 in| ? |kt C
2(%) ‘(X—7)+?
—ﬂimX_N —kt+C
N X
R S I
N N —x
In( X
N —Xx

1

m( X j:NH—MZ
N —Xx

When t=0, x==N , InlzNC:C:—ian
3 2 N

_—
-

=Nkt+NC since0O<x<N |

We can remove the modulus sign by
taking into account the range of
values the variable x can take

m( 2"j:th
N — X
2X _ Nkt
N —x
x(2+eM)=Ne™
Neth
X = equivalently, X = ————
2+ e q y 20 M1
As T > , X:%—) N
2 +1
Page 5 of 11
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

Qn Remarks
(ii) dzx ot
(4+9t )
Integral —dt is of the form
adt=[—— orl | (4+0t?)
I J'f'(t)[f (t)]ndt where n=-2 .
- 4+9t ) I -
Some students wrongly express the integral as
%—1( 1 j+A A dt
dt 2\ 4+0t? EI4+9t2+ '
dx t==] L 2dt+jAo|t Note that ji(%jm dt:ij L 2adt.
dt 27 4+0t 2\ 4+9t 27 4+9t
_1 di+ [ Adt Thus it is recommended to express as two separate
( ) +t2 +I integrals as shown in the solution.
L Yt adB To find
183 3
1 3t coefficient of t* to be 1 before applying formula in
=Etan (2]+At+B MF26. Thus s
Since the population stabilises in the .[ L . dt:lj. 21 . dt:%tanl(éJ:Etanl[ﬁj
long run, as t — 0, x — finite value, 4+9t 97(2) +t 3 5) 2 2
A=0
1 N andn_otJ' ! . dtzj';2 dtzltanl(ﬁj.
When t=0, x=§N, B:? 4+ 2% +(3t) 2 2
1 1(&} N
Hence X=—tan | — [+—
12 2) 3
When t — o0, tanl(ﬁjaz
2 2
Hence x—>1+ﬁ.
24 3
5(i) Let Y be the payment for an individual. The probability table is as | Candidates must read the

follows:

question  carefully to

y 100 200

understand the payment

350 scale, and thereafter to

300 325

P(Y =vy)

Wl
H
ol
(&)

write down the probability
table for Y correctly. Note

1 4 1

= 2131
3

E(Y)=100-=+ 200-—+3OO-—+325-£+350-i
3 15 5 15

that there is no linear
relationship between Y
and X . Thus working out
15 E(X) will not obtain any

credit.
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

Qn

Remarks

5(ii)

1 4 2

E(Y?)=100% -2+ 20072 13002 L 1 3052. 2 L3502 L
3 15 5 15 15

=54250

Var(Y) =E(Y?) - [E(Y)] =8738§

Since n=100 is large, by Central Limit Theorem,

100
T=>)Y, ~ N(21333.33,873888.89) approx.

i=1

Prob. Req'd = P(T > 24000)
~ 0.00217

1

Note that E(Y?) is not the

variance of Y . Further,
candidates are reminded
that you should not
assume that Y s
normally distributed.
Central Limit Theorem is
necessary to obtain the
approximate distribution
of X,.

3 5
Probability required = % _5
C, 7

°C, x °C, - choose 2 girls
from the remaining 3
girls and 2 boys from 5
boys for the group with
exactly 3 girls. Multiply
by 2 because this group
can be Ann or Alice’s
group.

This is a conditional
probability as Ann and
Alice must be the team

leaders, thus °C, .

6(i)

8-1l°c, 2! 7

Required probability = 101! 9

L0127

10-1! 9

Insertion method or apply
Principle of
complementation
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

Jn Femarks
6(ii) | Let.X'be the event that the remaining 3 girls are separated. Not possible to list out all
Let Fbe the event that Ann and Alice are not seated together. the '
P(X|F)= M
P(T)

_P(X)-P(XnT
P(T)

(7-1)r°C, 3 (6-1)121°C, 3!
Qo-n!

T | P(R=6)=2P(R=4)

e p*(l-p) =2"Cp*(1-p)

J1_',|'l = 1‘_1 __P:|1
r—4p+2=0
p-0.586
?{ii:] R'__B.l:rh DEJI :::15-:& |:|.|:|7|T FOTd FISL EADEEH HF

P(R<2)>0.15

P(R=1)>015 |
13 vl
FH-
n=12 ¥=12
Page 8 of 11
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

Qn Remarks
7(iii) R~B(1l 0_7) 2 major errors seen in the
students’ scripts.
P(R >5|R<8)= P(R>5and R<8) 1._FaiIL_Jre to recogni§§ that
P(R<8) this is a conditional
probability.
_P(5<R<8) 2. Failure to count the
P(R<8) number of cases for the
numerator.
_P(R<8)-P(R<4)
B P(R<8)
=0.969
8(a) | The value of 0.073 indicates that there is a weak linear correlation Quite  a number of
(i) between petal size and the amount of water but there could be some students state that there is
non-linear relation. still some weak linear
correlation.
8(a) | The approximate value of -1 indicates that there is a strong negative
(i) linear correlation between the risk of heart disease and amount of red
wine intake. It does not mean that red wine intake decreases the risk of
heart disease.
8(b) 45 Wrong scale is used by a
(1) handful of students.
__ 40
3
&
Z 35
g
= 30
O P
25
1984 1988 1992 1996 2000 2004 2008 2012 2016
Year (x)
8(b) | For Model A, Quite a number of
(i) r =-0.9985438 = 0.99854 students chose model B
For Model B, instead of A simply
r=0.9984431=0.99844 because r is positive.
8(b) | Model A as the | r| value is closer to 1.
| The suitable regression line is y = 848.24 _1629165.57
8(b) | This is because age (x) is the controlled variable Badly answered. Students
(iv) are not able to identify

controlled variable.
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2017 NYJC JC2 Preliminary Examination 9758/2 Solution

Qn Remarks

8(b) | Therise in the median age is due to the drop in the growth of the

(V) population.

9(i) To test On the whole, this
H,: =05 Two-tailed test as the question asked question was badly done.
H,:u#05 for the same diameter or not. Many candidates still

L showed poor presentation.
Level of S|gn|f|cange: 5% They have also illustrated
X -05 Under H,, we have assumed o
Under H, Z = ~N(0,2) - poor understandmg_m _the
0 0.04/+/25 that x=0.5. Thus we have to writing  of  rejection
Reject H, if p -value <0.05 ~—| replace x by 0.5. region/criteria. Common
Calculation: Note that the population mistakes include
X =051, p -value =0.211 variance is given for this part! | swapping 4, and X ;
Since p -value > 0.05, we do not reject H,. Thus there is insufficient identify H, wrongly.
evidence at 5% level of significance that the manufacturing process is
producing ball bearings of different diameters. /l .
Distribution of the diameter of the ball bearings is normal. —| AS sample size is small.

9(ii) | To test A handful of students
Hy: =05 identify this as a left tail
H,:u>05 test, resulting in a p -

Level of significance: 5%
X-05

s/~/100

Under H,, by Central Limit Theorem, Z = ~N(0,2) approx

Reject H, if p -value <0.05 We must obtain (x—0.5)

Calculation: | first before applying formula
X=0.506, =(x-0.5) =50.6-50=0.6

52 _i[Z(X—OB)Z _M}
n-1 n

2
- [ 0.08345-22 \
99 100

=8.07x10™"
p -value = 0.0173

Since p -value < 0.05, we reject H,. Thus there is sufficient evidence

at 5% level of significance that the manufacturing process is producing
oversized ball bearings.

Note that £(x—0.5)* is not

sample variance as 0.5 is not
the sample mean!

value that is more than
0.5. Note that for
hypothesis testing, it does
not make sense to have a
p -value that is more than
0.5. As a rule of thumb, if
X >, , we should test

H> My

Page 10 of 11
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Qn Remarks
9(iii For the new sample, X =0.506. . . For this part, candidates
w However, P Combined sample is NOT are supposed to either
) pooled sample. Please do not compute the p -value
52 = 1 2(0.08345) — (2(0.6)) /‘ use this formula at all! (It’s
199 200 for Further Math) after the samples are
combined, or give clearly
=8.02513%x10™* supported reason why the
Z...=2995, p-value = 0.00137 p -value will be smaller.
Since p -value < 0.05, we will still reject H,.
The conclusion remains the same.
10(i) | Let X denotes the diameter of bolt from manufacturer A. Candidates are expected
X ~ N(156 0162) to show full Working for
' this part as it is a ‘show’
Let Y denotes the diameter of bolt from manufacturer B.Y ~ N(z,0.16°) ?huee;trlgfrgrfggnrg:[ﬁghg 'S
Candidates who used
P(Y <1.52) =0.242 graphical method using
P(Z < 1-52—/1) 0242 did not explain the graphs
0.16 used and how the final
1.52—u answer is attained. Tables
0.16 =-0.6998836 = u =1.63198=1.632 should not be used when
dealing with a non-integer
value.
103i)) | W=X=-Y ~ N(L.56-1.632, 0.16? +O.162) Quite a few candidates
find the distribution of
P(W|<0.2) =P(-0.1<W <0.1) =0.326 W|instead of W, which is
conceptually incorrect,
and hence leading to a
wrong answer.
10(H) | X, +X, + X, + X, + X, —5Y ~ N(5(1.56)-5(1.632), 5(0.167) +5°(0.16)) | Mistakes on calculating
the correct variance were
P(X,+ X, + X+ X, + Xy > 5Y) not as common this time
=P(X, + X, + X;+ X, + X, -5Y >0) round as compared to
—0.341 Midyear exams.
However, poor
representation of the
variables is still
commonly seen.
10(iv) | P(X <1.52) =0.40129 Many candidates were

Prob. Req'd = (0.44)(0.4012) + 0.56(0.242)
=0.3120876
=0.312

unable to tackle this part.
Again, as this is a ‘show’
question, candidates are
expected to work out
P(X <1.52) =0.40129.
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NJC Paper 1

1

Giventhat p=2i+aj+k and q =i+ j+ 6k, where o is areal constant and w is the position
vector of a variable point I relative to the origin such that wxp =q.
(i)  Find the value of « . [2]

(i) Find the set of vectors W in the form {w:w =a+ ib,1 e R}. [3]

(@)  The sum, S, , of the first n terms of a sequence w1, ua, us, ... is given by § =3+77" (nz)

(i) Write down the value of z u, - [1]
r=1
(i) Find a formula for u, for n>2 and leave it in the form 77" g(n) ,
where g (n) is an expression in terms of 7. [2]

(b)  Show that Zn:(J‘O’ e"—e"! dx) =¢" +ne’! —(n + 1) .
r=1

0

20
Deduce the exact value of Z (

r=10

jr e —e! dx) . [5]

The diagram below shows two adjoining lines OA4 and AB where OA=a m, AB=bm and

2
obtuse angle OAB is En. C is a point such that OC and CB are perpendicular to each other,

T
BC =h m, and angle AOC is @ where O<¢9<g.

(i)  Show that

h=+a>+ab+b* sin(@ + a), where & is a constant to be determined in terms of @ and
b. [4]

It is given that a =1and b=2.

(i)  Find the rate of change of € when 0 = % and 4 is decreasing at a rate of 0.5 m  per

minute. [3]
(iii) When @ is a sufficiently small angle, show that # ~ p@* + ¢ + 3, where constants p
and g are to be determined exactly. [3]
Need a home tutor? Visit smiletutor.sg
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A researcher is investigating the elasticity of a new material. In the experiment, he stretched an
extensible string of length 30 cm using a machine.
Each stretch is followed by a contraction. The initial stretch leads to an elongation of 10 cm and

is followed by a contraction of 0.1 cm. The elongation resulting from each subsequent stretch is
— of' the elongation caused by the previous stretch. Each subsequent contraction is 0.001 cm less

than the previous contraction.

Q) Show that the length of the string after two stretches is 48.892 cm correct to 3
decimal places. 2]
(i) Find the length of the string after it has been stretched » times, in terms of ».
[3]

(ili)  The string loses its elasticity completely when contraction exceeds elongation in a
stretch. Find the minimum number of stretches for the string to lose its elasticity.

[2]

(iv) The researcher coats a new string of the same initial length with another material. Now
the string does not contract after every stretch while its elongation properties remain
unchanged. Justify why it is impossible for the string to be elongated beyond 140 cm.

[1]
Do not use a calculator in answering this question.
@ Showing your working clearly, find the complex numbers z and w which satisfy the
simultaneous equations
iz+w=2 and
w =244,
where w" is the complex conjugate of w. [5]

(b) The complex number p is given by a+ib, where a>0, b<0, a>+b*> >1  and

l(bj 2n
tan —|=——.
a 9

: 1 . ; o
(i) Express the complex number — in the form re'’ | where r is in terms of

p
aand b,and —-T< O <. [2]
(i) On a single Argand diagram, illustrate the points P and QO representing the

|
complex numbers p and — respectively, labelling clearly their modulus and

argument. 2]
(ilf)  Ttis given that ZOPQ = « . Using sine rule, show that |p|3 ~ ﬁ LA
20 2 243

where « is small. [4]
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The diagram shows the graph of the function y = f(x) where,a, be R, b>2 and
0<a<l.

The coordinates of the minimum point and maximum point on the curve are (—a, 0) and

(2 +a, 6) respectively. The equations of the asymptotes are ¥ =Xx+b and x =2a.

=2a

On separate diagrams, sketch the graphs of the following functions, labelling the coordinates of
any points of intersection with the x-axis, the coordinates of any turning points and the equations

of any asymptotes.

iy y=fQx-1+1, [3]
N 1
iy y= = [3]

The two asymptotes of y =f(x) intersect at point P. Show that P lies on the line

y=mx+ (b +2a— 2am) for all real values of m. Hence, state the range of values of m for which

the line y = mx + (b +2a- 2am) does not cut the curve y =f(x). (3]

(@) Find I e* cos(2x) dx. [3]

(b)  The curve C has parametric equations

x=t—¢', y=3cos’t—1, forO<t<m.

(1) Use differentiation to find the exact x-coordinate of any turning point and
determine the nature of the turning point. [3]

(i) Find the exact area of the region bounded by the curve C and the line y =2,

expressing your answer in the form am+b + ce”™, where a, b and ¢ are

rational numbers to be determined. [5]
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-

The diagram above shows the cross-section of a sphere containing the centre O of the sphere.

The points 4, B and C are on the circumference of the cross-section with the line segment AC

passing through O. It is given that OA=a and OB=b .

(i) Find BC in terms of a and b. [1]

(i) D is a point on BC such that AOCD is similar to AACB . Find OD interms ofa

and b. (2]
2
Point B lies on the x-z plane and has a positive z-component. It is also given that OC =| 0 |and
0
coce=1
6
-1
(i) Show that OB=| 0 |. [4]
3
. : ; . . x=2 y
(iv) Hence, determine whether the line passing through O and B and the line 3 = E =z—1
are skew. [3]
The parametric equations of the curve C are
x=2sect and y=3tant¢,where -t <t <, t¢ig.
(i)  Write down the Cartesian equation of C. [1]

(i)  Sketch the curve C, stating the equations of the asymptotes and the coordinates of the points

where C crosses the axes, if any. 2]

(ili) Theline y = V3x+ k, where k <0, is a tangent to C. Show that k = 3. [3]

The region bounded by this tangent, the curve C and the x-axis is rotated completely about

the x-axis. Calculate the volume obtained. [4]
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10

() By using the substitution u = Y , show that the differential equation

X

d hxy+x’

—y=%,where x>0,
dx X

1 du 1 .
can be reduced to ————— =—. Hence, find y in terms of x. [5]
u +lde x
(b) In the diagram below, the curve C; and the line C; illustrate the relationship between price

(P dollars per kg) and quantity (Q tonnes) for consumers and producers respectively.

The curve C; shows the quantity of rice that consumers will buy at each price level while the line
(> shows the quantity of rice that producers will produce at each price level. Ci and C; intersect

at point 4, which has the coordinates (1, 4).

The quantity of rice that consumers will buy is inversely proportional to the price of the rice. The

quantity of rice that producers will produce is directly proportional to the price.

P
A
6}
A(1,4)
C
> O
(0]

Q) Interpret the coordinates of A4 in the context of the question. [1]
(i) Solve for the equations of Ci and C,, expressing Q in terms of P. [2]

Shortage occurs when the quantity of rice consumers will buy exceeds the quantity of rice
producers will produce. It is known that the rate of increase of P after time ¢ months is directly
proportional to the quantity of rice in shortage.
(ilf)  Given that the initial price is $3 and that after 1 month, the price is $3.65, find P in
terms of # and sketch this solution curve, showing the long-term behaviour of  P.

[7]
Suggest a reason why producers might use P = aQ + b, where a,b € R", instead of C; to model

the relationship between price and quantity of rice produced. [1]
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ANNEX B

NJC H2 Math JC2 Preliminary Examination Paper 1

1 |Vectors a=-2;
-1 2
w:w=|-2|+A| 2|,A00
0 1
2 |[Sigma Notationand  |3;
Method of Difference |772» (8n-7)(7-6n);
e —-e''—11e’ +11e
3 |Differentiation & —0.337 radians per minute ;
Applications 2
h=- \/329 +20+ \/§
4 |AP and GP 10 n
30+110 1—(—} p- (201-n);
11 2000
59
5 |Complex numbers w=3-i,z=1+i
w=-1-i,z=1-3i’
Lot (Y
2T 2 € ’
p- a +b
NEN N
2x 2 243
6 |Graphs and
Transformation m<1
7 |Application of e (cos2x+2sin2x)
Integration 5 te;s
x-coordinate of the minimum point at is %— e?;
36 6
-——n——+—¢
2 5 5
8 |Vectors ~(a+b);
b-a
2 9
lines are skew
9 |Application of X y?
Integration a9
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9.42(3 sf)

10

Differential Equations

y=xtan(lnx+c);

4 p
C:0=—;C,:0=—
lQz>2Q4

2

P=+16-7¢""
11 |Q11 Topic
12 |Q12 Topic
13 |Q13 Topic

Need a home tutor? Visit smiletutor.sg



H2 Mathematics 2017 Prelim Exam Paper Solution

1

(i)
Method 1
pq=0

p.q=0

Method 2 (for marking reference)

X
Let w=| y|.
z
wXp=q
X 2 a
yiXla|=|1
z 1 6
y—az a
2z—=x |=| 1
ax—2y 6
Thus,

2)xa+@3):
20z-2y=a+6
:>2(az—y):a'+6
=2(~a)=a+6 (from (1)
=>a=-2

(ii)
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X
Let w=| y|.
z
wXp=q
x 2 -2
y x| =2 (=
z 1 6
y+2z -2
2z—x |=
—2x-2y 6

Let z=A,A0--:
From (2): x=-1+2A
From (1): y+2A=-2=y=-2-24

X -1+2A -1 2
Thus, w=|y |=| 2-2A |=| =2 |+ A| =2 |, A0--, which is the vector equation of the
z A 0 1

straight line. The set of vectors is

-1 2
w:w=|-2|+A| 2[,A0---
0 1

(a) (i)
By GC, sum to infinity is 3.

(a) (ii)
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u, = Sn _Sn—l
=3+7_2"(n2)—[3+7_2(”_1) (n-l)z}
:3—3+7'2”(;12)—7'2’”2(;12 —2n+1)
=772" (n? - 491" +98n-49)
=772" (480" +98n-49)
=77"(8n-7)(7-6n)

where g(n)=-48n> +98n-49

(b)

FZ:‘(JZ e - e"_ldx)
[e-e1]

0

M=

—_

r=

n

= (er_er—l_GO_l_e—l)
r=1

:el _eo _eo+e—1

2

+e? —¢' —e’+e™

+et—e? —e’+e”!

+en _en—l _eo+e—1
=e"-1-n(l)+ne”’

=e¢" +ne”’ —(n+1)

= eZZ(J.Or e" —e"! dx) —ezzg:(jor e —e"" dx)

r=1
=e?| e +20e” ~(20+1)~ (¢’ +9¢™ ~10)

e —e''—11e* +11e

Method 1
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h=BD+DC, DC =asin@, BD =bsin 1BAD

DBAD+DDAE+D0AE:27:—2—3":43_7I
T T 4r
:>DBAD+—+(—— J:_
2 2 3

= DBAD:6’+§
) oL
= BD :bsm(8+§]

O h:asin9+bsin(g+gj
Usingsin (A + B) =sin Acos B +cos Asin B, we have
h :asin9+bsin(9+§j
=asin@+bsin Bcos(gjﬂmos Hsin(gj

= (a +§jsin H+¥cos6’

:Rsin(9+a),
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2
where R = (a+éj + ﬁb
2 2

Oh=+a*+ab+b? sin{9+tan_{2\/§+b H

Method 2

2 2 2
] :\/a2+ab+%+% =va® +ab+b?

OB* =d* +b* —Zczbcosz—;t

OB =+ a* +b* +ab

2
sin@ _ s 3
b \/a2+b2+ab

b3

sing =
2W\a® +b* +ab
a=sin"! b\/g

2\/612 +b* +ab
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h=va*+ab+b* sin[6+sin_1 b\/g ]
2\/a2+b2+ab
(i)
Sincea=1,b=2,a =tan™" 2—\/3 =tan"' ﬁ
242 2
h:\ﬁsin 6 +tan™! ﬁ ,%:\ﬁcos 6 +tan™! ﬁ
2 dé 2
At9=1,
12
d0_do, dh _ 1 «(~05)

dt  dh dr
ﬁcos |:1n2 +tan”! L\/jﬂ

= —0.337 radians per minute

(iii)

a =tan™' ﬁ :>sina=\/§, cosqa =i
2 7 J7

h:(a+gjsin0+¥cosﬁ

If @ is small,
h:\ﬁsin(9+a)

=+/7 sin Hcosa+ﬁcos Osina

Y

36°
=20+ \/_ - \/_
2
3¢°
= - \/— +20+ \/5
2
)
Stretch | Length of Elongation Contraction Final length of string
count, string after stretch, | after stretch, ¢
n before u "
stretch "
1 30 10 0.1 30+10-0.1=39.9
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2 39.9 10 0.1-0.001
10 39.9+10 T —-0.099

=0.099
=48.8919

30+10—0.1+10(% —-0.099

=48.8919

=48.892 (3 dp)

(ii)

Total length of string

=30+u; +uy . tu, — (1, +1, .4 1)
n-1

:30+10+10(9j+...+10(Ej

11 11
~(0.1+(0.1-0.001(1)) +...+(0.1-0.001(n)))

é‘ﬁ = 2[2(0.1) +(n~1)(-0.001) | = 2:00 (201-n)

Length of string after n stretches

=30+110] 1= 2] |-—2(201-»)
1) | 2000

(iii)

t”l >Ml’l

0.1+(n-1)(-0.001) > (10)(%}H
0.1+(n~-1)(-0.001) —(10)(%)1_1 >0
Using GC,

10

n-1
whenn =58,0.1+(n~1)(-0.001) - (10)(Hj =-7.1364x107*

n-1
when n =59 ,O.1+(n—1)(—0.001)—(10)(%) =0.00226
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Therefore, the minimum number of stretches is 59.

(iv)
10 )
S, =30+ =140 (since 0<r<1)
110
11

Since the sum to infinity, S, is 140, it is impossible for the string to be stretched

beyond 140cm.
OR

The theoretical maximum is 140 cm so it is impossible for the strong to be stretched
beyond 140 cm.

(a)

Substitute (3) into (2) and let w = x+iy:
=i(2-w)w' =2+4i

—i(2w* —ww*) =2+4i

~i[2(x=iy) =(x* +)?) | =2+ 4i
—2y—i(2x-x" =) =2+4i

Comparing real and imaginary parts,
—2y=2=y=-1

2x+x’+y’ =4

= 2x+x +(—1)2 =4

= x’=2x-3=0

:>(x—3)(x+1) =0

=>x=3orx=-1
Uw=3-1iorw=-1-1
Ifw=3-i,z=-i(2-(3-1)) =1 +i.

If w=-1-i,z==i(2-(-1-1)) =1-3i.

(b)(@)
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p 9 9
(4n
D L2 = 2 1 2 e( ’
p- a +b
(b)(ii)
Im
A
1
a’+b*
a’ +b’ N
e p
(b)(iii)

Given LUOPQ =a ,

(T
) sin| ——a
sina _ (3 )

o)

a’+b’

Re
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3 ol
(a2+b2)5 =\/§cosq sin a
2sina

N | =
=

O

o tfeof 5]

I

N | =

i 2 2
:l ﬁ_l_&+x_ 1+x_
20 x 2 6 6
2 2
:l £+£x_1_x__@+x_
2_x 6 6 2 6
13 23
=—|——-—x-1
2_x 6
_V3 11
2x 2 243

@)
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Ty

e
NS

S
—— g —— — —— —— |

/N

RS

|

|

|

| _2a+l

"

(i)

X=-a
ey
| /
| P
|.[
|' y=0
I
I
I
I
I
I
I
I
I
I
I
I
[

!
(iii)

Point P is (2a, 2a+b)
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y—(2a+b)

=m=y=mx-2am+2a+b
x—2a

Hence, P lies on the line y =mx+ (b +2a- 2am) for mQdJ---

From the graph, m <1 for the line not to cut y = f (x) .

(a)

J-ex cos2xdx=¢e" cost+2.[ex sin 2x dx
=e" cos2x+2(ex sin2x—2.[ex cos2x dx )
SJ- e'cos2xdx =e" cos2x+2e"sin2x

e* (cos2x+2sin2x) +
5

DIeXCOSZxdx:

(b)(®

t—e', y=3cos’t-1

%:1—61, Q:6cost(—sint):—3sin(2t)
dr dr

dy _ —3sin(2¢)

dx 1-¢

Y = sin(2) =0
dx
=2t=0 (N.A)or 2t =mor 2t =2n(N.A.)

T
= r=—
2

T
t 1.6 - L.5
2

-3.35303 | -3.2396811 | -2.981689

X
dy
= | -0.0443 0 0.122
dx

NB: ¢ increases as x decreases.

T

. . . .M
Hence x-coordinate of the minimum point at is ——e?.

(b)(ii)
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\ y=2
\
-20 -10 T~/ (\
=3cos’7—1, for0<t<7r.\
x=-1

When y=2,
2=3cos’t-1

= cost =1
=tr=0,n

When t=0,x=0-¢" = -1
Whent=mn,x=n—¢e" =-19.9991
Area required

J.. (-

( 3cos’ t— 1) 1- e’)dt
I (3 3cos’ t)( )dt
:3j0(1 —cos’ t) (1 —e’)dt

:3j:(1—cosit”j (1-¢')ar
(

;L 1= cos2t)(1—e’)dt
=)

(
3 r0

(1 cos2t—e' +e' cosZt) dr
2 T

_3 . sin2f ,+e’(cos2t+2sin2t) ’
2| 2 5 ]
3] 4 4e"
== -Z-g+
21 5 5
——En——+—e", where a = - 2, b:—g c=g
2 2 5 5
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O
BC=0C-0B=-a-b=-(a+bh)

(i)
Since AOCD is similar to AACB, OD parallel to AB.

oD _Cco_1
AB CA 2
—_1(=a)+1(b) _b-a
2 2
(iii)
X
Let OB=|0
z
X 2 x—2
CB=(0|-|0(|=| O
z 0 z
x=2)(—2
CBCO=| 0 ||O :‘C—B‘(Z)cosg———(l)
z 0

‘FB‘ = 4cos% =23

B

—2x+4= 2\/5(2)7

OB=| 0 |or| 0 (rejected z—component>0).
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@iv)

Equation of line passing through OB:
-1

OB= Al 0 |, AO0--

NE)

“l=u=z=u+1

Equation of line:

2 3
r= |0+ 3 ,uld---
1 1

Direction vector of line is not parallel to direction vector of line passing through O and
B since direction vectors of both lines are not scalar multiple of each other.

Solving equations simultaneously:

2+3u -1
3u =A| 0
H+1 NE)

There is no value of A and g that satisfy the above equation.

Since the lines are not parallel and non-intersecting, the lines are skew.

(1)
x=2sect and y=3tant
l+tan’t =sec’ ¢

2 2

:>1+y_ =

4
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(i)

v

(iii)
Method 1

Q :d_y[ﬂ :38602“317 =1.5cosect
dx dr dx 2secttant

1.5cosect = \/g

When ¢ ZE,
3

)CZZSGC§:4, y=3tan§=3\/§.

Equation of tangent:

y=3/3=43(x-4)
= y=\/§x—4\/§+3\/§
oy =3

Uk= —\/g (Shown)
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When ¢ =%,

x:2sec2—3n: -4, y:3tan2—;=—3x/§.

Equation of tangent:
y+3v3=43(x+4)
=>y= Px+43-33
=>y= \/§x+\/§

Ok=+3 (N.A. " k<0)

Method 2

¥ (Br+k) _

———=1

4 9

— —3x* —(83k) x— (36 +4k*) =0

Since the line y = J3x+k, where k <0, isa tangent to C, there should be repeated roots.

Thus,

(8v3k) -4(=3)(-36-4k) =0
= 192k* —432-48k* =0
— 144k> = 432

—=k*=3

— k=3 (N.A. "k <0) ork =—3 (Shown)
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33

v
s

/

For k = —\/g,

-3x° (843 (3)) v - (36 +4(3)) =0
3x% =24x+48=0

X =8x+16=0

(x-4)"=0

=>x=4

2
2:9 x_—l
2=

Whenx=4,y=x/f=3x/§(y>0)

:%n(3\/§)2 (3)—7:.[24)72 dx
:27n—9nj;(%2—1j dx

=27n —9n(§)
3

=3n
=9.42(3 sf)
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10

(a)
2 2 2
B ,d_y:w_(zj #2241 (D)
X dx X X X
ﬂ:% +u--(2)
dr  dx

Sub (2) into (1):

%x+u=u2+u+1:>%x:u2+l
dx dx

1 du_1
w+1dx x

J 21 du=J'ldx
u +1 X

tan”" u = ln|x| +c , where c is an arbitrary constant.
tan” u =Inx+c (since x>0)
u =tan (ln x+ c)

y=xtan(lnx+c)

(b)(1)
Point A shows that at 4 dollars per kg, 1 tonne of rice is produced and all of it is bought
by the consumers.

This is the equilibrium point where the price is 4 dollars per kg and the quantity
produced/consumed is 1 tonne.

(b)(ii)

_k
CI.Q—P
C,:Q0=k,P

When Q=1,P =4,

k =4,k =

1
4

C:0=

P
CZZQ:Z

4.
P’
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4 p
Hence, C,:Q0=—;C,: 0 =~.
0 X G :0 4

(b)(iii)
dar k(i_ﬁj
dr P 4

dP _ (16—P2j
— =k,

e 4P

J- 4p
16-P

2dP:jk3dr

—2]16 PzdP [ eyae

—21n\16—P2\=kt+c
<

1n\16 Pz‘— 3t+2

-c

\16—P2\=e7” 2

16— P2 =AeB’,A=ie2,B=_Tk3

16-Ae” =P (P>0)

When 1=0,P=3:

V16— Ae?? =3
16-A=3"
A=7
When t=1,P=3.65:
V16 -7¢® =3.65
_ 2
B= lnw =-0.96102663 = -0.961

OP=+16-7e"*"
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P

A
4I.....C................l ------ P: 4
3

P= [16_76—0.961t
2
> !

0 2 4

investment.

Rice production will only occur if the price is able to at least cover the initial cost of
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NJC Paper 2

1 There are 3 bike-sharing companies in the current market. For each ride, &-bike charges a certain
amount per 5 min block or part thereof, /-bike charges a certain amount per 10 min block or
part thereof and - bike charges a certain amount per 15 min block or part thereof. Rebecca rode
each of the bike-sharing companies’ bikes once in each month. The table below shows the amount
of time Rebecca clocked for each ride and her total spending for each month. In celebration of the
company’s first anniversary, the pricings in February and March 2017 of u- bikes are a 5%
discount off the immediate previous month’s pricing.

January 2017 February 2017 March 2017
a-bike 25 min 17 min 36 min
S-bike 30 min 10 min 39 min
- bike 15 min 44 min 33 min
Total spending $5.70 $5.72 $9.71
Determine which bike-sharing company offers the cheapest rate (without any discount) for a 40-
min ride. Justify your answer clearly. [4]
9 A function fis said to self-inverse if f(x)=f"' (x) for all x in the domain of f.
The functions f and g are defined by
f:x|—>7_3x, xeR,x#3,
-Xx
g:xH|(2—x)(1+x), xeR, x e (~w,-1].
(i)  Explain why ' exists and show that f is self-inverse. Hence, or otherwise, evaluate
f2003 (5) . [4]
(i)  Find an expression for g’ (x) (3]
(iif)  Sketch, on the same diagram, the graphs of y = g(x) and y = g_l(x), illustrating clearly
the relationship between the two graphs, and labelling the axial intercept(s), if any. Write
down the set of values of x that satisfies the equation g g_1 (x)=x. [3]
(iv) Show that g_1 exists. Find the exact range of f g_1 . (3]
3 2x
Using differentiation, find the Maclaurin’s series of o’ in ascending powers of x up to and
+X
including x. [6]
2x
Let h(x) = le > and the cubic polynomial obtained above be f (x)
+Xx

Find, for =2 < x < 2, the set of values of x for which the value of f (x) is within +0.5 of the

value of h(x). [3]
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The diagram (not drawn to scale) shows the structure of a partially constructed building that is
built on a horizontal ground. The building has a square base foundation of 7 m in length. Points
0, A, B and C are the corners of the foundation of the building. The building currently consists of
three vertical pillars OD, AE and CF of heights 8 m, 5 m and 5 m respectively.

A canvas is currently attached at D, E and F, forming a temporary shelter for the building. O is
taken as the origin and vectors i, j, and K, each of length 1 m, are taken along OA, OC and OD

respectively.
D
8
B
- 5
o /7 A
(i)  Find a Cartesian equation of the plane that represents the canvas DEF. [3]

(if)  Find the acute angle which the canvas DEF makes with the horizontal ground.
(2]
(iif)  Given that the canvas is to be extended along the plane DEF till it touches the horizontal
ground, explain why point B will lie beneath the canvas. [2]
A cement roof is to be built to replace the extended canvas. A vertical partition wall is also
to be built such that it is d m away from and parallel to the plane ODFC, where 0 <d <7 .
(iv) Find the exact vector equation of the line where the roof meets the partition wall. Show
your working clearly, leaving your answer in terms of d. [4]
(v) A lighting point, P, is to be placed on the roof such that it is closest to B. Find the

position vector of P. [3]

A delegation of four students is to be selected from five badminton players, m floorball players,
where m > 3, and six swimmers to attend the opening ceremony of the 2017 National Games. A
pair of twins is among the floorball players. The delegation is to consist of at least one player from
each sport.

(1) Show that the number of ways to select the delegation in which neither of the twins is

selected is k (m—2)(m+6), where k is an integer to be determined. [3]

(i)  Given that the number of ways to select a delegation in which neither of the twins is selected
is more than twice the number of ways to select a delegation which includes exactly one of

the twins, find the least value of m. [2]
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The pair of twins, one badminton player, one swimmer and two teachers, have been selected to
attend a welcome lunch at the opening ceremony. Find the number of ways in which the group
can be seated at a round table with distinguishable seats if the pair of twins is to be seated together

and the teachers are separated. [3]

In the fishery sciences, researchers often need to determine the length of a fish as a function of its
age. The table below shows the average length, L inches, at age, ¢ years, of a kind of fish called
the North Sea Sole.

t | 2 3 4 5 6 7 8
L |36 ] 75101 | 11.7 | 12.7 | 134 | 14.0 | 144

(i)  Draw a scatter diagram of these data, and explain how you know from your diagram that

the relationship between L and ¢ should not be modelled by an equation of the form

L=at+b. [31]

(i)  Which of the formulae L = a\/; +b and L =clnt+d , where a, b, ¢ and d are constants,

is the better model for the relationship between L and ¢? Explain fully how you decided,
and find the constants for the better formula. [3]

(iif)  Use the formula you chose from part (ii) to estimate the average length of a six-month old
Sole. Explain whether your estimate is reliable. [2]

A popular approach to determine the average length of a fish as a function of its age is the von

Bertalanffy model. The model shows the relationship between the average length that is yet to be

grown, G inches, at age, ¢ years. The maximum average length attained by the Sole is 14.8 inches.

(iv) The product moment correlation between L and ¢ is given as 7; while that between G and ¢

is given as r, . State the relationship between 7, and 7, . [1]

There are three identically shaped balls, numbered from 1 to 3, in a bag. Balls are drawn one by
one at random and with replacement. The random variable X is the number of draws needed for

any ball to be drawn a second time. The two draws of the same ball do not need to be consecutive.
2
(i)  Show thatP (X = 4) = 5 and find the probability distribution of X. [3]

26
(ii) Show that E (X) = 5 and find the exact value of Var(X) . [3]

(iii) The mean for forty-four independent observations of X is denoted by} . Using a suitable

approximation, find the probability that X exceeds 3. [3]
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Heart rate, also known as pulse, is the number of times a person’s heart beats per minute. The
normal heart rate of teenagers has a mean of 75 at the resting state.

Obesity is a leading preventable cause of death worldwide. It is most commonly caused by a
combination of excessive food intake, lack of physical activity and genetic susceptibility. To
examine the effect of obesity on heart rate, 70 obese teenagers are randomly selected and their

heart rates / are measured in a resting state. The results are summarised as follows.

n=70 D h=5411 D h* =426433
The Health Promotion Board (HPB) wishes to test whether the mean heart rate for obese teenagers
differs from the normal heart rate by carrying out a hypothesis test.
(i Explain whether HPB should use a 1-tail test or a 2-tail test. [1]
(i)  Explain why HPB is able to carry out a hypothesis test without knowing anything about the
distribution and variance of the heart rates. [2]
(iii)  Find the unbiased estimates of the population mean and variance, and carry out the test at
the 10% level of significance for the HPB. [6]
A researcher wishes to test whether obese teenagers have a higher mean heart rate. He finds that
the mean heart rate for 80 randomly obese teenagers is 79.4, then carries out a hypothesis test at
the 10% level of significance.
(iv)  Explain, with justification, how the population variance of the heart rates will affect  the
conclusion made by the researcher. [3]
(v) Show that the probability of any normal variable lying within one standard
deviation from its mean is approximately 0.683. [1]
By considering (iv) and (v), explain why it is likely for the researcher to reject the null hypothesis

in this test if it is assumed that heart rates follow a normal distribution at the resting state. [1]

The number of days of gestation for a Dutch Belted cow is normally distributed, with a mean of

u days and a standard deviation of o days. 8.08% of this cattle breed has a gestation period

shorter than 278 days whereas 21.2% has a gestation period longer than 289 days. Find the values

of 4 and O, giving your answers correct to 3 significant figures. [3]

(i)  Find the probability that the mean gestation period for thirty-two randomly chosen Dutch
Belted cows is more than 287 days. State a necessary assumption for your calculation to be
valid. [3]

For another cattle breed, the Jersey cow, the number of days of gestation is normally distributed

with a mean of 278 days and a standard deviation of 2.5 days.

During gestation, a randomly chosen pregnant Dutch Belted cow eats 29 kg of feed daily while a

randomly chosen pregnant Jersey cow eats 26 kg of feed daily.

(i)  Find the value of @ such that during their respective gestation periods, there is a probability

of 0.35 that the amount of feed consumed by a randomly chosen pregnant Jersey cow
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exceeds half of the amount consumed by a randomly chosen pregnant Dutch Belted
cow by less than a kg. Express your answer to the nearest kg. 2]

(iii) Calculate the probability that during their respective gestation periods, the difference
between the amount of feed consumed by three randomly chosen pregnant Dutch Belted
cows and four randomly chosen pregnant Jersey cows is more than 4000 kg. State clearly

the parameters of the distribution used in the calculation. [3]

Factory 4 manufactures a large batch of light bulbs. It is known that on average, 1 out of 200 light
bulbs manufactured by Factory 4, is defective. A random sample of 180 light bulbs is inspected.
The batch is accepted if the sample contains less than » defective light bulbs.
(i)  Explain why the context above may not be well-modelled by a binomial distribution.

[1]
Assume now that the context above is well-modelled by a binomial distribution.
(i)  Determine the value of 7 such that the probability of accepting the batch is 0.998.

[1]
In Factory B, a random sample of 30 light bulbs is taken from a large batch. If the sample contains
no defective light bulbs, the batch is accepted. The batch is rejected if the sample contains more
than two defective light bulbs. If the sample contains one or two defective light bulbs, a second
random sample of 30 light bulbs is chosen and the batch is accepted only if this second sample
contains no defectives. It is known that Factory B produces (100p)% defective light bulbs.
(iii)  Find the probability that the batch is accepted. Leave your answer in terms of p.

[3]
Forty random samples of 30 light bulbs are taken from each of the two factories 4 and B.
(iv) Given that p =0.007 and there is exactly one defective bulb, find the probability that it

is from Factory B. [4]
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ANNEX B

NJC H2 Math JC2 Preliminary Examination Paper 2

1 |Equations and a=%$041,=%0.84, u=%$1.14.
Inequalities
2 |Functions @d)
£20%(5) = 4.
(i)
5 1 9
=—- + =
g > ,/x 1
(iii)
¥ =
x=0
(iv)
R . =[253)
3 |Maclaurin series , 2x
y=1+2x+x" - =
-0952<x<1.07
4 |Vectors (1)
3x+3y+7z=56
(i)
6=31.2° (1 dec place) (iii)
(iv)
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d
56-3d

r= + Al 7

(v)
511

oP=_L1511
67
98

-3

,where A0 ---.

P&C, Probability

)

(i)

(iii)
144

Correlation & Linear
Regression

)

a(l,36)

o o
a ° (8. 14.4)

v
.

(o)

(iii)
L=0.261(3 sf)
(iv)

h="h

DRV

)
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(iif)
P(Y > 3) =0.159

Hypothesis Testing

(iii)

p-value = 0.0768
(iv)

0’ <943

Normal Distribution

0]

P(D >287)=0.0119

(i)

a=3058

(iii)

P(|C, - C,| > 4000) = 0.660

10

Binomial Distribution

(i1)

r=5

(iif)

(1=p)* +30p(1- p)” +435p* (1-p)*
@iv)

0.584

11

Q11 Topic

12

Q12 Topic

13

Q13 Topic

Need a home tutor? Visit smiletutor.sg




H2 Mathematics 2017 Prelim Exam Paper Solution

1 | Let a,f and ube the original amount charged per 5 min, 10 min and 15 min block for
each ride by a-bike, [-bike and u- bike respectively.
Sa+3f+u=57 (1)
4a+PB+3(0.95u) =572 - ()
8a+45+3(0.95 1) =9.71 s 3)

Solving the above 3 equations simultaneously by GC,
a =$0.4079329609, B =$0.8402234637, 1 =$1.139664804
a=%041,8=%0.84, u=%1.14.
Original pricing per 40-min block:
Using calculator values
a-bike: $0.4079329609 %8 = $3.26
[-bike: $0.84x4 =$3.36
u-bike: $1.14%x3 =$3.42
Thus, a-bike offers the cheapest rate for a 40-min ride.
2 | @)
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Since any horizontal line y = a,a L[] , intersects the graph of y =f(x) at most once, the
function f is one-one. It follows that £~ exists.
OR
Since any horizontal line y = a,alJR ,, intersects the graph of y =f(x) exactly once,
the function f is one-one. It follows that f™' exists.
7-3x
3—-x
y@3-x)=T7-x
‘= 7-3y

Let y=

3-y
7-3x
- X
Of" =f. (shown)
D, =R =(-%,3)0(3,) =D,

f

Since f7'(x) = ,x00,x#3,

-1 —_ 2003 - — -1 -1 — —
Note that ™ f(x) = x.Therefore, " (5) = fff..f (5) = f[f f..f°f (S)J =1(5) =4.

¥ -1
2003 times 1000 times of f ' f

(i)

2-x)(1+x), -1=x<2,
—2=-x)(I+x), x<-1orx>2.

|2=x)1+x)| ={
For x[J(—oo,=1],y ==(2-x)(1+x)
Method 1

X —x-2-y=0

(1)) —4(1)(2-y)

. 2(1)

ERENCETT

2

Method 2

y=x'-x-2=(x-05)"-2.25

x=05%+y+225
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1+,/9+4y

x= — Y (rejectd . x<-1) or

1-J9+4y
2
- 1 9
Og''(x)==—,[x+=
g @ 5 2

(iii)

For gg'(x)=x,

D ..=D_.
gg g

O x0[0,00) or x=0

(iv)
Since R ., =(=00,=1] and D = (—c0,0)\{3}

Rg_, 0D,.
Ofg™ exists.

Using the graph of y=g™'(x) in part (ii), Rg,] =(—00,—1].
From graph of y =f(x) in (i) in (—c0,—1].

OR . =[25.3)
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Y= 1+x2
(1+x2)

@+f)y+zw 2™

(1422) y+ 20+ 20y + 2y = 4™
=(1+2) y+dry+2y =4

(1+:22) y"+ 20y +4y'+dry"+2y =8¢
:3(1+x?)y”+6xy"+6y'=86”

Whenx:(), y:l’ylzz,ynzz,ym:
B e2x
Y 1+x°
2 3
:1+2x+2(x—j—4(x—J+---
2! 3!
3
=1+2x+xL~%L
3
a=?2, b:—z
3
(a)

For -2<x<2,

£ (x)=h(x)|<05

2% ™

2

-05<1+2x+x" —-— ~<0.5
1+x

By GC,

Ploti Plotz Plot3 WINDOW

I\Y 1 B1+2%+X2-(2,3)X*-e®/(1¢| Xmin=H2

E\Y280.5 XAmax=2

E\Y:B8-0.5 Xscl=1e-4

IN\NYsa=0 Ymin=-1

E\Ys= Ymax=1

\Ys= Yscl=1e-4

E\Y?= Xres=1

E\Ys= aX=0.01515151515151
TraceSter=0.030303030303..

4
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NORHAL FLOAT AUTO REAL RADIAN HP D
CALC INTERSECT
Yaza.5

From the diagram above,

—0.95233<x<1.072619
0-0.952<x<1.07

(1)
0 7 0
oD=|0 ,6E= ],613= 7| . Hence,
8 5 5
7 0 7 0 0
ﬁzzo—o:o,ﬁ:[7—o-
5 8 -3 5 8

A vector perpendicular to the plane is
= DEXDF

7 0
=l 0 |%x] 7
-3) (3
21 3
=[21(=7]3
49 7
Cartesian equation of the plane is
x\(3 0)(3 3
yH3[=[0[]3|=rl]3[=56
z J\7 8)\7 7

O3x+3y+7z=56

(ii)
Let the required angle be &

0 0\ (7) (-7
7 |and EF=|7|-|0|=| 7
-3 5/ |5 0
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3)(0
300
7)1

cosf@ = = 7

JE+32+72 1 V67

6=31.2° (1 dec place)

(or 0.545 rad)

(iii)

Method 1

‘5&‘ =72 +7% =98
\513\ =9

Angle between DB and the ground
=0O0BD

=tan”' 8
N2 +72

~38.9°

D

From the diagram, the canvas will cover B.

Method 2
7
OB=|7
0
Equation of perpendicular line passing through B, [:
7 0
r=|7+A/0|,A00
0 1
3
Using normal of plane to be | 3 |i.e. all entries are positive:
7

solve the equation of plane DEF and [
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7 0
T(+A0|[]3]=56

0 1)|(7

A=2

Since A =2 >0, [ and plane DEF intersect above the horizontal ground. So the canvas
covers the point B.

Method 3
7)(3
71]3[=42<56
0)\7

Distance from O to plane parallel to DEF and passing through B is smaller than the
distance between O and plane DEF. Hence B is beneath the canvas.

(iv)
1
Normal vector of the vertical wall is | O | and (d , 0,0) lies on the vertical wall.
0
d\(1 1
O0dO0|=d=r]0|=d
0/\0 0
1
Hence the equation of the vertical wall is r[} 0 |=d .
0

Direction vector of the line of intersection is

3 1 0
31x(0|=| 7
7) \0 -3

Let (x, y,O) be the common point on lying on the two planes.

x\(3
3|=56=3x+3y=56
0)\7
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Solving the above equations simultaneously

3d+3y=56:>y=56;3d
d

Or= 56~ 3d +A| 7 |, where A 00 .
0 -3

(v)

For P to shine the brightest at point B, P must be as near as possible to B. Thus P is the
foot of perpendicular from B to the roof.

Equation of the line passes through B and P:

7 3
r=|7|+a|3|,all
0 7
7+3a
Thus OP =| 7+3a | for some a.
Ta

Since P lies on the roof,

7+3a )\ (3
7+3a [|3 |=56=42+67a =56
Ta 7
Dazﬂ
67
7+3a
Substitute O'I% into OP =| 7+3a |.
Ta
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7+3 (Ej o1

67 67

FP =7+ 3{&) = E

67 67

98

15)) &

67 67

Alternatively, use projection vector:

0 7 -7
BD=|0|-|7|=| -7
8 0 8

To check for the direction of normal vector of DEF
3

=3
7
3 3\ (-7
3|.BD=|3||-7|=-21-21+56>0
7 7)( 8
Hence, angle between BD and n is acute.
5P =(BDa )

3 3

3 3
=7

7 7

o | VO+9+49 159+9+49

OP =0B+BP

ABE
=[7]+—|3

67
0 7

. 511
=—| 511

67
98

()

| | 5 | m=2 | 6
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Badminton | Floorball | Swimmers
Players Players Players

Case 1 1 1
Case 2 1 2 1
Case 3 2 1 1

5\ (m=2\(6
Case 1: Number of selections is { { 5

5\ (m=2\(6
Case 2: Number of selections is { 5

5\(m=2\(6
Case 3: Number of selections is 5 ! i

R s

(m—2)(m—3)

=75(m=2)+30 +60(m-2)

135(m—2)+15(m—2).(m—3)
15(m=2)(9+m=3)
15(m—2)(m+6)

Uk=15

Alternative method:

T e

(i)

Number of ways to select exactly one of the twins

LG
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=150+60(m—2)+120

=60m+150

Number of ways that the twins are not selected > 2 times the number of ways that
exactly one of the twins is selected.

15(m~=2)(m+6)>2(60m+150)

By GC,

[[NORHAL FLOAT AUTO REAL RADIAN NP NORMAL FLOAT AUTO REAL RADIAN HP
- I‘REES + FOR :‘\Ib‘

Plotl  Plotz  Plot3 11
ENY 1815 (X-2)5(X+6)
B\Y28120X+300
BNYa=
ENYa=
BNYs=
INYe=
ENY?=
B\Ye= |
ENY 3= ¥=9

least value of m is 9.

Last part
Step 1: Arrange 3 units at the round table = 3!/3
Step 2: Arrange the twins among themselves = 2!

3
Step 3: Slot in the teachers = (2}(2!

Number of ways for the twins to be seated together and teachers are separated

3! 3
=2 x21x| ~ |x21x6 =144

o (8, 14.4)

a(l,3.6)

v
—
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As L increases at a decreasing rate/concave downwards with respect to ¢, the linear
model L =at+b should not be used.

(i)
The r value for L= a\/; +b is 0.972.
The 7 value for L =clnt+d is 0.996.

Since the value of || for L =cInt+d ,iscloserto 1, L=clnt+d is a better model.

Uc=5.28248=5.28
Ud=3.92267=3.92

(iii)

L =5.282481n(0.5) +3.92267
=0.2611
=0.261(3 sf)

This estimate is not reliable as as the age of the Sole is out of the range of the data.
(iv)

Since

G=148-L

I is positive but 7, is negative.

Ur=-r
(i)
P(Xx =4)
3213
=—X—X—X—
33 33
_2
9
X 2 3 4
PX=2 | 1 4 2
3 9 9
(ii)
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E(X)
:lx2+£x3+zx4
9 9
_2
9
E(X?)
:lxz2 +£x32 +2x42
3 9
_80
9
Var(X)
9 9
4
81
(iii)

Since n =44 is large, by Central Limit Theorem, X~N (%,% + 44j approx.

P(X >3)
=0.159 (By GC)
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@)

2-tail as HPB is looking for a change in either way.

(ii)

Central Limit Theorem states that the sample mean heart rate will follow a normal

distribution approximately when the sample is large (in this case, 70 > 20).

An unbiased estimate for the unknown population variance can be found obtained from
the sample.

(iii)
. . . - _ 5411
Unbiased estimate of population mean A = ETS =7173.

Unbiased estimate of population variance,

2
sZZL 426433—5411 =118.3.
69 70

Let i denote the mean heart rate of the teenagers in the obesity group.
To test at 10% significance level:

Ho: ¢ =75

Hi: p#75

118.3 .
0 approximately,

Under Ho, since n is large, by CLT, H -~ N(75,

H-75
118.3

70

(AND/OR

~N(0,1))

By GC, p-value = 0.0768 < 0.10.

(Alternatively, CR: |Z| >1.645, z=1.769 is in CR)

Hence we reject Ho at the 10% level of significance and conclude there is sufficient
evidence that obesity will cause change in the mean heart rate.

@iv)

An one-tail test is used instead:

Ho: =75
Hi: 4 >75
CR: z>z,,=1.28155

To reject Ho,
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79.4-175
0.2

80

) <(4.4\/%

=>1.28155

2
=943(3
1.28155] (3D

The researcher should conclude that obese teenagers evidentially has a higher mean heart
rate if and only if the variance is not more (less) than 943.

(v)
P(u-0<X <u+0)=P(-1<Z<1)=0.68268 =0.683.

Since heart rates follow a normal distribution,
P(u-0<H<u+0)=0.683
We know that from (iv), null hypothesis will be rejected whenever g <30.7 .

Taking 0 =30.7, under H,, P(75-30.7 < H <75+30.7) = 0.683
= P(443<H <105.7) = 0.683

and null hypothesis will be rejected.
We can say that for 0 <30.7 and when null hypothesis is rejected ,
P(443<H <105.7)20.683 or P(H <44.3)+P(H >105.7) <0.317

We know that the teenager’s heart rate is rarely below 44.3 or above 105.7 in a resting
state, so it is likely for the researcher to reject the null hypothesis.

In reality, it is unlikely for sigma to be as large as 30.7 such that the probability for H
to be within one standard deviation from mean to be 0.683.

Let D be the random variable denoting the number of days of gestation for a Dutch
Belted cow.

P(D <278) =0.0808

pz <2787 H) - 0.0808
g
218K 1 39971-—~(1)
ag
P(D > 289) =0.212
pz<2827H - 788
2897 K 799501 - ——(2)
g

Solving (1)&(2), ¢ =285.001064 and g =5.0017961
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M =285 3s.f) and 0=5.00 3s.f.).

@)
_ 2
D] N(285.001064,5'OO;$).

P(D >287)=0.0118629 =0.0119 (3 s.f.)

The number of days of gestation for a Dutch Belted cow is independent of the number
of days of gestation of another Dutch Belted cow.

(i)
J [ N(278,2.50%)
D[] N(285.001064,5.0017961%)

Let X =26J —%29D

X [1 N(3095.48457 , 9485.02698)

P(0< X <a)=0.35

U a=3057.95778 = 3058

(iii)

D[] N(285.001064,5.0017961%)

J 1 N(278,2.50%)

Let C, denote the random variable of the amount of feed
cosumed by 3 pregnant Dutch belted cows.

Let C, denote the random variable of the amount of feed

cosumed by 4 pregnant Jersey cows.
C,=29(D+ D, + D,)[1 N(24795.09257,63120.32374)
C,=206(,+J,+J,+J,) 0 N(28912,16900)

C, —C,U N(—-4117,80020.3237)

P(|C, - C,| > 4000)
=P(C, - C, <=4000) + P(C, = C, >4000)
=0.6604182314
=0.660 (3 s.f)

Or
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D[] N(285.00,5.0018%)

J [1N(278,2.50%)

Let C, denote the random variable of the amount of feed
cosumed by 3 pregnant Dutch belted cows.

Let C, denote the random variable of the amount of feed
cosumed by 4 pregnant Jersey cows.

C,=29(D+ D, + D;) 1 N(24795,63120.42217)
C,=26(J,+J,+J,+J,) N(28912,16900)

C, - C,] N(-4117,80020.422)

P(|C, = C,| >4000)
=P(C, - C, <-4000) +P(C, - C, >4000)
=0.66041814
=0.660 (3 s.f.)

10

@)
The event of a bulb being defective may not be independent of another bulb being
defective.

(ii)
Let X be the random variable for the number of defective light bulbs produced by
Factory A.

X[UB 180,L
200

Given

P(X <r)=0.998
=P(X <r-1)=0.998

By GC,
NORMAL FLOAT AUTO REAL RADIAN MP NORHAL FLOAT AUTO REAL RADIAN HP 0
PRESS + FOR &Tbl ‘

A V

Plotl  Plotz Plot3 1
INY1BOmcdf (180,1,200,X-1)
B\Yz=
BNY3=
ENYa=
ENYs=
INYE=
BNY?=
N\Ys=
BNYs=

]

0.4057
0.7726
0.9376

pro@m~volowrns o
[=

-3

a

iy

~

~

=
1]
L]

Or=5

(iii)
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Let Y be the random variable for the number of defective light bulbs produced by
Factory B.

Y B(30, p)

P(the batch is accepted)
=P(¥,=0)+P(¥; =1l or2)P(¥, =0)

B
{[310)1)(1_1))29 +[320 j r’ (1-p)28}(3(;) j P (1=p)”

30

(1=p)" +[30p (1= p)” +435p% (1= p)* |(1- p)

(1= p)* +30p(1-p)” +435p% (1- p)*

(iv)
Let U be the random variable for the number of defective light bulbs produced by
Factory A.

Let V be the random variable for the number of defective light bulbs produced by
Factory B.

UUB 1200,L
200

Vv U B(1200,0.007)

P(1 bulb from B is defective| there is exactly one defective bulb)
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~ P(U =0,V =1)
“P(U=0,v=1)+P(U =1V =0)
~(.5838223
=0.584 (3 5.f)

P(U=0,v =1)

Reference for :
P(U =0,V =1)+P(U =1V =0)

1200 1200 0 1200
0.007' (1-0.007)""* (1j (1—1j
1 0 J\200) " 200

1200 1200 0 1200 ]
0.007' (1-0.007)"™ x ( : j (1— : j
1 0 J{200 200

1200 1200 ! 2
| 710.007° (1-0.007) % x (1) (1 —IJ
Lo 1 )\ 200 200)
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READ THESE INSTRUCTIONS FIRST

Write your full name and class on all the work you hand in.
Wirite in dark blue or black pen on both sides of the paper.
You may use a soft pencil for any diagrams or graphs.
Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all the guestions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place
in the case of angles in degrees, uniess a different level of accuracy is specified in
the question.

You are expected to use an approved graphing calculator

Unsupported answers from a graphing calculator are allowed uniess a questron
specifically states otherwise.

Where unsupported answers from a graphing caiculator are not allowed in a
question, you are required to present the mathematical steps using mathemaﬂcal
notations and not calculator commands.

You are reminded of the need for clear presentation in your answers,

At the end of the examination, fasten all your work securely together.
The number of marks is given in brackets [ 1at the end of each question or part
question.
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1 The first three terms of a sequence are given by w =70, w, =136, u, =1%8.
Cliven that & is & guadratic polvhomial in a4, find 2, in terms of m. [4]
- wr m oy ., " 3 "
2 A SEqUEnce By, B, By, ... 15 given by uﬂ=2m'hiuﬂ=u,_,+2 -nformzl.
(i) Find u, &, and u,. [3]
@ By considering i{“r""’r—ljb find a formula for u, in terms of m. - [5]
il

3 By sketching the graphs of y=c” and y=2¢"-1, sclve the inequality
e 227 =1, [3]

Hence, without using a caleulater, find
2
¥

giving your answer in ierms of e. [4]

et _2a¥ 4 I| dx,

4 The function fis delined by

Ax 6
. ek, x4

f=x

i) Sketch the graph of v =i {x), giving the equatons of any asymptotes and the
coordinates of the points where the curve crosses the axes. Hence state the range

of f. [3]
(i} Determine whether the function 1 exists, justifying your enswer. [1]
@ The function f* exists if the domain of f is further resiricted o x5 k. State
the greatast value of k. [1]

{iv) Using the domain in (iif), find = ™'(x) and state the domain of [, {4]
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5 A curve is given parametrically by the equations
o
x=2t-1, y=——,
Y 2

where 1R, t:t—l.

@) Sketch the curve, labelling the axial intercepts and asymptotes. _ 2]
(i) ' Find the equation of the tangent to the curve at the point P(—-1,1). [3]

(iii) State the range of values of m for which the line y = mx does not intersect the
curve. [1]

@ The normal to the curve at P mects the curve again at 0. Find the coordinates of
Q. - [4]

@ Two expedition teams are to climb a vertical d15tance of 8500 m from the foot to the
peak of a mountain over a period of time. _

(i) Team A plans to cover a vertical distance of 400 m on the first day. On each
subsequent day, the vertical distance covered is 5 m less than the vertical
distance covered in the previous day. Find the number of days required for Team
A to reach the peak. _ [2]

(ii) Team B plans to cover a vertical distance of 800 m on the first day. On each
subsequent day, the vertical distance covered is 90% of the vertical distance
covered in the previous day. On which day will Team 4 overtake Team B? [3]

(iii) = Explain why Team B will never be able to reach the peak. f2]
(iv) At the end of the 15" day, Team B decided to modify their plan, such that on
each subsequent day, the vertical distance covered is 95% of the vertical

distance coveted in the previous day. Which team will be the first to reach the
peak of the mountain? Justify your answer, ' o [53
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. x=3
1 =24+ ——.
7 The curve C has equation y +(x—2)(x+1)

(i) Find algebraically the set of values that y can take. i5]

(ii) Sketch C, giving the coordinates of the axial intercepts, turning points and
equations of any asymptotes. 33

@ By adding an appropriate graph to the sketch of C, determine the range of values

. _3 z
of k such that the equation (35—2)2 + (x 3 ) ~=k" has at least one
(x=2) (x+1)
negative real root. [4]
8 (a) Find j‘ /1—_-3-‘- dx by using the substitution x =sin’ @, where 0< &< -g— 161
x

' @ The diagram below shows a sketch of part of the curve y = cos(xz) .

Find the exact volume of the solid generated when the region bounded by the

curve y = cos(x2 ) , the axes and the line x m_—\%;— is rotated through 2 radians

about the y-axis. : [7]
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Fig. 1 - Fig. 2 ~ Fig.3

Fig. 1 shows a piece of circular card of radius 15 cm. A star shape, which consists of
a regular hexagon of side 2x cm and 6 isosceles friangles, is cut-out from the card to
give the shape shown in Fig, 2. The remaining card shown in Fig. 2 is folded along the
dotted lines to form a pyramid of height » cm as shown in Fig. 3.

(The diagrams are not drawn to scale).

(i) By considering triangle AQAM as shown in Fig. 3, where O is the centre of the
hexagon and M is the midpoint of a side of the hexagon, show that

B =225-30/3x. [3]

| (ii) Hence show that the volume ¥ of the pyramid is given by

V2 =180x" (15— 243x). 3]

(iliy Use differentiation to find the maximum value of V, proving that it is a
maxitum. : [5]

(iv} Determine the value of A for which ¥ is maximum, 1]
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6 .

10 The plane p contains the point 4 with coordinates (—3,.4,—2) and the line / with

. 4—
equation x+2=~—3—y,z=0.

(i) Find a cartesian equation of p _ [3]
(ii) Find a vector equation of the line which is a reflection of / in the y-axis. 4}
The line m passes through 4 and the point (-9,9,-6).

(iii) Find the acute angle between ! and . f2]

@ Find the coordinates of the points on » that are equidistant from p and the x-y
plane. : [4]

@PIC 2017 Need a home tutor? Visit smiletutor.sg
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Pioneer Junior Colieg'e
H2 Mathematics JC2 2017
JC2 H2 Preliminary Examination Paper I (Solutioxn)

Q1

u,=an’ +bn+c
u=a(l)f +b(1)+c=70 =  a+b+c=T0 )
wy=a(2) +6(2)+c=136 =  da+2bic=136  (2)

u,=a(3Y +h(3)+c=198 =  9a+3b+c=198  (3)

Using GC
= —-2, b = 72, o= O

u, =20 +72n

Q2
@) ) -
o=y, +2-1 u, =y, +20 =2 Uy =1, +2" =3
3 b 9
=—+2-1 ==44-32 =483
2 22 2
=3 22 B
T2 2 2
(i) : ' Note :
“,—4,,=2"—n RHS (by sum of first n terms of

GP and sum of first n terms of

S (4, —u,) =Y 2 © | ap

LHS (by method of difference)

a3
S _20-2) (a1
et e =TT T

Ry
+u¢(—l - un—l
~,

.
+ui1 U

@PJC 2017 : [Turn Over]
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2(1—2”)_n(n+l}

u, —u, =

" -2 2

w =20~ 3
: 2
Ly 1 _n(ntl)
2 2
Q3
'JC
e z2e7" -1
x20

For x20, e* 22 ~1=e”-2e " +120
Forx<0, e¥ -2 +1<0.

l

] 2 .
e -2e" + ll dr = I ~(e =277+ 1) dx+f (e -2+ dx
= 1}

2.

’ 1]
= —{—]—e“ +2e™ +x] "
2 . 2 L2 2

|Gl el

e“+2e+%e*’-4

Il

~

1
2

@PIC 2017 [Turn Over]
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Q4
(M)

R, = [{),oo)

(i)

R, =[0,00)

D; = (-0, 4)U(4,0)or D; =R\ {4}
R, & Dy

f* does not exists.

(iii)

™ x e , xeR, 05x<2

@PIC 2017

(-3.0) O ;

Note -

Consider the graph without
modulus, ;

fTurn Over]
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Qs
0] TR
y=0 E %
(i)
1 X =2
x=2t-1 V=
2 +1

&, 2

dr a2+ 1)

LA

dx  (2r+1)

Atthe point P(-1,1),1=0

&_

dx
Equation of tangent at P is
y—-l==l{x+1)

y =2

(i)

L9 SV, R

i
L

The line y = mx does not cut the ctrve =>-l<m <0

@PIC 2017 {Turn Over)
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1}

(iv)
Gradient of normal at P = 1
Equation of normal at P is
y=l=x-(-1)

y=x+2

Substx=2r~l,y:~——1—into y=x+2
2t+1

—-—~1—=21-—I+2:21+1
2+l

(2 +17 =1
2 +1= 11

i=0 or r=-1
AtthepointQ, r=~1
I

=2(-1)-1=-3, y= =1
*=2(=1)-1 3y2(—1)+1 !

Coordinates of Q are (~3,=1)

Q6
®

AP with a =400, d=-5

5, = 8500

-2’5[2(400)+ (n~1~5)] = 8500

51 ~805n+17000=0
n=250r n=136 (rejected as already reached peak when » =25 )

i
) NORMRL SECORT. SUTD: REAL-FRDIAN

h a=800 =90 PRESS'S EOR &1
GP with . L

Suary > Sy €35 | 67992 | .
: ~0.9" 20 . |veso, |7eerd|
212400+ (n- IY-5)] > =09 21 [k |pizvs.
2 1-0.9 22 f7ens | 7pi22
23 7835 | redl "
805n~ 51 > 16000(1-0.9") 35 |seae |pmsr|  f
) 26 | 87rs [ruBxLi
Using GC, 2? goN5 | 75348 {.
n>20 : : 28 9316 75813
A will overtake B on the 20" day. X=18
- (i) |
800

o

= —- = §000{< 8500)
0.9

ey

Hence, Team B will never be able to reach the peak.

@PIC 2017 _ [Turn Over]
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(iv)
T,, =800(0.9"")=183.014
800{1-0.9"*)
=1 = 6352871
1-0.9

Rcmaining distance =8500-6352.871=2147.129
First term of new GP =183.014%0.95=173.864
Senewcry = 2147129

173.864(1-0.95")
1-0.95
0.95" = 0.38253

n=18.7
Team B will take 15+19 =34 days
Hence, Team A will reach the peak first,

=2147.129

Q7
(1)
Considerthe. raph of —2+-—-—-—-¥:~§--— and y= p infersectin
. g. P Y= (x—2)(x+l) y=p g.
x=3
p'.:.z-}—--———.—e—.—
(x—Z)(.x+l) Note :
9= x-3 4
pres ¥-x=-2 Finding y values by Ey = (}is not encouraged.
pxt—px—=2p-2xt 4+ 2x+d=x-3
(p—2)x2+(l—p)x+(7w2p)=0
Discriminant = 0
(1-pY—4(p-2){(7-2p)20
1-2p+p* ~28p+8p* +56~16p 20
9;12—46p+5720
(9p-19}p-3)20 - . | + n
"1—9 " or 23 } 'L
.p-h 9 P l?_ 3
1 3 9
£2~ 2
y 9 or ¥

@PIC 2017 ' [Tura Over)
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(iD)

o
K
)
g™ :
T
..I_.
—
T
i
b
b
I
il
=

==k

(—1.64,0}

o
)
.
H
;
.
H
H
N
+
'
x
N
»
H
+
H
'
+
H
1
I
+
H
T
+
1
+
1
3
t
+
H
L
e e e e e e e e e e et e T

(i)

ey S S

R0

X=-1 X

i

x— ‘2+ (x_3)2 o
S A
(22 +(y-2)' =R

(x-3)

(x~2)(x+1)

Distance from centre of circle to the y—intercept of y=2+

?
=,12’+(z—2] =
2 2

k<25 or k>2.5 Note :

1) Be mindful of the link between (i) and (i1).

The values 3 and »l.-;{ must be some special

points on the graph. Look out for thc)Sﬁ; points.
@PIC 2017 [Turn Over}
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Q8

(a)

L 12X 4
X

— 7 2 !
= 15 ) sinBoos6 o
sim” &
=J’zco's’9da
= {(1+cos26) dg
=6+%sin26+c

=8+sinfcos@+C

=sin™ (Jj_c)-t-q}x(l-_-x) +C

y
l_y r
-1 lj. —Zy
= yeos y—— dy
BNy
!
= ycos‘*yw%{2(1~y2)2]+c

= yc0s™ y—afl~ 3t +¢

2

Required volume =

@PIC 2017

Let u=cos™ y

du_ |
dy

d +}‘1'|:y008-1y* l—yZJ
42

x=sin’8

E = 2sin & cos?
dé

Since +/x =sin @
Consider a right angle triangle
or use trigo identity

cos’ G+sin®f =1

=y

Ty

-

fTum Over]
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:—zr—f—+if|:0*-[‘"]"'£"'
42 J2 4
K

—'—\E-

AM =15--3x
Let /2 cm be the height of the pyramid.
i =(15-3%) - (3x)?
=225 -30+/3x +3x% - 32
=225 -303x

{shown)

Area of hexagon = 6x area of triangle OBC

- 6(%-)(2::)(\51:)
: = 6432 _
V= %(6@:&)\/225 ~3043x

V2 =180x* (15-23x) (shown)
V2 =180(15x* - 24/3x°)
Differentiating wrt x, .

zyig:lso(eofmwﬁx“)

= 1800 (6 - Jix)

gE—:O-nsz' or
dx

6
x:'—ﬁz-\fi
N

(NA as x> 0)

. @PIC 2017

15-+3.

Altermnatively,

V=635 W15 -243x

%;—/-; (sﬁxz)%(ls-zﬁx)‘i(-zﬁ)

|1
+(15-243x) (12+/5x)
1 1
= 124/5x(15-243x)7 —6/1552(15 - 24/3x) 2

1
| = 635215 - 243%) 2[2(15 - 24/3%) ~/3x]

_ 305x(6 — </3x)
J15-243%)

dV 6
——=02x=0 or x:w—zzﬁ
dx ' V3
(NAasx>0)
[Tum Over]}
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To Prove Maximum _ Note
Method 1 You need to be clear with the:
: values for the test and conciude <

or >0,

v _(dv : ,‘
W 2(@;) =180[ 180x" - 40V3x" |

4’V 180 ] 64800
x=23, —7 = [180{2\/“) 40J§(2J§)]=- <0 since ¥ >0

pid
Method 2

x 34 23 =3.46 3.5

dV 7855 0 4799
e m— 0 - 0
de W ©

Vis maximum when x = 2\/5 ch.
Max ¥ = 7215 cm?,

(iv)
When x = 2+/3, K =225-30/3(243)= 45
h=35 cm (reject h=—35 as h> 0)

Q10

)

!:x+2:4—y,z:(}
3 _
-3 (1

iv={ 4 {+1] -3 AeR
0 L0

(-2 (-3} (1

4 -] 4 |=i0

@PIC 2017 ' [Turn Over]
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(ii}
To find intersection between y-axis and /, sub x={ into!/

0+2=f‘-¥-:>yz~2

Thus, point of intersection is (0,-2,0).

Point of reflection of (~2,4,0) about y-axis is (2,4,0)
2 0 2 ]
4l-1-21=16|=2}3
0 0 0 0

0 i
Line of reflection, I"'vr=| -2 [+5]| 3 selR
0 0
(iif)
-9y (-3} {-6)
9 |-t 4 |=]| 3

-6) {-2) (-4
-6\ 1Y ((-6)[ 1
5P -3f=1 5 {|f -3 |cosé
-4 0 -4\ O

cosf = 21 _ 2l
J6) +52 4 (=) VEFS V770
g =40.8°
(iv) ;
Let the point that is equidistant from both planes be C.
-3 6
OC =i 4 {+1| 5| for some 1= R
“2) \4)
Dvstance of C from p = Distance of C from x-y plane
3+6r) (-3Y]( 6 -3+60) (01[0 i
4-5r |~ 4 | 2 450 {100
—2+4t) \-2)\-3 -2+4t) \0 )i\l
Joi 428 ¢3 T Jot+otr
= 10f =1
M=|_2+41|
7
| =27 1]
1 _ 440
ro=ar-ar] t=2-1 or 1= -21+1
3P ~4+1=0
@PiC 2017 [Tum Over]
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t=1or r:_.—’-
3
-3 6 3 -3 , & 1 -3
-2 4] |2 -2 4 -2
or
. 7 2

The 2 points are (3,~1,2) and —1,3-,»3 .
@PJC 2017 [Tumn Over]
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3 (a) State a sequence of transformations which transform the graph of
y=ln(2x+1) toﬂm:graphofy:ln(2 X ]). (3]
(b) Itis given that
ax 0< 1,
f(x)= - 1<x<2,
3a—ax 2<x%3,
and that f{x-+3)= %f (x), for all real values of x, where a is a positive
constant,
(i) Sketch the graphof y={f (x) for -2<x <8, {31
(i) Find, in terms of a, [ £(—x) dx. [1]
@) Find the value of the constant @ for which I:f (x)dx=16. [2]
@PIC 2017 Need a home tutor? V{§usmiltutdr.sg

Section A: Pure Mathematics [40 marks]

Referred to origin O, points 4 and B have position vectors a and b respectively. Point
P lies on OA produced such that O4: AP =1:1, Point Q lies on OB, between O and
B, such that OQ : QB =3:1. The mid-point of PB is M. Show that the ratio-of the area
of triangle OPM to the area of triangle OQM is independent of 4. [51.

By differentiating. cos xgl with respect to x, solve the differential equation
x

&’ .. d
cos xS —sinx = = sec® x +cos2x,
dx dx

giving y in terms of x. [6] -
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4 Do not use a graphic calculator in answering this question.

The complex number z is given by z=—1+1ic, where ¢ is a non-zero real number.

n

Given that E—;- is purely real, find
Z .

@ the possible values of ¢ when n=2, _ (4]
@ the three smallest positive integer values of # when ¢ =+/3 . [5]
5 It is given that y =sec2x .
; | dy : 2o.2 | | |
(i) Show that m =4py-(y° =1). : . [3]

(i) By further differentiation, find the Maclaurin’s series for y up to and including
the term in x*. _ . - [3]

(iii) By considering sec2x = » check on the correctness of your answer in

cos2x .
part (i), S : - _ [3]

Section B: Statistics [60 marks]

6  An unbiased disc has a single dot marked on one side and two dots marked on the
other side. A tetrahedral die has faces marked with score of 1, 2, 3, and 4. The

| probability of getting a score of 1, 2, 3, and 4 is -};, p,—;- and g respectively, where
p.qef0,1]. ' ' '

A game is played by throwing the disc and the die together. The random variable S is

the sum of the sco ing on the die and twice the number of dots showing on the
dise. _

@) Find P(S =6). - @
Given that P(S =4)=-é,

(ii) calculate the values of p and g, : [

(iif} and find the probability distribution of S. | 2]

-@PIC 2017 - Need a home tutor? ViSiusariisterbr.sg



7 The masses, in kilograms, of black sea bass fish and red tilapia fish sold in a
supermarket are pormally disiributed. The means and standard deviations of these
distributions, and the selling prices, in $ per kilogram, are given in the following table.

Mean Mass Standard Deviation | Selling Price
(kg) (kg) (3 per kg)
Black sea bass fish 1.10 0.20 12
Red tilapia fish 0.55 0.05 9

(1) Ayden bought 2 black sea bass fish and 3 red tilapia fish. Find the probability
that he pays mote than $40. State an assumption needed in your calculation.

[4]

(i)) Five red tilapia fish are randomly chosen. Find the probability thai the fifth red
tilapia fish is the third red tilapia fish weighing less than half a kilogram.  [3]

8 The average amount of cholesterol in one standard fillet of raw red snapper from a
fish farm is w mg. To lower the cosi of operations, the farmer decides to use a
cheaper mixture of fish feed. The farmer conducts a test to check if the average amount
of cholesterol in one standard fillet of raw red snapper is affected by the change of
fish feed. 50 standard fillets of raw red snapper from 50 different fish were taken and
the average amount of cholesterol in these fillets is found to be 78.5 mg, with a
standard deviation of 2 mg.

(i) Given that at 5% level of significance, there is insufficient evidence to
- conclude that the mean amount of cholesterol in one standard fillet of raw red
snapper is affected, find the range of possible values of w . ' (51

(i) State, giving a reason, whether any assumptions about the population are needed
in order for the test to be valid. ' 12]

9 A student working on a coding project studies 11-digit quaternary sequences. A
quaternary sequence is a sequence formed using the digits 0, 1, 2 or 3. Examples of
such sequences are 12030201131, 01122211100, 12321232123 and 00000000000,
Find the number of ways that 11-digit quaternary sequences can be formed with

(i) no restriction, . [1],
(3ii) exactly four Os and four 2s, {3]
(iii) at least two consecutive digits that are the same. (3]

@PJIC 2017 Need a home tutor? Vgﬁﬁﬁ)e‘fﬁ%r.sg
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@PIC 2017

For events 4 and B, it is given that P(4) = % and P(B) = é— .

(i) Find the greatest and least possible values of P(4nB). - _ 2]
It is given in addition that P(B| 4") = % .

(ii) Find P(4U B). ' 2]
(i) Determine if 4 and B are independent events. Justify your answer. (2]

@ Given another event C such that P(C) =%, P(AUBUC) -_-%,
| _

PANBAC) = and PANC)=2KBNC), find PANC). [3]

Based on past statistical data, there is a 7% chance that a passenger with reservation for
a flight will not show up. In order to maximise revenue, airline companies
accept more reservations than the passenger capacity of its planes. State 2 assumptions
needed such that the number of passengers who do not show up for a flight may be well
modeiled by a Binomial distribution. _ _ _ 2]

An airline company operates a flight from Singapore to Maluku on Boeing 737-200
planes, which has capacity of 232 passengers each.

(i) Find the probability that when 245 reservations are accepted, the flight is
overbooked, i.e. there is not enough seats available for the passengers who show
up. . (2]

.(ii) Find the maximum number of reservations that should be accepted in order fo
ensure that the probability of overbooking is less than 1%. 3]

This ﬂight operates once daily throughout the year and 245 reservations are accepted
for each flight.

(iii)  Find the probability that no flight is overbooked in a week. 2]

(iv)  Taking a year as 52 weeks, estimate the probability that the mean number of
Hights that is overbooked in each week for the year is not more than 1, {31

Need a home tutor? Vis[iptrmlgﬂ%}isg
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12 (i) Sketch a scatter diagram that might be expected when x and y are related
o approximately as given in each of the cases (A), (B) and (C) below. In each case
your diagram should include 5 points, approximately equally spaced with
respect to x, and with all x- and y- values positive. The letters p, ¢, r, s, f and u

represent constants.

(A)  y=p+gx®, where p is positive and ¢ is negative,

B) y=r+se’, where » is negative and s is positive,

(C)  y=t +Z  where ¢ is positive and # 1s positive. [3]
x

Daisy enrolled in a weight management programme to reduce her weight. Her
weight, y kg at the end of week x of the programme are given in the table.

X 1 2 3 4 5 6 7
y 74.9 72.9 716 70.8 70.4 70.2 70.1

(iiy Draw a scatter diagram to illustrate the data. [2}

(i) Explain which of the three cases in part (i) is the most appropriate for modelling
these values, and calcuiate the product moment correlation coefficient for this
case. (2]

(iv) Use the case that you identified in part (iii) to find the equation of a suitable
regression line, and use your equation to estimate Daisy’s weight at the end of
week 10. | [3]

@ Given that 1 week = 7 days, re-write your equation from part {iv) so that it can
be used to estimate the weight when the time period of the programme is given
in days. ' (2}

@PJC 2017 Need a home tutor? Visit smiletutor.sg



Pioneer Junior College :
H2 Mathematics JC2 2017
JCZ H2 Preliminary Examination Paper 2 (Solation) :

Q1
: 5;°=(i+l)a ;
W=OP+OB
_{A+Da+b
- > |
area of triangle OPM = %—|5“P’x oM |
:}7(}”.{.1)3)(_(..%._4'_]).2_
2
=(i:1)|axb|
area of triangle OOM = %]@x W’
x}. gbxm
214 2

= M]axbl
16

Ratio of the area of triangle OPM to the area of tn'ahgle OOM is

(A: ]) : 3(?; 1) =4:3 (Shown)

@PIC 2017 ' [Tumn Over]
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Q2

2
—d— cosxfl—’}»’» ncosxij-—x-—sinxgy-
dx dx dx? dx

d dy 2

i COSX— | =8eC" X+ ¢052X

dx[ _ dx}

00|sxd—y=jscczx+coslxdx
dx

cosxgliztanx+lsin2x+c
dx 2

dy .
é—=secxtan x+simx+Csecx

¥ ==J.secxtanx+sinx+Csecxdx

y=secx—cosx+Clnfsecx+tan x|+ D

Q3

{a)

Method 1

Step 1 : Translate by 1 unit in the direction of the x-axis.
Step 2 : reflection about the x-axis.

Step 3 : Translate by In3 units in the direction of the y-axis.

3
Y= ln(2x+])—->ymln[Z(x-I)-l-I]«)yr-'»-]n(Zx»«l)-~>ym1n3—ln(2x—l)=]n(2 I]
. A

Method 2
Step 1 : reflection about the x-axis. .
Step 2 : Translate by 1 unit in the direction of the x-axis.

Step 3 : Translate by In3 units in the direction of the y-axis.

~)
2x-1

y= 1n(2x+1)-—>y=-—ln(2x+[)-—>y'=—in[2(x—1)+1}—>y:InBu]n(Zx*I}n ]n(

Method 3
Step 1 : reflection aboui the x-axis.
Step 2 : Translate by In3 units in the direction of the y-axis.

Step 3 : Translate by 1 unit in the divection of the x-axis.

y= ln(2x+1)—->y=—In{2x+1)—+y=1n3—ln(2.r+l}—>y=ln3"-wln[2(xwl)+l]==1n[2 ] ]]
. . X—-

@PJIC 2017 ' [Turn Over]
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Method 4
Step 1 : Translate by 1 unit in the direction of the x-axis.
Step 2 : Translaie by —In3 units in the direction of the y-axis.

Step 3 : reflection about the x-axis.

y=Inx+1)->y=h{2Ax-D+1] > p=-m3+n2x-1) > y:1n3~ln(2x—E)=In[2 : J
x —

Method 5

Step 1: Translate by —In3 units in the direction of the y-axis.

Step 2 : Transtate by | unit in the direction of the x-axis.

Step 3 : reflecticn about the x-axis.

y=In(2r+1} > y=-n3+In2x+1)> y=-In3+W[2(x-1}+1] = ymln3-tn(2xwl)=]n(2 2 l]
x—-

-

Methed 6
Step 1 : Translate by —Int3 units in the direction of the y-axis,
Step 2 : reflection about the x-axis.

Step 3 : Translate by ! unit in the direction of the x-axis,

y:In(2x+i)—>y=—ln3+ln(2.x+l)w}}rmlr;B-In(Zx-t-!)—:vy=ln3—ln[2(x—-l)+l]=!n(z 2 1]

(b) 4
(1Y —2a,2a)

La
i 1 ! ]
i | —jva 68::,—-5!]
i f /_ \ .
= et / i
L 4 ] i :'
t - } = i t i ! =x
-2 ] ) 1 27 3 4 5 6 7 8
@PJIC 2017 [Turn Over}
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(ii)

I:f(-x) e = -;-(2+1)(2a) =3a
(iii)

[Te(x)dx=16

20 "'—l'- =16
1—~
2
4a=16
a=4
Q4
(i

2 (~1+ic)’
P (-1-ic)
'=_I—1'2r:—cz
(—l—ic) _
_1-i2e-¢? X(—I-!-ic)
(-1-ic) (-1+ic)
_ ~l+ic+i2e+2c +¢t —ic’
I+t

Z
. z" .
Since —- is purely real,
z

b+c*
c(3—cz]= 0

¢ ={ {rej since ¢ 1S non-2e10) ¢ = +J3

4

(ii)
=—]+iy3

2
A= am(s)=Z

@PJIC 2017

10

Note
(ii}
J‘: f{~x)dx= E f(x)dx

which is the area of the trapezium from
x=-21t0 x=0

(iti)

Consider the graph for x > 0, which is

equivalent to infinite number of
rectangles, each of length 2, and breadth

a,%a,%a....which follows a GP.

[Tum Over}
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’ f.z.ﬂ " .
3
" 2 .[er 2:\')
if -
_zn—le 3 3

= =
P

Zei[ !

”

3,
Since —- is purely real,

N.I (51

-

L

e [L) = 0,7, £2m, £3m, 47, £57, +67... of sin [(:H 1)3355} =0
z .

(n+1) ?*Bﬁ = 0,47, 427, £37, 447, 257, £67...

n+l= O,iz,ﬁ,ig,ié,...
2 2

Considering positive integer values only,
n+1=3,69..
Three smallest positive mteger vatues of n are 2,5,8

Q5
U
y = sec2x

%: 2sec2xtan2x =2 ytan2x

'd 2
[-—-}-J-] =4y’ tan* 2x
dx

= 4y (sec’ 2x—1}
=4y*(y' ~1)

2 i
5-1-'){-=8y3 dy
3
51_,1: WL AL 4
dx Cdr dx
d’y d’y dy d’y
""d"'-;:'-'24 2-—2-]'48}#' E -&;—2*’
. dy . d:y d3}= d4y_
When x=0. y=1 =0 =4 T TV
@PIC 2017 [Turn Over]
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2 4

X X
y —1+E(4)+E(80)+"'

4

y=1+2x° +l§-x +...

(iit)
sec2x =
cos2x
1
~ Fl 4
1@ @2x)
2! 4!

='(1—2x1+%x4)"
=1+ (-D(-2x* +3 ( B= 2)( x_+3x") +...

={+2x* —'-?s-x" +4xt +.

zil+2x2+~1~9x”
3
Q6
(i)
Score on the die
2 1S | 0] 20 [,
= 1(3-) 3(-5*) 4(q)
-
S ) 3y aEp) 1 5(=) | 6(2q)
g 2 10 2 i0 277
& I I l 1 1
S [2()5(=)|6(=p)|T(=)|8(=
& (2) (10) (2;) (IO) (29)

Since total probabiiity= I, é+p+—15—+q=: I=> p+gq =%

o (B o
10 2 3 27 2 10 2 5

1 i 3.3
Hence P{S = 6 =— +— —x ==
(5=6) ‘D 277375710

(i) -

1 11 I
P(=d)=—= —pp=— P
(S=d=g=gp=g=r=3
, 3 31 4
Since p+g==,then g=="—-—=—.

W PTEE AT
(iiiy .
K 3 4 |5 |6 (|7 8
PS=5| LT3[ 12
10361511010 )|.15
@PIC 2017 | [Turn Over]
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Q7

(i) .
X ~mass of a black sea bass fish. X~N (1.1,0.2’)

Y ~ mass of a red tilapia fish. Y~N (0.55,’0.052)

Let 7T be the total cost of 2 black sea bass and 3 red tilapia. Then
T=12(X,+ X,)+9(F,+ ¥, + %)
E(T) = (I2)2)E(X) + (9))E(T)

=26.4+14.85

= 41,25
Var(T) = (12)? (2)Var(X)+(9)2(3)Var(Y)

=11.52+0.6075
_ =12.1275

Thus T'~N (41.25 . 12.1275).

P(T>40)=0.64018 ~0.640¢ (35.f)
An assumption needed is the price / mass of all fish are independent of one another.

(i)
|
Probability required = 5—5 [P(Y >0.5)] [P¥<05) ~00170
o8 12
()
X ~ amount of cholesterol in one standard fillet of raw red snapper
unbiased estimate of population variance o’ is s* = ——;0': = -m( )= %9-;—
/R
Test Hy: u=w Vs Hy, p=w
200

Since n =350 is large, by Central Limit Theorem, X ~ N| w, :g approx.

— 4.
X ~ N| w,~— | approx.
(W 49) pp

- Level of mgmﬁcancc 5%
Critical region is z <—-1.9600 or z>1. 9600 d

78.5-w
2

Standardised test statistic: z =

: 7
Since H, is not rejected, z lies outside the critical region.

78.5 -1

~1.9600 < ! <1.9600

2
7

@PIC 2017 | {Tum Over]
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*21.96[2‘-} <785~w< 1.95(3“-]
7 7

—Tl.96[g)—78.5 < ~W 1.96(%}«- 78.3
7 7

-79.06 <—w<-77.94
77.94 < w<79.06

(it

No. [t is not necessary to assume that amount of cholesterol in a standard fillet follows a
normal distribution since sample size is large, by Central Limit Theorem, sample mean is

nommally distributed approximately.

Q9

(B

No. of ways = 4'' = 4194304

(ii)

Case 1: four Os, four 2s, with one 1, two 3s orone 3, two Is
No. of ways = 25 ——— % 2 = 69300

414121
Case 2; four 0s, four 2s, with three 1s or three 3s
No. of ways = —o—x2 = 23100

414131

Hence the total number of ways is .
69300+ 23100=92400

(iii)

No, of ways = no. of ways without restriction -

Alternative

No. of ways ="'C, x '€/, x 2* = 92400

- Choose 4 slots from 11 slots to place

four 0s. Choose 4 slots from remaining
7 slots to place four 2s. 2 choices (digit
1 or 3) for ¢ach of the remaining 3 slots.

no. of ways with no consecutive digits that are the same -

= 4194304 ~4x3" = 3958108

Q10
)
Least value of P(4 5B) = P(A)-i-P(B)*I—“-!-l—l:L
20 2 20
Greatest value of P(A B)=P (B)= %
(i)
T8 _ T
F P P LA A
P(BNAY=P(B| AYP(4") TR
7 19
P{AUBY=P(BNAY+P(A) =t — = —
B A A A TRE TR,
@PIC 2017

[Turn Over]
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(iii)
P(BlAY)= g'# % = P(8), then B and A4’ are not independent events .
Hence A aﬁd B are not independent events .

OR: |
P(AUB)=P(A)+P(B)-P(ANB)

9 11 1
—me— e P(ANE
10 20 2 P )

3
P(ANB) =
(AnB)==

11t 11
B e W e T e
PIAP(E) 20x2 40

P(An B) 2 P(AR(B)
Hence, A4 and B are not independent events.

(iv)

P[CA(4UB)]= HAVBUC)~PAUB) = ez

LetP(BNC)=x,then P(ANCY=2x

P(C):—!-+—1~+[x—«-l-—)+(2xw-}—-)

20 10 10 10:

2 1

=3 . ww
5 20 B '

_P(AﬁC)z 2x=03
Or : . : A
P{AVBUC)=P(A)+ P(B)+P(C).—P(Ar‘\ BY-P(ANCO)-P(BNOY+P(An BN ()

DE AN ZP(BmC)—-P(BmCH-IlO-

20 20 2 5 20
3PBAC) = —
20

3
P(BAC)=—
( =75
3.

P(AﬁC)v:ﬁ:'l'a

@PIC 2017 _ [Turn Over]
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Q11

2 assumptions:
- Occurrence of show / no show is independent among passengers.
- Probability that a passenger does not show up is constant.

(®

X ~number of passengers with reservation, who show up, out of 245,
X ~B(245,0,93)

P(X >232)=1-P(X £232)=0.118761~0.119(3 s.f)

(i)

W ~ number of passengers with reservation, who show up, out of z.
W~ B(n, 093)

P(W > 232)< 0.0t

1-P(W <£232)<0.01

P(W <232}>0.99

Using GC,

When n =239, P(W <232)=0.998>0.99

When n =240, P(W <232)=0.995> 0.99

Whenn=241, P(W <232)=0989<0.99

When i =242, P(W <232)=0.977 <0.99

Hence the maximum reservations that should be accepted is 240.

iif)

¥ ~ number of flights which is overbooked, out of 7.
Y~B(7,0.118761)

P(Y =0)=0,41272 ~0.413 (3 5.£))

(iv)

Sincen =52 is large, by CLT,

¥~N (E(Y), (Y)) approximately

(7)(0.118761)0.881239)
52

~ N ((?)(0.1 18761), ] approximately

approximately

¥~ N(0.831327,9~5-—---~:3b ESJ

¥ ~ N(0.831327.0.014088) approximately
P(Y s1)=0.9223521%0.922 (3s.1)

@PIC 2017 - [Tumn Over]
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Q12

W

@PIC 2017 ' [Tum Over]
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(if)

(i)

As x increases, y decreases at a decreasing rate. Hence, model (C) is the most appropriate.
Using GC, r=0.984

(iv)
Equation of regression hine: y=69.425+ 2.73399 ~ 69,4 .;.2_6_
When x=10, * *
y=69.425+ 273333 70.0
(iv) |
Replace x with %,
New equation:
p=69,425+ 2020 L 60 44 4—%?-
5
@PIC 2017 _ [ Turn Over]
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RI H2 Mathematics 2017 Prelim Exam Paper 1 Question

A local wholesaler sells Pikachi plushies in two sizes, small and large. The number of
Pikachi plushies bought by three particular retailers and the total amount they paid are shown

in the following table.

Retailer Small Large Total Amount paid
A 30 50 $1375
B k 2k $2704
C 2k k $2522

Find the price of each small and each large Pikachi plushy and determine the value of k.  [4]

A right circular cone has base radius r cm and height ~cm. As r and & vary, its curved

surface area, ﬂr\/ (r2 + hz) cm’, remains constant.

It is given that when r=v2cm, the magnitude of the rate of change of 4 is 10 times the

magnitude of the rate of change of r. Given also that 4 > r, find the height of the cone at this

instant. (4]
+
(@ Find |— 2 4 [4]
V (1 —8x—4x’ )
4
(b) Use the substitution x =2sec@ to find the exact value of j l\/ (x2 - 4) dx. (4]
2 X

A curve C has equation y =f (x), where

f(x) = (x+b)2 +cx,

and a, b and ¢ are constants. It is given that C has a vertical asymptote x=—1 and a

minimum point at (O, 1).
(i) Find the values of a, b and c. (4]

(ii) Sketch the graph of y=f (|x

), stating the coordinates of any point(s) of intersection

with the axes and the equation(s) of any asymptote(s). [3]
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(iii) Hence, solve the inequality f (|x|) -4>0. [2]

N
N
N

N

y=0 (-4,0)

\\\y: —XxX + 2

1
1
1
1
N
1
1
1
1
1
1
1
1
1
1 N X
1 A
]
1
i
1
1
1
1
1
1
1
1
1
1
1
1
1

x=-3

The diagram shows the curve y =f(x). The curve has maximum points at (—5, 4) and the
origin, and crosses the x-axis at (—4, 0). The lines y = 0, x = =3 and y = —x + 2 are the

horizontal, vertical and oblique asymptotes to the curve respectively.

On separate diagrams, draw sketches of the graphs of

1
= 3
@ ek 3]
(b) y=f'(x), 3]
_of x+1
(©) y—f(—2 j [3]

labelling clearly the equation(s) of any asymptote(s), coordinates of any axial intercept(s) and

turning point(s) where applicable.

e

2 2
(i) Giventhat y=In (1 +sin 2x), show that e” d'y +e’ (%) =—4sin2x.

Find the first three non-zero terms in the Maclaurin’s series for y. [5]

(ii) It is given that the three terms found in part (i) are equal to the first three terms in the
series expansion of ax(1+bx)" for small x. Find the exact values of the constants a, b

and n and use these values to find the coefficient of x* in the expansion of ax(1+bx)",

giving your answer as a simplified rational number. [5]
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Mr Tan is planning to set up a home theatre in his spacious rectangular living room. A
projector screen with height @ metres is to be positioned against one of the walls b metres
above the eye level (see Fig. 1). He is trying to decide on the horizontal distance between the
sofa and the screen so that the viewing angle a of the projection screen is as large as
possible.

) La+b b ) ) .
(i) Show that a =tan™ —tan"' =, where x is the horizontal distance between the sofa
X X
and the screen in metres. [1]

(ii) Use differentiation to show that the value of x which gives the maximum value of a
satisfies the equation

a+b _ b
X2+(a+b)2 x2+b2'
Solve for x and leave your answer in terms of a and b. [4]

[It is not necessary to verify the nature of the maximum point in this part.]

Mrs Tan proposed an alternative way of arrangement. She proposed to place the sofa against
the wall opposite the screen, which is ¢ metres away, and to vary the vertical position of the
screen placed y metres above the eye level in order to maximise the angle a(see Fig. 2).

Y
v

(iii)  Use differentiation to find the value of y which gives the maximum value of a,
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leaving your answer in terms of a. Interpret the answer in this context. [5]

8 A curve C has parametric equations
. T
x=sin*t, y=2cost, for OStSE.
(i) Find a cartesian equation of C. [2]
The tangent to the curve at the point P where ¢ = z is denoted by /.
(ii) Find an equation of /. [3]
(iii) On the same diagram, sketch C and /, stating the coordinates of the axial intercepts and
the point of intersection. [3]
The region R is bounded by the curve C, the line / and the y-axis.
(iv) Find the exact value of the volume of revolution formed when R is rotated completely
about the x-axis. [3]
9 Do not use a calculator in answering this question.
(a) One root of the equation z*+27° +az® +bz+50 =0, where a and b are real, is z=1+
(i) Show that a =7 and b =30 and find the other roots of the equation. [5]
(ii) Deduce the roots of the equation wh =2iw’ =7w? +30iw+50 = 0. [2]
5
)
(b) Given that p*= ﬁ , by considering the modulus and argument of p*, find
-1
the exact expression for p, in cartesian form x +iy. [4]
10 | In a model of forest fire investigation, the proportion of the total area of the forest which has

been destroyed is denoted by x. The destruction rate of the fire is defined to be the rate of
change of x with respect to the time #, in hours, measured from the instant the fire is first
noticed. A particular forest fire is initially noticed when 20% of the total area of the forest is

destroyed.

(a) One model of forest fire investigation shows that the destruction rate is modelled by the
differential equation
dx

|
o1 a-x.
PP
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(b)

(i) Express the solution of the differential equation in the form x =f(#) and sketch

the part of the curve for r=0. [6]

(i) Find the exact time when the destruction rate is at its maximum. [2]

(iii) Explain briefly why this model cannot be used to estimate how long the forest

has been burning when it is first noticed. [1]

A second model for the investigation of forest fire is suggested and given by the

differential equation

dx _ 1
dt 2]
S 1+ L tan K’
10 10
Determine how long the forest has been burning when the fire is first noticed. [3]

11

A right opaque pyramid with square base ABCD and vertex V is placed at ground level for a
shadow display, as shown in the diagram. O is the centre of the square base ABCD, and

0o OO 0o

perpendicular unit vectors i, j, k are in the directions of AB, AD and OV respectively. The
length of AB is 8 units and the length of OV is 2/ units.

A point light source for this shadow display is placed at the point P(20, —4, 0) and a screen of
height 35 units is placed with its base on the ground such that the screen lies on a plane with
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1
vector equation r. | 0 | =a where a <—4 (see diagram).
0

(i) Find a vector equation of the line depicting the path of the light ray from P to V in
terms of 4. [2]

(ii) Find an inequality between & and & so that the shadow of the pyramid cast on the
screen will not exceed the height of the screen. [3]

The point light source is now replaced by a parallel light source whose light rays are
perpendicular to the screen and it is also given that 4 = 10.

(iii) Find the exact length of the shadow cast by the edge VB on the screen. [3]
A mirror is placed on the plane VBC to create a special effect during the display.

(iv) Find a vector equation of the plane VBC and hence find the angle of inclination made
by the mirror with the ground. [4]
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RAFFLES INSTITUTION
H2 Mathematics (9758)
2017 Year 6
H2 M. li mina =

i Syt 3 G £
Letsnnd Sybethcprlceot‘ each small andmh largePuknchl p:ushy
respectively.
Retailer A :
30x+ 50y =1375 (1)
Retailer B :
ket 2dy=2104 )by K
x+2y- 2104[%)- 0 (@
Retailer C : /J+.
2 + by = 2522 by k
2x+y—2522[%)=0 e
1_1
C:x=15, 18. —_
FromGC: x=15, y=185, g

Hence, k=52, cach small Pikachi plushy costs $15, and each large
Pikachi plushy costs £18.50.

Most students
were able to
form the three
equations. Only a
handful realized
the need to
linearise the
equations before
using GC to
solve for the
unknowns,

2017 Y6 H2 Math Preliminary Examination Paper 1
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Raffles Institution H2 Mathematics 2017 Year 6
- S pevE e [ N o F Tt ety A W
- T e YELSY
Students must remember

.qt,&-mm ')5 “{U@W bUﬂ'\HdU
=xlr r +h
PDifferentiate w.r.t. (:

[z d—’+z;.—) [r’m’ [2:3) =0
d

(Note: —ji:- = 0 since A is a constant )

Sincer#0, [2 +h‘) *hr%:ﬂ

Solving: h=13.9(3s) or h=0.289(3s)

Since h > r, the height of the cone required is

Do remember to
dh\ (dr)_2r+h substitute the given
=, (I}" E]' —hr conditions pfter
2 differentiation and not
When r =42, 5".=_|0£ ay A+ before differentiation!
dt dt -J2h
= K -10J2h+4=0

thatr and h are variables
and not constants. When
performing implicit
differentiation on the
variables with’respect to
r, hort,youmust

dh dr
have your — or — elc.
e E

13.9 cm (to 3 sf). J

-."_.-:‘t'. ngqx ;97,“‘ a"!_ ' q'. -3

.h.l'\'e

I x+2 dx

Jl—ﬂx-h’
lj' -8x-8

- dx+
B) J1-8x-4x?

_lj -8x-8 o
8) J1-8x-dx!

——%Jl —8x-4x' +25u _.2-f'[x+'|) +C

'ﬁm quemon is not well done. Most sphi \

IM Iﬂ‘tll’ll\d to
J x
Jl Bx - 4x’

Js: 45

dr

|
& 1
Jl Bx 4x Pl gﬁ md havednl‘fculry integrating the first
Thcrt are quite & few who wrole \
|
JS 4{-“"[] J’ 318 Y UL Ll

NTETS 3 3 '|

When x=2, secO@=1=cosf=1=8=0

When x=4, secB-z::ucusﬂ-%:&a%

[ -ae

? |
[C) ) dr _ There is a significant number of students
4] 8 duct a6 2scchund who do not know how 1o integrate tan’ 8

and sec’ @ Make sure you know how 1o
integrate all the trigonometric function

(sin x, cos x, tan x, 8¢ x, Cosec x, col x) and
(wrigonometric)’ function, such as

sin® x,cos’ x,tan’ x,sec’ x,cosec’x,cot’ x .
and be familiar with the formulae/identities
given in MF26.

J
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" : 2017 Year 6
RafMes [nstitution H2 Mathematics 2017 Year 6 Raffles Institution H2 Mathematics

I—
something is
z !
3 Jasec?6-4 The other istake 1s not changing Wrong:
‘j S (2secotan6)de the limits of the integration when Your graph
o o substituting x by 2 sec 8. should also be
i 2an@ symmetrical |
zma{lsecatanﬂ)de —\ about the y-axis.
’ P i 4 Question did not |
since V4sec’ §—4 =2+/tan’ 8 = 2tané for 05853 1) f(ld)-4>0 = £(<)> ask for exact
= The line y=4 cuts the graph of ¥ =f(|d) at x=1194(sD. answers, S0 it :s
3 e not necessary to
’L ey Lf()-4>0 o x<-194 or x>194 | solveforthe |
2 intersection
=2I’m‘9-lde points |
5 ¥ algebraically.
- 2[un6 -]} | You just need 1o |
x | plota graph and |
= E[J-_?] \ find its

intersection with |

the x-axis using
A aGC.
= L R N AT | Your final
When finding the derivative of | answer should
(xeb) | be symmetrical
% with respect to x, there is no need to use ]l about the y axis,
C has a vertical asymptote x=-1 = b=1{ he quotient rule. If the unknown | and remember to |
C passes through (0,1) = a=1 constants bother you, ask yourself how | give the final
Q . 2 = you would proceed to find its derivative | non exact
dr ( 5 +1)3 if you assume some real values for the | answers 10 3 sf.
d 5 unknown constants. Eg - A |
ALQ,1), L=0>c=5=2 (x+1)
dr 1 If you can identify the values of some of
the unknowns immediately, substituting
these values into the original expression
will help to simplify your calculations. 2
Whenever you
are sketching a
graph, you
should always
remember SIA
(shape,
intercepts,
asymptotes).
Question also
states that (0, p
is a minimum
point, so if it is
X not featured in
the graph,
2017 Y6 H2 Math Preliminary Examination Paper 1 2017 Y6 H2 Math Preliminary Examination Paper 1
I page 3 of 16
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Raffles Institution H2 Mathematics
2017 Year 6 Raffles Institution H2 Mathematics 2017 Year 6
Qn'5- \ e
|'l ') ‘:; Ci a3 Tm!nmtl‘iﬂ
B3] |y=mt y General s
f(x) ' , Co-ordinates are required for "f/’ i Comments :
! axial intercept(s) and tuming o1 ) 1
: point(s). We want to see (s} y=In(l+sin2x) Py |
(30) =0y :c:i‘nm " th pect{s), and $0 e =l+sin2x the 2™ arder DE which
? & ' (aff/% Differentiating with respect 1o x: involves &7, We slmul.j |
: Equations of asymptotes must oxprent; yewinifasinc) !
: be labelled. Many students d as ¢’ =1+sin2xand |
: left out " y = 0" and/or ¢’ —=2cos2x apply implicit | |
; e " 1 differentiation. Direct |
i J ~4sin2x  (shown) differentiation can be !
I LT O slectihad s o complicated at times.
_ asymptote must exhibit the e’-—"-'ﬂ ][ ':r) [d y] e [;J ==8c0os2x | Note th l I
® characteristic of approaching d-‘ dr ple st .
3 | r=f®) y nearer and nearer to it. dv d(dy dy f d’y
13 ' E =-8cos2x Tl HleElar
; Use ruler to draw (dotted) o
; straight lines to represent dy d'y d'y An alternative solution
o': asymptotes! When x=0, &"=1= y=0, 2== % B Rl i 8 | involves applying
-5, :
20 ) For(a): By Maclaurin’s Theorem, :'::::fmmﬂfr].:'féﬁ this is
An empty circle ought to be . > not the intended method.
y=-T i marked at the point (-3,0) to y=2x— [ ]+8[ |]
! indicate the exclusion of the 3
i point. =2x=2x" +ER+»~
: . ) .
b We can't leave the equation of (5] | ax(l+bx)" A cdmmon mistake |
= the oblique asymptote as N — involves omitting the |
(c) .. ¥ r+l =R =ar| l+1'||:|ﬂ'.t)+n(’II l){bx):+ et 2)(.5:)’-».., term, ax, in the |
13] y==—1+2, Simplify it. 2! 3 o
2 ; expansion of ax(l+bx)", |
=m+mbx'+ﬂ-—-—}ab:x’ i Also, since we do not
Many students had the wrong know whether nisa
translation unit and/or scaling posilive integer or not, we
factor. |f n !
There are 2 options for your By comparing coefficients, a=2 should not use r] ornl. |
consideration : nab=-2=>nb=-|
(1) f{x]—’l'[ J—.f{‘;I) .
2
f(x)—= x+1 —bf( i ‘ [ I
2 272 ‘ |
i

2017 Y6 H2 Math Preliminary Examination Paper 1 2017 Y6 H2 Math Preliminary Examination Paper 1
Page 50f 16 Page 6 of 16 !
|
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M ab?

=(-1)'=(-1)b

1
=b=- and
=3

. coefficient of x* = - 20
27

2 Ta

= n’b? - nb? -1;.

...
3

n=-3

-3
x* term in the expansion of 2x[l+-§-x)

- 2]

Let 3 be the angle of elevation of the bottom of the screen from eye- | Students should
11 | level. define the angles
+b " b properly. They
larl(a+ﬂ)-—;-‘=5a+ﬁ mla+ can also draw a
. ab diagram to
(ﬂ]-—:»ﬂ-um indicate the
. angles & and 8.
a=(a+p)-f= tan"a+b ta.n"; ¢
_};i:/ da 1 a+b) 1 (b ] St\:dclhnts should
T = ) [ note the
dx 1+ _‘“'b)z U |+(QJ \x application of
x x chain rule in the
showing of the
2 atd T Tz 2 e differentiation in
¥ +(avd) X+ the first line.
. da (a+b) =0
For maximum a: 5 =—-——"x, +(a+b)’ "‘x: Th
_.M)_g. == b _ (shown)
xP+(a+b) ¥ +b
(@+b)(x* +67) = blx* +(a+b)’]
1
(a+b)x* +(a+b)p’ =bx* +b(a+b)
ax? sb(a+b)[a+b-b]=ab{ﬂ+b)
L x:,}b{ﬂ'"‘b) or —q‘b(a'Pb) (NASincex)O)

2017 Y6 H2 Math Preliminary Examination Paper 1
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C \iii) | Let the screen to be positioned y metres above the eye level.

2 a:[an"f.iy__mn"z
c

TT:' 1+[a_l?f]’ G]' |+[1£]1 [ﬂ
[4 [5
+(a+y}: -c:+y:

=c[c’ +y=c —[a+_|.-}=]
[c’ +(a+ }']21[62 +y')
. c[y+(a+y)][y-(a+y)]
[c‘ +(a+ y}:](c' +»)
- —acla+2y] ’2""[”*“2
[c’+[a+y]l.]{c’+y’) [c +la+y) ]lc +3°)
For maximum a: d—a= .3 i =0

dy ¢! +{c:+y]1 (c’ + y’]

:y:—%(sincea#ﬂandc:ﬂ)

[r+%) r’ \“

—2ac[y+ %] where -2ac <0 20 10 "‘0
da >0 ‘ 0 \ <0
dy

Therefore y = —% gives the maximum viewing angle a.

Students should
note that it is eye
level and not
ground level
given in the
question, for

those who !
concluded that it

is impossible 10
get y being |
negative. |

Students should
show how they
deduced the
signs of the
derivative for

(4=
Ay

Some were also
successful in
using the second
derivative test,

although it is
Interpretation of the answer: more demanding
In order to maximise the viewing angle a, the centre of the screen to obtain.
need to be placed at eye level regardless of the position of the sofa.
R SR . v
= e i -

L.
Usmg sin’ 1 +cos :=i acamlanequanonofCts

Important to remember the
Trigo identities. Answers

suchas y= lcos[sin" J;]

2017 Y6 H2 Math Preliminary Examination Paper 1
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2
- e —
5 are not simplified. =-I-E.v—-s-:r
=y =4-4x, 05x<], 0sys2 Essential to state 0 S x <1 9
or and/or 0< y<2 asCis = units’
W T defi 0s1sZ,
o =Y 2 ]-x’. 0<xgi Mool St 2 OR Use volume of cone =%, i.e.
:31) Dﬂmn:iim Wil epen oy & INEAVEAT 13 !
H%_d_i‘o s Q. 2 & o0 also be found by [Ex(ij [I)_Ex[;f[ﬂ]-xﬁﬁ-u}dx L,
&y pa?neu'ic or explicit
differentiation
When =2 xogin?[ Z ...3. '
3 x=sin (3 , y=2c0s| - =], _?_' -2 nﬁ*ﬂg-xu'r o P SR PR #:, ‘Commenfs, ]
S e S gt e ¥ Bl s foat |l e e
= . . 3 p(a) Since z=1+3iis aroot and the polynomlai ha.s real cocﬁ'ctcms. =1=3iis | Notethe
ence, an equation of lis y-I1= -2[:—-) (i)/ | also a root to the polynomial. following
5 instruction is
g 2 Hence a quadratic factor of the polynomial is given at the ‘
';i\ ¢ yeks (z-(1+30))(z=(1-30)) = ; start of the
| question -
( p (2! = 2(1+3i+1-30) + (143i) (1-3i)) = (=* - 2= +10) “Do notusea |
[ i 3] calculator in
* 2' 422 +az’ +bz+ 50 answering
(0, 23 i 5 this [
={z -2:+10)[d: + Bz +C‘] for some constants 4, B and C. guestion”, i
Sketch C for 0sx<1 : |
only. State the coordinates By comparing coefficientof z'and z', A=land B-24=2=B=4 Obviously |
of the point of intersection By comparing the constant term, C=5 3 ) usck ,
and axial intercepts. G{gl:‘;::ii' |
Sketch should illustrate b er,
o " that line / is a angent 10 Hence z' +22" + @2’ +bz+50 = (2"~ 2z+10)(s" +4z+5) hmuuum
(1,0 [5 ] curve Cat (4,1). Comparing coefficient of z* and z, we have a=-8+10+5=7and PeqUirecii
30 ) h
(iv) | Vol f revolution of R romt;d about the x-axis As “exact value” is e 4010w 0. abiruced: iv:r‘:i::ar
v) | Volume of revolution o - :
131 % 4 i required, you are to show Solving 21 #4245 =0
5 y I ing irstead of ving 2’ +4z+5=0,
a2 L 4-4x) dr clear working inste
”L( 2“2) i Ly using the GC to oblain the S O R R e S PV N G
3 values of the integrals. 2 2 2 ’
5y [ (You may, of course, use Hence the other roots are 2 =1-3i, :=-2+i and z=-2-1
-2x *2 3 the GC to check your
=732 -n[4z-24'] answer). Altemnative Solution (more tedious):
E Since 1+3iis a root,
: 55 (1431)' +2(1+3i)" +a(1+31)" +b(1+3i) +50 = 0-+(1)
| s 5 _af 2
'_ZK[I _[5J ]_‘[3 2[4] } (143)' =1 +2(31)+ (3i) = (1-9) + 6i = -8+ 6i
(143i)’ = (14 3i)(-8+ 6i) = (-8~ 18) +i(6 - 24) = =26 - 18i
2017 Y6 H2 Math Preliminary Examination Paper 1 2017 Y6 H2 Math Preliminary Examination Paper 1
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(143i)" =(-8+6i)" = 64-96i-36 = 28-96i

Applying above results on (1),
(28—96i)+2{-26-18i)+a{-8+6i)+b(l+3i}+50=0

(26-8a+b)+(-132+6a+3b)i=0
Comparing real and imaginary parts,
26-8a+b=0 and -132+6a+36=0

equivalentto —-44+2a+b=0

Solving, ~44-26+10a=0= g =7 and b=8(7)-26=30
“a=7, =30 (shown)

Since z =1+ 3iis a root and the polynomial has real coeflicients, z =1-3iis

e
also a root to the polynomial.
2 +22' 4721 4302+ 50
=(z2=01430)(z=(1-3))(2* + 4z + B)
=(z =2z+10)(2* +A:+B)
By comparing coefficients, we have A = 4, B=5,
Solving z* +4z45=0, z = 41‘;_ -‘i{r -24i.
/~ | Hence the other roots are z = | - 31. 2=-2+i and z=-2-i.
(;“" Let z =iw, then we get (iw)" +2(iw)’ +7(iw)’ +30(iw)+50 =0 T"“ that
; = W' =2iw’ ~Tw® + 30iw+50=0, fu
z=iw = w=-iz
Hence the roots are w-—i-J w-—i+3.w-2i+|a.ndw=2i—l.
2 Note that this
tion
Iol=|'|= L=£ ! J’a 8 o B3 :l:qe:ireswu
I(l")r J‘ 4\B) 3T 1o consider
1 and
mn(p)——arsfp)-—(ms[ ] (1-1) ]*2“2” arg(p').
=_(5(_23£]_ [_% J I P Remember to

L

p=su5 (eo(-5) (-5 sip{ 3 s -pier 42

simplify your
surds.
Note that

arg(1-i) =71

2017 Y6 H2 Math Preliminary Examination Paper 1
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Qn10" e B g b Comments J
r de | |
@ ; ‘I_ox(] _I) |
= ii-;] dr= —I-d,f [
x l-x 10 4
1 2
=i+ 1 12— is
= l=x| 10 =

where C is an arbitrary constant
[
= ._.'r__. = el

, where A=+
l-x

1+ Ael0
] A
. That is, ;=——

1+ 4

When t=0, x= = A=

| =

i

s~ | —

1
—@

clo 4
Hence,x-J-——;—r —=1- :

d4¢10

l+-}eﬁ’ 44¢l0

x

o

Graph of x =

4+el0

rgiven instead

x
1-x|"

then D<x <1
should be
staled 1o
Justify the
removal of
the modulus.

of In

Final answer
should be in
simplified
form, it
should not
contain a
fraction
within a
fraction like

oo ) ; z : . s
Since T x(1 - x) is a quadratic expression, destruction rate is atits

y 0+1
maximum when x =-T =

3
2

dx\ dr

Or when i[£)= ! —lx 0 1e,x=12,

The
“destruction
rate is at its
maximum™
refers to
maximum

2017 Y6 H2 Math Preliminary Examination Paper 1
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—

ot
dr’
maximum x.

U

From x= — T x=0 = ¢'0=0,

44¢10

i
Since €' >0 for all real ¢, there is no value of ¢ for x=0.,
OR Note that s

x=1- T
4+el?

Since 0 < L

- <1, wewillhave 0<x<1.

«1n4~eﬁ
Hence, x>0 for all real values of ¢, and there is no value of f for x = 0.
L

ORAs x» -m , eﬁ—pﬂ*.x-l- =0*,

L
4+el?
Hence, x=0 is a horizontal asymptote and there are no values of r giving
x=0.

The question
asks to
explain why
the model
cannot be
used to
estimate (i.e.
why we are
unable to
estimate using
the model), it
does not ask
for why the
model may
not give a
good
estimate. So
answers like

is not
reliable” or
“the model is
not valid for
t <0™ are not
accepted.

“extrapolation i

(b)
3

2017 Y6 H2 Math Preliminary Examination Paper 1
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It is important |

2 to have
-—I.nn"(—f-ﬂm-’r-]'rc “s+ C"then |
4 L 10 show that |

! C=0

Whi =0, x==— H -
B Without this |
I 2y n slep, no mark |
;t;tan [la.nl—a]+C = C=0 | canbe i
2 ’ awarded for |

That is, x-—l:m"(L-r tnnlj the final

n 10 10 answer:

From G.C., when =0, +=-3.25 (3s.f)

Hence, the forest have been burning for 3.25 hours when it is first noticed.

Vector equation of the line depicting the path of

the light ray from P to ¥is

P <
( Qnifitt « moein o [ Comments _ |
iy Note that the vector equation ofa |
121 20 0 line is of the form:r =+ id, A€ R |
OF=|-4|, 0OF=|0 It is ppt written as
0 o l=a+id, A eR oreqguation of line |
=a+id, AR |
-20 -10
PP=| 4 |=2| 2
2h h

20-10i=a=1=22
10

20 =10
r=|-4|+4| 2 |, AeR
0 h
{ii) 1 “Does not exceed” means that the
13] o iz height is < 35 units.
e Students who attempted this
20 -10 question by similar triangles must
r=|-4|+2] 2 |, 1eR take note that @ is a negative value.
0 h
20-1023 (1
—4+24 || 0|=a
Ah 0

2017 Y6 H2 Math Preliminary Examination Paper 1
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| For shadow of the pyramid cast on the screen to
not exceed the height of the screen,

Ieng!hofshldw,u=[391:6£];,535

|
‘ o ne 350
’ 20

= since a<- 4 implies 20-a >0

(iii) | Given that h = 10

13l 4 0 -4
OB = -4} o‘r-[o]:i’h 4
0 20 20

Please note that the shadow cast by
the edge VB on the screen is not |VB|

_‘ Length of the shadow cast by edge VB
I -4 1 0
I = 4]){0 ==]20]=/416 =426
| 20) {0 -4
J(h'} 4 0 Students must be more careful when
] ﬁ=[4} T(:[GJ‘ computing vectors. There isnlu_:_n_af
0 20 computation error for C¥ and BV .
] S T
! =>CV=|-4|==41
/ 20 -5
I —4 |
fl BV=|4|=41
’. 20 5

BPxCT =| |
Avegto) noymat )l
40 plare| vBL D

Vector equation of the plane ¥BC is
5 (o s} 5
rlo|=|0|j0/=>r/0|=20
1) (20 IJ 1

Angle of inclination made by the mirror with the
ground

This is just a direct application of
angle between 2 planes with the

normal of the ground (x-y plane)
0

taken to be | 0 . Note that this
1

angle of inclination is not the same

2017 Y6 H2 Math Preliminary Examination Paper 1
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‘f'l] i'S'I
|

to 1d.p.)

' 0.0
L] ] |
. -1 ALY, =1 1
15 COs =g0s
125 +1 |v26)

as the angle between BY and B4
which is equal to 78.%
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RI H2 Mathematics 2017 Prelim Exam Paper 2 Question

Referred to the origin O, the points A, B and C have position vectors a, b and ¢ respectively such
that

a=2i+3j-k, b=5i-2j+3k and c=4i+j-2k.

(i) Given that M is the mid-point of AC, use a vector product to find the exact area of triangle
ABM. [4]

O
(ii) Find the position vector of the point N on the line AB such that MN is perpendicular to

00
AB . [4]
. 1 2 1 _ 2

(a) (i) Show that r_1—7+r+1_r(r_1)(r+1). [1]

. . < 4
(ii) Hence find ;m

(There is no need to express your answer as a single algebraic fraction). [4]

(b) Amy and her brother Ben are saving money together for their family trip. In the first week
of 2017, Amy saves $25 and Ben saves $2. In each subsequent week, Amy saves $4 more
than the amount she saved in the previous week, and Ben saves 22% more than the amount
he saved in the previous week.

(i)  Which is the first week in which Ben saves more than Amy in that week? [2]
(ii) They need a combined total of $2400 for the trip. How many complete weeks do
Amy and Ben need to save before they can achieve their targeted amount? [2]

The function f is defined as follows.

f:x>V3sinx+cosx, xO— 0<x<rm

(i) Write f (x) as Rsin(x+a), where R and @ are constants with exact values to be found.

(2]
(ii) Sketch the graph of y=f (x), stating the axial intercepts, and find the range of f. [3]

(iii) Hence, solve f (x) <1 exactly. [2]

The function g is defined as follows:

g:xHZcos(x+Ej, xUO—= —7—TSbe.
6 6
(iv) Write down the largest exact value of b, for g_1 to exist. [1]

(v)  Taking the value of b found in part (iv), show that the composite function g 'f exists

and solve g 'f (x) = x exactly. (3]
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The line [, has equation X =y -zl and the line /, has equation X—;l =y-4= -1

-3 12 4
(i) Show that /, and /, are skew lines. [3]
(i) Find a cartesian equation of the plane p which is parallel to /, and contains /,. (3]

(iii) The point A(0, a,1) is equidistant from p and /. Calculate the possible values of a exactly.

[6]

For events X and Y, it is given that P(X|Y)=%, P(Y|X):§ and P(X DY):%.

Find

i P(x), (3]
i) P(x0OY). [2]

The power consumption of a randomly chosen Effixion laptop has a normal distribution. The
salesman at Elf Superstore claims that the average power consumption of an Effixion laptop is
100 watts. The power consumption, w watts, is measured for a random sample of 50 Effixion
laptops. The results are summarised as follows.

D (w=100)=26 > (w=100)’ =273

Test whether this data provides evidence at the 3% level of significance, that the salesman has
made an understatement. [6]

The power consumption of another random sample of 50 Effixion laptops is measured. It is
found that the sample variance is 6.25. Using this sample only, find the set of values of w,
correct to 2 decimal places, for which the test would result in the rejection of the null hypothesis
in favour of the alternative hypothesis at the 1% level of significance. [4]

An unbiased cubical die has the number 1 on one face, the number 2 on two faces and the
number 3 on three faces. Adrian invites Benny to play a game. In each round, Benny rolls the die
twice. Adrian pays Benny $a if the total score is 2 and $3 if the total score is 3. However, if the
total score is 4, Benny pays Adrian $2. No payment is made otherwise.

(i) Find the probability that Adrian pays Benny at least 5 times in 20 rounds. (4]

The random variable X represents Benny’s winnings in each round.

(i) Given that a =6, find the probability distribution of X . Hence, help Benny decide if he
should accept Adrian’s invitation to play the game. Justify your answer. [5]

(iii) Determine the value of a for the game to be fair. [1]

(@) In Country S, each household’s monthly income per capita is calculated by taking the gross
household income divided by the total number of members in the household. It is assumed
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(b)

that this amount for a randomly chosen household consisting of 3 members follows a
normal distribution with mean $2601 and standard deviation $768.

(i) The Ministry of Education offers financial aid to students from households consisting
of 3 members each and with a household monthly income per capita lower than
$1800. Find the probability that a randomly chosen household with 3 members does
not qualify for financial aid. [1]

(i) It is found that there is a 50% chance that a randomly chosen household with 3
members has a gross household income between $5000 and $a, where a >5000.
Find the value of a, correct to the nearest dollar. [3]

Mr Tan is self-employed and his monthly income follows a normal distribution with mean
$6000 and standard deviation $1000 whereas Mrs Tan works part-time and earns a fixed
amount of $1500 a month. Their family’s monthly expenditure follows a normal
distribution with mean g dollars and standard deviation 650 dollars.

(i) It was found that 10% of the time they spend more than $5900 in a month. Find the
value of 4, correct to the nearest dollar. 2]

(ii) Mr and Mrs Tan save the remaining amount of their income after deducting their
expenditure every month. Find the probability that their monthly savings in August
and in September differ by more than $1000. [4]

(iii) State an assumption needed for your calculation in part (b)(ii). [1]

(@

(ii)

(1ii)

Sketch a scatter diagram that might be expected when x and y are related approximately as
given in each of the cases (A) and (B) below. In each case, your diagram should include 6
points, approximately equally spaced with respect to x, and with all x- and y-values
positive. The letters a, b, ¢ and d represent constants.

(A) y=a+bx’, where a is positive and b is negative,
(B) y =c+dInx, where c is positive and d is negative. [2]

The following table shows the Gross Domestic Product (GDP) per capita, $x, and infant
mortality rate, y, for a sample of 9 countries.

x($) | 1375 | 2502 | 10569 | 2966 | 11539 | 2036 | 4260 | 1433 | 7427
y 115 69 18 65 17 83 44 112 27

Draw a scatter diagram for these values, labelling the axes clearly. [2]

Calculate the product moment correlation coefficient, and explain why its value does not
necessarily mean that a linear model is the best model for the relationship between x and y.

(2]
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(iv) State which of the two cases in part (i) is more appropriate for modelling the relationship

(v)

between x and y. Calculate the product moment correlation coefficient and the equation of
the appropriate regression line for this case. [3]

Use the regression line in part (iv) to find an estimate of the infant mortality rate for a
country with GDP per capita of $723. Comment on the reliability of your estimate. [3]

10

(a)

(b)

It is given that the probability that 21 randomly chosen people were all born on different
days of the year is 0.55631, correct to 5 decimal places.

Find the probability that in a random sample of 22 people, there are at least 2 people with
the same date of birth. [3]

[You may assume there are 365 days in a year and the probability that a person is born on
any of the 365 days is the same.]

A soccer team consists of 1 goalkeeper, 4 defenders, 4 midfielders and 2 forwards.

Country N has a squad of 3 goalkeepers, 6 defenders, 9 midfielders and 4 forwards.
(i) How many different soccer teams can be formed by country N? [2]
One of the defenders and one of the midfielders in the squad are twin brothers.

(ii) How many different teams can be formed which include at most one of the twin
brothers? (3]

The following table shows the dates of birth of the 22 players in the squad of country N:

Jersey Date of Jersey Date of
Position . Position .
Number birth Number birth
1 Goalkeeper | 29 October 12 Midfielder | 15 August
2 Defender 3 May 13 Defender 11 July
3 Defender 17 July 14 Midfielder | 29 March
4 Defender 15 May 15 Defender | 22 October
14 .
5 Defender 16 Midfielder 13 March
December
g 29
6 Midfielder | 12 October 17 Forward
November
7 Midfielder 15 Ma 18 Goalkeeper 20
y p December
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8 Forward 10 May 19 Midfielder | 5 February
9 Forward 1 July 20 Midfielder 1 March
10 Midfielder 1 April 21 Forward 27 March
11 Midfielder | 29 October 22 Goalkeeper | 31 October

(iii) Find the probability that the team formed by country N contains no players with the
same date of birth.

[4]
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. .h_. 2 - "._.,.?
14] o;-[:]i:'?h -21.0C=| 1
-1 3 =2

Since M is the mid-point of AC,

2 4
3|+ p
. (_)E- s =2 -l 4
2 2 -3

Arca of A4BM
=%|me|

1 k)
-5 =5 x| =1
1y

23 es 0

Many candidates did this
question correctly,

Some candidates wrongly
expressed OM as %IE':

A small minority did not
realize that the question
asked for “exact area”, and
left their answer as 4,37,
rounded to 3 sf, which is
not acceptable.

For those who attempted to
express the final answer as
exact, do note that values

like *_?26,5 can be

simplified to 3‘{3; by
writing 76.5 as a fraction
and rationalizing the
denominator,
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~ 306
Arca of A4BM = L Areaof AABC= 4

(i) 2 3
W, r=| 3 [+4]-5|, AeRr
-1 4

Since point NV is on the line AB,

_ (2 k]
ON=|3 |+4|-5| forsome 4
-1 4

[ 3=
MN =| 1-54

y2+4.1

For MN tobe perpendicular to AB,

MNAB=0
kY | 3
1-54 ||-5]|=0
}/2+42. 4
o
25

Most candidates |
demonstrated understanding

of the concept of finding MN
and using itto find 4, A
significant number of the
candidates who got the wrong
answer made careless

mistakes in the following \
arithmetic operations i.e.

MN =0ON -OM \

2+34 3
=| 3-54 |-} 2 'I,
~1+44) |15 |
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r(r=1)(r+1)
_” +i'—2(r' -l)+r' -r

=_2....__
r(r=1)(r+1)

_E+__L_ o r(r+l--l)rl)+ r(r=1) —

TRE
Almost all
to show this. Just a note that
it might be easier to start
from LHS and combine the
fraction to arrive at RHS
instead of trying to break up
RHS into partial fractions.

<

students managed

ph | & 4 _ 2
X rZ,:J"(r—l‘}(ﬂ"+l‘}_2,.z_ul-{r—l)(r+l)

~f 1 2 1
=2 | ———p—
,z.;(r-l r+r+lJ

I 1 1 12 2
= ———f——— | = —————
2(6 n+n+lJ 3 n n+l

Most students were able to
recognize that this involved
MOD, However, some
common mistakes were still
prevalent:

1. Forgot about the factor 2,
ie

: 4

. 1 2 |
-35-241)

2. Did not write down the
correct leftover terms after
the cancellations, i.e either

: I {4
missed out — or — inthe
3 n
final expression.

3. Question mentioned that
“There is no need to express
answer as a single algebraic
fraction™ but that does not
mean that liked terms need
not be simplified.

4, Some students tried to
split the sum up without

realizing that r cannot start
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froml,eg

Z[ 1 2 1 ]
L A
mar=l r or+l

'( G | } |
= —_—
mnr=1 r r+l

®0 | Amount Amy saves in nth week
121 =254+(n-1)(4)=21+4dn

‘When Ben saves more than Amy,
2(1.22)"" >21+4n

From GC,

When n=20, 2(1.22)"" -21-4n=-135<0

When =21, 2(1.22)"' =21-4n=1.72>0

Amount Ben saves in nth week=ar"" =2(1.22)™

in the 20th week, Amy saves $101, Ben saves $87.47
in the 21st week, Amy saves $105, Ben saves $106.72

Hence, Ben first saves more than Amy in the 215t week.

Or: 2(1.22)" >21+4n =2(1.22)" -21-4n>0

r
Students need to recognize
the use of GC for these 2
parts based on the number of
marks and also the nature of |
the inequality which is not
easy to solve algebraically.
There were a number of
students who could not
progress after forming the
inequality.

Some common mistakes
made for both (i) and (ii):

1. Use the sum of AP and
GP formulae for both parts.

2. Use only the nth term
formulae for both parts.

3. Forgot either the sum of \
AP/GP formula or the nth |

| term formula for AP/GP.

| 4. Take r=0.22,

Total amount in Ben’s account after nth week,
a(r"-1) 2(1227-1)

r=1 1.22-1
For their total saving to exceed $2400,
n 2(1.22°-1)

4n)+

> 2400

1.22-1

ure|-L!

Wi
) | Total amount in Amy's account after nth week,
k u%(la+(n-l}d]=%{50+[n-1}(4)}=%{46+4n]

in the 22nd week, total savings= $2186.89 < $2400

|
| 1.

2017 ¥6 H2 Math Preliminary Examination Paper 2
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in the 23rd week, tota] savings= $2458.72 > $3400
. least n=23, f(x)= 25i_n(1+%)=|, |
Hence, their total saving wi
g will ex
complete weeks, P S0 a2 PN TN |
9 =x=00r 35{ )|
A T TR, AN ek, -l ; 5
. iv
f(x) = Rsin(x + &) = Rsin xcosar + Reos xsinar | Most students arc able to do this pan fu) g(x)=2008(x+%]. —%stb, '
compare with f{x) = /3 sin x +cosx correctly. : |
= Rcosa =43, Rsina =1 [ |
='R=\|'12+J-z =2, a=tan"' . =§ 2 e yu=2cos[x+—-] ‘ .
. [—E‘z] | |
ﬂx)=25in[:+EJ ) l |
L‘\ - /
*([@ ; Students have to leamn to read the / .l
| P question carefully. Many did not label
(?-ZJ the intercepts. Students also need to ]
7 consider the domain of f and indicate |
the coordinates of the end points on the St |
: (o e sketch. Quite & handful miss out the ?-'2)
i (—,o) open circle on both the end points. ]
6 x, | A few did not write down the range For g™ 10 exist, g has to be a 1-1 function. |
o although they got the graph correct, . T Sz
\ (it} which is very wasteful. The largest exact value of b, is o ~
y=Rx) ;) domain of g™' = the range of g = [-2,2].
| eof f =(-1,2]C Domain of g~ =[-2,2]
The range of fis (~1,2]. , therefore g7 £ exists,
(iii) The key word here is “exactly™. : " !
2 r, This means that students have to show g f(x)=x, O<x<x .
5 3’ algebraic working to get the correct g(x)=f(x)
value 0!‘23—”. Answers without working 20“(“,%)’23“‘*%] ‘
(0.1) will not get any credit. .
=1 tan(x+—) =1 Many students failed to see that the
# 6 casicst way to solve this is 10 solve
= . X R g(x) = f(x). Many proceeded 10 find
y=RI\ (z.01) 6 4 the function g f(x).
. oz
I ‘ 12 \ |

2017 Y6 H2 Math Preliminary Examination Paper 2 2017 Y& H2 Math Preliminary Examination Paper 2
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| Sx 3 =
| (Note:0 < x S — considering domain Again the key word is “exactly™. Marks
l % of fand | ikl not be awarded for answers without
g algebraic working.
L

1 4

g T
Bl f.:r-[u]u[u],zn

4 4

|
'{ I, are not parallel.
l If the two lines intersect, there will be a
[ m\ﬁtdiﬂph&nﬁmo{
equations
|
o -3 (l [-3]

e

I =34+3u=1 (1)
[ 120-p=4 (2
, 4i-4u=0 (3

’UsimGC.msohtianof&md A exist.
Hence, the lines do not intersect.

Hence, I, and /, are skew lines.

-3 -3
Since I:]-\d[ | | are not parallel, /, and

-3
vector for [, inmadot’[l].
4

- Concluded that [, and [, are skew
lines without showing that they are not
parallel.

Most students did well for this part,

|

|

{

|

[
-3) (-3} (48

Anormaltop=|12x 1 |= 0 =lll

4)(4) (33

(4

0 ahhoughdutmafewwmgidm
3 ‘ugiw[heﬁmleqtﬂiminmm
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Since (1, 4, 1) lies on [, whichis on p, |

B

\ Hence a cartesian equation for p is
S 4x43z=T.

[ 4iii) | J0,0, 1) is a point on /,. "Note that this method is much, faster
le | than finding foot of perpendicular, £
o\ (o) (0) | from A to /, and then taking the leagth of
\ (a - 01-'0 AF .
[ hz ! ]\U,
l l Instead of factorising @ out from
(4o
| 0 |. most studemts simplify the
| ™
' expression using definition. ie.

4a’ e
l 0 \=\wf <0 +(3a) =vI50 .
I.‘)ﬂ

which many mistakenly simplify as 32
instead of §ia . hence obtaining only
one value of g as final answer in the las

|| (L4 Disapointonp. step.
|
0\ 1] -1 Similarty, this method is much faster
ilzlals a--i!. than finding foot of perpendicular, N
! IJ ll 0 | from 4 to p and then taking the length of
| N
4 o P

| Distance from

( Many of those who attempted 10 find
OF and ON commitied careless
mistakes and lost mariks for not geting
the correct position velors and

2017 V6 H2 Math Prefmunary Exgmination Papar I
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P(XUr)=1-P(Y)+P(XT)

| # difference which eventually worked out

| 1o be P(Y") instead

:.J[.‘.'i,_
312)73 Thase students who drew a Venn

| diagram were generally quick and

| successful in identifying the correct

| region and thus were able 10 obtain the
correct answer rather effortlessly

rd

™ I i = .

" Comments

ooty g2

Raffles Institution H2 Mathematics
2017 Year 6
Since the point 4 is equidistant 10 p and 7
lel=2
13 5
a:tg
25
"f.' _’s‘."i,‘_l,_i-"_'d:’ # .30 _1; 5 ‘“r -: iy . N -
3 P(X|}'}._'. Most students were able to do this part
2 correctly.
P(XnY) i
P(Y) ‘5 The most common method used was to
( } apply standard results to obtain equations
=$P(Xn]’}=lP[Y} connecting P(X), P(}) and P{X n ).
2 2 Unfortunately, some wrong formula were
P(”“U"E seen, for example:
PXnY). . PXah
=__l"("{' "‘}" -2 PN ="p0n *rn
P(X 3 P¥nX).  P¥nkx
3 P(¥lx 7T of “p
= P(Xn?)-;P{X} and most frequently,
PXUN=PX)+P(N+PXn D
I 2 instead of P(X) + P(Y) - P(X ~ 1),
P(XN¥)=—P(¥)=2P(X)
2 3 Interestingly, there were a few students
who used their GC to solve the three
5 1 2
P(XUY}‘; equations, obtaining P(X) =3, P(1) =3
=>P(X)+P[Y)—P[an’}=§ andP()(nl’)-%aI!aionego.
4 2 5
P(X)+=P(X)-=P(X)==
=P(x)+2p(x)-2p(x)=3
=P(X)=3
) 2 2(1) 1 Significant fewer number of students
P(XnY)= EP{X} - 5[5} =3 were able to handle this part well,

X ¥

Pev) &

The most common problem was the
failure to understand P{Y v ¥'),

A large number of students tried to
simplify it through the result
PXUY)=PX)+P(F)-PX YY),
but often end up with a complicated sum

16 | Let X =W ~100. Then we have 3 x=26, 3 ¥ =273 Define your

random variable if
| you are not using
W

1 26
= 00 == +100=100.52
w SOZHI 30 *1%0

-
;Donotwnfm:;a

J | with # . Ifwe
1 26! | know the
= E [ 273 -‘"-5-6— } | popu}auon mean,
|; there would be no
=5.29551 | need to perform
| hypothesis testing.
Totest Hy:u=100 vs H :u>100 |
Perform a 1-tail test at 3% level of significance.
— o W is normally
Under H,, i ~ N[ﬂ,.—] approximately where y, =100 and \ distributed, so do
B not quote CLT.
n =3 | However, there is
Using a ; - test, still an
p—value =0.0550 (3s.f) approximation due
to use of the
Since p - value = 0.0550 > 0.03, we do ot reject H, and ‘;‘;""“‘:g;:““‘
conclude that there is insufficient evidence, at 3% significance ‘m_

level, that the salesman made an understatement on the average
power consumption of the Effixion laptops. |

Totest Hy:u=100 vs H,: u>100

Perform a | -tail test at 1% level of significance.

Sample variance is
neither population
variance, nor its
unbiased estimate.

Sample variance = 6.25

s =nL1[mPk variance]

2017 Y6 H2 Math Preliminary Examination Paper 2
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P(# > %)< 0.01 where W~ N[loo,ﬂ’j:;ss] approximately

= P(W <#)20.99
= w2 100.8308

Or z-valuez 1z,
w-100

223263
fg.:»??ss
50

#2100.8308 (4 d.p.)

Set of values of # is {#weR:#W>100.83} or (WeR:w2100.84}

2017 Year 6
= 2(tfb.ZS) =6537755
49 Note the
alternative
In order to reject H, at 1% level of significance, we need hypothesis is
right-tailed,

Standardisation is
not necessary, as
parameters of 7
are assumed to be
known in the test,

Dug to rounding
off, 100.83 is not
within the range,
while 100.84 is.

bt g e D R RS T < R 4

0 This is NOT the usual 6
4] Die shows 1 2 3 sided die. Using a table
1 1 1 of this form will help to

Probability | & 3 2 determine the total score

P(Adrian pays Benny ina round)
= P(total score is 2) + P(total score is 3)

=—IX-I- +(lle2
6 6 \6 3

5

of 2 rolls casily.

For P(total score is 3),
there are 2 cases !

1" roll | & 2™ roll 2 or
1 roll 2 & 2% roll 1.

Raffes Institution H2 Mathematics

2017 Year b

1.1 SEN,
P(total score is 4)=| =x— |2 -—=—
( is4) [6)‘2} + :-:3 =
Method 1 ¢
; 1 1 5 1
P{total score is S5 or 6) =l—| —+—+— |=—
(total score is 5 or 6) [36+9+18} 5
Method 2 :
: 1 | A )
P(total 5 B =n= —_— = —
(total score is 5 or 6) L}lehzxz =

L
3

Given : X represents Benny's winnings in each round

|
B =15

Since E(X) <0, Benny is expected to lose in the long run,
Thus, Benny should not accept Adrian's invitation to play the
game.

TMethod | is faster, but it |
does not “help to check” |
that you are on the right |
track.

Use Method 2 (unless
finding this probability

is way too long/tedious) |
to help you check that l

LR(X=x)=]. |

Many did not realize |
that x can be zero. Do ||
check that |l
Y P(X=x)=11fthe |
probabilities do not add '||
up, check the individual |
probabilities and also
re-evaluate if there were |
missing x values. |
E(X) isthe long-run |
average winnings of |
Benny in one round.
Thus, E(X) <0 does |
| not imply that Benny is |
expected to lose every
round.

(1) | For the game to be fair, E(X)=0.
1]

a1l 10,
% 3 1B
a=8

st

"3

Let ¥ be the number of rounds, out of 20, that Adrian pays

Benny.

5
/o)

pP(rz5)
=1-P(r<4)
=0,134 (35.f)

Define the random
variable Y properly and

state its distribution.

Be careful when taking
the complement as the
GC can only compute
P(Ys k) and not

P(Y < k) for Binomial

Distributions.

ation Paper 2
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H2 Math Preliminary Examin:

page 11 of 16

2017 Y6 H2 Math Preliminary Examination Paper 2
Page120f16



/i’

Raffles Institution H2 Mathematics

2017 Year 6

km Xbe Lh; random variable

ousehold income per capita in dollars of a
randomly chosen family in Country S,
Then X~ N(2601, 768%).

P(X>1800) =0.852 (3s.f)

i o

NyaE5

T T T

A significant num|
students misread the question
and found the probability to be
less than 1800 dollars instead.

Raffles Instiution H2 Mathematics

2017 Year &

{(ii)\| Let ¥ be the random variabi

’ & denoti
income in dollars of a Aptd oy

3 family members.
¥=3X ~ N(3x2601,9x768?)
= ¥ ~ N(7803,9x 768%)
P(5000<¥ <a)=05
= P(Y <a)-P(¥ <5000)=0.5
= P(Y <a)=0.5+P(Y <5000)=0.61188
=P <a)=061188
= a =B458 (to nearest dollars)

Alternative;
P(5000<Y <a)=0.5
9(50;'” <X(§)ﬂ0.5 since ¥ =3X

randomly chosen family with

Many made the mistake of

Y =X, +X,+X,, which is the
sum of the income per capita of
three randomly chosen
households. The correct
relationship can be derived
from the first line in the

question as X = % .

A number of students assumed
symmetry which is not true.

Many did not get the correct
relationship of the probabilities.
A sketch of normal distribution
curve may help.

ﬁp(x <ﬂ)-9(x<—5°°°]=o.s
3 3
:p(,\' <§]=o,s+9(x <&;(}J-ﬂ,61138
= §= 2819.28 (2dp)
=>a=8458 (to nearest dollar) 5000 7803 @
(i) | Let ¥ be the random variable denoting the family's | Common mistakes:
2] | monthly expenditure in dollars. - Some did not find the
Then V'~ N(u, 650°) probability on the left
¥ >5900) =0. tail. Note: for invNorm
o s on T1 84 Plus C SE, the
i area is shaded from the
=P(Z< 5900_”): 0.9 left, i.e. lower tail.
650 - Some did the
From GC: P(Z <1.28155)=0.9 standardisation wrongly
5900-u 4=5900
= ——=—=1.28155 as 850
=5 £ =5067 (to the nearest dollar) Those who arrived at the
answer 5067 with both of the
above mistakes were not
awarded full credits.

2017 Y6 H2 Math Preliminary Examination Paper 2
Page 13 of 16

(bil) | Let W be the random variable denoting the family's E‘dnpm_cbdig. noiptl;: the ‘.I
{4] | monthly saving in dollars, W =T +1500- V. where | distribution 0
T denotes Mr Tan's monthly income. E};‘:E}ENCE between 2 \
i X s
Then W ~ N(7500-5067,1000 0y For modulus sign: ||
i.e. W~ N(2433,1422500) |
and W, -, ~ N(0,2845000)
= P(W, - W,| > 1000)
= 2P(W, - I, <-1000) |
=0.553 (3sf) ll

(biii) | 1t is assumed that Mr Tan’s income and the family's | We need to assume i

[1] | expenditure in a particular month are independent. | INDEPENDENCE to be able to |
Alternatively, Mr Tan's income and the family’s add and subtract normal I1
expenditure in a month are independent of what he | distributions to obtain new :
eamed and how much the family spent in another normal distributions. \
month.

YR TN T 1 T Comments. 3l
U] For (A): y=a+bx’, with a>0 and b <0. A handful of students |
121 plotted points on the |

Y axes though the
questions asked for |
L x positive x and y
X values. |
*x
" A number of students |
O| £ also plotted more |
than 6 data points. '||
For (B): y=c+dinx,with c>0 snd 4 <0. Students should take |

note that the data
points should not lie |
close to a straight \
line to clearly |
illustrate the
relationship between |

¥y
x
x
x
®
x ®
9

. xandy

2017 ¥6 H2 Math Preliminary Examination Paper 2
Page 14 of 16



Rlﬂ'icl Institution H2 Mathematics

2017 Year 6 . RafTles Institution H2 Mathematics 2017 Your &
E;II) Infant mortality rate, ﬂ:'m 4”" _-'- - -,; e . - . 5 -{]-_'Com_mem 3 \ I
M y Students should ) | Complement Method: It is inappropriate 10
ensure that the scalter k 131 A Probability describe the distribution
st % plot is sketched to =] - P(22 people were all bomn on different days) of the number of people
scale. Many scatter ; 365-21 | who shares the same datc |
x plots were out of =1 - P(21 people were all bom on different days) *——2=" | of birth as somcone clsc in
Xy proportion. 144 the group as following the |
5 ] —-055631x— Binomial distribution
po2 There may be mpre than |
17 + . *® x = 0.476 (3s0) one common'date of birth! | |1
i = " jv d:
0 1375 11539 per capita P(at least 2 with same date of birth in 21 people)
MR + P(21 people all bom on different days and 22" person \
i i |
(iliy [ From GC, the product moment correlation cocfficient is Many students fail to Mo sy e of bifth with ’;Twm =he) \
[2] | -0.898 (3s.f.). Since —0.898 is close to -1, it suggests a strong elnblomte on Teh l = (1 - 0.55631) + (0.55631) X368 l
s, A i icati 1 ek
negative linear correlation between X and Y. However, it can :::E.; oflf?norela:ion ‘ ) 1 Number of ways = 7y x °Cs x °Cs x Cz = 34020 \ ,
be observed from the scatter plot that the values of y are w the licar 121 ‘7Y Read th m

d i ' e s A ) i () | Complement Method: ead the gn carefully’

ecreasing at a decreasing f-ate with increasing \talucs of x, relationship between 131 | Number of ways Qn asks for number of

which will not be the case if the data follows a linear model the variables. The " o 1y

the d : . : : Y = n(teams formed without restriction) teams with at most one

(the decrease in y should be approximately constant for a linear | also did not mention — n(teams which include both twins) twin brother, not both nwin |

model). the b::::l; ofyasx =134020 - ’Cy x 5C3 x *Ca x 'C3 brothers and ot exactly
incre| . Many - s - twin brother, \
sknply mensionsd 34020 - 10080 = 23940 ofe-twin drother
that the scattFr_plol Alternative m ; 2) Complement method is
goes nol]::fhlbl;;_ﬂ Number of ways more efficient since it \

inear reiationsnip. % x . : R 1o
: - - = n(teams which include the twin defender and not the twin only involves one case. |
(iv) {B? is the appropriate model. ) Lo Most sut‘;ﬂents d'df midfielder) + n(teams which include the twin midfielder and
[3] | Using model (B), the product moment correlation coefficient is well in this part o not the twin defender) + n(teams which do not include both -
0,978 (3s.f). the g:ncslmn. C;::;pt twins) |
From GC, y=43030-45.010(nx). o =3C) % 3Ca x *Ca x *C2+7C1 x 3Cy x *Cax 4C -
430-45.0Inx (to 35.£) b . +3C % 3Cax 1Cy x 4C
. y=430-450Inx £ !

4 Y = 6300 + 12600 + 5040 '|
Stuc!mts are (| Let A denote the event that player | and player 11 are bothin | 1) Qn asks for probability,
n:rqmdcd to leave ) 41/ the team. not number of ways.
their final answers in Let B denote the event that player 4 and player 7 are bothin | 2) There are many
3sf (ur}iess specified the team. | different methods
otherwise). Thus, n(4) = 6Ca x 3C3 x *C2 = 5040 available for this part, but
intermediate working n(B) =C\ x 5C3 x 3Cy x *C2 = 10080 no matter which one you |
should be at least § 1 (A4 A B)=1Csx 'C1 x *Ca = 1260 apply, do always check

. sf. whether your cases are

(v) | AtaGDP per capita of $723, the infant mortality rate is Many students U§€d 3 - n(AUB) = 5040 + 10080 — 1260 = 13860 mutually exclusive (i¢
[3] | estimated to be sl answer found in ) - 13860 16 whether there is “double” |
y=430.30-45.010(In 723) = 133.98 (55.£) =134 (3s.1) (iv) to obtain the Hence required probability = 1 =34656 =27 counting). There is a need |
Since x = 723 is outside the range of the data values, the fr;"'s“:f‘;:; ;“t‘::iffy' gl e
oo : i uplication. |

estimation is not reliable. accuracy of answers.
2017 Y6 H2 Math Preliminary Examination Paper 2 2017 Y6 H2 Math Preliminary Examination Paper 2

Page 15 of 16 Page 16 of 16



27

2017 RVﬁS Prelim Paper 1
1. @ Describe a sequence of transformations that transform the graph of y=Inx onto
the graph of y=f{x), where f(x}=In(x+a)+b and that @ and b are constants
suchthat a>1 and b>1. _ 2]
(i) By sketching the graph of y=f(x) or otherwise, sketch the graph of y = }%—)
! C x

Crosses

!
£(x)

the axes and the equations of any asymptotes. f31

State, in terms of @ and 5, the coordinates of étny points where y £

2x% +3

x_

2. Acurve C has equation y = , xeR, x#1

() Sketch C, stating the equations of the asymptotes, axial intercepts and the

coordinates of the turning points, if any. [3]
(i) Using part (i), solve the inequality 2x+2 < " '_-x—s_—l. - 2]
(ii'i) -I-Ience, solve the inequality 2x+4 <e™ - % [2]

—9
de, 4
; 4]

3, ( By us_i.xig the substitution ¢ =3secd, find J.

(i) The curve C is defined by the parametric equations
x=Inf, p=+F -9, where >3,

Find the exact value of the area of the region bounded by C, the line x=1n6 and
the x-axis. ‘ [4]

. Need a home tutor? Visit smilet@for.sg
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Henry and Isaac take part in a marathon race. In their first training session, they run a
distance of 2.4 km each. |

| (a)

(b)

Henry increases the distance he runs in each subsequent training session by 400 m.

@
(i)

@

Find the distance he runs in the 20" session. R [2]

Find the mlmmum number of s&ss:ons he needs to atiend in order to tun a
total dxstancc of 99 km. o {3)

Tsaac increases the distaﬁce he runs in each subscquent' session by x %. Find

x if Isaac runs a total distance of 200 kna af the end of 20 sessions. 13]

Isaac feels that the trammg is too tough after the first sessmn He decides to
decrcase the dlstance ke runs in each subsequent session by 5% and increase |
the numbers of sessions. Will he be able to run a total distance of 200 km?
Justify your answer. - ' R 21

With reference to the origin O, the positon vectors of three points 4, B and C are a,

b and ¢ respectively. Given that[a}.=-.4 . |b|:= 3, ¢ is a unit vector and the angle 40C

T | 1 .
is 3 radians.

o

Find the value of 2 - ¢ and give the geometrical interpretation of this value. {2}

(i) Given a—c=kb where keR, k20, By consxdenng (a c) (a c), find the

exact Values of k. : [3]

The point AL divides OC in the ratio OM:0C=2:3.

“(if)) Find the exact area of triangle AMC. | | 4]

- Need a home tutor? Visit smiletu%gr.sg
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2%

Do not use a calculator in answering this question,
(a) Solve the simultaneous equations

z—-4w=11+6] and 3z+6iw=27

giving z and w in the form x+iy where x and y are real. [4]

() () The complex numbers z and w are given as z=4(cos§—isin%} and

w=1+fﬁ . w¥* denotes the conjugate of w. Find the modulus » and the

argument & of

s
%—,where >0 and —-n<f<n. 3]
. _

(1) Find the set of possible values of » such that (w?*) 18 purely imaginary.[3]

(a)  Show that I\/waz dr=25— 2 + 2gin [ | e. [4]
2 2 Js

(b) @) LetCbethe curve p* +x" = 5. The x-coordinate of the point Pon Cis 1 and
the y-coordinate of the point 7 on C is positive. Show that the gradient of the

normal to C at the point P is 4+/2 . Hence find the equation of the normal to
C at the point P inexact form. [4]

(i) The region R is bounded by the curve C, The solid S is formed by rotating

the region R through n radians about the x-axis. Using part (a), find the exact

volume of the solid S'in terms of . - ' [3]

., Need a home tutor? Visit smilet@@r.sg
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8. (a) Using differentiation, find the exact dimensions of the rectangle of largest area that
' 2
can be inscribed _in the ellipse, -%—--+--';—}g = 1. Hence, find the area of this largest
rectangle. - ) o [8]

(b) Inthe triangle DEF, angle EDF = g and angle DFE = §+ a and EF =6.Given

that « is sufficiently sfnali, show that - .

_ DF-DE~da, -
where d is an exact constant to beld'et:er-mined._ . L | [5] ‘
' 2 z+3 !
 xX—-2 =z _ _ L VYV :
9,  The line / has equation 'x4 ="==, y=2 and the plane p, has cquation r. 1|=16.
.Refen_'ed to the origin O, .the position vector of the point Ais 2i+2j-3k,
" (i) Find the acute angle between the line / and the plane P [2]

' (ll) Find the coordinates of the foot of perpendlcular, N, 'f_l'r(')m.pdint: A t__t} the plane p, .
(iii) Find the coordinates of the point B which is the reflection of 4 i'n'plane. p- (2]
A (i) Hence, determine the equation of the.linc_Whiqh is a reflection of line / in the plane
n | o [4]
| ) Ant_)_ther plane; p,, contains thie point B and is parallel p, . Determine the exact

- distance between pyand p,. - . .o : ' (2]
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10. Ina farm, the growth of the population of prawns is studied.

(a)

(b)

The population of prawns of size » thousand at time ¢ months satisfies the

differential equaﬁon

dn_
dr?
() Find the general solution of this differential equation. [2]

(i) Itis given that initially, the size of the population of prawns is 50 000, Sketch
on a single diagram, two distinct sofution curves for the differential equation

to illustrate the following two cases for large vaiues of 7 :

I. the size of the population of prawns increases indefinitely,
I the size of the population of prawns stabilizes at a certain positive
number. [3]

In order for the prawns to grow faster and be more resistance to diseases, a drug is
administered to the prawns. The prawn’s body metabolizes (breaks down) the drug
at a rate proportional to the amount of drug, x mg, present in the body at time ¢

hours.

() Given that the initial dosage is 0.1 mg, show that x --'%e"“ , where k> 0.

[4]
(ii) The half-life of a drug is defined as the time taken for haif of it to be
metabolized. Given that the half-life of this drug is 4 hours, find the exact
value of k. [2]
(i) If 0.1 mg of this drug is administered to the prawn every 8 hours, show that
the total amount of drug present in the prawn’s body at any time 7 is always
less than 0.15 mg. ' - Bl

END OF PAPER
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ANNEX B

RVHS H2 Math JC2 Preliminary Examination Paper 1

1 |Graphs and (i1)
Transformation 1
y-intercept | 0,————
(ln a) +b
vertical asymptote: X =—a + e’
horizontal asymptote: y = 0
2 |Equations and (i) x<lor x=2.34
Inequalities (i) x<0 or x21.34
3 |Application of [2_o 3
Integration (1) 3[ t3 2 —cos”' (;j +c
(ii) 33-n
4 |AP and GP (ai) 10
(aii) 18
(bi) 13.2%
(bii) No
5 |Vectors (i) 2;lao c| is the length of projection of a onto ¢
(i) k= iﬁ
3
.. 3
11) —
(ii1) 3
6 [Complex numbers (@) w=-1-i, z=T+2i
L1 o
bi) —, —
(bi) 2’ 3
3(2m+1
(bii) {n:n=w, mUo }
2
7 |Application of (bi) y=4v2x-3V2
Integration 5
(bii) =77
2
8 |Differentiation & _3 _ ' .
Applications (a) x—ﬁ, y—3\/§, 36 units
(b) —43a
9 |Vectors () 8 =444
(i) (7,7,2)
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(iii) (12,12,7)

14 2
(iv) lye:xr =] 2 |+s| =10 |, sUo
0 =7

) Sx/gunits

10

Differential Equations

(ai) n=25e > +Ct+D

iy k=Ll 2102
4 2 4
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i
(Szep 1: Translation of a units in the negative x-axis
direction;
Step 2: Translation of b units in the positive y-axis
direction.
OR

Step 1: Translation of b units in the positive y-axis
direction;

Step 2: Translation of @ units in the negative x -axis
direction.

(ii)

v

y-intercept | O, _
(ln a) +b

vertical asymptote: X = —a + e’
horizontal asymptote: y = 0

(1)
By long division,
_2x*+3

x—1

y

=2x+2+i
x-—1

y-intercept A (0, —3)
Max point B (—0.581, —2.32)
Min point C (2.58, 10.3)
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(i)

2x+2£€:"—i
x—1

5
2x+2+——<e"
x—1
y A y=2x+2

1
I v
1 4
\_7
1 Y/
| ,’ =t
| 7’ y
(I
ls
,/I
1
1
I
I
|
|
|

——— 10
X

a

=1
Intersection of both curves: (2.34, 10.4)

x<lorx=234

(iii)
Replacing x by x + 1

x+1<lorx+12>2.34
x<0 or x=21.34

@

Given t=3sec6:>£:3secﬁtan6

.[Jﬂ_

w dr
t

:J J9sec? -9 ( ! )(3sec«9tan9)d9

3sec
=3I tan’6d@
=3I sec’@-1d8 \
iz N
= 3(tan8-6)+c £ =9 ~
AN

Need a home tufor? Visit smilefutor.sg
Pg2



(ii)

(In6, 0)

In6
Area of S = L \ ydx

- I:WGJ dt

(ai)

AP:a=24,d=04

Distance he runs in the 20th session
=2.4+(20-1)(0.4)

=10 km

(ail)
S, =99

3[2(2.4) +(n-1)(0.4)]299

n[4.8+0.4n-0.4] 2198

0.4n° +4.4n-198=0

= n<-284 or n=2174
(rejected as n > 0)

Least value of n =18

He needs a minimum of 18 sessions.

b4y
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20
1+ | -1
100)  _ 200

x 24
100
From GC,

NORMAL FLOAT AUTO REAL RADIAN MP '

CALC INTERSECT n
Yza=200/2.4

Vi

;itarsection

®=13.248336 ¥=83.333333
x=13.2%
(bii)

e 2.4
Sum to infinity =
1-0.95
=48

Hence, total distance can never be greater than 200 km.

()
are = 4(1)cos§ =2

|a }—€| is the length of projection of a onto ¢
(i)

(a —c)»—(n —c) = kbt-kb

ar®—are—cra+ cro= k’brb

|a|2 - 2aH9+|c|2 =k’ |b|2

16-2(2)+1=9k*

=13
9
k:i@
3
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(iii)
MC=1c
3
Area of triangle AMC
- LAcxmc|
2

2

1
c—a)xX—c
(c—a) 3

z=4w=11+6i
z=4w+11+6i

Sub above equation into 3z +6iw =27,
3(4w+11+6i)+6iw =27
12w +33+18i +6iw =27
w(12+6i) =-6-18i
_—6-18i
w =
12+6i
=-1-i

z=4w+11+6i
=4(-1-i)+11+6i
=7+2i
ALT
z—4w=11+6i
x3, 3z-12w=33+18i...(1)
3z+6iw=27...2)
(2) = (),
6iw+12w=-6-18i
_—6-18i
W_
12+6i
=-1-i
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z=4w+11+6i
=4(-1-i)+11+6i

=7+2
(bi)

|2| =4 &

W= +(3) =2 &

*
w
2
z

17 16 s

arg(j_j}arg(w*)-arg(zz)

=—argw—2argz

_ 3n | Sm
— =ttt
3
:(2m+1n’mD|_>
2
<2 o

wly

argw = tan"' /3 =§

(a)

Imdx=x\/ﬁ—j

= xm—j—(sx/;;):s dx

=x\/5—x2—jx/5—x2 dx+5j

=x\/5—x2— \/S—X2 dx+5sin™ s
5
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—2[/5-x* dx=xv5-x% +5sin” | == |+ ¢
J5

:Iﬂdx——ﬂ+ésml(%J c

(b1)

y' +xt =5
Differentiating wrt x,
dy _
4y? -2x
e
When x =1, y4 =4
yesZ
At (142), 42 ) Y-,
dx
dy__ 1
dv 42
Gradient of normal at (1, \/5 )
_ 1
1
42

= 4\/5 (shown)

Equation of normal: y — 2=42 (x - 1)
y= 42x-32
(bii)
VA N
Volume of S= ”I_jg y> dx= 277_[0 5\/5 —x* dx

Js

X 5. ., x
=271l =/5-x" +=sin 1(—)
S g ()]

RE R

(a)

Let (x, y) be a point on the ellipse.

Area of rectangle, A
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% :8(%j(9 2 —x4)_; (18x—4x3)
_4(18x-4x")

When the area is the largest,
dA

_:0

dx

4(18x-4x")
Vox? —x*

18x—4x* =0

2x(3—ﬁx)(3+ﬁx) =0

x =0 (rejected since x #0)

=0

or X =——

V2

3
or x = _ﬁ (rejected since x>0)

3
When x =—, =3\/5
N

x 2.115 i=2.12 2.125
V2

dA 0.2013 0 -0.118

dx

Slope / E— \

Area of the rectangle is a maximum
Maximum area
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=36 units’
ALT

Note: A =38 (9)62 -x )5
Since x, y > 0, value of x that maximises A also maximises A>

A2 :64(9x2 —x4)

£=64(18x—4x3) =0
dx
:x:i

J2

(b)

Using Sine rule,
DF _ 6

sin (;[ —aj sin (;[J A
DF=4x/§sin(§—a) /\
DE __ 6
sin (;[ + aj sin (;[j

DE=4\/§sin(§+a]

DF - DE

=4\Bsin(%—aJ—4x/§sin(§+aJ
- 4ﬁ(§cosa—%sin a]—4\/§[§cosa’+%sin0’}
:4@%(1-“_2}-561_%1_12)_1@

2 2 2) 2
=-43a

o)
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2 4
L:r=| 2 |+A|0|, A0
-3 1

Let & be the angle between the line / and the plane p, .

43 (1
0.1
1)1

V1743

sin@ =

5
V1743

G =444

(i)

2+ U
24+ |
=3+u) \1
2+ pU+2+u-3+u=16
3u=15
H=5

Ly:r=|2 +,u( , MO
1
1

=16

Coordinates of N = (7, 7, 2)

(ii1)

Since N is the midpoint of A and B, using ratio theorem,

aﬁ:OA+OB
2
OB =20N -0A
7 2 12
=217 2 [=|12
2 -3 7

Coordinates of B = (12, 12, 7)

(iv)
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Let C be the point of intersection of the line / and the plane p, .

2+41 1
2 |e|1]=16
-3+1) |1
2+4A+2-3+1=16
5A=15
A=3
14
oc=|2
0
14) (12 2
BC=|2 |-|12|=|-10
7 -7

(v)

Since AN = BN,

BN =(2-7) +(2-7) +(3-2)
=[5 +(-s) +(-5)
=+/75units
=53units

2

(ai)

Let n denote the population of prawns in thousands at time ¢

&n_ L

Z Ll —es

dr’

n=25¢ 5 +Cr4D
(ai1)

Given n =50, r =0,
50=25+D= D=25
n=25¢5 +Cr425

1

I Requires C > 0 so that n = 25¢ 5 +Ct+25 —
as t - ©
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Thenast — ©,n — 25

t
I Requires C =0 so that n =25e 5 +25

NORMAL FLOAT AUTO REAL RADIAN MP n

(bi)
de_ _
dr
1
j— dx=—kj'1 dt
X
1n|x| =—kt+C
x = Ae™™ where A = +e€
Atr=0,x=0.1,
0A=0.1

|
xX=—=¢e shown
10 ( )

(bii)

Atr=4,x=0.05,

00.05=0.1e™
e =—

2

lnl

= -k =2

4
: k = —lln_ :M

4
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(biii)
Total amount of drug present in the prawn’s body at any time ¢
23 In2 In2

cotsotel roel P po e VP,
0.1

nzy

1—6_[ 4

=£<O.15
15

U The total amount of drug present in the prawn's body at any time ¢
is always less than 0.15 mg.
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2017 RVHS Prelim Paper 2

Section A: Pure Mathematics [40 Marks]

1.  The curve Cis defined parametrically by equations
x=cos(p),_ y=si113(p), 0<p<2x
The point P on C has parameter p. Given that p is incréasigg. at a rate of 0.5 units per

second, find the rate at which % is increasing wheﬁ p= g . 4]

2. Anarithmetic sequence ¥, u,, 4,,... is such that the difference between the fourteenth

term and the fifth term is equal to the sum of the terms between the fifth term and the
fourteenth term (both inclusive). Given further that that sum of the third, fifth and
fourteeﬁth terms is 19, find the common difference of the sequence. [4]
Hence, or otherwise, find the largest of value of » such that the sum of the first » terms

18 positive. o o o _ : [2]

o dre6 S | .
3. (i E : artial fractions, . . 1
(i) . Xpress CIO0 R as? 1a._ ac 1ons: o : .[ ]
' no 4r+6. : R :
(i) Hence E(r_+l)(r+2)(r+3)_n_l rmso o o [33

. (#ii) - Use your answer in part (ji) to find the sum of the infinite series :
3 5 ki 9 |
+ + +— oo
Ix2%3 2x3x4 3Ix4x5 4x5x6

[3]
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Let y =f(x), where f(x) =¥ for <1,

d’y dy |
Show that 4v/1~x—%+6(1-x)==-3y=0. [4]
dx C T dx
Hence find the Maclaurin series for £{x) up to and including the term in x°. 3]

Using the standard series of .e" and (1+ x)" given in the List of Formulae (MFE26), show

how you could verify the correctness of the series of f (x) above. [
The functions fand g are defined by

Fix=2x"-x, xR, x20,

1

g:x—=>-3+ I , xeR, x>-—,
1 4

2x+—

2

(i) Give a reason why f does not have an inverse. {1]

{ii)) If the domain of f is restricted to x> %, state the least value of & for which the
function f™' exists, and find f' in similar form for this domain.

. (3]
(iif) Sketch the graphs of y =f(x) and y=f""(x) on the same diagram if the domain

of f is restricted to x > %, where & is the value found in part (ii). Your diagram
should show clearly the relationship between the two graphs. [3}
(iv) Solve algebraically the equation f(x)=f 'l(x) for the restricted domain of f in

part (). 2]
(v) For { defined for x>0, show that the composite function gf exists and find its
range. _ [3]

. . Need a home tutor? Visit smiletgfor.sg



34
Section B: Statistics {60 Marks]

- A restaurant is seﬁing up a spinning wheel for its customers to try and win vouchers.
The wheel is split into 8 identical segments, comprising of $0, $5, $10, $15, $20 $25,
$30 and $50. -

Find the mumber of .ways.-thé segments can be arranged on the wheel if ~ - |
(i) there are no restrictions. S : . 1]
- .- (i)  the $0 segment cannot be next to the $5 segment Y [2]
(i) there mustbe at least two segments between the $30 and $50 segments.  [2]
~ The restaurant decides to replace the $30 and $50 segments with another two $0
- segments. . : _ '
(iv) - Fmd the number of possible arrangements of the 8 segments. -~ 1l
(v)  Find the number of possible arrangements if the $0 s¢gments must be separated.
[2}

A board game simulates players attackmg each other by thromng tetrahedral (8-sided)
* dice. When attackmg, the player throws an attack die-once. An attack die has 5 of the -
sides prmted with the number “07, 2 of the sides prmtcd with the number “1 ” and 1 of
 the sides printed with the number “2”, After the attackmg player has ‘thrown the attack
die, the defending player throws a defence die once. A defence die has 2 of the sides
printed with the number “0”, 4 of the sides printed with the number “1” and 2 of the sides
printed with the nmnber “¥”, The damage dealt dunng a rouncl is equal to the score shown
on the attack die minus the score shown on the defence die. If the score on the defence
die is more than the score on the attack die, the damage dealt will be zcro _
.Let A denotes the score on an attack die, and D denotes the score on a defence die.
__ (i) Write down the probablhty d1stnbut10ns forA and D Hence find the expected value
| and variance of 4 - D. T
Let X denote the damage dealt durmg a round . _ |

(i) Find the probability distribution for X. Hence find the exp:ected value.and variance

of X. - - N [5]

(i) Explain why, in the context of the question, E(X) > 0 when E(4) <E(D).  [1]
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A car park next to a small commercial building has a total of 12 parking lots. Land
surveillance officers have been observing the usage of parking lots per day to determine
if the land has been efficiently utilised. Each parking lot ¢can be occupied by at most one
vehicle per day. _
() Denoting the number of occupied parking lots per day by X', state in context, two
assumptions needed for X to be well modelled by a binomial distribution, 2]
(i) Itis further observed that for 80% of the days in the survey period, there are at least
4 occupied lots in the car park -forv each day. Find the probability that a parking lot
1s being occupied in a day. ' : 2]
(iii) Given that at least oﬁe of the parking lots is occupied in a particular day, show that
the probability that at least 2 but less than 4 lots are occupied in the particular day
is given by

_220(1-pY(3+7p)
1-(-p)’

f(p)

where p is the probability of a parking lot being occupied in a day. What can you
say about this probability if p is approximately 0.183% (5]

In the study of how the population of a harmful bacteria varies with temperature,

scientists conducted an experiment to collect the following set of data;

Temperature ' : h

(x°C) 0 | 12 14 16 i8 20 22 24 26 28

Population 1

(y millions) 254 | 25112441229 1 208|183 | 154 | 122 | 8.8 53
(i)  Draw a scaiter diagram for the above data, labelling the axes clearly. 2}

(i) Calculate the value of the product moment correlation coefficient. Explain why a
linear model is not appropriate. 2]
It is suggested the relationship between x and y can be modelled by one of the following

formulae:

y=a+2 dr y=q-bx?
where a and & are positive constants. i
{(iii) Explain which of the above two models is the better model and calculate the values
of @ and b for the chosen model. 3]
(iv) Itis required to estimate the temperature when the population of the bacteria is 10
millions. By using an appropriate regression line, find an estimate of the value of x

and comment on the reliability of your answer, (2]
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10. Each month the amount of electricity, X measured in kilowatt-hours (kWh), used by a

hou_s;chold ina parti_éular city may be assumed to follow a norma.i _djs_tribution w1th mean

950 and standard deviation o The charge for eleetricity used per month is fixed at $0.22
per kWh. S

(i) Given thai 65% of the households uses less than 960 kWh of electn01ty ina month,

find the value of o, correct to 1 decimal place. R )

' For the rest O_f the .que.s_tion, o 15 the valﬁe found in_pa_rt_(i}
{ii) Find the probability that the difference in the amount of electricity used among 2
randomly chosen households in a partlcu!ar mionth is not more than 30 kWh i3]

o (iii) In the month of August thc ‘mayor of thc city dec1cles to. provlde 50% and 30%

' __subs1d1es for the electnc:lty bills of households in the North and South distincts of

'. thc city respectively. Find the probablhty that the total electricity bill of 2 randomly

'. chosen North district hous_eholds_ and 1 South district household is less than $360.
- 4]

(iv) In December, a random sample of n hous'ehblds is. chosen to study the mean

| _monthly electnczty usage per household in the city. Find thc least value of nifthe

'probablllty of the sample mean being less than 955 kWh is at least 0.9. 3]
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11. Physicists are conducting an experiment involving collisions between protons and anti-

“protons. The mean amount of energy, ¥ MeV, released in # collisions is found to be
1864 MeV,

One model predicts the energy released would be 1860 MeV with standard deviation 40

MeV. This is tested at a 1% level of significance against a newer model that claims a

higher value. _

(f) Find the least value of » such that the hypothesis that the mean amount of energy |
released is 1860 MeV is rejected. | 5]

Given instead that »n = 600, -

(i) Caleulate the p-value and state its meaning in context of the question. 3]

(i) State, with a reason, whether it is necessary to assume the amount of energy
released in collisions to be normally distributed for this test to be valid. [1]

Two-sigma is an indicative of how confident researchers feel their.results are. For

researchers to feel confident, they must be able to produce a “two-sigma”_ré.sult —that is

the experimental result must be at least two standard deviations away from the predicted

mean under the null hypothesis.

(iv) Calculate the level of significance that corresponds to a “two-sigma” test, Hence,
using your answer from part (ii) determine whether the éxperiment has met the
“two-sigma” threshold. _ | [3]

END OF PAPER
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ANNEX B

RVHS H2 Math JC2 Preliminary Examination Paper 2

1 |Differentiation &
Applications 0.75 units per second
2 |APand GP =5 or —E; 16 or 19
46
3 [Sigma Notation and 0 4r+6 _ 1.2 3
Method of Difference r+D)(r+2)(r+3) r+l r+2 r+3
(i) 3—( L2 j
2 \n+2 n+3
(iii) =
4 |Maclaurin series 3e  3e ,
ce——— +7x
5 |Functions [Re a1
(i) k:l; £l :me’xz_l
4 4 8
(iv) x=1.
V) R;=(=3,~1]
6 |P&C, Probability (1) 5040
(i1) 3600
(iii) 2160
(iv) 840
(v) 240
7 DRV -1
by L
(1) >
... 3 55
W16 256
8 |Binomial Distribution  |(ii) 0.412
(i) p~ 0 .185
9 |Correlation & Linear (i) r=-0.973
Regression (iii) @ = 30.0 and b = 0.0308
iv)x=255°C
10 [Normal Distribution (1) 26.0
(ii) 0.585
(iii)0.796
(iv)45
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Hypothesis Testing

(1) 542
(i1) p-value =0.00715
(iv) 2.28%
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At point P, x =cos(p), y =sin’(p)

j—l); =3cos(p)sin*(p)

dZ_dZélE

dr dp dr

=-3cos (Zp) [@O.S)

=;cos(2p)

Therefore, b is increasing at 0.75 units per second when p = %T .

Let the first term be a and the common difference be d.

14
Zuk :|”14 —u5|
k=5

S =S, =|(a+13d) ~(a+4d)

%(261 +13d) —%(2a+3d) =9d|

14a+91d —4a-6d =|9d|
10a +85d =|9d|

10a +85d =9d or 10a +85d =-9d
5a+38d =0----(1) or Sa+47d =0---- (1)

uy *us +u, =19
(a+2d)+(a+4d)+(a+13d)=19

3a+19d =19  —-- 2)
Solving simultaneously, from GC,
a=38, d=-5 or a=%, =—9—5
46 46

Hence the common difference is =5 or —%
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S >0 S >0

n n
5(2a+(n—1)d)>0 or E(2a+(n—1)d)>0
n(81-5n)>0 n(@—%n]>0
92 92
0<n<%=16.2 or 0<n<%:19.8

Hence, the largest value of nis 16 or  19.

o)

4r+6 A B C
Let = + +
(r+D)(r+2)(r+3) r+1 r+2 r+3
Then by coveruprule, A=1,B=2,C=-3
4r+6 1 2 3

Hence, = + -
(r+D)(r+2)(r+3) r+l1 r+2 r+3

(ii)
i 4r+6 w1 + 2 3
S rtD(r+2)(r+3) Sr+l r+2 r+3
1 2 3
= —_ + — - <
2 3 L 4
1 2, 3,
+ -+ ¥ - =
3 74 75
1,- 2.7 3
+ r e + 7 - —_—
‘4 /,’5 6
1.7
+ =+
5
3,
+ _/7'
1 2 .73
+ + Zr-——c
n-1 .n n+?2
1.7 2.7 3
+ _//+ 7 -
n  wtl n+2
1.7 2 3
+ —
*1 n+2 n+3
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(iii)

3 5 7 9
+ + + +
1x2x3 2x3x4 3x4x5 4x5%6
3 1( 10 14 18 j
+— +...

= + +
1x2x3 2\ 2x3x4 3x4x5 4x5x6

1.1 - 4r+6

2 24 (r+1)(r+2)(r+3)

I 1. (3 1 3
=—+—lim| —- +
2 2n-=\2 (n+2 n+3

ﬂ:e(l_x)S(%J(l—x);( )——yvl x
dz_y_—3dy\/— -1 _ 3y 3l-xdy

i 270 0=x 4fl-x 2

d*y
4\/1—xdx2
Thus,

d’y dy
4\/1—x@+6(1—x)a—3y20 (shown)

:3y—6(1—x)%

When x =0,
y=¢
Q —3e
dx 2,

2
3;236
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which is the same as the above series expansion of f (x)

o)

As shown in the following sketch:

y
— 2

A y=2x"—x
Any horizontal line of the form y=k
where _ | < k < ¢ Will intersect the curve

4

9 /2 § at 2 points.

Thus, f is not one-one and hence f_1

1 1 . does not exist.
—,—— | min pt
4 8

(ii)

From the sketch of the curve, we deduce that the least value of k£ = % for £

Next let y = 2x? = x. Then we have

yz(x-_j
= e) (4]

. 1
since x = —
4

to exist.
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1+vV8x+1

Hence, f_1:x|—>—,x2—l, D;- :Rf:{_l’a,}
4 8 8
(iii)

Sketch of y =f(x) and y=f"(x):

N
Y y=£(x)

(iv)

From the sketch in part (ii1) we note that to solve the equation f(x) =f _l(x) , We can
also solve f(x)=x

Thus, 2x° —x=x = 2x(x-1)=0
Therefore, in the restricted domain of x = %,

the solution is x =1.

v)

For f: x> 2x*—x, xO— x20,R :[_é’wj

Also, for g:x»—>—3+;1, xO— x>—i’ Dg:(_%’ooj
‘/2x+—
2

Since R; U D,, the composite function gf exists.

Then,
gf(x)=-3+ ! =-3+ !

\/2(2x2—x)+; \/4()6_1) A
4) 4
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NORMAL FLOAT AUTO REAL RADIAN HP '

Since D, =[0,) and gf (—j = =-3+2=-1,

I -3+ 1
4 \F

4
we have Rgf= (—3, —1]

ALT

[0, +e) — [—%,m) - (531
R, =(-3,-1]

(i)
(8-1)1=5040

1

(N()). of ways with $0 and $5 segments adjacent

=(7-1)!12!

=1440

No. of ways without identical segments adjacent

= total no. of ways — no. of ways with identical segments adjacent
=5040-1440

=3600

(iii)

Case 1: no segment separating them
(7-1)121=1440

Case 2: exactly 1 segment separating them

(?)2!(6—1)!:1440

Total number of ways = 5040 —1440 —1440
=2160
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ALT

Case 1: exactly 2 segments separating them

6
(2j2!2!(5—1)!=1440

Case 2: exactly 3 segments separating them

(§j3!2!(4—1)!
=720
2

Therefore, total number of ways = 2160

(iv)

The segments are $0, $0, $0, $5, $10, $15, $20, $25
(8-1)!

TR =840

(v)

Arrange the other 5 objects in (5 — 1)! = 24 ways
Choose 3 spaces for the $0 in °C3 = 10 ways
Total = 240 ways

@

Probability distribution for A:

a 0 1 2

P(A =a) 5/8 2/8 1/8
Probability distribution for D:

d 0 1 2

P(D =d) 2/8 4/8 2/8
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. »_3 (1Y _1
Var(A)=E(x) () =3-( 3] =3
_ 2\ _ 2:§_ 221
Var(D)=E(D’)-E(D) =2
Var(A—D):Var(A)+Var(D):%+%:1
(ii)
Probability distribution for X:
X 0 1 2
P(X =| P(A=0) P(A=1)P(D=0) | P(A=2)P(D=0)
X) +P(A=1)P(D21) | +P(A=2)P(D=1) | _ 1
+P(A=2)P(D=2) 1 32
_2 "3
)
(2 0)+( L)y o[ L)) = 2
B()=( 32 J0)+[3 |00+ 55 )=

001 (-

1 (3Y 55
valx)=5-(5) 3

(iii)

If the score on the defence die is more than the score on the attack die, the damage dealt
will be zero. So even though sometimes A — D will be less than zero, that is never
considered when dealing damage. Hence, the expected damage must be greater than
Z€ero.

(1)
The 2 assumptions needed for X to be well modelled by a binomial distribution are as
follow:
1. The occupancy of any particular parking lot in the car park is independent of
that of another lot.
2.The probability of a parking lot being occupied in a day is constant for all the car
park lots in the car park.

(ii)

Since for 80% of the days in the survey period, there are at least 4 occupied lots for
each day, we can infer that
P(X =24)=1-P(X <£3)=0.8for X UB(12, p).
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We then use GC to plot the graph involving binomial cdf and determine the x coordinate
of the intersection of the curve and the line y = 0.8 as shown below:

Hence, the value of p is
Flokl Flokz Flots —_—

~Y1B1-binomcdf il | 3¢ 0.412 (3 s.f)

2:%.3)

~NzBH. 8
W=
“Ny=

wiE= Intersection
“NE= ¥z yizzE00z  y=.8

(iii)

Let X ~B(12, p)

The required conditional probability, f(p)
=PQ2s X <4|X 21

_P(X=2o0rX =3)

 P(X21)

_P(X=2o0rX =3)

T 1-P(X =0)

12 2 10 12 3 9
(ij I-p) +(3jp a-p)
B 12 0 12

_66p* (1= p)" +220p°(1- p)’

1-(-p)"°
_22p°(1-p)’[3(1- p) +10p]
1-(1-p)"
_22p°d-p) (312+7p)' (Shown)
1-(1-p)

NORHAL FLOAT AUTO REAL RADIAN MP '

1(0.185,0.561)

y=1(p)

p =0 .185 give the maximum probability.
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()

The required scatter diagram is as shown below:

5/m\ﬂior\ 4
25'4'?“'“ [
Do o
! o
! o
: -]
; o
i o
ST Y N U a

— :' s d o —

1o 28 /¢

(i)

From GC, the correlation coefficient r = —0.973.

Although the value of ris close to —1 and suggests a strong negative linear relationship
between x and y, the scatter diagram shows a curvilinear relationship between x and y.
Thus, the a linear relationship between x and y is not appropriate.

(iii)
The scatter diagram shows that when x increases, y decreases at increasing rate. Thus,
the model withy =a - bx* where a, b are positive constants is more appropriate.

Using GC, we found that a = 29.98560169 = 30.0 (3 s.f.)
and b = 0.0307756388 = 0.0308 (3 s.f.)

b ) .
(For a, b >0, y =a+— decreases at a decreasing rate when x increases)
X

(iv)

As x is the independent variable and y is the dependent variable, we will still use the
regression line y =30.0 —0.0308x" to estimate the value of x.

Thus, when y = 10, x =25.5 °C (3 s.f.)

The anwer is reliable for the following reasons:

1) correlation coefficient » = —0.995 has absolute value close

to 1
i1) the y value of 10 is within data range of the available y
values.
10 | ()
X —N(950, %)
Given that P(X <960) =0.65,
then P(z < 2297930 — ) 6
o
= 2602950 _ 0.3853204726
o

= 0 =25.95242327 =26.0 (1 decimal place)
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(ii)

Let X1 and X> be the amount of electricity used by the 2 randomly chosen household in
a particular month.

Then X, - X, —=N(0, 26.0° +26.0%)

Thus, P(|X, - X,|<30)

=P(-30<X,-X,<30)

=0.585

(iii)

Let N1, N> and S be the amount of electricity used by the 2 randomly chosen households
in the North District and household in the South district respectively in August.

Then their total electricity bill = $ T

=$ 0.5%0.22%(N,+N,)+0.7x0.22x §
=$0.11N;+0.11N>+0.154S

Then

E(T)=0.11x950x%2 +0.154 x950 = 355.3

Var(T) =0.11% x26.0> x2 +0.154% x26.0> =32.391216
So, T —N(355.3, 32.391216)

Hence, P(T <360) =0.796

(iv)

2
X, HN[950, 26.0 J

n

where X; :electricity usage for each of the randomly selected household in the month of
December
Then, we have

P(Y < 955) > (0.9

955 -950
—Plz<22""" 5009
( 26.0/&}

9937990 51 561551567
26.0/n
260 _ > =3.901520726

= <
Jn T 1.281551567

26

nz————
3.901520726
= n = 44.40980429

Thus, the least value of n is 45.

11

1
(L)et M denote the population mean amount of energy released in the collisions.
Test Ho: L =1860
Against Hi: M >1860
Using a one-tail test at 1% significance level.
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2

Under Ho, X ~ N(l 860,£] approx
n

X -1860 _
40/~/n

1864 -1860 _/n

Z. R e
calc 40/\/; 10

To reject Ho at 1% level of significance, the critical region is:
z... >2.32635

calc

Test statistic: Z = N(O,l)

Hence,
Jn

—>2.32635
10

n>541.189

Thus, the least value of n is 542.

(i1)
Test Ho: M =1860
Against Hi: M >1860

Using a one-tailed test at 1% significance level.

2

— 40
Under Ho, X ~ N| 1860,— | approx
° ( 600) PP

40/600

Test statistic: Z =

From GC,
p-value =0.00715

The p-value means that the lowest level of significance at which we would reject the
hypothesis that the mean amount of energy released is 1860 MeV in favour of the
hypothesis that the amount is greater than1860MeV is 0.715 %.

(iii)
No assumption needed. This is because the sample size of 600 is large and thus by
Central Limit Theorem, X follows a normal distribution.

(iv)
Let Z ~ N(0, 1)
P(Z=2)=0.0228

Hence, lowest level of significance for which the experiment meets the “two sigma”
threshold is 2.28%.

Since p-value = 0.00715 < (0.0228, the result meets the “two sigma” threshold.
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Alternative:
2

— 40
Under Hp, X ~ N|1860,— | approx
‘ [ 600} PP

20 =2, /@ =3.265986
600

So u+20 =1863.265986

P (Y > 1863.265986) =0.0228

Hence, lowest level of significance for which the experiment meets the “two sigma”
threshold is 2.28%.

Since x =1864 >1863.265986 the test meets the “two sigma” threshold.
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SRJC Paper 1

1 The complex numbers z and w satisfy the simultaneous equations
iz+w=2+1 and 2w—(1+1)z=8+4i .
Find z and w in the form of a+1b, where a and b are real. [5]

2
2x" +2x-1 <
x> +2x
2x* +2|x|-1
—_— T«

2 Solve the inequality 1.

1. [6]

Hence, solve the inequality > <
X +2|x|

3 For e, 3 € R such that 2 < f3, the complex numbers z; = ¢'* and z; = 2¢" are represented by
the points P and Q respectively in the Argand diagram below.

Im
P
0 1
’\(ﬁ
2 a
\
[0) Re
. 2
Find the modulus and argument of the complex numbers given by %zz and A . [4]
Z

Copy the given Argand diagram onto your answer script and indicate clearly the following

points representing the corresponding complex numbers on your diagram.

@ 4 %zz [1]
iy B: 2 [1]
Z,

You are expected to indicate clearly the relevant moduli and arguments for parts (i) and (ii) on
your Argand diagram.

11
If p= En , find the smallest positive integer n such that the point representing the complex

number (22 )n lies on the negative real axis. [3]

4 The curve C has equation 4y° —8y —x> —4x—4=0.
(i Using an algebraic method, find the set of values that y cannot take. [3]

(i) Showing any necessary working, sketch C and indicate the equations of the asymptotes.
(4]
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The function f is defined by

f:xl—)%tan(%j, xeR, -27r<x<2nm.

(i) Explain why ™' does not exist. [2]
(i) The domain of f is restricted to (—7,a) such that a is the largest value for which the
inverse function f ' exists. State the exact value of @ and define ' in a similar form.

(3]
In the rest of the question, the domain of fis (—,a), where a takes the value found in

part (ii).
(iii) Sketch, in a single diagram, the graphs of y = f(x) and y =f ' (x), labelling each graph
clearly.Write down the equation of the line in which the graph of y=f (x) must be

reflected in order to obtain the graph of y =1 - (x) and draw this line on your diagram.
(3]

(iv) Verify that x :% is a root of the equation x =f (x) Hence, explain why x = %is also

a solution to the equation f (x) =f' (x) ) [2]

Referred to the origin O, the two points 4 and B have position vectors given by a and b, where a
and b are non-zero vectors. The line / has equation I =2a+ 4 (a + Zb) ,where 4 € R . The point

E is a general point on / and the point D has position vector 2a —b.

Given that vector a is a unit vector, vector b has a magnitude of \/5 units and that a-b =1,

Q) find the angle between vectors a and b, and, [2]
— >
(i) by considering DE«DFE , find an expression for the square of the distance DFE, leaving
your answer in terms of A. [3]

Hence or otherwise, find the exact shortest distance of D to /, and write down the position vector
of the foot of the perpendicular from D to /, in the form pa + gb. [3]

@ By considering the Maclaurin expansion for cos x , show that the expansion of sec x up

. . . o 1 5
to and including the term in x* is given by 1+ 5 x> +—x* . Hence show that the

1
expansion for ln(sec x) up to and including the term in x* is given by [E X+ Axﬂ

where A4 is an unknown constant to be determined. [4]
(b) The variables x and y satisfy the conditions (A) and (B) as follows:

dy

l+x*)==1+y —(A
( X)i y —(A)
y =0 when x=0 ---(B)

(i)  Obtain the Maclaurin expansion of y, up to and including the term in x°.
(4]
(i)  Verify that both conditions (A) and (B) hold for the curve In (1 + y) =tan "' x .[2]

(iii)  Hence, without using a graphing calculator, find an approximation for

jo(e‘ —1) dx . 2]
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10

@ The fifth, ninth and eleventh terms of a geometric progression are also the seventh,
twenty-fifth and forty-ninth terms of an arithmetic progression with a non-zero common
difference respectively.

Show that 3R® —7R* +4 = 0, where R is the common ratio of the geometric progression
and determine if the geometric progression is convergent. (4]

(b) A semicircle with radius 12 c¢m is cut into 8 sectors whose areas follow a geometric
progression. The first sector, which is the largest, has an area of 4 cm”. The second sector
has an area of Ar cm?, the third sector has an area of A7* cm?, and so on, where 7 is a
positive constant. Given also that the total area of the odd-numbered sectors is 10 cm?

more than that of the even-numbered sectors, find the values of 4 and r. [5]
(© The production levels of a particular coal mine in any year is 4% less than in the previous
year. Show that the total production of the coal mine can never exceed 25 times the
production in the first year. [2]
X Px+
(a) Using the substitution u = 2x + 3, find I—3 dx in the for —X—Qz +c
(2x+3) R(2x+3)
where P, O and R are positive integers to be determined. [3]
xIn(4x+3)
Hence find I—3 (3]
(2x + 3)
(b)  Find Isin 4xcos6x dx. (2]
Hence or otherwise, find J. e"sinde” cosbe” dx. [1]

A particle is moving along a curve, C, such that its position at time ¢ seconds after it is set into
motion is given by the parametric equations

x=t+e X, y=t—e”.
(i State the coordinates of the initial position of the particle. [1]
(i) Explain what would happen to the path of the particle after a long time. [1]

At the time of 2 seconds after the particle was set into motion, an external force struck the particle
resulting in the particle moving in a straight line along the normal to the path at the point of
collision.

(ili)  Find an equation for the normal to the curve C at the point ¢ = 2, leaving your answer
correct to 3 decimal places. [3]

After T seconds, where 7> 2, the particle reaches point 4, which lies on the x-axis, and stops
moving.
(iv) Find the coordinates of the point 4. Hence, give a sketch of the path traced by the particle,

indicating the coordinates of any axial intercepts. [4]
(V) Find the total area bounded by the path of the particle in the first 7’seconds and the positive
X-axis. [4]
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11

A heavy wooden chest has a cross-sectional area made up of a rectangle and a semi-circle as
shown in the diagram above. The wooden chest is constructed such that the perimeter of the cross-
sectional area is 100 cm. It is given that the wooden chest is 2(a + b) cm long and the lengths of
AB and BC are 2a cm and 2b cm respectively, where a < 70.

(M Express b in terms of a. [1]

2
a
(i) Show that the cross-sectional area of the wooden chest is given by S = 100a —— (7[ + 4)

and find the volume of the chest in terms of ¢ and 7. [4]

(iii) As a varies, find the value of a such that the volume of this wooden chest is greatest and
find this volume correct to 2 decimal places. [5]
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ANNEX B

SRJC H2 Math JC2 Preliminary Examination Paper 1

1 |Complex numbers z=-1+iand w=3+2i
2 |Equations and 2<x<-lor0<x<l1, -1<x<1, x#0
Inequalities
3 |Complex numbers i 3
P Lol=larglz) = g-Z
2 2
z,? 1 :
L =—,arg| L |=20-p
z, 2 Z,
(i) & (ii)
Im
P
Q
1
i
2 S : = N
o = Re
£ : ?ﬁ
A in
Smallest n required = 12
4 |Graphs and (i 0<y<2
Transformation (ii)
"
£
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Functions
(ii) a=m, f_1:x|—>2tan_1(2j, xOR.
T
(iii)
I L y=f I
S 4—— g ——
| |
| 21 y=f"
| |
| |
| | .
O —
| ) |
| - |
2 |
- | S K. S | -
[ T
| e |
X=—T | | X=T
The line required 15 y=x.
(iv)
Since the graphs of y =f (x) and y=f"' (x) intersect
along the line y = x, and since x =%T is a root of the
equation x =f (x) , thus, the graphs of y=f (x) and
y=f" (x) must also intersect at the point x = %T .
Vectors (i) 8=45°

(ii) 1342 +104+2

Exact shortest distance from D to [ is L units
W13

Maclaurin series

5?:23—&
137 13
@ L+l A=
2 12 12
xz x3
b)(i) y=x+——-—+...
(b) () y > "6
S )
) —
( )384

AP and GP

(@) r=+J2 solr>1
Hence, the geometric progression is not convergent.
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(b) r=0.75610,A =61.8

9 |Integration techniques |[(a) P=4,Q0=3and R=8
+
J-xln(4x 33) doe _(4x+3)ln(4x+3)‘2|'2(2x+3) ‘C
(2x+3) 8(2x+3)
1 1
(b) ——cos10x+—cos2x+C ,
20 4
1 . .
——co0s10e* +—cos2e* +C
20 4
10 |Differentiation & (i) (1,—1)
Applications (ii) The path of the particle approaches the line y = x
(iii) y =-0.929x+3.857
(iv) A (4.15,0)
4
v
(2.02, 1.98)
L
\. 44150 *
(L.-1)
(v) 3.56 units?
11 |Differentiation & ) 100~a(m+2)
Applications (i) b :f

3
(ii) 5000a —757Ta —%(722 +277-8)

(iii) @ =12.7, greatest volume = 29671.95 cm?
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H2 Mathematics 2017 Prelim Exam Paper 1 Question
Answer all questions [100 marks].

2-i
Letw=2+i—-iz——-(3)
Substitute eq (3) into eq (2)
22+i-iz)—z—iz =8+4i
4+42i-3iz—z=8+4i————(5)
Let z=a+bi
Substitute z =a+bi into eq(5)
4+2i-3i(a+bi)—(a+bi)=8+4i
44+2i-3ai+3b—a-bi=8+4i
Comparing real and imaginary parts:
4 +3b —a =8(real parts) ———(6)
2 —3a —b =4(imaginary parts) ———(7)
Eq(6)x3 — eq(7)
10+10b =20
106 =10
b=1
Since b=1, 4+3(1)-a=8=a=-1
Hz=-1+i
Substituting z =—1+1 into eq(3) to solve for w
w=2+i+i+1=3+2i

Answer: z=-1+1 and w=3+2i

2x +2x—1
——<1

2
X’ +2x
2 —
2x2+2x I—ISO
X +2x
2x° +2x-1-x"-2x
<0
X’ +2x
2—
= x -l <0
x(x+2)

NG [Cind) P

x(x+2)

Thus, 2<x<-lor0<x<1
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2

—2<|x{<-lor0<|4<1

Replacing x with |x

—2<|x|s—1 = no solution

For O<|x|£1,

0<|x| and |x|<1

xOUO,x#0 and —1<x<1

Thus, range of values: -1<x<1, x#0

Im
M
F
&)
1
B
2 etk
o *Re
7 3
e
1 B
B am
A

1 Z, = [% eiZj (2eiﬁ) = ei(mg]

2
Modulus =1
Argument = ,6’+%T—2ﬂ: ﬁ—%-[

(i) Point A correctly plotted

2 ia _ia
. _ el%el :lei(za—ﬁ)

z, 2% 2

Modulus = l
2
Argument = 2a - 3
(ii) Point B correctly plotted
Aln

(b) ()'=2%¢?
Since the point lies on the negative real axis, arg(z2)" = (2k + 1)mtfor k U Z.

U ﬂmt =2k+Dm
12
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12
=—(2k+1
=>n 11( +)

= Smallest n required = 12

@ - —dx+(4y*-8y-4)=0
For values that y cannot take, there are no real solutions for x and discriminant<0.
Therefore, (—4)> —4(-1) (4)’2 —8y-— 4) <0
16+16y*-32y-16<0
y>=2y<0
y(y=2)<0
0o<y<2
Set of values that y cannot take is {y Hi:0<y< 2} .
(ii) 4y -8y—x"—4x—4=0

4[()/—1)2 —1}—[(x+2)2 —4}—4 =0
4(y-1) -4-(x+2)" =0
(v-1) _(x+2)
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(i)

27T

ra /| y=f(x)

--2m

The horizontal line y = 1 cuts the graph of y = f(x) at 2 points. Thus, f(x) is not a one-one
function and the inverse of f(x)does not exist for the domain [ -277,277 |.

OR
Any horizontal line y =k (k[ ) cuts the graph at more than one point. Thus, f(x) is

not a one-one function and the inverse of f(x) does not exist for the domain [ 277,277 ].

(ii)

a=.T
To malke x the subject of v
. =)
i el
i "«.2.-"
2y [ x)
= —tan| = |
T 2)
_1:’"2}“"‘. x
tan =—
\z) 2
20
=>_T=2tan_li—";
\ e
(2x)
fl- x5 2tan | = | xek
&)
\ 7T J
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(ii1)

(iv)

| . |
Y I I D S I
| |
| 2 v=Ff"(x
| |
| 1 |
| |
: : H : : 1 : H : |
-4 |—3 -2 - 1 2 :.| 4
| - |
| N |
|
| - |
—— T———
l’Z—T[I v Il—“

The line required 15 y = x.
f I tani

b

Thus, x= ; 15 a root of the equation x=1 [:xj .

i

Since the graphs of v =1 [:xj and y=1 - [:xj intersect along the line v = x, and

. . .
since x=— 152 root of the equation x=1 [:xj . thus, the graphs of y=f [:xj and

i

v=f - [:xj must also intersect at the point x=

k2|
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@

(11)

ab= |a||E:||:055‘ =>|1”«..'E‘ cosd

1 . ;
— - A&0
ab=1 ~cosf= \E = & =45° (by mspection)

DE=QE-OD=2a+A(a+2b)—(2a-b)=b+2(a=2b), icR

To find the square of the distance DE

DE? =[b—£(a—2bj]_[b—£(a—2bj]
=bb +.i*(a=2b)(a+2b)+2b (a+2b)
=bb +2*(aa+4ab+4bb)+2i(ba+2bb)

=2+ 22 (1+4(D)+4(2)) +22(1+2(2)) asaa=1.bb=2and ab =1

=2+133% <104

=134% 10442

.. \ -]
MINUTNm of A=——.

13

Exact shortest distance from D to [ 15 Lum'ts_

NE]

The perpendicular distance from E to [ occurs when D 1s closest to /, that 15 when DE 1s
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Method Two:

DE is minimum when DE? is minimum:

i(ﬂf)::ﬁﬁﬂﬂ
dx

To find stationary point :
When %(DE:)zll 26A4+10=0

I

ﬁ.

Since DE” is quadratic and coefficient of A% = 0.
5

13

SA=—

DE* is minimum at A =—

" perpendicular distance from D to [ occur when =—%.
3 7 (5 (50 1
DE?= 132 +104+2 = 13] -2 | +10{ -2 =2 = —

L 13) L 13) 13

AN

Exact shortest distance from D to [ 1s o units.

NE}

(1v)
Let F be the foot of the perpendicular from ) to [
OF =2a-—(a+2b)=—a—Op
13° © 13 13

(a)

Ssecx =

1

COS X
-1
:(l—lx2 +Lx4 +)
2 24

2
S ) B G B
2 24 2! 2 24

=1+lx2 —Lx4 +lx4 +...

2 24 4

1 5
=1+—x>+—x* (upto x*) (shown
5 4 (up ) ( )

ln(secx) =ln[1+%x2 +%x4 }

2
= lx2+ix4+... —l lxz+ix4 +...
2 24 212 24
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2 3
i.e. y :X+7_Z+...

(ii) 1n(1+y):tan'lx: 1 ﬂ: !
I+ydx 1+x

2

i (1 +x2)% =1+ y so condition (A) is satisfied.

Atx=0,
In(1+y)=tan" 0=0=1+y=¢"
Hy=0
3 el ~% X x 55
(iii) .([(e‘ —1)dx~_([{x+7—€jdx—ﬁ

(a)Let a denote the first term of the geometric progression.
Likewise, let & and d denote the first term and common difference of the arithmetic

progression.

O ar*=b+ 6d ...Eq(1)
ar® = b +24d ...Eq(2)
ar'®=b+ 48d ...Eq(3)

Eq(2) — Eq(1): ar® — ar* = 18d ...Eq(4)

Eq(3) - Eq(2): ar'® — ar® = 24d ...Eq(5)
ar®(r* -1

Eq(5)/Eq(4): ( ) = 24d

ar' (r4 —1) 18d

4
r

r+1 -
3r*=4r* +4 (Shown)

W |
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From GC, r= i\/a so|rl>1
Hence, the geometric progression is not convergent.

(b)
Let a be the 1st term and r be the common ratio of the G.P.
Alt=4y 1
5 <A o 0
1-r
Sodd _Seven = 10”
A(1=()*)  Ar(1-(r*)*
() _arliee)
1-r 1-r
All-+*
M[1—r] =107 - ()
(1—r)(l+r)
(D +(@2):
1-r _ 10
1+r 72
72-72r =10+10r
82r=62
r=0.75610

Substituting into equation (1), A = 61.8 (to 3 s.f.)
Let the production level in the first year be a.

Total production of the coal mine = 25a

a —_—
1-0.96
Thus, the total production of the coal mine can never exceed 25 times the production in
the first year.

(a) Given u=2x+3:>%:2
dx
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(b)

_ 4x+3
8(2x+3)’
P=4,0=3andR=8

:Iﬁmn(mcw) d Let %=ﬁ,u:m(4x+3)
:_(4)6;(32)&(:)?3) ] ‘8((2;?) D(4x4+ DR
_ _(4Xg(32);n+(;‘)ﬁ+3) +Lxry)ar v

:_(4x+3)1n(4)§+3)+l(2x+3)_1(_1]+c
8(2x+3) 2 2
:_(4x+3)ln(4)§+3)_ L
8(2x+3) 4(2x+3)
__(4x+3)In(4x+3)+2(2x+3) e
8(2x+3)’

Jsin 4xcosbx dx

1. 10 + sin(=2x) d
—5I51n x +sin(—2x)
:ljsinlox—sinZde

%)

:l —icos10x+lcos2x +C
21 10 2

= —icoslox +lcos 2x+C
20 4

I e’ sinde’ cosbe’ dx

= —icosmex +lcos 2¢" +C
20 4

10

(i)

(ii)

At the original position, t =0
x=0+e’=1land y=0-e’=-1
Thus the coordinates are (1,—1) .

As t tends to infinity, e - 0sox — tandy — ¢
Thus, the path of the particle approaches the line y = x
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(1ii)

(iv)

b 1+2e™ and ;ﬂ =1-2e*
t

dr
dy _1+2¢™
dx  1-2e™
-4
Atr=2, x=2+e* =2.01832, y=2-e* =1.98168 and 2 = T 56_4
— <€
. _2et -1
Gradient of normal = —=-0.92933
1+2e

Thus, an equation for C, is y—1.98168 =-0.92933(x-2.01832)
Le. y=-0.92933x+3.85737
1.e. y=-0.929x+3.857 (correct to 3 d.p.)

Atpoint A, y=0
0=-0.929x+3.857 = x=4.15178
Coordinates of A are (4.15, 0)
Sketch of motion of particle:

A

y

(2.02, 1.98)

(v)

\' A (4.15, 0) *

(1’ - 1)

Consider the curve C, when y =0,

t =e™*" and solving by GC, 1 = 0.4263
Thus, x = 0.85261

Required area
2.02 4.15

= [ ydr+ [ (-0.929x+3.857) dx

0.852 2.02

2 4.15
= [ (t=e™)(1-2¢7)dr+ [ (-0.929x+3.857) dx
0.4263 2.02
= 3.5576 units®
= 3.56 units’

11

(i)

Perimeter of cross-sectional area =100 = (2a + 4b) + % (27Ta)

=100=4b+a(m+2)
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_100-a(m+2)
- 4

=b

Gi)  S§=(2q)(2b) +%(7Ta2)

:4a{100—a(77+2)}+7_Ta2
4 2

=100a - a* (77+2) +%Ta2

=100a -—(27+4-n)

@
2
a2

=100a —7(7T+ 4) (shown)
100-a(m+2)

Note that, a+b=g+————*~

_4a+100-a(7r+2)
4
1
=Z[1oo+a(2—n)]

2
a

1% ={100a—?(77+4)}2(a+b)

2

= {10061 —%(n+ 4)} %[100+a(2 -171)]

a a
=5{1oo—5(n+4)}[ﬁ100+a(2—n)]
3
=5000a - 757 = (1 +277-8)

4

i) L =5000-15077a -2 a* (772 +277-8)
da 4

When (cil_v =0, using the GC, a =12.70471 or a = 64.36321
a

For a =12.70471 For a =64.36321
A a” a at a a” a a
Sign - 0 + sign - 0 +

av. — |\ av.
da da
Thus when a =12.70471=12.7 (3 s.f.), volume is greatest.

Using the GC, greatest volume is 29671.95154=29671.95 cm®.
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— End Of Paper -
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SRJC Paper 2

1 . in(A-B
(i Prove that M =tanA—tan B . [1]
cos Acos B
(i) Hence, by considering a suitable expression of 4 and B, find
N .
Z sin x (3]
~ cos [(r +1) x:l cos(rx)

V3

N
(iii)  Using your answer to part (ii), find Z , leaving your answer in

+1
= 2c0s "% cos L )”
3 3
terms of V. [2]
. , n o 9x »  Ox
2 (1) Find j ——— dx, where n > 2 and hence evaluate j — dx. [3]
? (xz—l) ? (xz—l)
(i) Sketch the curve y = 9—x3 for x>0. [2]

(x*-1)
(ilf)  The region R is bounded by the curve, the line y = 5 and the line x = 5.

Write down the equation of the curve when it is translated by E units in the negative y-

direction. [1]

Hence or otherwise, find the volume of the solid formed when R is rotated completely

2
about the line y = E , leaving your answer correct to 3 decimal places. [2]
3 . d . 1 + 3 3
@ (i)  Show that —| sin@ ——sin’ 8 |=cos” & . [1]
déo 3
d’y
(i)  Find the solution to the differential equationcosec x—-= —cos’ x in the form
d 1 2
=f(x), giventhaty =0 and —=—+— when x=0. 4
y=£f(x).¢ y =3 [4]

(b) Show, by means of the substitution v = x* v, that the differential equation
dy 2
xX—+2y+4x°y=0
: y y
can be reduced to the form

ﬂ:—4vx.
dx

1
Hence find y in  terms of x, given  that y=— when

x=-3. [6]
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In the study of light, we may model a ray of light as a straight line.

A ray of light, /,, is known to be parallel to the vector 2i+K and passes through the point P with
coordinates (l,l, 0) . The ray of light hits a mirror, and is reflected by the mirror which may be
modelled by a plane I1, containing the points 4, B and C with coordinates (—1, 1,0) , (O, 0, 2)

and(O, 3, —3) respectively. This scenario is depicted in the diagram below:

FEeflected ray of Light .
Ray of light, [, -

(i Show that an equation for plane II, is givenby —x+5y+3z=6. [3]

(i) Find the coordinates of the point where the ray of light meets the mirror. [2]
(iii) Determine the position vector of the foot of the perpendicular from the point P to the
mirror and hence, find an equation of the line that may be used to model the reflected ray
of light. [6]

A second ray of light which is parallel to the mirror may be modelled by the line /,, with
x-1 z-2

Cartesian equation ,¥ = . Given that the distance between /, and the mirror is

14
\/f units, find the values of the positive constants & and £ . [4]

A random variable X has the probability distribution given in the following table.

X 2 3 4 )
P(X =x) 0.2 a b 0.45
Given that £ (|X - 4|) = i—(l) , find the values of @ and 5. [3]

Two independent observations of X are taken. Find the probability that one of them is 2 and the
other is at most 4. 2]
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In a large consignment of mangoes, 4.5% of the mangoes are damaged.

(1) A total of 21 mangoes are selected at random. Calculate the probability that not more
than 3 mangoes are damaged. [2]
(i) The mangoes are randomly selected and packed into boxes of 21. For shipping purposes,

the boxes are packed into cartons, with each carton containing 12 boxes. A box
containing more than 3 damaged mangoes is considered low standard. Calculate the
probability that, in a randomly selected carton, there are at least 2 boxes which are of low
standard. [3]

(iii) Find the probability that a randomly chosen box that is of low standard contains no more
than five damaged mangoes. [3]

(@ Seven boys and five girls formed a group in a school orientation. During one of the game
segments, they are required to arrange themselves in a row. Find the exact probability that
Q) the girls are separated from one another, [2]
(i) there will be exactly one boy between any two girls. [2]

In another game segment, they are required to sit at a round table with twelve identical
chairs. Find the exact probability that one particular boy is seated between two

particular girls. [2]
7 2 13
(b) The events A and B are such that P(A) = E, P(B) = g andP(A | B) = %
(i) Find P(4UB), [3]
(if)  State, with a reason, whether the events 4 and B are independent. [1]
(© A man plays a game in which he draws balls, with replacement, from a bag containing 3

yellow balls, 2 red balls and 4 black balls. If he draws a black ball, he loses the game and
if he draws a red ball he wins the game. If he draws a yellow ball, the ball is replaced and
he draws again. He continues drawing until he either wins or loses the game. Find the
probability that he wins the game. [2]

A company manufactures bottles of iced coffee. Machines 4 and B are used to fill the bottles with

iced coffee.

(i) Machine 4 is set to fill the bottles with 500 ml of iced coffee. A random sample of 50
filled bottles was taken and the volume of iced coffee (x ml) in each bottle was measured.
The following data was obtained

> x=24965 > (x-x)’ =365

Calculate unbiased estimates of the population mean and variance. Test at the 2% level
of significance, whether the mean volume of iced coffee per bottle is 500 ml. [6]

(i) The company claims that Machine B filled the bottles with £, ml of iced coffee. A

random sample of 70 filled bottles was taken and the mean is 489.1 ml with standard
deviation 4 ml. Find the range of values of g, for which there is sufficient evidence for

the company to have overstated the mean volume at the 2% level of significance. [5]

An online survey revealed that 34.1% of junior college students spent between 3 to 3.8 hours on
their mobile phones daily. Assuming that the amount of time a randomly chosen junior college
student spends on mobile phones daily follows a normal distribution with mean 3.4 hours and
standard deviation o hours, show that o= 0.906, correct to 3 decimal places. [3]
Find the probability that
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10

Q) four randomly chosen students each spend between 3 to 3.8 hours daily on their mobile

phones. (1]

(i) the total time spent on their mobile phones daily by the three randomly chosen junior
college students is less than twice that of another randomly chosen junior college student.

[3]

(iii) State an assumption required for your calculations in (i) and (ii) to be valid. [1]

N samples, each consisting of 50 randomly selected junior college students, are selected. It is
expected that 15 of these samples will have a mean daily time spent on mobile phones greater
than 3.5 hours.

(iv) Estimate the value of N. [4]

In a medical study, researchers investigated the effect of varying amounts of calcium intake on
the bone density of Singaporean women of age 50 years. A random sample of eighty 50-year-old
Singaporean women was taken.

(1) Explain, in the context of this question, the meaning of the phrase ‘random sample’. [1]

The daily calcium intake (x mg) of the women was varied and the average percentage increase in

bone density (y%) was measured. The data is as shown in the table below.

x (in mg) 700 800 900 1000 1050 1100
v (%) 0.13 0.78 1.38 1.88 2.07 2.10
(i) Calculate the product moment correlation coefficient and suggest why its value does not

necessarily mean that the best model for the relationship between x and y is
y=a+bx. [2]
(ili)  Draw a scatter diagram representing the data above. [2]

The researchers suggest that the change in bone density can instead be modelled by the equation

ln(P—y)=a+bx.
The product moment correlation coefficient between x and ln(P— y) is denoted by ». The

following table gives values of » for some possible values of P.

P 3 5 10
r —0.993803 -0.991142

(iv) Calculate the value of 7 for P = 3, giving your answer correct to 6 decimal places. Use the
table and your answer to suggest with reason, which of 3, 5 or 10 is the most appropriate
value of P. [2]

The Healthy Society wants to recommend a daily calcium intake that would ensure an average of

1.8% increase in bone density.

(V) Using the value of P found in part (iv), calculate the values of @ and b and use your answer
to estimate the daily calcium intake that the Health Society should recommend. Comment
on the reliability of the estimate obtained. [4]

(vi) Give an interpretation, in the context of the question, of the meaning of the value of

P. [1]
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ANNEX B

SRJC H2 Math JC2 Preliminary Examination Paper 2

1 |Sigma Notation and
Method of Difference

(i) tan(N +1)x—tanx

ity tan| DTN g3
-

2 |Application of
Integration

1 1
W) = ¢

4 4(nr-1) 4
(ii)

LY

0 X
ix=1
2 . 3
@iii) y= T~ 3.385 units
(-

3 |Differential Equations

.3
(a) (ii) y=%(sinx—sm3 xJ+£x

(b) y=

18-2x2

T

4 |Vectors

(i) (5, 1, 2)
3%s 5 72
(i) OF =| %
2
=— =3
a 3’ )

, =] 1|+y|—-10 |,y
2 29

DRV

a=0.25 and »=0.1,0.18

Binomial Distribution

i 0.987
(i) 0.0106
(iii) 0.981

7 |P&C, Probability

wm%®

LIS

1
, b) 0.84 (¢) —
198 55() ()3
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8 |Hypothesis Testing (i) x=499.3, s* =7.45, p-value = 0.06974
(ii) 44,2490

9 [Normal Distribution (i) 0.0135 (ii) 0.0781
(iii) Assumption:
The amount of time spent by a randomly chosen student
on mobile phones is independent of the amount of time
spent by another randomly chosen student.
(iv) N=69

10 |Correlation & Linear  |(i) The phrase ‘random sample’ means that every 50-

Regression

year-old Singaporean woman has an equal probability
of being included in the sample.

(ii) r=0.988
(iii)
¥
'y
25
(1100, 2.1)
2 xoX
X
15
X
1
X
0.5
- (700, 0.13)
e V = ¥
0 700 800 300 1000 1100 1200

(iv) r=-10.995337

(v)a=3.24,b=-0.00310
The recommended daily calcium intake is 988 mg.
Since the r value is — 0.995 is close to — 1, there is a

strong negative linear correlation between In (P - y) and

x. Also since the value of y = 1.8 is within the data
range, thus, the estimate obtained is reliable.

(vi) The value of P is the maximum percentage increase
in bone density achievable as the daily calcium intake
increases.
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H2 Mathematics 2017 Prelim Exam Paper 2 Question
Answer all questions [100 marks].

1 (1)
sinfA—-B) sinAcosB-cosAsinB sinA sinB
= = - =tan A—-tan B
cos Acos B cos Acos B cosA cosB

(ii)

N

sin x _ sin(2x—x) . sin(3x—2x)

sin(4x—3x) -

sin((V +1)x—No)

=] caﬁ[r+1]xc05rx_c052xc05x cos3xcos2xy cosdxcos3x
= (ta}fﬁ%n;)
+ (tz:ﬂ.]x\—tEm x)
+ (t}mx—\ 3x)
- (tan(ﬂf@)x

+ (tanamml)x
+ ({tan(V +1)x—Tan Nx

= tan( N+ D)x—tan x
(iii)

sin x

J3

rir
2cos ? cos

T N
When x T3 ;cos(r+1)xcosrx

N
r=l1

(r+1)7T
3

3

cos{ N +1)xcos Nx

Thus, required sum = tan {(N +1) (%TH —tan (%TJ _ tan[(N +1) 77} /3

(@

n Ox _9¢n
Lmd’c-gL(X—_

L D S
20 2(w*-1) 18
19

4 4(n2-1)
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Pfro: Iz (x2—1 7 dx :}Lifg 1_4(’12_1)2
-1
4

(ii)

v

(iii)  The equation of the transformed curve is y = i .
(x2 —1) 3
2
. 5 9x 2 .. 3
Volume of revolution = ITJ.2 ﬁ —5 dx =3.385 units” (to 3 d.p.)
(x* -1

(@) @) %(sin 6’—%sin3 Hj
=cos@—sin’ Hcos
=cos 49(1 —sin’ 67)
=cos 6(0082 9) =cos’ @

d2y

— : 2
) = —Smxcos x

2
jx_); = (—sin x) (cos x)2

=%(cosxﬁsos2 x) +C
=%(cosx[@l—sin2 x)) +C

=%(cosx—cosx5in2x)+c
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(b)

.3
y=l sinx-2 Xy ox+D
3 3

Whenx=0andy=0,D=0

When x =0 and Q=l+£, C:E
dx 3 T

I . sin x| 2
y=—|sinx— +=x

3 3 T
V= o (1)
dv 2 dy
— =2xy+tx — - 2
o P 2)
x4 2y drty =0 (3)

dx
Zdy 2

(3) x x, x a+2xy+4x y(x) =0-ermemv (4)

ﬂ+4vx =0
dx
Q =—4vx (Shown)
dx
dv =—4yx
dx
1
[—dv=—4]x dx
%

ln|v| =-2x’+c¢

2
v:+62x+c

_n,2
v=Ae " , where A = *ef

2. _ 4 -2x?
x“y=Ae "

Given that y =% when x=-3,

(-3) Gj = ™

A=3¢"
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y= 2
1 2
@) Lir=|1[+A]0,A0--
0 1
0 -1 1 -1 1 0
AB=|0|-| 1 |=|-1|;AC=| 3 |-| 1 |=| 2 [;BC=| 3 |-|0|=| 3
2 0 2 -3 0 -3 -3 2 -5
1 1 -1
A normal to the planeis: | =1 |X| 2 |=]| 5
2 -3
-1 0) (-1
ri5 |=[{0|15 |=6
3 2,3

(ii)

(1ii)

Thus an equation for I1, is —x+5y +3z =6. (shown)

Let N be the point of intersection between the line and the plane.
1+24

ON = 1 for some A--:

Since N lies on the plane,
1+24) (-1

1 5(=6=41=2

A 3
Thus, coordinates of N are (5, 1, 2).

Let the foot of the perpendicular from P to the plane be denoted by F.

1 -1
Lp:r=|1|+pu 5 [,ud--
0 3
1-u
Since F lies on [, OF =|1+5u | for some [
3u
11— (-1
Since F lies on the plane, | 1+5u 5 1=6
3u 3
. 2
Solving, ’U_E
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Vs

OF =| %
%s
Let the reflection of point P in the mirror be P’.
Vs
By the midpoint theorem, OP' =20F —OP =| 1/,
s
5 3%5 14435 72
A direction vector for the reflected lineis | 1 |—| 4 [=| =% |= 2 -10
2) %) (%) 2o
Thus, an equation of the reflected line is:
5 72
L:xr=1|+y|-10,y0O--
2 29
2) (-1
Since [, is parallelto 1, | 0 [[J 5 |[=0=>a=—
a)\3
0 1 -1
0-|B|=|-8
2 2 0
-1) (-1
_ﬁ} :
0 3

Since the distance is 14 14
V35| B35 J35

1-58/=14

Solving, B = —? (rejected) or =3

Y P(X=x)=1=02+a+b+045=a+b=035 ... (1)

all x

-1 L —4p(X =)=k
E(|x 4|)—110:>Z|x 4P(X =x) m

all x

32(0.2)+a+0+0.45:%

=a=0.25and »=0.1
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P(required) =P(X,=2,X,=2)+2[P(X,=2,X,=3)+P(X, =2,X, =4)]
=0.2x0.2+2[0.2%0.25+0.2%0.1]
=0.18

(i) Let X be the random variable “number of damaged mangoes out of 21 mangoes”.

X ~ B(21,0.045)
P(X <3)=0.98673=0.987 (3 s.f.)

(ii) Let Y be the random variable “number of boxes of mangoes out of 12 boxes

which are of low standard”.

Y ~ B(12,1-0.98673) =Y ~ B(12,0.013268)

P(Y>2)=1-P(Y <)

=1-0.98936 =0.01064 =0.0106 (3 s.f.)

(iili) P(required)=P(X <5 | box is of low standard)

=P(X <5|X >3)
_P(X<5nX>3)

P(X >3)
P(X =4)+P(X =5)
1-P(Y <3)
_0.011219+0.0017975
1-0.98673
=0.981
(a)()
1 x3 !
Required probability = %
e
99
(a)(ii)
! !
Required probability = %
_ 1
198
. - ( 0- )v X2\
Required probability = ( )
-
55
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13
(AlB)—%
P(AnB) 13
P(B) 20
P(AmB)—%(§j=§ (or 0.26)

7 2 13
= — 4+ — -
10 5 50
= 2 (or 0.84)
5
(b)(ii)
Since P(Al B) Zz P(A) , therefore events A and B are not independent.
Alternatively,
. 13 7 2 7
Since P(A N B) :% and P(A) XP(B) _B g = E Zz P(A N B) therefore events A

and B are not independent.

(¢

Probability of winning the game

_2 2(3} 2(3)2
+Z = |+

"9 9l9) 9lo

%

—

O |w

W | =

(i) Let X be the random variable denoting volume of the randomly chosen iced coffee
bottle in ml from Machine A.

= 24965 _ 1993
50

Unbiased estimate of population variance

s2=LZ( )-@(ﬁj_ﬁnmw 7.45
n-1 49( 50 ) 49

H,: x4 =500
H, : 4 #500
Two tailed Z test at 2% level of significance

Under H, since the sample size of 50 is large, by Central Limit Theorem
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7.4489

X ~ N(500, ) approx.

From GC, p-value = 0.06974> 0.02

Conclusion: Since the p-value is more than the level of significance, we do not reject
H, and conclude that there is insufficient evidence at 2% that the mean volume is not

500ml.

(ii) Let Y be the random variable denoting the volume of a randomly chosen iced
coffee bottle in ml from Machine B.

Unbiased estimate for population variance = 2—8(42) =16.232

HO : /'[ = /'[()

H,: <t

One tailed Z test at 2% level of significance

Under H,, since the sample size of 70 is large, by Central Limit Theorem

7~ N(,Uo, 16.232

j approx.

_489.1- 4,
et 16.232
70

Value of test statistic, z

For H,to be rejected,
p-value < 0.02

BTt o 5 053748911
16.232
70

M, 2490 (to 3 s.f.)

Let X denote the random variable representing the amount of time a randomly chosen
junior college student spends on mobile phones each day.

0 X~N@3.4, &)

P(3 <X <3.8)=0.341

P(3—3.4 <7< 3.8—3.4j 0341

ag ag
p(ﬂ <Z <%j =0.341
ag ag
- P(Z< —0.4)21—0.341 03295
g
-0.4

From GC, —— =-0.4412942379
g

= 0=10.90642 = 0.906 (3 dp)
(i) Probability required = (0.341)*
=0.0135 (3 sf)
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(ii) Probability required =P(X; + X + X3 <2Xa4)
=PXi + X2+ X3 -2X4<0)
X1+ X2+ X3 — 2Xu4 ~ N(3.4x3 — 2x3 .4, 0.90642°x3 + 22x0.90642?)
re. X1+ Xo+ X3 —2X4 ~N(3.4,5.75118)
U From GC, (X; + X2 + X5 — 2X4 < 0) =0.0781 (3 sf)

(iii)  Assumption: The amount of time spent by a randomly chosen student on
mobile phones is independent of the amount of time spent by another
randomly chosen student.

_ 2
iv) X~ N(3.4,—0'90642 j

50
From GC, P(i > 3.5) =0.217663

Since expected number of samples with mean time exceeding 3.5 hours = 15,
then 0.217663 x N =15
= N=68.9=69

(i) The phrase ‘random sample’ means that every 50-year-old Singaporean woman
has an equal probability of being included in the sample.

(ii) r=0.988 (to 3 s.f.)

Although the r-value = 0.988 is close to 1, the value is not 1 so there may be

another model with |r| closerto 1.

Hence a linear model may not be the best model for the relationship between x

and y.
(i)
'y
25
(1100, 2.1)
. * X
- x
1.5
*
1
*
0.5
700, 0.13)
» (700,
.:I Jﬁ? = x
0 700 200 200 1000 1100 1200

(iv)  Using the GC, when P =3, r=-0.995337 (to 6 d.p.)
When P =3,

r| is closest to 1 and thus, P = 3 is the most appropriate value.

(v) When P = 3, using the GC, a = 3.2446 = 3.24 (to 3 s.f.)
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(vi)

b=-0.0030988 = —-0.00310 (to 3 s.f.)
When y= 1.8, and P = 3,

In(3-1.8) =3.2446 —0.0030988x

XxX= 988

Thus, the recommended daily calcium intake is 988 mg.

Since the r value is — 0.995 is close to — 1, there is a strong negative linear
correlation between In (P - y) and x. Also since the value of y = 1.8 is within the

data range, thus, the estimate obtained is reliable.

The value of P is the maximum percentage increase in bone density achievable

as the daily calcium intake increases.

— End Of Paper -
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2017 SAJC Prelim Paper 1
Answer all questions [100 marks].

The volume of a spherical bubble is mcrcasmg at a constant rate of A-cm? per second.

11
' Assuming that the initial volume of the bubble is neghglble find the exact rate in terms
of A at which the surface area of the bubble is mcreasmg when the volume of the
bubble is 20 cm?’. : o S B N E
[The volume of a sphere, V= %?rr and the surface area of a sphere 4= 47rr where # is
the racl:us of the sphere.]
5 The diagram shows the triangle ABC. It is given that the helght ADish umts
AABDm—g— and JACD'—'? + x
x
3
B
Sh_ow'that if x is sufficiently small for x* and higher powers of xto be neglected, then
BC=%+—;~—_Lm h (p +qx +rx2)
' 3 tan (E + xJ
4
for constants p, g, r to be determined in exact form. S R [51
3 It is given that
R x2 N
byl—— for —a<x<a
=y L
- o
g l1— (x—2a)

3 for a<x<3ag
a -

and that f(x +4a)={(x) for all real values of x, where' a and b are real constants and
O<a<h. o _ -
(¥  Sketch the graph of y =f(x) for —a<x<8q. - T )

(i) Use the sﬁbstinrtion x=acos@ tofind the exact value of I:f (x) dxin terms of @
and 7. i5]

(i) State a sequence of transformations that would transform the curve with equation

y= e onte the curve with equatton y= f(x) , where f(x) e —~b, a>0
and b>1. . | . | | --‘-.'{2,1'

(if) Sketch the curve y=f(x)and the curve y = -f-i% |
- X
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You should state clearly the equations of any asymptotes, coordinates of turning
points and axial intercepts. [51

It is given that u+ v—w is perpendicular to w—v+w, where u, v and W are unit
vectors.

Q) Show that the angle between ¥ and W is 60", [4]
Referred to the origin O, the points U/ , V' and ¥ have position vectors 1, v and w
respectively. ' '

(ii) Find the exact area of triangle OVW. 2]

(iif) ~ Given that uw and vxW are parallel, find the exact volume of the solid

OUVW. B’

[The volume of a pyramid is %bh, where b is the base area and # is the height of the

pyramid.]

(a) (i) Find I e* cosrx dx, where s is a positive integer. (4]

2
{(ii} Hence, without the use of a calculator, find j e’ cosnx dx whennisodd.

[3]

(b)  The region bounded by the curve y = Ig\/;—z , the y-axis and the line y = -1\% is
—-X

rotated 27 radians about the x-axis. Find the exact volume of the solid obtained. [5]

(i)  Show that for any complex number z = r¢'®, where » >0, and -7 <@ <7,

z | 1(_ 9).
—Z =———fcot—|i.
z-r 2 2 2

[31

(ii) Giventhat z = 2(:I [E] is aroot of the equation z° —2z+4 = 0. Siate, in similar form,

the other root of the equation. _ iy
. . . . 4w’ 4w
(iii) Using parts (i) and (i), solve the equation 5 +4=0.
(w—1 w-1
[4]

In a training session, an athlete runs from a starting point S towards his coach in a
straight line as shown in the diagrams below. When he reaches the coach, he runs back
to S along the same straight line. A lap is completed when he returns to S. At the
beginning of the training session, the coach stands at 4, which is 30 m away from S.
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- After the first lap,' the coach moves from 4, to A, and after the second lap;, he moves
- | from A2 to 4y and so on. The d:st&nce between 4,10 4, is denoted by 44,,, ieZ.

4 4, 4 o . 14; 'Af+]
o —t—F— —t

Figure 1

(1] For training regime 1 (shown in Figure 1), the coach ensures that the distance
A4, =3 m for ieZ". Find the least number of laps that the athlete must |

i+

complete 3o that he covers a total distance of 3000 m. _ o 3}

R T
| : ] i

i |

Figure 2
(i) - For training regime 2 (shown in Figure 2), after the first lap, the dbabh ensures that
the distances 4,4, = 2 m, 4,4, =6 m and the distance 4,,,4,,, =344, where
ieZ*. Show that the distance the coach is away from S just before the athlete

completed » laps is (3’”‘ +29)
Hence find the distance run by the athlete a:&er n complete laps Aiso find how far
the athlete is from the coach aﬁer he ha.s run 8 km, R - [6]

The diagraxn"'béiow shows the curvc C with parametric equations
x=1+2sind, y=4+3cosd, for =r<h<x.

B
-

& |

The point P is where 8 = %

¥

the - equation of the normal at
[4]

() Using a non-calculator method, find
P. B
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(i) The normal at the point P cuts C again at point (O, where O=¢ . S_how that

SSin_a—Z\E cosa =1 and hence deduce the coordinates of . i3]
(iif) Find the area of the region bounded by the curve C, the normal at point P and the
vertical line passing through the point Q. . [4]

10

A population of 15 foxes has been introduced into a national park. A zoologist believes
that the population of foxes, x, at time ¢ years, can be modelled by the Gompertz

equation given by: _ _
: dx [40J
—=cxIn{ —
de x

(1) Using the substitution z =In (ﬂj , Show that the differential equation can be
- X

where ¢ is a constant.

written as du _ —cu. . [2]
dr

' ~cf
(i) Hence find # in terms of t and show that x = 40e~ B¢ , where B is a constant,

- [5]

'After 3 years, the population of foxes is estimated to be 20.
(iii) Find the values of Band . I3]
(iv) Find the population of foxes in the Iong run, (1}
(v} Hence, sketch the graph showing the population of foxes over time. [2]

11

A computer-controlled machine can be programmed to make plane cuts by keying in the

-equation of the plane of the cut, and drill holes in a straight line through an object by

keying in the equation of the drill line.
A 10cm x 20 cm x 30 cm cuboid is to be cut and drilled. The cubmd is positioned refative
to the x-, y-and z-axes as shown in Figure 1.

X Drill line
z
G F
30 em

) 2

20 ¢cm
0 10cm 4 " —
¥ o 4 ¥y

X .
Figure ] * Figure 2

Need a home tutor? Visit smiletutgg.sg




' First, a plane cut is made to remove the corner at E The dut ‘goes through the points 2, :
() and R which are the midpoints of the sides ED, £4 and EF respectively.

oY) (-0} o
() Showthat PO=| 5 |and PR=| 5 | - VR
-15] 0 o
(if)  Find the cartesian equation of the plane, p that contains P, Q and R. R
(i) Find the acute angle between p and the plane DEFG. 2]

A hole is then drilled perpendicular to triangle POR, as shown in Figure 2. The hole
| passes through the triangle at the point 7 which divides the line PS in the ratio of 4:1,
‘where § is the midpoint of OR.

(iv)  Show that the point T has coordinates (-4, 9, 24) AR K. |
(v)  State the vector equation of the drill line. 1)
(vi)- - Ifthe computer program continues drilling through the cuboid along the same -
line as in part (v), determine the side of the cuboid that the drill exits from. Justify your

answer. _. .

'~ End Of Paper —
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ANNEX B

SAJC H2 Math JC2 Preliminary Examination Paper 1

1 |Differentiation & :
Applications 2A (ﬂj cm’/s
15
2 |Maclaurin series i
3 |Functions T
—ab
4
4 |Graphs and i)
Transformation 1. Scale by a factor of e parallel to the x-axis,

Ja

2. Translate the resulting curve by b units in the
negative y-direction.

5 |Vectors 3
ii) —— units®
4
iii) N3 units’
12
6 |Application of a)
Integration _ ( n j{ x(sinnx} 1(ex cosnxﬂ
1) = le +— +c
1+n n n n
1 2m m
11)( +n2j(e +e )
b) —— units’
8
7 |Complex numbers {_Ej
i) z=2e" *
1 B 1B
) w=———ijorw=—+—
2 2
8 |AP and GP i) n=24
i) (3" —1) +58n, 5614 m away from the coach once he
finishes 8 km.
9 |Application of

Integration

3
i =2x+—
)y >

i) 0 (0.421, 2.34)
iii)  2.77 units®
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10 |Differential Equations iii) x = 400081
iv) 40
11 |Vectors ii) 3x+6y+2z=90
iii) 6=73.4°
-4 3
iv)r=| 9 [+A] 6|, A00 .
24 2

v) The drill line will not exit from the side GCBF.
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H2 Mathematics 2017 Prelim Exam Paper 1 Solution

1
\ :ﬂm’3

v =4xr? dr
dt dt

When V=20,

20=—7nr?

2
ﬁ_i(ET
dt 4x\15

Surface Area,
A=A4rr?

dA dr
— =8r—
dt dt

1 2
When r :(E)S,ﬁzi(ﬁjs.
T dt 4~\15
dA_dA dr
dt dr dt

1 2
o 2] 55
=87l = 2| Z
7 ) 4x\15
1
TE
:2/1(—j cm</s
15
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(i)

BC=BD +DC

h

h

(i)
B

&=

+
VA
tan— tan + X
3 4

h

+

tan z+tan X
4
1-tan Etan X

4

h(1—tan x)

3

RLYER

3

hf
hf
hf
hf

:h[l

hJ§+

1+tan x
h(1—x)
1+X

— +h@-x)@1+x)™

—+h@—x)[1+(— 1)x+( 1)2( 2))x +...]

— +h(l—X)[1-x+x*+..]

—— +h(-2x+2x*+..)

v 2]

+— — 2X + 2X
3
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(i)

(i)
() dx

2
- b,/1—x—2 dx
. "
K3 2 2
:bja/l—a €050 (_asing) do
z a

:abEsinze do
2

:abj-;rl—cosze 40
2

2
:a_b{ _sinze}”

2

2

ab[ 72}
= —\\ T —
2 2

:Zab
4

s

Need a home tutor? Visit smiletutor.sg



()

y=e* —p=¢ -b

If f(x)=¢e* , then f(x/gx):eu""_x)2 and so
y=f(x)—>y=f(\/5x)—>y=f(\/5x)+b

Hence the sequence of transformations are:

(vax)

1. Scale by a factor of 1 parallel to the x-axis,
Ja

2. Translate the resulting curve by b units in the negative y-direction.

(i) Y

A
y=f(x)
5 > X
Inb
- @,ok /(ﬁ/”—,O)
d a
(0,1tb)
y
A
y=1/f(x)
y=0 » X
inb
a
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i

(Si)nce u+Vv—w is perpendicularto u—v+w,
(U+v—w)-(u-v+w)=0

u-u—u-v+u-w

+V-U—V-V+V-W

-W-u+w-v—-w-w=0

. 2 2 2
Since u-u=|u|",v-v=|v[ ,w-w=|w|",and u-v=v-u,u-w=w-u,v-w=w-v,

|u|2 —|v|2 —|W|2 +2v-w=0

Since u,v,w are unit vectors, |u|=1|v|=1|w|=1,
1-1-1+2v-w=0

<
=
I

N, NP NP~

|v||w|cos 6 =

cosd =

Hence, 8 =60
(ii)

1 60°

Y
<

o

Area of AOVW

=(%(OV)(OW)sin60°j

(Jwa| 2]

B3

=" units?
4

(iii)
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o 160 v

Since u and vxw are parallel, we have OU 1. OV,0U L OW.
Volume of OUVW

= %(Area of AOVW)(OU )

5[
B3

=" units®
12

Need a home tutor? Visit smiletutor.sg




(a)
(i) Using integration by parts,

J'eX COoSs nx dx

dv

u=e — =C0S X
dx
du_eX V_sinnx
dx n
sin nx e .
=g —_[—smnxdx
n n
X dv .
u=e — =sinnx
dx
du_ex _ cosnx
dx n
(sinnx) 1[ e*cosnx e*cosnx
=e ——| - +I dx
n ni n n
(sinnx) 1(e*cosnx| 1 ¢,
=e += ——— ——Zje cos nx dx
n n n n

Rearranging,

sinnx) 1(e*cosnx
[1+i2)fexcosnxdx:exi j+—( J
n n n n
. [ n? L(sinnx) 1(e*cosnx .
Ie cosnx dx = e +=| = =="2 ||+ ¢ where c is a constant
1+n n n n

nZ

sin nx

1( e*cosnx

27
i e*cosnx dx =
(1) L (1+n2

el

For any positive integer n,
If nisodd,

)l

cos2nrz
n

n2

1+n?

1

n

sin2nz
n

sinnz

o

2

2

2z n
j e*cosnx dx =
™ 1+n

(b)

<l

sin2nz =0 and cos2nz =1

0+—

v

n n

J+l

sinnz
n

i
I

1

n

cosnz
n

n
Jeal
=0 and cosnz =-1

24

1

2

J(ez” +€") (Ans)

1+n
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\/;
16—
X
X X
y= J_z =y =——7
16X (16-x2)

Hence volume required
2 2 2
=7xr h—ﬂ'jo y“dx

2 2 X
=n| 3 | (@)=rf, o
(16—x )
\/E ’ T o2 =2X
=7 E (2)— > J.O 22dX
(-2)* (16-x?)
2 172
16— x°
it “”%{%}
0
_iﬂ+£[_i+i}
1447 2| 12 16
:5—”units3
288
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Let z:Z—W,then
w-1
2°-2z+4=0

T V4

From (ii) the solutions are z = 2el[§j or z= 2e_(3j
Since

b
3 T

Part (i) result can be used as z = Ze( j , Where r =2 with 6 =%, 0=- 3

1 1 7). 1 1. T
W=———|cot— |l or W=———|Ccot| ——
2 2 6 2
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(i)
Distance travelled per lap is in AP:
a=2(30)=60,d=2x3=6.

Given total distance travelled > 3000
g [ 2(60) + (n — 1)6] > 3000

3n?2+57n-3000>0
(n+42.52)(n-23.52)>0
n<-42.52o0rn>23.52

Sincen e Z*, least n = 24

(ii)
Distance of the coach from S just before the runner completes the rth lap
=30+2(3") +2(3") +2(3%) +...+2(3"?)
=30+2(1+3+3+...+37%)
r-1
=30+ 2(3 _1]
3-1

=30+(3"*-1)
=3"14+29
Distance covered by the athlete after n laps

= 2"12(3“1 +29)
r=1
~23'3 13 (58)
r=1 r=1

2337 458

r=1

= 2(3n _1]+58n
3-1
=(3"-1)+58n
When D = 8000m
8000 =(3"-1)+58n
From GC,
n=38.1254
Hence the athlete has run 8 complete laps.
The athlete has completed 7024 m
Hence he still have 8000-7024=976 m
On the 9th lap, the coach is 3" +29=6590 mfrom S.

Hence the athlete would be 6590- 976 = 5614 m away from the coach once he finishes
8 km.
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ﬁzzcose, d_y:_ 3sinéd
do

deo
dy _—V3sing _ 3.,
dx 2cos@ 2

When 9-%, x=2 ,y=-22 & __1
6 2 dx 2

Equation of normal : y—(l—zlj =2(x-2)

3
=2X+—
y 2

(i)
x=1+2sing------ @
y=4+/3c0s0-- - (2)

Substitute equation (1) and (2) into y= 2x+g
4+3cos6 =2(1+2sin 9)+§

%+ 3cos@=4sin@
8sin@—2/3cosf =1

At PointQ, =«
8sin o — 24/3cosa =1 (shown)
Using GC: «=-2.847916 or «=0.52359 (Reject, same as %,point P)

Hence, using GC
coordinates of Q (0.42105, 2.3421)
Q (0.421, 2.34)

(iii)

Z

whoe
P

s
v
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when x = 0.42105

0.42105=1+2siné@

sind =-0.289475

6 =—-0.29368 or —2.8479 ( at point Q)

2 2
= Y1 dx — Y, dx

0.42105 0.42105

z 2 3
Required Area :J._%I29368(4+\/§COS6’) (2C0$9)d9—j0l42105(2X+§j o

=8.9613-6.1911
=2.7702~ 2.77 units’® (3s.f.)
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10

=In(40) - In(x)
du 1
d x
du_du e
dt  dx dt

3ol 3)
=|-=|cxIn| —
X X
=—cu
(i)
du_
dt
1
Iadu:—jc dt

In|u| =—ct +d

—CU

—ct+d

uj=e

u=xte'e™

=Be™, B=+¢'

Replace u with In (4—OJ

X
In (4—0) =Be ™
X

40 Bect
— =
X

40
X =

Be~ ct

e
X =40e %"

(iii)

When t =0, x=15,
15 =40e®

B=In (g) =0.98083=0.981

When t=3, x=20
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20 = 40e % "

e Be3¢ :l
2
Be*=In=
2
3 1
In| = |(e*)=In| =
& Jle)=m(3)

3)
In 5
c=—=In| —=£|=0.11572=0.116

> {nf3)

X = 4Oe—o.<381e"l116t

(iv)

The population of foxes in the long run is 40.
(V)

A
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30 15 30
0 0 0 -10 0 -10
PQ=0Q-OP=[10|-| 5 |=| 5 PR=OR-OP=| 10 |-| 5 |=| 5
15 30 =15 30 30 0
(i)
A normal to p
0 -2 3
1 (x| 1 |=|6
-3 0 2

Equation of plane

3 0)(3
r-{6|=101-|6
2 15

3
r-{6=90
2

3X+6y+2z=90

Or any equivalent equation of plane

(iii)

0
A normal to the plane EFGH = | 0
1
(or any equivalent vector)
0) (3
O|el 6
1) (2 2|
cos@ = =
1x/9+36+4 +f49
0=73.4°
(iv)
. . 0 -10 -5
05=5[0Q+0R]:E 10 [+| 10 || =| 10
15 30

1
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H2 Mathematics 2017 Prelim Exam Paper 1 Question
Answer all questions [100 marks].

1 Without the use of a calculator, find the complex numbers z and w which satisfy the
simultaneous equations
z—wi=3
7> —wW+6+3i=0
(6]
2 | The function fis defined by f: x > ——, xeR, x>1.
X —_
(i)  Show that 2 —§+ 1 _An+B , where A and B are constants to be found. [3]
n-1 n n+l n®-n
5 2r+6
(i)  Hence find Y T [4]
r=2 -
" . ! 2r+10
iii)  Use your answer to part (ii) to find : 1
(i) Usey part (1) 2 ) (r+2)(r +3) [
3| The function f is defined by f:x >, xeR, x>1.
X —
(i) Find f~*(x) and write down the domain of . [3]
(ii)  On the same diagram, sketch the graphs of y=f(x), y=f"(x) and y =f 'f(x)
stating the equations of any asymptotes and showing the relationships between the
graphs clearly. [4]
(iii)  State the set of values of x such that ff (x) =f 'f(x). [1]
4 Referred to the origin O, the point A has position vector —5i + 2j + 2k and the point B

has position vector i + 3] — 2k. The plane 7 has equation:
r=Q+A-2)i+B-22)j+(u—2)k where 1, uecR

(1 Find the vector equation of plane = in scalar product form. [2]

(i)  Find the position vector of the foot of perpendicular, C, from Ator . [3]

The line 11 passes through the points A and B.

The line Iz is the reflection of the line 11 about the plane 7. Find a vector equation of ..

[3]
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It is given that DEFG is a square with fixed side 2a cm and it is inscribed in the isosceles
triangle ABC with height AH , where AB = AC and angle BAH =6 .

Q) Taking t=tan@ , show that the area of the triangle ABC is given by

S:a2(4+4t+a [3]

(i) Find the minimum area of S in terms of a when t varies. [4]
(ilf)  Hence sketch the graph showing the area of the triangle ABC as & varies. [3]

(@) There are three yellow balls, three red balls and three blue balls. Balls of each colour
are numbered 1, 2, and 3. Find the number of ways of arranging the balls in a row such
that adjacent balls do not sum up to two. [2]
(b) Inarestaurant, there were two round tables available, a table for five and a table for
six. Find the number of ways eleven friends can be seated if two particular friends are not
seated next to each other. [4]

For the events A and B, it is given that

P(ANB)=06 P(AUB)=083 and P(A|B)=0.83

Find,

() P(B) [2]
(i) P(ANB) [2]
(iii)  P(B|A) [2]
Hence determine whether A and B are independent. [1]

A fairground game involves trying to hit a moving target with a gunshot. A round consists
of a maximum of 3 shots. Ten points are scored if a player hits the target. The round
ends immediately if the player misses a shot. The probability that Linda hits the target in
a single shot is 0.6. All shots taken are independent of one another.

(i)  Find the probability that Linda scores 30 points in a round. [2]
The random variable X is the number of points Linda scores in a round.

(i) Find the probability distribution of X. [3]
(iti)  Find the mean and variance of X. [4]
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(iv) A game consists of 2 rounds. Find the probability that Linda scores more points in

round 2 than in round 1. [2]
9 Six cities in a certain country are linked by rail to city O. The rail company provides the
information about the distance of each city to city O and the rail fare from that city to city
O on its website. Charles copied the table below from the website, but he had copied one
of the rail fares wrongly.
City A B C D E F
Distance, x km | 100 270 120 56 289 347
Rail fare, $y 11.1 17.1 6.44 7.62 17.9 18.8
(i)  Give a sketch of the scatter diagram for the data as shown on your calculator. On
your diagram, circle the point that Charles has copied wrongly. [2]
For parts (ii), (iii) and (iv) of this question you should exclude the point for which Charles
has copied the rail fare value wrongly.
(i)  Find, correct to 4 decimal places, the product moment correlation coefficient
between
(@) Inxandy,
(b) x*andy. [2]
(iif)  Using parts (i) and (i), explain which of the cases in part (ii) is more appropriate
for modelling the data. [2]
(iv) By using the equation of a suitable regression line, estimate the rail fare when the
distance is 210 km. Explain if your estimate is reliable. [3]
10 | A factory manufactures round tables in two sizes: small and large. The radius of a small
table, measured in cm, has distribution N (30, 2%) and the radius of a large table, measured
in cm, has distribution N (50,5°) .
(i) Find the probability that the sum of the radius of 5 randomly chosen small tables is less
than 160 cm. [2]
(i) Find the probability that the sum of the radius of 3 randomly chosen small tables is
less than twice the radius of a randomly chosen large table. [2]
(ili) ~ State an assumption needed in your calculation in part (ii). [1]
A shipment of 12 large tables is to be exported. Before shipping, a check is done and the
shipment will be rejected if there are at least two tables whose radius is less than 40 cm.
(iv) Find the probability that the shipment is rejected. [3]
The factory decides now to manufacture medium sized tables. The radius of a medium
sized table, measured in cm, has distribution N (z, ) . It is known that 20% of the
medium sized tables have radius greater than 44 cm and 30% have radius of less than 40
cm.
(v)  Find the values of zand o . [4]
11 | The Kola Company receives a number of complaints that the volume of cola in their cans

are less than the stated amount of 500 ml. A statistician decides to sample 50 cola cans to
investigate the complaints. He measures the volume of cola, x ml, in each can and
summarised the results as follows:

D X=24730, D" x* =12242631.
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M Find unbiased estimates of the population mean and variance correct to 2 decimal places
and carry out the test at the 1% level of significance. [6]
(i) One director in the company points out that the company should test whether the
volume of cola in a can is 500 ml at the 1% significance level instead. Using the
result of the test conducted in (i), explain how the p-value of this test can be obtained
from p-value in part (i) and state the corresponding conclusion. [2]
The head statistician agrees the company should test that the volume of cola in a can is
500 ml at the 1% level of significance. He intends to make a simple rule of reference for
the production managers so that they will not need to keep coming back to him to conduct
hypothesis tests. On his instruction sheet, he lists the following:

1. Collect a random sample of 40 cola cans and measure their volume.

_ ) 2
2. Calculate the mean of your sample, X and the variance of your sample, S, .
3. Conclude that the volume of cola differs from 500 ml if the value of X lies.....

(iii)  Using the above information, complete the decision rule in step 3 in terms of S,.

[4]
A party organiser has n cans of cola and 2n packets of grape juice. Assume now that the
volume of a can of cola has mean 500 ml and variance 144 ml?, and the volume of a packet
of grape juice has mean 250 ml and variance 25 ml®. She mixes all the cola and grape
juice into a mocktail, which she pours into a 120-litre barrel. Assume that n is sufficiently
large and that the volumes of the cans of cola and packets of grape juice are independent.
(iv) Show that if the party organiser wants to be at least 95% sure that the barrel will not

overflow, n must satisfy the inequality 1000n + 22.9%—120, 000<0. [4]

— End Of Paper —
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ANNEX B
SAJC H2 Math JC2 Preliminary Examination Paper 2

1 |Complex numbers z=2ior z=-3i
w=2+3i or w=-3+3i
2 |Sigma Notationand | n+3
Method of Difference | 7—,,
i3t 2
n n+l
e D 4 2
i) —— +
6 n+2 n+3
3 |Functions N f“(x):\/le; D, (x) = (0,e0)
X
i) x>1
4 |Vectors 2
Drl1|=-3
4
1 =37/ 1 -46
i) =| 13 | L: r=| 3 |+¢| -9 |, tU0
10 2 |20
5 |Differentiation &
Applications i) 8a>
6 |P&C, Probability a) 151200
b) 1064448
7 |P&C, Probability i) 0.277
ii) 0.107
iii) 0.580; Events A & B are not independent.
8 |DRV 1) 0.216
iii) 11.76, 137.7024
iv) 0.358
9 |Correlation & Linear  [iia) r =0.9996
Regression iib) r=0.9514
iv) 15.73
10 [Normal Distribution i) 0.987
i) 0.828
iv) 0.0294
V) 0=293; u=41.5
11 |Hypothesis Testing [y x =494.60;s” =228.02
ii) p-value =0.00572<0.01, reject H,,.
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H2 Mathematics 2017 Prelim Exam Paper 2 Solution

1 Method 1
z=wi=3
z—3
1
Substitute (1) into z> —w+6+3i=0
22 —(Bi—-zi)+6+3i=0

= 22 +zi+6=0

_ixy(i) -4©) _ —ixy-1-24

= w= =3i—z --- (1)

= z= =
2 2
_-ixSi
2
0 z=2i or z=-31
—w=3i—(20)i w=3i—(=30)i
=2+3j =-3+3i
Method 2
z—=wi=3
= z=3+wi .... (1)

Substitute (1) into z> —w+6+3i =0
(3+wi) —w+6+3i=0

=>w=-iz+3i
O z°—(-iz+3i)+6+3i=0
= z+iz+6=0
Let z=a+bi where a,b0~
(a+bi)* +i(a+bi)+6=0
= a’ —b* +2abi+ai-b+6=0
= a’-b’-b+6+2ab+a)i=0
By comparing the real and imaginary parts,

= 9+6wi-w-w+6+3i=0
= —w-(1-6)w+15+3i=0
= W -(1-6)w+15+3i=0
= w+1-6)w-15-3i=0
_ =060 +J(1-6i)* —4(1)(~15 - 3i)
2
_ —1+6i++/1-121-36+60+12i
N 2
_—1+6i£25
=
O w=2+3i or w=-3+3i
= z=3+(2+3))i=2i z=3+(=3+3i)i=-3i
Method 3
wi=z-3
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a —bF—-b+6=0 ..}

2ab+a=0 (2

From (2), a=0or b=-1

When a=0, F+b-6=0
(B—2Wb+3)=0

b=2 gr b=-3

Hence z =, w=—u{2i)+3=2+3

or z==M,w=—1-3)+H=-3+3
When b=—1, a*={-3-6=-%
There is no real solution for a.

(i)
.

3
-—+
n—1 n n+l

_2(n)(n+1)=3(n-1)(n+1)+(n-1)(n)

- (m—1){n){n+1)
_ | 2n? +2n}—[3n’ —3]+|:rr'*—n:|

n—n

|_ mn—1 n n+1
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Rum
Stamp


122nnn+1

_2(3 _2, Lj
2 n n+l
:3—i+i

n n+l
(i11)

C 2r+10
2 (2)(+3)
Let r+2=p=r=p-2

p-2=2

_n+22p+6
p=4p3_p
_H2p+6 L2p+6
- 3_ _Z 3
p2 P P p=22pP TP

:(3— 4 + 2 - 3- f+%
n+2 n+3 3 4

5 4 2
=== +

6 n+2 n+3

N 2p+6
2 (r=0)(p)(p 1)

@

f:x >

x* -1

Lety=
¥ = x* -1

x’ —l+1

/1+—
f 1
Since x>1, x= 1+—
- x):,/1+—:,/—x .
X X
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Y=

From graph of f, R, = (O, 00)
0D, (x)= (0.9).
(ii)

NORMAL FLOAT AUTO REAL RADIAN MP I]

(iii)
Since ff_l(X) =f_1f(X) —X have the same rule, we investigate the domain
D_. =(Lw) D_ =(0,)

£7f
Taking the intersection of these domains,

Range of values is x>1.
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)

Equation of plane is

1 1 -2
r=| 3 |+A| 2 |+u| 0 |, A,uld-
-2 0 1

A normal vector to plane is

1 -2 -2
=2 (x| 0 |=] -1
0 1 -4

Hence vector equation of the plane is

2 1 2
r—pl|=| 3 1
4 -2) 4
2
r—pl |=-3
4
(i)
-5 2
lac: r=| 2 |+s| 1|, sU=
2 4
=5 2
Thus OC =| 2 |+s| 1 | for some s
2 4
Since C lies on the plane:
=5 2 2
2 |+s|1 1({=-3
2 4 4
2(=54+25)+(2+s)+4(2+45)=-3
3
g=——
21
z(-ij-s
21 1 37
Thus OC = (—ijw =—| 13
21 7 10
4(—ij+2
21

(iii)

Using mid-point theorem
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OA'=20C -O0A

22 13 |- 2 =l 12
10)l2) e
B is the point of intersection of /; and 77.
BA'=0A'-OB

1 -39 1
=—| 12 |-| 3
e ) |2
46
:l -9
7 20
1 -39 -46
L: r=— 12 |+t -9 |, tU— or
6 20
1 -46
bL: r= +t| 9 |, tU>
2 20
@)
The height of triangle ADG is =4
tanf ¢t

Hence AH :2a+ﬁ:a(z +1j.
{ {
BH = BE+EH =2atan 8+a = a(2t +1)

Area S Z%(AH)(BC)
I
S =%(2+;j(2a(2t+1))

S :a2(2+ﬂ(2z+1)

S =a2(4+4t+lj
t
(i)

breo(ocl
dt t
ds

When — =0,
dr
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1
Reject t =tan @ = 3 as @ is acute
d*s _ {2)
2 —4 |3
dr t

d’s
) —22613

dr 1
2

When 1 = =16a>0.

3

| —

.. 1
Hence the minimum value of S occurs when ¢ = E

Minimum S = a* (4 +2+ 2) =8a’.
(iii)
To sketch the graph of
S =a2(4+4tan9+ ! j
tan @

S I
|
|
(tan'l l,8a2j |
2 I
|
|
- e
1 g=\"
9T0 l2
(a)

Since adjacent balls do not sum up to two, balls numbered ‘1’ needs be separated.
Number of ways of arranging the other balls with no restriction = 6!

Slotting in the balls numbered ‘1°, permutation is done as balls are of different colour =
’C, % 3!

No of ways

=6!x 'C, x3!

=151200

(b)
Method 1

2 friends

(6-1)!

Tab

Case 1 — 2 friends are seated together aftable of 5

X
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No. of ways to select 3 other friends and arrange them at the table of 5= °C, x (4 - 1)!

No. of ways to arrange the 2 friends = 2!

No. of ways to sit the remaining friends at the table of 6
=(6-D)!'=5!=120

Total no. of ways = °C, x (4 —=1)x 21x 5! =120960

Case 2 — 2 friends are seated together at table of 6

2 friends
(5-1)! X
#f 5 Table of 6
No. of ways to select 4 other friends™s fange them at the table of 6 =°C, x(5-1)!=

3024

No. of ways to sit the 2 friends at the table of 6 = 2!

No. of ways to sit the remaining friends at the table of 5

=5-D!'=41=24

Total no. of ways = °C, x(5-1)!x2!x4!= 145152

No of ways to arrange 11 friends without restrictions

="C,x(5-1x(6-1)! =1330560

Total no. of ways of arranging 11 people such that 2 particular friends are not seated

together

= 1330560 — 120960 — 145152 = 1064448
Method 2

Alternative Method

Case 1: Two particular friends seated at table of 5

No of ways
=7C, x2!x3x2x5!

=120960

’C,: Selection of friends to be seated at table of 5. This automatically selects friends to
be seated at table of 6.

(3-1)!: Arranging the 3 other friends in table of 5.

*P, : Slotting in the 2 particular friends

5!: Arranging the 6 other friends in table of 6.

Case 2: Two particular friends seated at table of 6
No of ways

=°C, x4!x3!x4x3
=217728

’C,: Selection of friends to be seated at table of 5. This automatically selects friends to
be seated at table of 6.

(5-1)!: Arranging the 5 friends in table of 5.
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4!: Arranging the 5 friends in table of 6.

*P, : Slotting in the 2 particular friends

Case 3: Two particular friends seated at separate tables

No of ways
=°C, x4!x5!x2
=725760

’C,: Selection of friends to be seated at table of 5. This automatically selects friends to

be seated at table of 6.

(5-1)!: Arranging the 5 friends in table of 5.
(6-1)!: Arranging the 6 friends in table of 6.
x2: The 2 particular friends can switch tables

Total no. of ways
=120960+ 217728 + 725760

= 1064448

(i)
Given P(A|B') =0.83
N P(An B _
P(B")
0.6
= =0
1-P(B)
= P(B)=1-0.72289=0.27711=0.277
(i1)
LetP(An B)=x

0.83

0.12289

A B

P(AOB)=P(An B")+ P(B)
=0.6+x+0.27711-x
=0.87711
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P(AUB)'=1-0.87711=0.12289

Since P(AO B') =0.83
0.6+x+0.12289 =0.83

= x=0.10711
UP(An B)=0.107.

(iii)
p(B| Ay =PBOA)
P(A")

_0.27711-0.10711
T 1-(0.6+0.10711)
017
0.29289
=0.58042

=0.580
Since P(B|A") # P(B) = B is not independent of A’

[J A and B are not independent.

(1)
P(Linda scores 30 points) = P({hit, hit, hit})
= 0.6°

27
T3t (0.216)

(ii)

Let X be the number of points scored by Linda in a round.

X 0 10 20 30
P(X=x) |04 0.6x0.4 | 0.6°x0.4 | 0.216
=0.24 =0.144

(111)
E(X) = 0x0.4 + 10x0.24 + 20x0.144 + 30x0.216
=11.76

E(X?) = 02x0.4 + 10?%x0.24 + 20°x0.144 + 30>x0.216
=276

Var(X) = E(X?) - [E(X)]?
=276 - 11.76* = 137.7024
(iv)
Let X1 be the number of points scored by Linda in Round 1 and let X> be the number of
points scored by Linda in Round 2.
P(Linda scores more in round 2 than in round 1)
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=P(X,=0 & X, 210)
+P(X, =10 & X, 220)

+P(X, =20 & X, =30)

= P(X, =0)P(X, 210)

+P(X, =10)P(X, = 20)

+P(X, =20)P(X, = 30)
=0.4x(1-0.4)

+0.24%(0.144 +0.216) +0.144x0.216
=0.357504 =0.358 (3 s.f.)

@
NORMAL FLOAT AUTO REAL RADIAN MP .:;.n

7.62 - @

»

56 345

(i) (a)
Product moment correlation coefficient , r =0.99959

(b)

Product moment correlation coefficient, » =0.95137

(iii)

From the scatter diagram, as x increases, the value of y increases at a decreasing rate,
that seems to fit model (a) better. Also, the value of |r| for model (a) is closer to 1 as

compared to model (b).

@iv)

We use the regression line y on In x
y=6.1619(Inx)~17.223=6.16In x~17.2
When x=210,

y=6.1619(In210) -17.223 =15.725=15.7

As the value of |r| is close to 1 and x =210 is within the given data range, the

estimation may be reliable.

10

1)

Let S be the random variable “radius of a small table in cm’.
Let L be the random variable “radius of a large table in cm’.
S ~N (30, 2°%)

L ~N(50, 5%)
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S,+S,+S,+S,+S, ~ N(5%30, 5%x2%)

S,+8,+5,+S,+S; ~ N(150, 20)

P(S,+S,+5,+S,+S, <160) =0.98733=0.987

(i1)

§,+S,+S, =2L ~ N(3%30-2x50, 3x2% +2°x5%)

S,+S,+8, =2L ~N(-10, 112)

P(S,+S,+S, <2L) = P($,+S,+S, —2L <0) =0.82765 = 0.828

(iii)

The radii of the large and small round tables are independent of one another.
v

iet) X be the random variable “number of large tables, out of 12, with radius less than

40 cm”.
X ~B(2, P(L<40))

X ~B(12, 0.022750)
P(X=2)=1-P(X <1)
=1-0.97064
=0.029357

=0.0294
v)

Let Y be the random variable “radius of a medium sized table in cm”
P(Y =244 )=0.20

P(Y <44 )=0.80

P(Z< 44_”)20.80
g

M _osa162
g

H1=44-0.841620--~~(1)

P(Y <40 ) =0.30
40—y
g

P(Z < j =0.30

2074 - 50440
g

M =40+0.524400 - -~ ~(2)

Solving (1) and (2),
44-0.841620 =40+0.52440

4=1.36600
0=2.9283=2093
H=41.535=415

11

@)

Unbiased estimate of population mean,
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7= 22730 _ 49460
50
Unbiased estimate for population variance,

2
st = 1 12242631 - 24730
49

j =228.02

Let X be the volume of beer in one beer can in ml and g be the population mean
volume of beer of the beer cans.
H,: =500
H, : <500
Under H, , since n =50 is large, by the Central Limit Theorem,
2

X~N (500,;—()] approximately.

Use a left-tailed z-test at the 1% level of significance.

X -
Test statistic: Z = SSOO

~N(,I) .

J50

Reject H,, if p-value <0.01.

From the sample,
p —value =0.0057248 =0.00572

Since p-value =0.00572<0.01, we reject H,. There is sufficient evidence at the 1%
level of significance to conclude that the volume of cola in a can is less than 500 ml.
(iii)
Let X be the volume of cola in one can in ml and g be the population mean volume of
cola of the cans.
H,: =500
H, : u#500
Unbiased estimate of population variance,
40 2
2 _
s*=—Is
Under H, , since n =40 is large, by the Central Limit Theorem,

X~N (SOO, ;X; j approximately.
Use a two-tailed z-test at the 1% level of significance.
Test statistic: Z = X =500 ~ N(0,1)
NED
Critical values: z_, , =-2.5758 z_,, =2.5758 .

Reject Hif
z,,<—2.5758 or z 6225758 .

cal —

Since H, is rejected,
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-2.5758 <z, or Zog = 25758
5758 <X 200 or X995 5758

) 2 S 2

39 39

R) 2 R) 2
5002575820 <T  or ¥ >500+2.5758, =
500-0.412465 <X or X 2 500 +0.412465.

500-0.4125 < ¥ or ¥ 2500+0.4125

Hence the decision rule should read:
Conclude that the volume of cola differs from 500 ml if the value of x lies within this
range :500-0.412s <X or x=500+0.412s .

(iv)
Let X be the volume of cola in one can in ml.
since n is large, by the Central Limit Theorem,

X +X,+..+X, ~ N(500n,144n) approximately.

Let Y be the volume of grape juice in one packet in ml.
since 2n 1is large, by the Central Limit Theorem,

Y+Y,+..+Y, ~ N(500n,50n) approximately.

X +X,+...+X +Y +Y, +...+Y, ~N(1000n,194n)
P(X, +X,+...+X, +Y +Y, +..+Y, <120,000) = 0.95
120,000 —1000n

V1941
120,000 —10007
J194n
120,000 10007 = 1.6449/194n

10007 +22.9n —120,000 < 0

P[ZS j20.95

>1.6449
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H2 2017 Preliminary Exam Paper 1 Question
Answer all questions [100 marks].

1 Without using a calculator, solve the inequality
2+ 7x+
ST e, (4]
x+3
_2
2 | The function p is defined by p: x> T2 xOP.
+x
0] Find algebraically the range of p, showing your working clearly. [3]
(ii) Show that p(x) = p(—x) for all x U= [1]
1
It is given that q(x) = p(ax - 4), xU.
(iii) State a sequence of transformations that will transform the graph of p on to the
graph of q. Hence state the line of symmetry for the graph of q.
(3]
3 The function f is defined by
f:x— (x—k)2 , x<k where k>5.
@) Find f~'(x) and state the domain of f . [3]
X
A =e()
L —>
2N\-1s 11 o IN s /2 x
__________ I
The diagram above shows the curve with equation y=g (x) , where —2< x<?2. The curve
crosses the x—axis at x=-2, x=-1, x=1 and x=2, and has turning points at
(-1.5,-1), (0,4)and (1.5,-1).
(ii) Explain why the composite function fg exists. [2]
(i1i) Find in terms of k,
(a)the value of fg (—1) [1]
(b)the range of fg. [2]
4

It is given that z=—-1-1V3.

(iz)"

(i) Given that =—— is purely imaginary, find the smallest positive integer n. [4]
z
. w Sn
The complex number w is such that |wz| =4 and arg| — |= —?.
z
(ii) Find the value of |W| and the exact value of arg(w) in terms of 7. [3]
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On an Argand diagram, points A and B represent the complex numbers w and z respectively.

(iii) Referred to the origin O, find the exact value of the angle OAB in terms of 7. Hence, or
otherwise, find the exact value of arg(z — w) in terms of T. 2]

A metal cylinder of radius r cm and height /2 cm is inscribed in a circular cone paperweight
of base radius 4 cm and height 6 cm (see diagram).

It is determined that the volume of the cylinder, V c¢cm®, should be as large as possible to
provide weight to the paperweight. Show that

4n
V=—(36h-12h*+1’). [2]
5 | )
Hence find the exact maximum value of V. [5]

The metal cylinder is known to expand under heat. An experiment shows that the height
of the cylinder is increasing at a rate of 0.04 cm s™" at an instant when &£ =1.5. Find the
rate of change of V at this instant. [2]

Timber cladding is the application of timber planks over timber planks to provide the layer intended
to control the infiltration of weather elements.

(a) Using method A, 20 rectangular planks are used and the lengths of the planks form an arithmetic
progression with common difference d cm. The shortest plank has length 65 cm and the longest
plank has length 350 cm.

(i)Find the value of d. [2]
(ii) Find the total length of all the planks. [2]

(b) Using method B, a long plank of 2000 cm is sawn off by a machine into » smaller rectangular
8
planks. The length of the first plank is @ cm and each successive plank is 5 as long as the

preceding plank.

(i)Show that the total length of the planks sawn off can never be greater than k times the length of
the first plank, where k is an integer to be determined. (2]
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(ii) Given that a =423, find the greatest possible integral value of 7 and the corresponding length
of the shortest plank. [4]

(i) Express in partial fractions, and deduce that

|

! :l{ 1 } "
r(r-=1 2| r(r=1) r(r+l)

(ii) Hence, find the sum, S, , of the first n terms of the series
1 1 1
+ +
2x3 3x8 4x15

+o.. [4]

(ili)  Explain why the series converges, and write down the value of the sum to infinity.

(2]

@iv) Find the smallest value of n for which §, is smaller than the sum to infinity by less than
0.0025. [3]

A drug is administered by an intravenous drip. The drug concentration, x, in the blood is measured
as a fraction of its maximum level. The drug concentration after ¢ hours is modelled by the
differential equation

%=k(1+x—2x2),

where 0 < x <1, and k is a positive constant. Initially, x =0.

(i) Find an expression for x in terms of k and ¢. [5]

After one hour, the drug concentration reaches 75% of its maximum level.
1
(i) Show that the exact value of k is glnlo , and find the time taken for the drug

concentration to reach 90% of its maximum level. [3]
A second model is proposed with the following differential equation

de _ . 2(1 )
— =sm"| -7,
dr 2

where x is the drug concentration, measured as a fraction of its maximum level, in the blood after
t hours. Initially, x =0.

(iii) Find an expression for x in terms of 7. [3]

(iv)  Explain, with the aid of a sketch, why this proposed second model is inappropriate. [2]
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The figure above shows a cross-section of a searchlight whose inner reflective surface is modelled,
in suitable units, by the curve

x=2t7, y=4, -V2<t<V2.

The inner reflective surface of the searchlight has the shape produced by rotating the curve about
the x-axis.

(i)  Show that the curve has cartesian equation y2 =8x, and find the volume of revolution of
the curve, giving your answer as a multiple of T . [3]

P (2t2,4t) is a point on the curve with parameter z. 7S is the tangent to the curve at P, and PR is

the line through P parallel to the x-axis. Q is the point (2, 0) . The angles that PS and QP make

with the positive x-direction are @ and @ respectively.

(ii) By considering the gradient of the tangent TS, show that cotd =t . [2]
(iii) Find the gradient of the line QP in terms of 7. Hence show that ¢=28, and show that angle
TPQis equal to &. [5]
A lamp bulb is placed at Q.
(iv) Use your answer to part (iii) to describe the direction of the reflected light from the bulb.
(1]
v) Find a cartesian equation of the locus of the mid-point M on PQ as ¢ varies. [2]

10

Federal Aviation Administration data shows that there were an increase in aviation incidents
caused by laser illuminations reported by pilots in 2015 and 2016. A simplified laboratory model
is set up to investigate the effects of a laser beam on plexiglass, a common material used to make
cockpit windscreen.
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The piece of plexiglass is represented by a plane p, with equation x+2y—-3z=0.

1 A, 2, 4)

v

A2, 4,1

Referred to the origin, a laser beam ABC is fired from the point A with coordinates (1, 2, 4),
and is reflected at the point B on p, to form a reflected ray BC as shown in the diagram above.

It is given that M is the midpoint of AA', where the point A' has coordinates (2, 4, 1).

(i) Show that AA" is perpendicular to p, . [2]
(ii) By finding the coordinates of M, show that M liesin p, . 2]
1 1
The vector equation of the line ABis r =| 2 [+ A| =1 |, AU>.
4 2
(iii) Find the coordinates of B. [2]

The acute angle between the incident ray AB and the reflected ray BC is @ (see diagram).

(iv)  Given that A'BC is a straight line, find the value of €. Hence, or otherwise, write
down the acute angle between the line AB and p, . (3]

To reduce the effect of laser illumination on the pilot sitting in the cockpit at point A', a scientist
proposes to include a protective film, represented by a plane p, , such that the perpendicular

distance from p, to p, is 0.5.

(v) State the possible cartesian equations of p, . [2]

To further investigate the effects of a laser beam on plexiglass, separate laser beams are fired
such that the incident ray AD is now a variable line which is also fired from the same point A
and is reflected at the variable point D on p, to form a reflected ray DE.
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(vi) Given that AD is perpendicular to the previous ray AB, find the minimum possible

distance between B and D.

(2]

(vii) Find the acute inclination of the reflected ray DE to the z-axis when DE is inclined at

60° to the x-axis and 45° to the y-axis. [3]

— End Of Paper -

Need a home tutor? Visit smiletutor.sg




ANNEX B
TPJC H2 Math JC2 Preliminary Examination Paper 1

1 |Equations and x <=3
Inequalities
2 |Graphs and H-1<y<l1
Transformation (iii) Translation by 4 units in the positive x-direction,
followed by

-Stretch of factor 2 parallel to the x-axis.
Alternative Answers:

Stretch of factor 2 parallel to the x-axis, followed by
Translation by 8 units in the positive x-direction

3 |Functions () = -Jx +k

v Dy = (0’ °°)

(i) R, =[~1, 4]

Dy = (0, k)

Since k£ >5, Rg O D;. Thus fg exists.
(iii)(a) fg(=1) =£(0) =k

Ry, =| (4-K)7, (-1-k)?

(b) , ,
=[(4=k)", (144’
4 |Complex numbers (i) 0 smallest positive integer n = 5.
(ii)|w| =2, arg(w) = %
(111) Hence Method: arg(z—w) = —{n —% —%}

52

3n
=-"— (exact
1 ( )

Otherwise Method:

z=w=(-1-v3)+(-1-13)i

= [g-E)=_3m
arg(z—w) = (n 4)
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Differentiation & 128xn

Applications V=3

av_ 0.12n cm’s™

dr
AP and GP (a)d)d =15

(i) S,, = 4150 cm

(d)(d) k=9

(i1) n = 6, Length = 235 cm
Sigma Notation and (ii)l— 1

Method of Difference 4 2n+D)(n+2)
0
2n+D(n+2)
Y . Y
2(n+H(n+2) 4

(iii)) Asn —

1
4
Sum to infinity = %

(iv)13

Differential Equations S|

(1) x= e3/<r + 2
(i1)1.45 hours

1 |
1) x =—f¢——sinft
(iii) )

(iv)

v

0

The graph shows that as time increases, the drug
concentration still continue to increase / the curve shows
a strictly increasing function beyond the maximum level
of drug concentration.

Application of (i) 64n

Integration (iv) The reflected light from the bulb produces a
horizontal beam of light/ produces a beam of line
parallel to x-axis.

Need a home tutor? Visit smiletutor.sg



(V) y* =4(x=1)

10

Vectors

(3 5
(11)(5, 3, Ej

(iii) (0, 3, 2)
(iv) 6 =80.4°, 49.8°

14
(V)x+2y—3z:—m or x+2y—3z=L
2 2
(vi) BD = ~ Y0 379 units
c0s49.8°
(vii) 60°
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H2 Mathematics 2017 Preliminary Exam Paper 1 Solutions

3x°+7x+1
- T <

2x-1
x+3
2+ 7x+
ATl o <0
x+3
3x7+7x+1-2x-1)(x+3) <0
x+3
X +2x+4 <0
x+3
(x+1)*+3 <0
x+3

Since (x+ 1)2 +3 >0 for all real x, the inequality reduces to:
x+3<0
= x<-3

2

x00

Let y=1
1+x

2’
y(l+x?) =1-x*
(y+Dx*+(y-1)=0

Discriminant =0: 0% - 4(y+1)(y-1)=20

—4(y* =120
yr=1<0
y251
-1<y<l1
Since y =—1is an asymptote, —-1<y<l1
Alternative Method:
_
Let y=1—x2, x00
1+x
y(l+x?) =1-x*
(y+Dx’ +(y=1=0
x2=1_—y, y#-1
y+l
Since > 20 0x00, 1230
y+l1
+ - +
O L J >
-1 1 X
O-1<y<l1
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2 (i)

1-(-x)*
1+ (=x)
2

p(=x) =

_I=x
1+x?
=p(x) forall x(I[I (shown)

2(iii)

1
Graph of q(x) = p(ax —4} x0[ is obtained from the graph of p(x) by:
- Translation by 4 units in the positive x-direction, followed by

Stretch of factor 2 parallel to the x-axis.

3(1)

Lety:()c—k)2
x—k=i\/§
xX=—\y+k ('.'x<k)
£ (x) =—Jx +k

D, =(0. )

3(ii)

R, =[-1, 4]
D; =(-o0, k)
Since k>5, R, [ D;. Thus fg exists.

3(iii)

fo(~1) = £(0) = k*

Using R, = [—1, 4] , and the fact that f is a strictly decreasing function in the given domain,
Ry, =[ (4=K), (-1-k)’ |
= (4=k)", (1+1)7 |

4(i)

|Z|: V12+\/§2 =2 argz=—{n—tan_1[?ﬂ:—ﬁ

3
z= 26{ N j
[ nm [ _2nm
(iz)" e{z) " e‘( )
z 2?2 ei(_%]
- 2n—2 ei(i;_%*.igj
= 2”'2 ei((g_;)ﬂ]
(122) is purely imaginary: cos ((S—Tn)nJ =0
z
=17 _ 51 +1)g, k00
n=5-6k, kU]
Note: You may also have alternative form:
BT k-1, kor
6 2
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[l smallest positive integer n =35.
Alternative Method:
narg(iz) —2arg(z) = narg(i) + narg(z) —2arg(z)

nt 2nt  4n
_ LI

2 3 3
:(8—n)7t
6
4 (ii) |wz|:4
2|w =4
Wi =2
ar (W_*j:—s_n
8 z? 6
5w
—arg (w) ~2arg (z) = -7
5w 21
= -2 -=
arg (w) = ( 3]
6
Since —m <arg(w)<m, arg(w) =% (exact).
4(iii)

arg(z —w)

oag=Ll | (F_m),m, ®ll_m
2 2 3) 2 6 12

Hence Method: arg(z—w)= —[n -— ——}

3]
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Otherwise Method:

2= w=(-1-33)+(-1-43)i arg(rw):-(n-gj:ﬁ_“

5 Using similar triangles: i = %

r:§(6-h)

V =nar’h

=n(§(6—h))2h

:%(36—12h+h2)h

:%(36/1—1%2 + /f) (shown)

For maximum V, (;—V =0:

4—n(36—24h+3h2)=0
9

Using GC: h=2 or h=6 (Rejected as i = 6 is height of cone)
Method 1 (1st derivative sign test)

h 2" 2 2"

Sign of v + 0 -
dh

slope — —

281

Thus, maximum volume V = L when 4 =2 cm.

Method 2 (2nd derivative test)

d*V _4n
=" (—24+6h

2
Whenn=2: 32 =-10" 4
w3

Thus, maximum volume V = 128m .

dv _dv dh

:%(36 —24(1.5) +3(1.5)2)(0.04)

=0.12n cm’s™ (Accept: 0.377 cm’s ™)

6()(i) | uy, =a+(n-1)d
350 =65+19d
d=15

6@ | o :%(65 +350)

=4150 cm (Accept: 41.5 m)
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6(b)(i)

s =4

[ 1_%

=9a
U integer k =9.
6 (i) Method 1:
14
Number of ways =( 3 jXS! =2184
Method 2:
Number of ways =14%13x12=2184
6(b)(ii) | S <2000
-(8/Y
423[1 (85) } o
-8 -
1-%
n 2000
—(8 =
! (A) = 3807
n 1807
8 L
(A) = 3807
1807
< ln( 3807)
ns —8
in{8)
n<6.3267
U Largest integer n = 6.
8 6-1
=423 —
Length of shortest plank is "o (9)
=235cm (3 s.f)
7(i) 1 _ 1 1
=1 2(r—=1) 2(r+1)
1 _1 11
r(rP =1 r|2(r=1) 2(r+1)
_1 11
21 r(r=1) r(r+l
7 (i) L, 1,1 +...+ (nth term)

" 2x3 3x8 4x15

Need a home tutor? Visit smiletutor.sg



n+l 1

=t ),

:lnﬂ 1 B 1
25 r(r=1) r(r+l

1
(n+Dxm+2J

i v
212 (n+)(n+2)
_1_ 1
4 2(n+)(n+2)
7 (iii) As 11— 0, 1 )
2(n+)(n+2)
IOV 1
4 2n+D)(n+2) 4
Sum to infinity :i
7 (iv)

© <)% ~S <0.0025

1 |1 1
= (0 <)Z {—

——} <0.0025
4 2(n+l)(n+2)

=0 <); <0.0025
2(n+1)(n+2)

= (n+1)(n+2)>200

Using G.C.
n<-15.651 or n>12.651

Since n0O0 ",
Smallest value of n =13
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8(i)

Method 1: Using Partial Fractions

1 dx

1+x—2x25_ 1

1

;2 dx=1k dt
1+x—-2x

1+x-2x7

- =-x)1+2x)

Ak

2x+1 x-1

EY PELERFRERY [ -
3 2x+1 3] x-1

l1n|zx+1| —11n|x—1| =kt+C
3 3

lln
3

2x+1
x—1
_Ae +1
T A -2

2x+1

x—1

=kt+C

= AeM, A=+

X

A+

Whent=0, x=0: 0
A-2

=A=-1

3kt _1

Ux=——
e3k[+2

Method 2: Completing the square

b dx
1+x-2x" dr

J'm dx=Jk dr
ErErE
Sy et

INEAIL/

l 3 ln3 1 =kt+C
22(3)) 24+ 14
1
gln@ =kt+C
- X
T2 v
3 [20-x)
22(f i 1) = Ae™, A=%e™
- X
o= 24e -1
2(Ae3’“+1)

Need a home tutor? Visit smiletutor.sg




2A-1 1

Whenr=0, x=0: 0=——— = A=—
2(A+1) 2
e3kl _1
Ox=—
e3k[ +2
8 (ii) 3k _
When ¢ =1, x=§: D§=e3k—1 e* =10
4 4 e"+2
1
=k= §1n10 (shown)
10" -1
x —_
10" +2
Whenx=—: O— =971 15 =08
10 10 10°+2
In28
=>1r=
In10
=1.45 hours (3 s.f.)
Also Accept: 86.8 mins (3 s.f.)
8 (iii) o[ 1
—=sm"| =t
t 2
1 1
=—-——cost
2 2
1 1
xX=|———cost dt
J‘ 2 2
= lt . sint+C
2
Whent=0, x=0: C=0
Ux= lt —lsin t
2 2
8(iv) X,
0 t
The graph shows that as time increases, the drug concentration still continue to increase /
the curve shows a strictly increasing function beyond the maximum level of drug
concentration.
9() y* =(41)* =161’

=8(2t%)

=8x  (shown)
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4

Volume = nj 8x dx

0

=7 [4)62 Jz
=64n

9(ii)

gy, Loy
dr dr

Gradient of tangent 7S = tan &

Dtan6’=%

cotd =t (shown

9 (iii)

4t -0
2t =2
2t
-1
%
__/tanf
o™
tan~ @
_ 2tané
1-tan’ @
=tan26
tan @=tan 260 = @=26 (shown)

Gradient of line QP =

UQPR=180°—¢ (interior angles)
=180°-28 (by earlier results)

OTPQ +(180°-268)+ 68 =180°
OoarTpQ =6 (shown)

9 (iv)

The reflected light from the bulb produces a horizontal beam of light/ produces a beam of
line parallel to x-axis

9(v)

+21% 4t +
Midpoint M=[2 2 ,4t Oj

2 2
=(1+t2, 2t)
x=1+¢
y
===
Y 2

Locus of midpoint M is:

2

x=1+2
4
y2 =4(x-1
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10(1)

2-1 1
AA'=|4-2|=| 2
1-4 -3
1
Since AA'=| 2 =n,,
-3

AA' is parallel to the normal of p,,
and thus AA' is perpendicular to p, .

Alternative Method:

1-2 1
Since A'A=|2-4|=-| 2 |=-n,
4-1 -3

A'A is parallel to the normal of p,,

and thus A' A is perpendicular to p,

10 (ii) | Since M is the midpoint of A and A":
3
S 2 1 A
OM = ) 41+ 2(|=| 3
1 4 5
%
) 3 5
Coordinates of M are | —, 3, — |. v\ Note:
2 2 Question asks for
3 5 coordinates form.
Since —+2(3)—3(—j =-6+6=0,
2 2
M liesin p, . (shown)
10 (iii) 1+ A
OB=| 2-A | for some A0 .
4+2A

Since Blieson p,, (1+A)+2(2-A)-3(4+24)=0

-7-74=0
A=-1

S

oF

1]
N W O

Coordinates of B are (0, 3, 2).

7

Likewise for part (vi).
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10 (iv)

6 =cos™ BAA'B
ZAlA B Note:
You are expected to
1Y)(-2 recognize that A'B=BC.
-1[] -1
S\2 1
=cos
V6V6
_ ol
=cos |—
6
=80.4° (1d.p.)

Hence, acute angle between the line AB and p,

_180°-80.4°
2
=49.8° (1d.p.)
10 (v) | Possible cartesian equations of p,:
x+2y—3z=—M or x+2y—3z=M
2 2
10 (vi) | As incident ray AD varies, D is nearest to origin when OD is the shortest. Note that p,
contains the origin.
-1
AB=| 1 |=V6
-2
cos49.8° = ﬂ
BD
—BD=—"% =379 units (3s.)
cos49.8°
10 (vii) | Let y be the required angle of inclination:

cos” 60°+cos® 45°+cos” y =1
1 1 )
—+—+cos" y=1
4 2 4
cosy—+l
2

[ y=60° (since y is acute)

End of Paper
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H2 2017 Preliminary Exam Paper 2 Question
Section A: Pure Matheatics [40 marks].

1 The cubic equation az’ =31z +212z+b =0, where a and b are real numbers, has a complex
root z=1-3i.
(1) Explain why the equation must have a real root. [2]
(i1) Find the values of a and b and the real root, showing your working clearly. [5]
2 Relative to the origin O, the points A, B and C have position vectors a, a+c and ¢
respectively. The point X is on AC produced such that AC:CX is 2:3 and the point Y is
such that AXYB is a parallelogram.
. . . . — 1
(i)The lines AY and BX intersect at the point N. Show that ON = Z(7c = a). [3]
(ii)Given that the area of triangle OAB is 4 square units, find the area of triangle OAN. [4]
o - . — AN .
(iii)Give a geometrical interpretation of |OA Xﬁ . Use the results from part (ii) to show that
AN
— AN|_ 56
OA X-— | = . [3]
[ANI|~ [7e -5a]
3 , . . 2 1 l . :
(a) Find the series expansion of e In (1 +3x), where —— < x <—, in ascending powers of x,
up to and including the term in X [3]
. . . 3 .
(b) In the triangle POR as shown in the diagram below, PR =1, angle QPR = I radians and
angle PRQ =26 radians.
@) Show that OR = ! [4]
i ow tha =
cos26—sin 26
(i)  Given that @ is sufficiently small angle, show that QR =1+ a6+ b6*, for constants
a and b to be determined. [4]
4 (a) Find Jex sin x dx. (3]

(b)
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The diagram shows the curve with eqkuation y = for 0< x<I.

X
v ( 3-2x-x° )
The region bounded by the curve, the x-axis and the line x =k, 0 <k <1 is denoted by S.

It is given that n rectangles of equal width are drawn between x =0 and x = k.

kZ
(i) Show that the area of the first rectangle, A, = . [1]
n\3n® = 2nk —k*
(ii) Show that the total area of all the » rectangles is
— n/ (3n2 —anrk —brzkz) ’
where a and b are constants to be determined. [2]

It is now given that k = (\/ 3) -1.

(iii) Use integration to find the actual area of region S. Hence state the exact value of

o0

Z rk* (6]
n\/(Sn2 —anrk —brzkz) '

r=l1

Section B: Probability and Statistics [60 marks]

An unbiased six-sided die is rolled twice. The random variable X represents the higher of
the two values if they are different, and their common value if they are the same. The
probability distribution of X is given by the formula

P(X =r)=kQ2r-1) for r=1, 2, 3, 4, 5, 6.

(1) Find the exact value of &, giving your answer as a fraction in its simplest form.
(2]
(i1) Find the expectation of X. [2]

A round of the game consists of rolling the unbiased six-sided die twice, and X is taken
as the score for the round. A player plays three rounds of the game.
(ii1))  Find the probability that the total score for the three rounds is 16. [2]
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A geologist splits rocks to look for fossils. On average 7% of the rocks selected from a particular
area contain fossils.

I'he geologist selects a random sample of 20 rocks from this area.

(i) Find the probability that at least three of the rocks contain fossils. [2]

A random sample of n rocks is selected from this area.

(ii) The geologist wants to have a probability of 0.8 or greater of finding fossils in at least
three of these rocks. Find the least possible value of . [3]

In early 2017, geologists found the fossils of zilantophis schuberti, a new discovered species of
winged serpent. On average, the proportion of rocks that contain fossils of zilantophis schuberti in
this area is p. It is known that the modal number of fossils of zilantophis schuberti in a random
sample of 10 rocks is 3.

(iii) Use this information to find exactly the range of values that p can take. [4]

A pilot records the take-off distance, S metres, for his private aircraft on runways at various
altitudes of & metres. The data are shown in the table below.

h 0 300 600 900 1200 1500 1800

S 635 690 750 840 950 1080 1250

1) Plot a scatter diagram on graph paper for these values, labelling the axes, using a scale of
2 cm to represent a take-off distance of 100 metres on the y-axis and an appropriate scale for the
X-axis. (2]
It is thought that the take-off distance S can be modelled by one of the formulae

S=ah+b or S=ch’+d,

where a, b, ¢ and d are constants.

(ii) Find, correct to 4 decimal places, the value of the product moment correlation coefficient
between

(@) h and S,

(b) h* and S. [2]
(iii) Use your answers to parts (i) and (ii) to explain which of S =ah+b or S =ch’ +d is
the better model. (2]
@iv) Find the equation of the least-square regression line for the model you have chosen in part
(iii). (1]
) Use the equation of your regression line to estimate the take-off distance for altitude of
2200 metres. Comment on the reliability of your estimate when A = 2200. [2]

A manufacturing plant processes raw material for a supplier. An order placed with the plant is
considered to be a bulk order when a worker is expected to process more than 300 kg (kilograms)
of raw material.

Albert uses a machine to process X kg of raw material and Bob uses a separate machine to process
Y kg of raw material on a working day. X and Y are independent random variables with the

distributions N(296, 8%) and N(290, 12°) respectively.

@) Find the probability that Albert processes more than 300 kg of raw material on a
randomly selected working day. [2]
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(ii) Find the probability that, over a period of 15 independent working days, there are
exactly four working days on which Albert processes more than 300 kg of raw
material. (2]

(iii) Find the probability that the total amount of raw material Bob processes over two
working days exceeds twice the amount of raw material Albert processes on one
working day. [4]
The plant receives a bulk order and Albert wants to have a probability of at least 0.95 of meeting
the order.

@iv) This can be done by changing the value of 4/, the mean amount of raw material

Albert processes using the machine, but the standard deviation remains unchanged.
Find the least value of L. [3]

The town council is investigating the mass of rubbish in domestic dustbins. In 2016, the mean
mass of rubbish in domestic dustbins was 20.0 kg per household per week. The town council starts
a recycling initiative and wishes to determine whether there has been a reduction in the mass of
rubbish in domestic dustbins.

The mass of rubbish in a domestic dustbin is denoted by X kg. A random sample of 50 domestic
dustbins is selected and the results are summarised as follows.

n=>50 > x=924.5 > x? =18249.2
>) Explain what is meant in this context by the term ‘a random sample’. [2]

(ii)  Explain why the town council is able to carry out a hypothesis test without knowing
anything about the distribution of the mass of rubbish in domestic dustbins. [2]

(iili)  Find the unbiased estimates of the population mean and variance and carry out the
test at the 1% level of significance for the town council. [6]

(iv) Use your results in part (iii) to find the range of values of n for which the result of
the test would be that the null hypothesis is rejected at the 1% level of significance.
[3]

10

The number of employees of a statutory board, classified by department and years of
working experience, is shown below.

5 years or 5to 10 10 years or | Total
less years more
Human Resource 20 50 30 100
Department
Legal Department 15 60 45 120
Finance Department 25 30 45 100
Total 60 140 120 320

The Managing Director of the statutory board wishes to select three employees to
participate in an overseas conference. The Managing Director selects one employee from
each department to participate in the conference.
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(i)

(i)

Find the probability that two of the selected employees have years of
working experience ‘10 years or more’ and the remaining one has years of
working experience ‘5 years or less’. [3]

Given that exactly one of the selected employees has years of working
experience ‘5 years or less’, find the probability that one of the selected
employees is from the Legal Department and has years of working
experience ‘5 to 10 years’. [3]

— End Of Paper -
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ANNEX B
TPJC H2 Math JC2 Preliminary Examination Paper 2

1 |Complex numbers (i)Since the coefficients of az’ -31z>+212z+h =0 are
all real, complex roots occur in conjugate pair.

Since a cubic equation has three roots, the third root
must be a real root.

(i) a=25. b=190, -2
25

2 |Vectors (i1) 7
(111) length of perpendicular from O to AN.

3 |Maclaurin series (@) 3x+%x2 6+

(b)(i) a=2, b=6

4 |Application of (a) %(ex sin x —e” cos x) +D

Integration
(b)(iiD)v/3 -1 —%
5 |DRV L1
(1) 36
... 161
(i1) 36
(iii) 0.112
6 |Binomial Expansion (1)0.161
(i1)60
3 4
0=—<p<—
(i1 11 p 11
7 |Correlation & Linear S
Regression
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1400
1200 - *
1000 - .
800 - . .

600 ¢
400 -
200 |

v

0 500 1000 1500 20(¢

(11)(a)0.9809

(b)0.9960

(iii)) The scatter diagram shows that § increases at an
increasing rate as / increases,

and for S =ch® +d , r=0.9960 which is closer to 1,

so the model S =ch’ +d is a better model.

(iv) S = 0.000182/4> + 672

(v)1550

Estimate for when /& = 2200 metres is not reliable since A

= 2200 metres is outside the range of the given data and
extrapolation is not a good practice.

Normal Distribution (1)0.309
(11)0.214
(111)0.303
(iv) 314

Hypothesis Testing (i) Every dustbin has an equal probability of being
selected and the selections of each dustbin are made
independently.

(ii) Since n =50 is large, by Central Limit Theorem, the
mean mass of rubbish in dustbins will be approximately
normally distributed.

(iii) 18.49, 23.6

Since p-value = 0.013937 > 0.01, we do net reject Ho
and conclude that there is insufficient evidence at 1%
level of significance to claim that there has been a
reduction in the mass of rubbish in dustbins.

(iv) n=56, nO0 "
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P&C, Probability

63
® 200

.. 28
i) —
()61

(111) 504
(iv) 3360
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H2 Mathematics 2017 Preliminary Exam Paper 2 Solutions

1(3i) Since the coefficients of gz’ =31z +212z+b =0are all real, complex roots occur in
conjugate pair.
Since a cubic equation has three roots, the third root must be a real root.
1(ii) Since 1-3iis aroot of az’ =31z +212z+b =0,
a(1-3i)’ =31(1-3i)" +212(1-3i) +6=0
a(—26+18i)-31(-8-6i) +212(1-3i)+b=0
(-26a+460+b) +(18a—-450)i=0
Comparing real and imaginary parts:
-26a+460+b=0 -------——-- (1)
18a—450=0 ---mcmmeeee )
From (2), a=25, b=190
(2= (1-30)(=-(1+3)
=z2-2z+10
252° =312° +2122+190 = (2" =22 +10) (cz +d)
Comparing coefficient of z*: c=25
Comparing constant: 190 =10d
d=19
The real root is —2.
25
2(i) OA=a, OB=a+¢c, OC =¢ .
L. W Alternatively:
OX = O0A+AX By Ratio Theorem:
= 0A+2AC —_. 20X +30A
2 oC = f
5 L
:a+§(c—a) ox = J0C-30A
| 2
=5 (5e=3a) a)f:%(Sc—Sa)
By midpoint theorem:
— +
ON = OB+ 0X
2
— 1 1
ON =—[a +c+—(5c—3a)}
2 2
1
=—(7c—a
(7e-a)
2(ii)

Area of triangle OAB = %@xx @‘
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4:%‘a><(a+c)‘

:laxc raxa=0
2

:>|a><c|:

Area of triangle OAN = %‘EZX 5]\7‘

1

2

Xi(7c—a)

:zaxc raxa=0
8

=7 square units

2(iii)

OA x— AN is the length of perpendicular from O to AN.
|AN]
Alternative answer:
— AN .
OA x——| is the shortest distance from O to AN.
[an
— AN . - . -
OA X — | | is the area of a parallelogram formed with vector OA and unit vector AN as
AN
its adjacent sides. (Not recommended here)
Area of triangle OAN =7
! 521 X ‘AN‘
IANI
oAx AN 14
[an| [N
- 14
ON - 04|
_ 14
1 (7c - a) —-a
4
= 56 (shown)
|7c - Sa|
3(a) e’ In(1+3x)
(20) (3x)° , (3%)°
= 1+2x+7+... 3x—T+ 3 —...| where -1<3x<1

o \Vicit e
:(1+2x+2x2 +) (3)6—%)(2 40y _j Need a home tutor? Visit smiletutor.sg




:3x—%x2 +9x° +6x2 —9x° +6x° +...

:3x+§x2+6x3+... where —l<xsl
2 3 3
3(b)(@) OR _ PR
.3
s1nf7T sin(n—%—Zﬁj
4 4
OR PR
sin 3n sin (n - 29}
4
sin —
OR =

sin r cos 28 —cos T sin 28
4 4

1
OR=— \/51
ﬁcos ZH—ﬁsin 20
1

R = ———— (shown)
cos268—sin 20

3(b)(ii) | When @ is small,
1
OR = 5
{1-(29) J—ze
2!
-
1-20-267
=(1-(26+26"))"

:1+(26?+292)+(26’+202)2 +...

=1+20+26% +46° +...
=1+20+66° +...

a=2,b=6

4(a) Iexsinxdx

= sinx—jex cos x dx

=e* sinx—[ex cosx+Ie" sin x dx}
=e'sinx—¢’ cosx—jex sin x dx
Hence,

Iexsinx dx:exsinx—excosx—jex sinx dx+C
2 Iexsinx dx=e'sinx—e‘cosx+C

) 1 )
Ie%mx deE(e"smx—excosx)+D
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4(b)(i)

. k
Area of first rectangle, x =—:
n

2
N A S/ S

\/3_2(%)_(%)2 n 3w —2nk -k _n\/3n2—2nk—k2

2

n
4(b)(ii) | Area of second rectangle,
%k, koo o
n o (2k/\_(2k/F " ny3n®—2n(2k) - (2k)’
P202)-05)
Area of third rectangle,
R ok W
n A3k \_(3k/Y " ny3n*-2n(3k)-(3k)’
R CARCAN
By observation, combined area of n rectangles:
A= - rk? ,
p— n\/3n2 -2nrk - r’k’
where a=2 and b=1
4(b)(iii) d

rk?
; n\/(3n2 —anrk —brzkz)

= Area under curve from x =0 to x = \/g -1

J-x/——l x
=| —————
0 3-2x-x
B =1 (=2-2x)-1
_I dx

N3-2x—x°
V31 Yy J3-1
J‘ D= 2x dx—J‘ 1 dx
2 3 2x—x° 0o J4-(x+1)?°
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5(i)

6

ZP(X:r):1

r=1
k+3k+5k+Tk+9% +11k =1
1

k=—
36

5(ii)

E(X) = I(k) + 2(3k) +3(5k) + 4(7k) + 5(9k) + 6(1 1k)
=161k
161
36

S(iii)

Required Probability
=P({6,6,4}) +P({6,5,5})

() a5 3
36) \36)2! \36)\36) 2!

=0.112 (3s.f) Accept: 20— 869

15552 7776

6(i)

Let X be the number of rocks containing fossils out of 20 rocks.
X [0 B(20, 0.07)

P(X 23)=1-P(X <2)
=0.161 (3 s.f)

6(ii)

Let Y be the number of rocks containing fossils out of 20 rocks.

Y [ B(n, 0.07)

P(Y=3)20.8

Method 1a: Using GC Table
n P(Y 23)
59 0.79085 <0.8
60 0.80023 > (.8
61 0.80925 > (.8

Hence, least n = 60.

Method 1b: Using GC Table
P(Y<2)<0.2
n P(Y<2)
59 0.20915 >0.2
60 0.19977 <0.2
61 0.19075 <0.2
Hence, least n =60.

Method 2: Using the binomial distribution function
P(Y<2)<0.2

PY=0)+PY =1)+P(Y =2)<0.2

0.93" +n(0.07)(0.93)"™ +@(0.072)(0.93)"‘2 <0.2

Using GC to sketch the graph:
Hence, least n =60.

6(iii)

Let W be the number of fossils of zilantophis schubdvgen a tanuhentiten?plisit siiteicker.sg
w1 BQ@0, p)




P(W =3)>P(W =2)
10t 54 7o 100 2 8
3!7!19 d-p) >2!8!p d-p)
120p*(1- p)’ >45p*(1- p)®

8p>3(1-p) (Since 0< p<I)

§ >1_
Jp>l-p

53

ST

P(W =3) >P(W =4)
10 5 0 7100 4 0 6
TS
120p°(1- p)” >210p*(1- p)°
41-p)>T7p (Since 0< p<1)

1-p> z p
4
p< i
11
3,4
11 11
7(i) S
1400
1200 ¢
1000 . ¢
800 . ¢
600
400
200
0 - - - —
| 0 500 1000 1500 2000 N
7(ii) (a) r=0.980867 =0.9809 (4d.p.)
(b) r=0.996039 =0.9960 (4 d.p.)
7 (iii) The scatter diagram shows that S _increases at an increasing rate as 4 increases,
and for S =ch*+d , r=0.9960 which is closer to 1,
so the model S = ch® +d 1is a better model.
7 (iv) The equation of regression line is
S =0.00018228530734 + 671.7261905
ie. S=0.0001824> + 672 (3s.f)
7 (v) S =0.00018229(2200)> + 671.73

=1554.0136
= 1550 metres (3 s.f.) Need a home tutor? Visit smiletutor.sg




Estimate for when 4 = 2200 metres is not reliable since 2 = 2200 metres is outside the range
of the given data and extrapolation is not a good practice.

8(i) X [ N(296, 8%) Y [1 N(290, 12%)
Required probability = [P(X > 300)]
=0.30854 (5s.f) (0.3085375322)
=0.309 (3s.f)
8(ii) Let W be the number of days in which Albert processes more than 300 kg of raw material
on that day out of 15 days.
W~ B(15, 0.30854)
P(W =4)=0.214 (3s.f)
8(iii) LetS=Y1+Y.-2X
E(S) = E(Y1) + E(Y2) — 2E(X) = 2%290—-2%296 =—12
Var(S) = 2Var (Y) + 22 Var (X) = 2x12% +2?x8% =544
Hence, S [0 N(-12, 544)
P(§>0)=0.303 (3s.f) (0.3034526994)
8(iv) X ON(u, 8)
P(X >300) = P(Z > 300_”) >0.95
P(Z < 300_”) <0.05
300~ K « 1 6449
MU =2313.1592
Least value of p=314kg (3 s.1.)
9(3i) Every dustbin has an equal probability of being selected and the selections of each
dustbin are made independently.
9(ii) Since n =50 is large, by Central Limit Theorem, the mean mass of rubbish in dustbins will
be approximately normally distributed.
9 (iii) 924.5

Unbiased estimate of population mean, x = S0 =18.49

> 1 924.5°

s =—18249.2 -
49{

=23.575 (5s.f.
Unbiased estimate of population variance, } (>s.L)

=23.6 (3s.f)
Let wbe the population mean mass of rubbish, in kg, in a domestic dustbin.
To test: Ho: p =20
against Hi: p <20
at 1% level of significance

Since n =50 is large, by Central Limit Theorem,
23.575

X ~ N(ZO, j approximately under Ho.

X =20
Test Statistic: Z =—————==~ N(0,1) approximately under Ho.
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Using GC, [x =18.49, s> =23.575,n=50]
Zipst = —2.199 , p-value =0.013937 (5 s.f.)

Since p-value = 0.013937 > 0.01, we do not reject Ho and conclude that there is
insufficient evidence at 1% level of significance to claim that there has been a reduction in
the mass of rubbish in dustbins.

9 (iv)

18.49-20

For Ho to be rejected, z,,, = ———=
“tJ23.575
n>55.954

xn <=2.3263

Range of values of nis n>56, nd0 "

[Also Accept: n>55, nUll (or equivalent form) ]

10(1)

Required probability

30 45 25 30 15 _45 , 20 45 _45
= X X + X X + X X
100 120 100 100 120 100 100 120 100
_ 6

800

10(ii)

Required probability

_ (0.2)(0.5)(0.75) +(0.8)(0.5)(0.25)

- (0.2)(0.875)(0.75) +(0.8)(0.125)(0.75) + (0.8)(0.875)(0.25)
_ 28

"6l

10 (iii)

Number of different possible codes
=°C,x2! x'C,
=504

10 (iv)

Method 1: Complementary Method
Number of possible arrangements

=[fC, )7, xs51]-[(fe, x31)x ¢, <31
=3360

Method 2: List by Cases

Case 1: All the even digits are separated
'C,x°C,x2! x31=480

Case 2: Exactly two even digits are next to each other (and the third even digit is separated)
'y x(7C, x21)x7C, x31 x2C, =2880

Number of possible arrangements
=480+ 2880

=3360
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TJC Paper 1

1

The graph of y =f(x) is shown below.

3.0

0O (13_1)

x=0  x=2
(@) The graph of y =f(2—x) is obtained when the graph of y = f(x) undergoes a sequence

of transformations. Describe the sequence of transformations. 2]
(b) Sketch the graph of y =f'(x), stating the equations of any asymptotes and the coordinates
of any points of intersection with the axes. (3]
C
200 m
\39 B
‘¢ xm >

The diagram shows two points at ground level, 4 and B. The distance in metres between 4 and B
is denoted by x. The angle of elevation of C from B is twice the angle of elevation of C from 4.

The distance AC is 200 m and Z/BAC = %6? radians. Show that
200sin @
X=—.
sin% 6

[2]

It is given that @is a small angle such that @* and higher powers of @ are negligible. By using
appropriate expansions from the List of Formulae (MF26), show that

2700 —2506*
X~R—mMmMmMmMm..

4
5 [4]
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0 \—4/14

The diagram above shows a circle C which passes through the origin O and the points 4 and B. It
is given that O4 =4 units and OB =3 units.

. 3
(i) Show that the coordinates of the centre of C is (2, Ej . Hence write down the equation of
3 2
C in the form (x — 2)2 + (y _Ej =r?, where r is a constant to be determined. [2]

(if) By adding a suitable line to the diagram above, find the range of values of m for which the

equation mx —% =, f% —(x—2)* has a solution. [4]

The curve C has equation y =sin2x+2cosx, 0<x<27.

(i) Using an algebraic method, find the exact x-coordinates of the stationary points. [You do
not need to determine the nature of the stationary points.] [3]

(i) Sketch the curve C, indicating clearly the coordinates of the turning points and the
intersection with the axes. [1]

1
(iii) Find the area bounded by the curve C and the line y = —X [3]

The curve C has equation y = kx’ . The tangent at the point P on C meets the curve again at point

Q. The tangent at point O meets the curve again at point R. It is given that the x-coordinates of
P, Q and R are p, ¢, and r respectively, where p #0 .

2
(i) Show that p and ¢ satisfy the equation (ij + (iJ -2=0. [4]

p p

(i) Show that p, g and r are three consecutive terms of a geometric progression. Hence determine
if this geometric series is convergent. [4]

[You may use the identity a® —b° =(a—b)(a’ +ab+b*) for a,beR ]
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6

(@) The vectors a and b are the position vector of points 4 and B respectively. It is given that

0A4=27,b=i+2j-3K and a-b=-14.

(i) Find angle AOB. (2]
(i)  State the geometrical meaning of | a-b

, where & is the unit vector of a. [1]

(iii) Hence or otherwise, find the position vector of the foot of perpendicular from B to line
OA in terms of a. [2]

(b) The non-zero vectors p and q are such that | pxq | =2. Given that p is a unit vector and

d-q =4, show that p and g are perpendicular to each other. [3]
-7 - N
S,
& s
S
(0] X w
\
A
b
[.5m .
™,
A
A B

The diagram shows a shot put being projected with a \/éll&ity vms~ from the point O at'an angle
6 made with the horizontal. The point O is 1.5m above the point 4 on the ground. The x-y plane
is taken to be the plane that contains the trajectory of this projectile motion with x-axis parallel to
the horizontal and O being the origin. The equation of the trajectory of this projectile motion is
known to be

2
gx
=xtanf-——="
' 2v* cos’ O

where g ms™ is the acceleration due to gravity.
The constant g is taken to be 10 and the distance between 4 and B is denoted by 2 m. Given that
v =10, show that / satisfies the equation

h* —=10hsin 20 —15c0s 20 —15=0 [3]

As @ varies, h varies. Show that stationary value of 4 occurs when & satisfies the following
equation

3tan” 26 —20sin 20 tan 20 —20cos 26 -20=0. [5]
Hence find the stationary value of 4. [2]

(@ In an Argand diagram, points P and Q represent the complex numbers z, =2+31 and

z, =1z,.
(i)  Find the area of the triangle OPQ, where O is the origin. [2]

(i) z and z, are roots of the equation (z°+az+b)(z’+cz+d)=0, where
a,b,c,d eR. Find a,b,c and d . [4]

(b) Without using the graphing calculator, find in exact form, the modulus and argument of

v*:(\/gﬂ

14
o3 ] . Hence express v in exponential form. [5]
—1+i
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11

A curve C has parametric equation defined by

x=4sect and y =8(1—tant), where —+7<t<1irx.

1
4
. . ody . . . L
(i)  Find — in terms of # and hence show that the equation of tangent at the point 7 = —¢ 7 is
dx

y=4x+8(1-3). [3]
(ii) Find the Cartesian equation of C. [2]

R is the region bounded by C, the tangent in (i), the normal to C at # =0 and the x-axis. Part of an
oil burner is formed by rotating R completely about the y-axis as shown in the diagram below (not
drawn to scale). The base of the burner is a solid cylinder of thickness 1 cm. [You may assume
each unit along the x and y axis to be 1 cm]

oil

Base

(iii) Find the volume of the material required to make the burner. [6]
1 2

The point 4 has coordinates (3, 1, 1). The line / has equation r=| 1 [+ 4| 1 |, where A isa
-1 1

parameter. P is a point on /when A =t1.

(i) Find cosine of the acute angle between AP and / in terms of . Hence or otherwise, find the
position vector of the point N on / such that / is the closest point to 4. [6]
(if)  Find the coordinates of the point of reflection of 4 in /. [2]

The line L has equation x=—1, 2y =z+2.

(ili) Determine whether L and / are skew lines. [2]
(iv) Find the shortest distance from A4 to L. [3]

A hot air balloon rises vertically upwards from the ground as the balloon operator intermittently

fires and turns off the burner. At time ¢ minutes, the balloon ascends at a rate inversely

proportional to #+ A, where Ais a positive constant. At the same time, due to atmospheric

factors, the balloon descends at a rate of 2 km per minute. It is also known that initially the rate

of change of the height of the balloon is 1 km per minute.

(i) Find a differential equation expressing the relation between H and ¢, where H km is the
height of the hot air balloon above ground at time ¢ minutes. Hence solve the differential

equation and find H in terms of 7and A . [7]
Using 4 =15,
(if)  Find the maximum height of the balloon above ground in exact form. [3]
(iii) Find the total vertical distance travelled by the balloon when # =8 . [3]

(iv) Can we claim that the rate of change of the height of the balloon above the ground is

decreasing? Explain your answer. 52%
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List of Formulae (MF26)

READ THESE INSTRUCTIONS FIRST

Write your Civics group and name on all the work that you hand in.
Write in dark blue or black pen on both sides of the paper.

You may use a soft pencil for any diagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all the questions.
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1 The graph of y = f(x) is shown below.

(_3! I)

x=0 x=2
(@) The graph of y=1f(2-x) is obtained when the graph of y=f(x) undergoes a
sequence of transformations. Describe the sequence of transformations. [2]

(b) Sketch the graph of y =f'(x), stating the equations of any asymptotes and the

coordinates of any points of intersection with the axes. [3]

(a) Translation of 2 units in the negative x-direction, | Need to use the correct words
followed by reflection about the y-axis. (in bold) when describing the

Alternative solution transformations.

Reflection about the y-axis followed by translation
of 2 units in the positive X-direction.

(b) ﬁﬁ All (3) asymptotes must be
labelled, and intersections
y=1"(x) with axes written in
coordinate form as instructed

by the question.

L 4o

N0 o up

2

x=0 «x

Marker’s comments
This question is generally well-attempted.
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200 m

wiey

y U

Xm

1
1

1

1

o

The diagram shows two points at ground level, A and B. The distance in metres between
A and B is denoted by X. The angle of elevation of C from B is twice the angle of elevation

of C from A. The distance AC is 200 m and ZBAC :g radians. Show that

_ 200sin &

sin (2 (9)
3

2]

It is given that @is a small angle such that # and higher powers of @ are negligible. By
using appropriate expansions from the List of Formulae (MF26), show that

& ~ 2700-2500"

9

[4]

Z/ABC =2x /BAC =%

= /ACB=7-0

Using Sine rule, 2 = 200

sin(7 - 6) Sin@@j

Since Sil’l(ﬂ' —0) =sinzcosd —coszsinf =sinf ,

x 200
sin @ . (26)
sin| —
3
~ 200sin6

(Shown)

sin (2 0)
3

A common mistake is
ZACB :ZH—Q—z—‘g:@.

3 3
Students who made this mistake
simply wanted & to appear and do
not ensure that the expression is
true.

Note:

This is a “Show” question.

Thus all working/explanation
should be clearly stated, i.¢e., need
to show ZACB and ZABC, and
state the method (sine rule) used.
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3
| 200(9 . 9]
_ 200sin6 3! since #* and higher

sin@e?j - (ie (if!f]

powers of #are
negligible

=300

=300

=300

2700 - 2506”
9

Note that since “+...” is dropped,
the “~” sign should be used.

Take out @ and cancel for easy
computation.

To ensure that the final expression
is a polynomial, the denominator
has to be “brought up” using
power —1.

Then use the expansion (1+ X)f1 :

Marker’s comments
For the 1% part, many students attempted to find X by considering the two triangles formed
by drawing a line through C perpendicular to AB. This method is tedious.

The sin@ and sin (%6’] in the expression to be shown would suggest using sine rule.
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owA

The diagram above shows a circle C which passes through the origin O and the points A
and B.

It is given that OA =4 units and OB =3 units.

(i)  Show that the coordinates of the centre of C is (2, %j Hence write down the
3 2

equation of C in the form (X—2)2 +(y—§j =r?, where r is a constant to be

determined. [2]

(i) By adding a suitable line to the diagram above, find the range of values of m for

which the equation mx —% =, / ? —(x—=2)* has a solution.

[4]

(i)

Since AAOB is a right-angle in a semi-circle, AB forms
the diameter of the circle.
Hence, centre of circle is at the mid point of AB, i.e.,

-3

AB=+3"+4>=5 = radius, r = %units

2 2
Therefore, equation of C is (x — 2)2 + (y - %) = (%) )

Since this is a “Show”
question, marks are
awarded only if a clear
explanation of how the
centre coordinates are
derived.

Inefficient methods such
as substituting
coordinates into the circle
equation and solving
them simultaneously

were used.
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3 3V (5 Most students did not
(i) (x=2)"+ (y B Ej - (E] realise that the question
only involves the top half
= - =4 25 (x-2)° of the circle (positive
2 4 root).
Suitable line to add: y =mx
y
A
e Realise that all possible
8(0,3) % y =mx will lie between
/ the green and red line.
X This motivates us to find
2% ] ety £ the gradient of the green
and red line.
1 3 9 3 Since points D and E are
- (__’ _j and B = 9’ Ej the two (left/right) ends
‘ ‘ ¥, of the semicircle, their
Gradient of line OD = _7 =-3 coordinates can be easily
Y ’ | deduced using the centre
Gradient of line OFE = i =3 coordinates and radius.
~m<-3 or m> %

Marker’s comments
Common mistakes:
1. Differentiating the equation of the circle to find the gradient of the tangent:
From the diagram, it is clear that y = mX can intersect the semicircle even if it is not a

tangent to the circle.

2. Setting the discriminant to be O:
The quadratic equation represents all the intersection points of y = mx with the whole

circle (instead of the semicircle).

3. Stating that the range of mis -3 <m s%:

Inaccurate deduction which can be avoided by using the diagram.
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The curve C has equation y =sin2Xx+2cos X, 0<X<2rx.

(i)  Using an algebraic method, find the exact x-coordinates of the stationary points.
[You do not need to determine the nature of the stationary points.] [3]

(if)  Sketch the curve C, indicating clearly the coordinates of the turning points and the

intersection with the axes. [1]
. ) 1 Sm
(iii) Find the area bounded by the curve C and the lines Yy = P X and X= 5 [3]
I =sin2X+ 2 cos X d
@ y=sm €08 Differentiate and set & 0
dy . dx
ax 2c0s2X—2sin X to find stationary points.
r . .ody 0
or stationary points, dax As algebraic method is
2[1 _9sin? X] _2sinx =0 required, clear working of
s 2sin® Xt sinX—1=0 how the roots are arrived is
. ' expected, with usage of
= (2sinx=1) (sinx+1)=0 trigonometric identities along
= sinX=0.5 or sinx=-1 the way.
= X= Z X= S—E or X= 3—72.
6776 -2
®
) I . In order to find the area
(i) From GC, the line y = = X intersects the curve C at

bounded by two curves, it is
X =1.4544031 most important to find where

Required area the two curves intersect first,

s which can be done quickly
=1° [%x—(sin2x+2cos X)] dx using GC.

1..4544031

=2.48 (to 3 sig figs)
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Marker’s comments

Common mistakes:

1. In (i), it is unnecessary to convert Y =sin2X+ 2cos X = 2sin Xcos X + 2 cos X because it

makes the differentiation more complicated. Students should have an awareness of the
approach required by the question before manipulating the given information.
An even more serious problem was that many students were unable to solve
2cos2x—2sinX =0 because identities were not used to convert it into a quadratic
equation. Many were also unable to solve sinx = 0.5 (forgetting about the roots in other
quadrants), or sin X = —1 (rejecting it immediately without finding the basic angle).

2. Students were unable to identify the correct region, which resulted in them not finding the
intersection between the two curves. Also, many students did not apply that the result

j f(X) —g(x)dx to find the area of the region bounded by two curves directly, and instead

tried to find the area of the individual pieces which more often than not led to errors.
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The curve C has equation y = kx” . The tangent at the point P on C meets the curve again

at point Q. The tangent at point Q meets the curve again at point R. If the X coordinates
of P, Q and R are p, g, and r respectively where p =0 .

2
(i)  Show that p and q satisfy the equation (ﬂj + (EJ -2=0. [4]
p p

(i)  Show that p, g and r are three consecutive terms of a geometric progression. Hence
determine if this geometric series is convergent. (4]

[You may use the identity a’ —b’ = (a—b)(a2 +ab+ bz) for a,beR ]

i) y=k<
Y _ 30
dx

Point P = (p, kp*), Point Q =(q, kq*),
Point R = (r, kr*)

Equation of tangent at point P: Note that the gradient to tangent at
y—kp’ =3kp* (x—p) point P is not 3kx*. You need to
When tangent meets the curve again at Q: substitute X by p in % =3k¢’ to get
X

ka’ —kp® =3kp’ (q—p)
q’-p’=3p*(d-p)
(a-p)(a*+pg+p*)=3p*(q-p)
(a-p)(a*+pa-2p*)=0
q°+pg—-2p°>=0 since p#Q because

the gradient of tangent at point P.

P and Q are different points
Dividing by p*:

(3] + (ﬂj ~2-0 (Shown)
p) Lp

Need a home tutor? Visit smiletutor.sg
TJC/MA 9758/Preliminary Exams 2017



10

o [
P P
- [t
Y p
= g——2 or g—l(re' ted si *
p_ p_ jected since q# P)

Similarly for the other case,

— =2
q

r
S R
P q
Since the common ratio is the same, p, g and r are

three consecutive terms of a geometric progression.

As |common ratio |= 2>1, the geometric series is

not convergent.

Marker’s comments

For part (1), while many students are able to find the equation of tangent, most students who
had found the equation of tangent at P did not know how to continue from there. They need
to observe more carefully what other information is given on the tangent to continue. In this
case it is the fact that the tangent line cuts the curve again at point Q. This will lead to
substituting X by ( in the equation of tangent.

g

r
For part (ii), students must recall the condition for a sequence to be a GP, in this case —=—

P q’

and work towards it. As for the second part, students must be aware that the condition for

geometric series to be convergent is |[common ratio [ <1.

Need a home tutor? Visit smiletutor.sg

TJC/MA 9758/Preliminary Exams 2017



11

6 (@) The vectors a and b are the position vector of points A and B respectively. It is
given that OA=27, b=i+2j-3k and a-b=-14.
(1) Find angle AOB. [2]
(i)  State the geometrical meaning of |é. -b|, where & is the unit vector of a. [1]
(iii) Hence or otherwise, find the position vector of the foot of perpendicular from
B to line OA in terms of a. [2]
(b) The non-zero vectors p and g are such that | pxq | =2 . Given that p is a unit vector
and q-q =4, show that p and q are perpendicular to each other. [3]
1
(a)(i) Given: |§| _ Zﬁ , b=| 2 | and Many students are confused
3 between angles between two
vectors and acute angles
a-b=-14 .
- = between 2 lines. Note that
= |§||t~)| cos AOB = —14 (1) If O is the angle
— (2\/7) N1+4+9 cos AOB = —14 between two vectors a,
a-b
OB 7 1 b, then cos9:—| | b|
= cos =— =—— a
NEN VNG
. (2) If O is the acute angle
= AOB=135 . .
between two lines with
directional vectors a, b,
[2-b]
then cos@ =——
][5
(a)(i)
a1 ;
N2
= |4||b||cos AOB| : 135°
..o .
= |Q||c0s AOB| o a
|E§.lg| is the length of projection of b on a.
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(a)(iii)

Let N be the foot of perpendicular from B to line OA.

Length of projection, ON =

Since ZAOB is an obtuse angle, ON = J7E =—

- -
y

[ —— 2 A

. ‘bl |-14]
a.b:|§'_~:_: 7
N

a

4 78

Alternative method to (a)(iii)
Let N be the foot of perpendicular from B to line OA.

Since N lies on line OA, ON =Aa for some A€ R.
Then, BN =1a—b

BN La
= a=0
= (ra-b)-a=0
= a=a-b
= Mg =-14
= A(27) =-14
> k=i
Thus, ON =—1a
(b) Given: |p|=1, =4

Many students are not
4 = ‘q‘:2 aware that

Thus, p and q are perpendicular to each other. (Shown)

= ‘ ~pHg‘sine =2, where 0 is the angle between

(1)(2)sin© = 2

|| =[p[g[sino.

Note that we do not need to
mod sin® as 0 denotes the
p and q angle between vectors

i ) which means that 0 is
between 0 and n. Hence,
sinB will always be +ve.

Need a home tutor? Visit smiletutor.sg

TJC/MA 9758/Preliminary Exams 2017



13

Marker’s comments
Students must know that the definition for both dot and cross product (i.e. ‘ p- q‘ = ‘ p‘ ‘q‘ |cos 6|

and ‘ p x q‘ = ‘ p‘ ‘q‘ sin 0 ) are very useful when solving problems that involve vectors which are

not given in column vectors form.

Students who have applied using these definitions in this question had done well in this

question.
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h m

The diagram shows a shot put being projected with a velocity vV ms™' from the point O at
an angle @ made with the horizontal. The point O is 1.5m above the point A on the ground.
The X-y plane is taken to be the plane that contains the trajectory of this projectile motion
with x-axis parallel to the horizontal and O being the origin. The equation of the
trajectory of this projectile motion is known to be

gx’
2v?cos? @’

y=Xtand —
where g ms~ is the acceleration due to gravity.

The constant g is taken to be 10 and the distance between A and B is denoted by h m.
Given that v = 10, show that h satisfies the equation

h* —=10hsin26 —15c0s20-15=0. [3]

As @ varies, h varies. Show that stationary value of h occurs when 6 satisfies the
following equation

3tan’ 26 —20sin 20 tan 26 —20c0s26 -20=0. [5]

Hence find the stationary value of h. [2]
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10x
2(10)2 cos’ @

2

y=Xtan @ -

= =Xtan @ —
y 20cos* @

Wheny=-1.5, x=h
2

-1.5= htanH——2
20cos“ &

—30cos’ @ = 20htan @ cos’ & — h?
h? —20hsin@cos@ —30cos* @ =0
h® —~10hsin26 —15(1+c0s26) =0

h? —10hsin20 —15c0s20 —15=0 —(¥)
(Shown)

O

Differentiate both sides w.r.t. &, we have

2hd—h—10§—gsin2¢9—20h c0s260+30sin20 =0

déo
At stationary value, d—h =0.
de
—20hcos26 +30sin260 =0
he 30sin 26 =§t
20cos20 2
Sub into (*), we have

an20

2
[%tanZ@] —IOK%tan 29jsin29—150052¢9—15 =0

= %tanz 20 —15tan260sin260 —15¢c0s260—-15=0

=  3tan’260-20sin26tan20 —20c0s20-20=0
(Shown)
Using GC, 6 = 0.71999 (5 sig fig)

Therefore, max h = %tan2(0.71999) =11.4 (3 sig fig)
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Marker’s comments
This question is poorly attempted in general.

(1) Students who fail to get credit for this part do not realise that y=—1.5 when x=h.

There were also signs which indicate that students have difficulty applying the double-
angle formula.

(ii) One common mistake made by students is to differentiate with respect to h. This is a
conceptual error which indicates a poor understanding of derivatives. Many students
on the other hand chose to make h the subject before differentiating, failing to realise
that implicit differentiation would get the job done much easily. There was also a
recurring problem of product rule when differentiating 10hsin 26, with the erroneous

result of 10 dn (—2cos26).
do

(i11)) The equation can be easily solved using the GC, though there were many attempts to
solve it algebraically. Students using the GC in degree mode would fail to obtain any

credit for this part.
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8 (@) Inan Argand diagram, points P and Q represent the complex numbers z, =2+3i
and z, =1z,.
Q) Find the area of the triangle OPQ, where O is the origin. [2]

(ii)  z, and z, are roots of the equation (Z2 +az+b)(22 +Cz+d):0, where
a,b,c,deR. Find a,b,candd .

[4]

(b) Without using the graphing calculator, find in exact form, the modulus and

\/§+i

—1+1

argument of v* = [

14
] . Hence express v in exponential form. [5]

(a)(i) Since w=1z, then OP L OQ

ie. ZPOQ=90°.
Area of triangle OPQ "
1
~2Jaw
1 2 3 ?
=—|2+3 -
P g |
1
=Eunits2 nl - I | >
2 -5 0 2

(a)(ii) Since (2* +az+b)(z’ +cz+d)=0isa

polynomial with constant coefficients,

complex roots occur in conjugate pairs.

Therefore, the four roots are 2+3i, 2—3i, —3+2i

and —3—2i.

[2-(2+3D)][z2-(2-3D)][z-(-3+2)][z-(-3-20)]

:(22—4z+13)(22+6z+13)
Hence, a=-4, b=13,c=6,d =13.

Students should write out clearly the
roots of the equation.

There are 2 ways to expand
[Z—(2+3i)][z—(2—3i)]

Method 1

[2-(2+3D)][z—-(2-30)]

=7 —(2+3i+2—3i)z+(2+3i)(2—3i)
Method 2

[z—(2+3i)][z—(2—3i)]
=[(z-2)-GD)][(z-2)+ B ]
=(2-2) -(3i)
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e
b) A=
|-1+il
A4
e
arg(v¥)

e

1+

~ 14 arg(V3 +i) arg(~1+1)
i3]

49
=g (7]

. arg(v¥) = —%
T
= arg(V) =

Since |V| = |V *| =27 then v= 27€i% .

Need to take note of how to present

arg(v *) .
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Marker’s comments
(a)(i) This part was not well answered. Many students who were unclear/not aware that OP

(i)

(b)

is perpendicular to OQ had problem arriving at the correct answer for the area of triangle
OPQ. Many students used a variety of method (using vectors and cross product,
shoelace method, area of trapezium/area of triangles) to find the area of triangle, some
with more success than others.

Although many students were able to recognize that the complex roots occur in
conjugate pairs since the coefficients of the equation are real, many students were

unable to pair the factors (Z—(2+3i)) and (z—(2—3i)) , (z —(—3+2i)) and
(Z —(-3- 2i)) . Errors also occurred during the expansion of(z — (2 +3i))(z — (2 +3i))
and (z—(-3+2i))(z—(-3-2i)). A handful of students substituted (2+3i) into the

equation and managed to find a,b,c,d by comparing real and imaginary parts. Those

who were unsuccessful in this method will not gain marks.

Despite the statement at the start of the question, a large number of students used their
GC to obtain modulus and argument to parts of the question. Many students (about

+1

80%) of students rationalize the expression ( "
—1+i

J and soon realized that they did

not have much success to solve the question except to use GC to obtain the modulus
and argument. A number of students wrote down what they believed to be the argument

of (—1 + i) without considering where the complex number was on an Argand diagram.

This part clearly indicated that many students were weak in their understanding of the
fundamental concepts of Complex Numbers.
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9 A curve C has parametric equation defined by
X=4sect and Y :8(l—tant) where —% <t S%.
(i) Find % in terms of t and hence show that the equation of tangent at the point
X
t=—2 s y=4x+8(1—«/§). [3]
6
(i)  Find the Cartesian equation of C. [2]
R is the region bounded by C, the tangent in (i), the normal to C at t = 0 and the X axis.
Part of an oil burner is formed by rotating R 2w radians about the y-axis as shown in the
diagram below (not drawn to scale). The base of the burner is a solid cylinder of thickness
1 cm.
[You may assume each unit along the X and y axis to be 1 cm]
yA
~Jd = X
——
Find the volume of the material required to make the burner. [6]
(i)  x=4sect and y=8(1-tant)

Students need to know

@ =4secttant dy =—8sec?t that :

dt dt sin(—x) =—x

dy_ 2

dx sint COS(_X B
tan (—x) =—x

Att= —% , gradient of tangent = 4 , X :g 3 and

3
=8| 1+—
y=s[1
Equation of tangent is

y—8(1+?J:4[x—%]

3
y=4x+8(1—ﬁ) (Shown)
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. X2
(i1)) x=4sect = sec’t :1—

2
y=8(1—tant)= tan’t :( —%)

Since 1+ tan? X =sec? X,

2 X2
1+( —lj =—
8 16

X _(y-8)

16 64
where 4 < x<4+/2 and 0< y <16 (-.-—%sts%j

Alternative method:

X 4
sect=—=cost=—
4 X

Note that

y= 8(1 —tan (cos1 iD
X

1s not in its simplest
form

y =8(1—tant) Vx2 —42 X
2 _
(Note that —ZStSZ:tant:m or —m)
4 4 4 4
When C intersects X-axis, y = 0,
> (0-8)
X——uzljﬂ =32
16 64

X =42 ( radius > O)
Volume of cylindrical base = Tc(\/z(4))2 (1) =32n

Method 1

Volume of the solid that made the burner
_ T 2 T 2
_ZJ0'64+(y—8) dy—El(y—S(l—\/g)) dy +327

~475.718 =476 units® (using GC)

Method 2
Volume of solid that made the burner

= 7rj|)‘(4sect)2 (—8sec?t) dt—%j;(y—S(l—\/g))zdy+32n ~ 476

1A
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Method 3 Students who use
Volume of solid that made the burner Method 3 need to
e 5 realise that when
2 [64+(y—8)" dy+32m finding height of the
0

= two cones, for example,

_[%R(Zx/g)z(8+8(\/§—1))_%n(2\/§—2)2 (8(«/5—1))} the height of the larger

cone, they should not be

\ Y J | Y } using 8+8(1—\/§)

Volume of larger cone Vol. of smaller cone since 8(1 3 ) isa

. negative y-intercept.
~ 476 units®

Marker’s comments
(1) Generally well done.
Common errors is not knowing when to have negative sign when evaluating:

T T
tan| —— | andsec| ——
( 6] ( 6]

(1)) Many students have forgotten the meaning of Cartesian equation, ended up with an equation
that contains the parameter t which is wrong.

. 4 . .
Quite a number of students leave answer asy = 8(1 - tan(COS_l —D but this is not in the
X

simplest form.

A serious mistake made by some students is to attempt to integrate

d 2 : .. : 2 .
Y ——— but without realising that they cannot integrate ——— with respect to X.
dx sint sint

Last part

This part is very badly done.
Many either leave it blank or made a lot of careless/algebraic manipulation mistakes when trying
to find X? in terms of'y.
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10

is a parameter. P is a point on | when A =t.

(i)

The point A has coordinates (3,1, 1) . The line | has equation r =| 1

1

-1

+A|1

, where 4

Find cosine of the acute angle between AP and | in terms of t. Hence or otherwise,

find the position vector of the point N on | such that N is the closest point to A.

(i)  Find the coordinates of the point of reflection of A in I.

The line L has equation X=-1, 2y =z+2.

(iii) Determine whether L and | are skew lines.

(iv) Find the shortest distance from A to L.

[6]
[2]

[3]

(1) A(3,1,1)

P —_—

2
P is a point on | with parameter t. [1]

1 2 1
:>5I5:1+t1,teR
-1 1
1 2) (3) (-2 2
AP=| 1 |+t|1|=|1|=] 0 [+t|1
-1 1) (1) (=2 1

Let O be the acute angle between BP and I.
Then,

2 -2 2 2
AP-| 1 0 [+t| 1|1
1 -2 1 1
cosO = =
i \/(—2+2t)2+t2+(—2+t)2\/4+1+1
AP||| 1
1

[(-4-2)+t(4+1+1)

A St AP At 4VA T4

el (o By
JeJ6t> —12t +8 3t —6t+4

|

Need to read Qn carefully and
do not make careless mistakes.

0 is acute, cos0 >0, so
numerator needs to be positive.

-2 2
0 |+t 1
-2 1
-2\ (2
=10 [-]1]+t
-2/ 1

=(-4-2)+t(4+1+1)=—6+6t

Need to simplify the final

answer, especially |ﬁ|

2

|11

1

2
1]
1

2
1
1
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N is the closest point to A Alternative method
when 0 =90°". AG.LD 1+24 21-2
50 0 6lt—1] ON=| 1+4 |» AN=| 1
= c0s90°=0=
JerJet? — 12t +8 . | 144 A-2
= t=1 2
1 ) 3 AN-11l=0 O=>04=1
Thus, ON =| 1 [+|1|=|2 !
-1 1 0 3
ON=|2
0
(i1) Let A’ be the point of reflection of A in .
Using ratio theorem, Do not use long way to find
_— 1 — A1) oint of reflection
ON = (OA+OR) -~ At
2 ¥ Eg. Begin with
—  OA=20N-O0A = ; gﬁ:l(gx+§,y)
3) (3) (3 " 2
=2[2|-|1|=| 3 T
0 1 -1 p
Thus, the coordinate of A" are (3,3,—1). Must answer the Qn.
Must write r
1 2 Cannot use the same parameter
i) |: r=1[+t|1] teR A for both lines | and L.
-1 1
You may also use this equation
L: X=-1,2y=z+2=>%A
-1 0
-1 0y (-1 0 forL: r=| 1 |[+pu|l
ie, L: r=0|+A[$|=] 0 [+m|1]

5 2'\ 0 2

"Need to know how to convert

I
S}
—

At point of intersection of lines | and L: Cartesian equation to vector

1 2 -1 0 equation of a line.
1 |+t 1|=| 0 |+m|]1|= t=-1, m=0 <«——{ Need to know how to use GC
-1 1 -2 2 to solve the equation.

Since the point (—1,0,—2) lies on both | and L, the two lines

intersect and thus cannot be skew lines. (Shown) 2 lines are not // and do not
intersect = they are skew lines
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—1 0 Alternative method
(iv) L: r=|0 |+m|1 A(3,1,1)
-2 2
Let B be the point (—1,0,-2) on L.
3 -1 4 L
BA=|1|-] 0 |=]|1 B(- 1:0,_2) F —
1 -2 3 0
Shortest distance from A to L ;
0 Use x product
BAXx| 1 not dot product
4 0
2 1
o viea| ]
s 2 .
1 Don’t divide by
2 2
-1
| o _1+64+16 95
s, NG 5
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Marker’s comments
This is a straight forward question, but many students still did not score it well. They either
made careless mistakes or cannot remember the correct formulae.

-2 2
For (i), many students can get AP=| 0 |+t|1 correctly but copied it down wrongly when
-2 1

they use it to find cos 0.

Many students make the following mistakes:
-2 2 2 —4 4

- O [+t 1T||-|1|T] O [+t 1
-2 1 1 -2 1

- Drop | | in the numerator part half way in the calculation or totally did not put.
- Some students used OP instead of AP to find cos 6.
- Not many students use 8 = 90° to find ON .

(i) Many students forgot to give coordinates of A’.

(iii)) Badly done for this part.
- Quite a number of students cannot obtain the correct vector equation of line L.
- Of those who had the correct equation at the point of intersection, many of them
gave no solution for the equation. (Do not know how to use GC to solve?)
- For those who can get the intersection point, many students conclude that:
“Since there are intersection point, therefore they are skew lines.”

(iv) Badly done for this part.
Careless mistake: Used line | instead of line L.
Use wrong formula: for e.g., used dot product instead of cross product

or divide by ||BA|
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11 A hot air balloon rises vertically upwards from the ground as the balloon operator
intermittently fires and turns off the burner. At time t minutes, the balloon ascends at a
rate inversely proportional to t+ A, where 418 a positive constant. At the same time,
due to atmospheric factors, the balloon descends at a rate of 2 km per minute. It is also

known that initially the rate of change of the height of the balloon is 1 km per minute.

(i)  Find a differential equation expressing the relation between H and t, where H km

is the height of the hot air balloon above ground at time t minutes. Hence solve

the differential equation and find H in terms of tand 4. [7]
Using 4 =15,
(i)  Find the maximum height of the balloon above ground in exact form. [3]
(iii) Find the total vertical distance travelled by the balloon when t=8. [3]

(iv) Can we claim that the rate of change of the height of the balloon above the ground

is decreasing? Explain your answer. [2]
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k
(1)  Rate of increase in height = ) where K is a
+

positive constant
Rate of decrease in height = 2
k

Therefore, ﬂ =—-
d t+4

Since ﬁ=1 when t =0, we have 1=L—2
dt 0+4

:>1:k_—2;t.'.k:3;t
A

H
Hence, aH = A 2 (Do not combine into one
d  t+4
single fraction!)
Integrating wrt t:

H :j(i—zjdt:3,11n|t+,1|—2t+c
t+4

Since t+4 >0, we have H =34In(t+1)-2t+C
Whent=0, H=0:
0=341n(4)+C .C =322

H=34In(t+2)-2t-34In A

S H :3ﬂ,ln[l+l)—2t
A

(i)) Using 4 =15, at maximum height

aH_ 45 ,_
dt  t+15
=175

~H =451n(£+1}—2(7.5)=15(3ln§—1j
15 2

At least a few students in
each class wrote
rate of increase in height =
1
4 , k(t+4) or .
k k(t+4)

Obviously they do not know

the meaning of inversely
proportional.

Some leave their final
answer as the general
solution without finding the
value of C.
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(iii) Whent=8,

H = 45tn| > +1 —2(8):451n2—16
15 15

Total vertical distance travelled
= Vertical distance travelled fromt=0 to t=7.5 +
Vertical distance travelled from t=7.5 to t =8

= 15(3ln§—1j+ 15[3ln§—1j—451n§+16
2 2 15

= 3.26 km (correct to 3 s.f.)

d’H —45

(iv) —= =<0 for all real values of t, t >0
dt”  (t+15)

i.e. the rate of change of the height of the balloon
above ground is decreasing.

Or from the graph of 3 - 2, we see that
dt  t+15
% decreases as t increases.
;4
dr
A
1 \
> ¢
o _ B _
2T & ot
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Marker’s comments
For part (i):

e For those who managed to get the correct DE, most are able to solve the DE using
direct integration. Students lose marks if modulus is not included after integration or
no reason is provided for dropping modulus.

o Students need to know that they are to find H in terms of t and A4, which means they
need to find C by interpreting from the question thatatt=0, H = 0.

For part (ii):
Part (ii) was well done with only a few students not knowing how to approach the
question. A few students did not read the question carefully and did not leave their

answer for maximum height in exact form.

For part (iii):
Part (iii) was badly done. Many students did not realise that maximum height is
reached at t = 7.5 (from (i1)), which means that H will decrease after 7.5 mins. Many
dH
students simply find H when t = 8. Some went to integrate dt fromt=10to t=28
which is incorrect.

For part (iv):
. H
This part was also badly done. Many students conclude that as t = | dd_t —> -2

and thus rate of change of height is decreasing, having the misconception that H
decreases then rate of change of the height of the balloon is also decreasing. Some

explain by drawing the graph of H instead of CL—‘: .
Students need to know that if we want to show that H decreases with t, we need to

show that aH < 0. Similarly, if we want to show that rate of change of H, i.e. %

2
is decreasing, we need to show that i(d—Hj — d l;' < 0 or draw the graph of al
dt\ dt dt dt

and show that it is decreasing with increasing t.
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TJC Paper 2

1 Given that sin [(n +1) x] —sin [(n ~1) x] =2 cosnxsin x , show that

n sin(n+1)x—sintx
> cosrx = ( 2,) A [4]
— 2sin{x
Hence express
3 11
cos?| X |+ cos? (x)+cos’ X4 teos? =X
2 2 2
. sinbx
in the form a| — +d |, where a, b, ¢ and d are real numbers. [3]
sincx

.
.
.

’ 0

(a) The diagram above shows two curves C, and C, which are reflections of each other about
the line y =x. State with justification, whether the following statement is true: “If C, is
the graph of y = f(x) , then C, is the graph of y =f' (x) 7

(b) The functions f and g are defined as follows

1
f:tz—, xeR,x<0, x#-2
x —x—6

g:x»—)tanlﬁgj, xeR

@) Sketch the graph of y = f(x). Determine whether f* exists. [3]
(i)  Find f'(x). (2]
(ii1) Given that gf(a) = %, find the exact value of a. 2]

3 Given that ¢’ =+/e+x+sinx . Show that

d? ) .
2e% _J2’+ 4e?” (_y] +sinx=0. [2]
dx dx
. . dy d? y . .
(i)  Find the values of y, a and ? when x = 0. Hence, find in terms of e, the Maclaurin’s
series for In(e + x +sin x) , up to and including the term in x° . [4]
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(i) By using appropriate standard series expansions from the List of Formulae (MF26), verify
the correctness of the first three terms in the series expansion forIn(e+ x +sin x) found in

part (i). [3]
: . o ¢! 2e—4x o
(iif) Use your answer to part (i) to give an approximation for .[ > - dx, giving
0 e”In(e+ x+sinx)
your answer in terms of e. [3]

D C E

With reference to origin O, the points 4, B, C and D are such that _OZ =a, -O—E =b, 55 =-a
and OD=-2b. The lines AB and DC meet at E.

Find OF in terms of a and b. [4]

Hence show that BE =3. 1]
AB

It is given that 4 and £ have coordinates (1, —4, 3) and (-3, 15, —5) respectively.

(i)  Show that the lines AC and BD are perpendicular. [4]

(ii) Find the equation of the plane p that contains E and is perpendicular to the line BD. [2]

(iii) Find the distance between the line AC and p. [2]

Four classes CG40, CG41, CG42 and CG43 are tasked to organise a College event. Each class

sends 3 representatives for a meeting.

(i) In how many different ways can the 12 representatives sit in a circle so that representatives
from CG40 are not seated next to each other and representatives from other classes are seated
with their respective classes? [3]

The 12 representatives are to be split up into 3 groups for bonding activities. Each group must

consist of a representative from each class.
(i) In how many ways can the groups be formed? [2]

In a game at the carnival, a player rolls discs onto a board containing squares, each of which bears
one of the numbers 1, 2, 5 or 10. If a disc does not land within a square, the player receives

3
nothing. The probability that the disc does not land within the square is Z . If a disc lands within
a square, the player receives the same amount (in dollars) as the number in the square. Given that
a disc falls within a square, the probabilities of landing within a square with the numbers 1, 2, 5

and 10 are 0.5, 0.3, 0.12 and 0.08 respectively. It is assumed that the rolls of the discs are
independent.

(i) A player pays $5 to play the game and is given n discs. Find # if the game is fair. [4]

(if) If a player is allowed to roll 3 discs for $2, find the probability that the player will have a
profit of $10. [4]
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A factory mamufactures large mumber of pen refills. From past records, 3% of the refills are
defective. A stabonery store manager wishes to purchase pen refills from the factory. To decide
whether to accept or reject a batch of refills, the manager designs a sampling process. He takes a
random sample of 25 refills. The batch 1= accepted if there 15 no defective refill and rejected of
there are more than 2 defective refills. (hherwise a second random sample of 25 refills is taken.
The batch 15 then accepted if the total mumber of defective refills in the two samples 15 fewer than
4 and rejected otherwise.

(1) Find the probability of accepting a batch. 4
() If a batch 1= accepted. find the probabibty that there are 2 defective refills found in the
sampling process. [3]

The stahionery store manager purchases 50 boxes of 25 refills each.
(i) Find the probability that the mean mumber of defectrve refills mn a boox 15 less than 1. [2]

A study 1z done to find out the relabionship between the age of women and the steroid levels m the
blood plasma. Sample data collected from 10 females with ages renmng from 8 vears old to 33
vears old 1z as shown below.

Apge (years) x B 11 14 17 20 | 23 2% | 29 32 35

Steroid Level

(mmolTitre) I 42 | 111 | 163 | 190 [ 255 | 262 | 241 | 335 | 208 [ 174

(i) Give a skefch of the scafter diagram for the data. Idenfify the outlier and suggest a reason,
in the context of the question, why this data pair 15 an cutlier. [31

For the remumng part of the gqueston, the outhier iz to be removed from the calculation.

(i) Comment on the smiakbty of each of the follownng models. Hence determmme the best
model for predicting the steroid level of a female based on her age.

Modeld: L=a+blnx
Model B: [ =c+d(x-23)

Model C: L=g+ f[x-25)'
where a, b, ¢, 4, ¢ and f are constants. [3]

(i) Using the best model m (i1), estmate the sterod level of 3 woman at age 40. Comment on
the rehabibty of yvour estmate. 31

(iv) It is known that body muscle mass and steroid level has a linear comelation. The puscls
mass percentage m Yo of the 9 females were measuwred. An addibonal female Jane,
participated 1 the study. Jane has her muscle mass percentage and stercid level measured.
The mean muscle mass percentage of the 10 females 15 now found fo be 26.28 % The
equahion of the least squares regression line of m on L for the 10 pairs of data 15

m=222+1235L.
Calculate Jane's sterowd level 31

MNeed a home tutor? Visit smiletutor sg

Page 72


Rum
Stamp


10

A flange beam is a steel beam with a “H”-shaped cross section, and is used as a supporting
structure in construction and civil engineering. A factory manufactures both Grade X and Grade
Y flange beams. The load that can be supported by a Grade X flange beam follows a normal

distribution with mean 2.43x10° kN and standard deviation4.5x10* kN . The load that can be

supported by a Grade Y flange beam is 1.5 times of the load that can be supported by a Grade X
flange beam.
(i) Find the probability that the combined load that can be supported by two randomly chosen

Grade Y flange beams is within 1x10* kN of the combined load that can be supported by

three randomly chosen Grade X flange beams. [4]
(i) A construction company wants to buy 100 sets of three Grade X flange beams. Find the
probability that fewer than 95 of these sets can support more than 6x10° kN . [3]

The company decides to place an order with the factory for a custom-made flange beam such that
the probability of being able to support a load of at least 6x10° kN must be at least 0.999 . It is

also assumed that the load that can be supported by the custom-made flange beam also follows a
normal distribution.

(iii) By taking the standard deviation of a custom-made flange beam to be 3x10* kN, find the

smallest possible mean load in kN, giving your answer correct to the nearest thousand, for
the factory to meet the company’s requirements for the custom-made flange beam. [5]

(@) College students intending to further their studies overseas have to sit for a mandatory
Overseas Universities Test (OUT). Researcher Mr Anand wishes to find out if male college
students tend to score higher for OUT compared to female college students. Mr Anand’s
colleague randomly selects 150 male and 150 female students from the combined student
population of three particular colleges near his home to form a sample of 300 college
students for the research. Explain whether this sample is a random sample. [2]

(b) The mean OUT score for all college students in 2016 is 66.
Mr Anand randomly selects 240 college students taking OUT in 2017 and their scores, x, are
summarised in the following table:

Score, x

60

65

68

70

75

80

40

90

63

27

18

Frequency, f

(i)
(i)

(iii)
(iv)

(©)

Write down the unbiased estimates of the population mean and variance of the OUT scores
for the college students in 2017. [1]
Test, at the 10% level of significance, whether the mean OUT score for all college students
in 2017 is higher than the mean score attained in 2016. [4]
Explain what is meant by the phrase “10% level of significance” in this context. [1]

Mr Anand draws a new sample of 240 male college students. Using the unbiased estimate
for the population variance computed in (i), find the range of values for the sample mean x
that is required for this new sample to achieve a different conclusion from that in (ii).  [4]

The 2017 OUT scores of the male and female college students are independent and assumed

to be normally distributed with means and standard deviations as shown in the following
table:

Mean Standard deviation

Male College Students 64 5.5

Female College Students 66 3.5

Mr Beng and Miss Charlene both scored 70. Explain who performed better relative to their
respective gender cohort. [2]
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Section A: Pure Mathematics [40 marks]

1 Given that sin [(n +1) X] —sin [(n -1) X:I =2 cos nxsin X, show that
n sin(n+%)x—sin%x
z = 4
= cosx 2sin§ X 4]

Hence express

cos? (ﬁj +cos”(X) + cos® [3—)(] +...+cos’ (gj
2 2 2

sin bx

in the form a( +d j , where a,b,c and d are real numbers. [3]

sin cX

Given: 2cosnxsinX =sin(n+1)x—sin(n—1)x

Thus, 2cos X sin X = siR2X —sin 0x

2c0s2Xsin X = S

2c0s3Xsin X = sin 4X— s\ 2 X

Adding the n equations above, we have

n
2sin XZcos rx = sin(n +1)X+ sin NX — sin X

r=I

R . (2n+1
251nXZcosrX:2s1n( h

r=1
Z(2Sin%X9)8%/X)iCOS rx %sin(n +%)Xy)3/x —/Tsingx%x
r=1

n
L | ot 1 L |
2sm5XZcos X = sm(n +3)X —sin X

r=1

jx cOS$ X —sin X

sin(n +%)X—sinéx

n
0 cosIrX = Shown
,Z::‘ 2sinJ X ( )
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X X 11x
cos’ (—j +cos” (x) + cos’ (3—] +...+cos’ (—]
2 2 2

l+cosX 1+cos2X 1+cos3X 1+ cosl1x
- - + fot—
2 2 2 2

11
Z%(l 1+ Zcos rx}

r=1

sin(11+1)x—sinix
=%@1+ (i1+3) 2]

2sin X
1y Sinx 1
2 2singx 2

:l Sil’.l%x +2 :l si.n%x_'_21
2( 2singx 2 4{ sinix

Marker’s comments

Most students were able to make use of the given result and apply the method of differences to

n n
solve for Z CoSIX = Z
r=1 r=1

students fail to apply the appropriate factor formula and double-angle formula to obtain the

sin(r +1)X—sin(r —=1)x  sin(n +1)X +sin NX —sin X

- - . Thereafter, many
2sin X 2sin X

desired answer.

. . r
The second part of the question involves the use of double-angle formula to convert cos’ (Ej

cos(rx)+1

into , but many students chose to replace the index r by %, which would not allow

them to achieve anything. Some students lost credit by failing to express their answer in the form
as stated in the question.
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2(a)

»
»

The diagram above shows two curves C, and C, which are reflections of each other

about the line y = X. State with justification, whether the following statement is true:

“If C, is the graph of y =f(x), then C, is the graph of y =f~"(x).”
[1]

(b)  The functions fand g are defined as follows

f:xne%, xeR,x<0,
X" —=X—6
Rt
g:X > tan (Ej’ xeR.
(i) Sketch the graph of y = £ (x). Determine whether f* exists. [3]
(i) Find £ (x). [2]
(iii)  Given that gf(a) = %, find the exact value of a. [2]

(a) From the graph of y = f(x) which is C,, there exists a
horizontal line y = 3 which cuts the graph of y = f(x) at
2 points.
f is not one to one and thus f~' does not exist. Since

' does not exist, C, is not the graph of f™'(x).
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(b)(@)

<<

y =1f(x)

Since R, = [—oo,—éj U (0,0)

and D; =(-,0)

ie. R &D,

Therefore, f*

does not exist.

(b)(i1)

=

Since x <0, X=

Thus, £~ (X)=

Let y=—

_

X —X-6

yX> —Xxy—6y—1=0

B yi\/y2+4y(6y+l)
2y

Y25y’ +4y
2y
y=y25y°+4y 1 25y’ +4y
2y 2 2y
1 +/25%% +4x

2 2X

X

X
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(b)(iii) gf(a) = 7
tan”' [—f(a }_E
2 4
f(a)
2
f(a)=2 =
a—l— 25(2)2+4(2) _l_ﬂ
2 2(2) 2 2
Alternative solution
T
fla)= —
gf(a) 2
tan”' (—f(a)) =z
2 4
= E_l
2
= f(a)=2
= z;:z
a’—-a-6
= 2a’-2a-13=0
N a_2i‘/4+4(2)(l3)_2i6x/§
- 4 4

Since a <0, azl—éx/g

1,3
272

V3

2 2
Marker’s comments
(a) This part is generally well-answered by students who recognised that f is not 1-1 and so
the inverse cannot exist. Students who gave no or incorrect justification to why the
statement is false fail to gain any credit.
(b) The graph of y =f(x) is generally well-drawn and most students were able to present

their sketches within the correct domain. The main issue for this part is that many

students tried to justify whether f* exists or not in relation to whether the inverse
function exists or not, showing a misconception between composite and inverse
functions. Many students proceeded to obtain full credits for the desired results of parts
(i1) and (ii1), but students need to first be aware that no credit was deducted when the

domain or range was presented wrongly.
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3 Given that €’ =+/e+X+sinX. Show that
2 2
2e2yd—§’+4e2y (ﬂj Lsinx=0. 2]
dx dx
. . dy d’y .
Q) Find the values of y, d—and Vel when X=0. Hence, find in terms of e, the
X X
Maclaurin’s series for ln(e + X +sin X) , up to and including the term in X2 [4]
(i) By using appropriate standard series expansions from the List of Formulae
(MF26), verify the correctness of the first three terms in the series expansion for
In(e+x+sinx) found in part (). [3]
(i)  Use your answer to part (i) to give an approximation for
_[ ° 5 2e—4x - dx, giving your answer in terms of e. [3]
0 ¢’In(e+x+sinx)
ey =+Je+ X+sinX
2y . Square both sides first.
= e’ =e+X+sinX

Differentiate wrt X:
ey (2 d

d
1e.,

Differentiate wrt X:

2
ezyd_¥+ﬂezy (ZQH =—sin X
dx

1e.,

2e2Y

2ezy%:1+cosx

d’y
dx?

Do not use the tedious method of

2
working out dy and d_g/ directly
dx dx

—yj:1+c0sx

X
from given equation.

X

dx dx

2
+4eY (%j +sinX=0 (Shown)
X
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(1)

When x=0 , e —e+0+0= y:%
dy _1
dx

2

d7y

dx> &’

dy

dx

2e—=1+1=>

€

d’y

2

1

€

2
2e ] +0=0>

+4e(
dx

1 1 2(x?

X

This series expansions is for y, and

2!

A

=—+—X——
y 2 e e?

[ j+
=In(e+x+sinx)=2y

:2£ ]

1 2x— e

€ 62

e?Y =e+X+sin X

1 2%
e e” 2!

1
—+
2

ie., In(e+x+sinx)

not for In{e+x+sinx)or €.

In(e+ X +sinx)

=In(e+x+ xd—__)\
=In(e+2x+...)
)

=ln(e(
=lne+ln£1+zx+...j
e
=1+ln(1+gx+...j
e
(2452 ]
=1+|| —X X | 4
(]
:1+zx—%x2+---
e e

(i)

l+zx+...
c

1

|

2

€

(Verified)

Apply the following standard series
expansions.
—sinX = X+... and

X2
In(l+Xx)=x-—+....

2
( x> term can be ignored as the result

in part (i) is only up to X term).

Note:
ln(e+ X+sinX) #Ine+ In X+Insin X

In(e+x+sinx) # (Ine)In(x+sinx),

You can use this (ii) result to check
whether you make mistakes in part (1)
or (i1) if the results are different.

X sin X
I+—+

€

ln(e+x+sinx)¢ln(
e
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-1 _
(iii) jo Ze—4x 4

e? In(e+x+sinx)

-1

NF 2e —4X

~Jo
e2(1+2x—22x2j
(] (]

el 2e—4x

dx

— _dx

e? +2ex—2x>

Js
[ e? +2ex—2x )}e
_ ( %2) In(e?)
zln(e +2—£2j

2)-4

ln<e +2¢% -

Use j% dx = In|f(x)|+c

Marker’s comments

About 20% of the students use tedious method to show first part.

Badly done for part (ii). Many students leave blank for this part. For those who tried, many of
them get different answers for (i) and (i1), and still wrote (verified). They should use it to check

their own mistakes.
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D C E

With reference to origin O, the points A, B, C and D are such that @\:a, OB=b ,
OC =-a and OD=-2b. The lines AB and DC meet at E.

Find OE in terms of a and b. [4]
BE

Hence show that —=3. [1]
AB

It is given that A and E have coordinates (1, —4, 3) and (-3, 15, —5) respectively.

Q) Show that the lines AC and BD are perpendicular. [4]

(i)  Find the equation of the plane p that contains E and is perpendicular to the line
BD. [2]

(ifi)  Find the distance between the line AC and p. [2]
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Equation of line ABis r=a+A(b-a).

Equation of line DC is r——a+p( 2b—(- g)),i.e.,
r=-a+u(-2b+a).
To find E, the point of intersection of lines AB and CD,
consider a+i(b—a)=-a+p(-2b+a)

= (I-2)a+Aib=(-1+p)a—2pb

= (2-A—-p)a=(-2p—-21)b
Since a is not parallel to b,

2—u—-A=0 -

{—2u—x=0 - (2)
Solving (1) and (2), we have p=-2 and A =4
~OE=a+4(b-a)=-3a+4b

..BE=OE-OB = -3a+4b-b= 3(@ - @) =3AB Students must know that there is
BE vector
S—=3 no such things as . In this
AB 5% Vector
case, students who have written
3(b-a) _ _
=3 will not be given any
(b—a)
credit.
-3
(i) OE=-3a+4b=|15
-5
1 -3
= -3 -4 |+4b=|15
3 -5
-3 1 0
= 4b=|15(+3 4 = b=|2
-5 3 1
0 0 ;
a-b=—4||3 :—4(—j+3:0
d-b 4 '
3 1 Students must give clear

N OA and OB are perpendicular explanation for every step. In this

— AC and BD are perpendicular case, students must explain clearly

(as AC is parallel to OA and BD is parallel to OB) why OALOB implies ACLBD.
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(i))  Equation of the planepis r+| 3 |=| 15 |-| 3

4 -5
0
ie. r-|3|=25
4
(iii)  Distance between the line AC and the plane p
-3) (0
15 (|3
= distance of O from p = _5—4 =5

Marker’s comments

The first part of this question is badly done. Students must know that problems involving
vectors that are not given in the column vector way are very common in this syllabus. This
question is just one example which requires you to find the intersection between two lines, in
which position vectors of points on the lines are as generic vectors a and b. Students are
advised to do more such practices from MSM and all other vectors revision resources that are

given out.
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Section B: Statistics [60 marks]

5 Four classes CG40, CG41, CG42 and CG43 are tasked to organise a College event. Each
class sends 3 representatives for a meeting.
Q) In how many different ways can the 12 representatives sit in a circle so that
representatives from CG40 are not seated next to each other and representatives
from other classes are seated with their respective classes? [3]
The 12 representatives are to be split up into 3 groups for bonding activities. Each group
must consist of a representative from each class.
(i)  In how many ways can the groups be formed? [2]
(1) Number of ways to arrange the 3 classes

except CG40 =(31)’ (3—1)!

Number of ways to arrange reps from CG40
for a particular arrangement of the other 3
classes = 3!

Required number = (31)’ (3-1)!3!= 2592

(ii)

()’

Required number = 3 =216

Marker’s comments

Students are advised to present their working for P&C questions clearly, step by step. Many
students are not able to get any credit at all for this question because their answer is a one-liner
answer and they got the answer wrong. Such students may be able to at least obtain one or
two marks if they have presented and explained their working more clearly.
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6 In a game at the carnival, a player rolls discs onto a board containing squares, each of
which bears one of the numbers 1, 2, 5 or 10. If a disc does not land within a square, the
player receives nothing. The probability that the disc does not land within the square is

3 : s . .
rk If a disc lands within a square, the player receives the same amount (in dollars) as the

number in the square. Given that a disc falls within a square, the probabilities of landing
within a square with the numbers 1, 2, 5 and 10 are 0.5, 0.3, 0.12 and 0.08 respectively.
It is assumed that the rolls of the discs are independent.

Q) A player pays $5 to play the game and is given n discs. Find n if the game is fair.[4]

(i)  Ifaplayer is allowed to roll 3 discs for $2, find the probability that the player will

have a profit of $10. [4]
(1) LetY (in dollars) be the amount received by a player | For DRV questions, it is often
for each roll. useful to write out the probability
y 0 1 2 S 10 distribution table. You should
P(Y=Y) 311 x 1 1 x 3 1 x 3 1 x 8 || check that the probabilities add up
4 14 2 4 10 4 25 4 100 |1
1 3 3 1
8 | 40 | 100 | 50
E(Y) = (Oxéj + (lxlj +(2xij +(5xij+(10xij
4 8 40 100 50
=0.625
For the game to be fair, Since there are n discs, for the
E(Y, +Y, +-+Y, =5)=0 game to be fair, the total expected
N NE(Y)—5=0 earnings from the n discs minus
N 0.625n=5 the cost of 1 game must be 0.
= n=_y
(i)  Pay $2 for 3 rolls with a gain of $10 implies that | There are 3 cases to gain a total
the player needs to receive $12 from 3 rolls. $12 from 3 discs, and students
Required probability should consider the order of

31 P(Y,=0Y, =2.Y, =10) + 3x P(Y, =LY, =LY, = 10) appearance of the different scores.

+3xP(Y, =2Y,=5Y,=5)

(I8 R

=0.0789 (exact)
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Marker’s comments

Common Mistakes:

Part (i):

1.  Many students were unable to understand the statement “Given that a disc falls within a
square...”. They should realise that it is a conditional probability, which can be easily
visualised using a tree diagram.

2. It is incorrect to subtract $5 off from the score of each disc directly. This is because it
implies that every disc thrown costs $5, which is incorrect since n discs costs $5 (fixed).

3. In general, we say that E(X)=0 when a game is fair, instead of E(X) >0 which many
students wrote. E(X) 2> 0in this question implies that the player is expected to win more
than $5, which is unfair for the game stall owner.

Part (ii):

4.  Many students failed to consider the order of appearance of the scores. Many were also
unable to consider all cases which could lead to $12. Students who did not realise that the
player must receive $12 should read the question carefully.
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A factory manufactures large number of pen refills. From past records, 3% of the refills
are defective.

A stationery store manager wishes to purchase pen refills from the factory. To decide
whether to accept or reject a batch of refills, the manager designs a sampling process. He
takes a random sample of 25 refills. The batch is accepted if there is no defective refill
and rejected if there are more than 2 defective refills. Otherwise, a second random
sample of 25 refills is taken. The batch is then accepted if the total number of defective

refills in the two samples is fewer than 4 and rejected otherwise.

Q) Find the probability of accepting a batch.

[4]

(i)  Ifabatch is accepted, find the probability that there are 2 defective refills found in

the sampling process.

[3]

The stationery store manager purchases 50 boxes of 25 refills each.

(ili)  Find the probability that the mean number of defective refills in a box is less

than 1.

[2]

Let X be the number of defective refills in the sample
of 25 refills drawn from a batch which contains 3%
defective refills.

Then, X~ B (25, 0.03)

(1) P(accepting a batch)

ZP(X =0)+P(X =1)P(X £2)+P(X =2)P(X <1)
=0.4669747053 + 0.3473570958 + 0.1109593034
~0.9252911

=0.925 (correct to 3 s.f.)

The cases in which the batch can be
accepted should be thought through
carefully.

(1)) Required probability
= P(2 defective refills | batch is accepted)
_P(X, =1)P(X,=1)+P(X,=2)P(X, =0)
0.9252911
=0.209 (correct to 3 s.f.)

The question is asking for the
conditional probability of having 2
defective refills given that the batch is
accepted.
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(i)

X~B (25, 0.03)

Since sample size = 50 is large, by Central Limit
Theorem,

approximately

% N(25 (0.03). 25(0.03)(0.97)j

X ~N(0.75,0.1455)
Required probability
= P()? < 1) =0.981 (correct to 3 s.f.)

Alternative solution

X, +...+ X, ~B(50x25,0.03)
X, +...+ X5, ~ B(1250,0.03)
P(X,+...+ X, <50)
=P(X,+...+ X, £49)
=0.973

In general, when the question asks for a
mean number of X when X is a discrete
random variable, students should
consider applying Central Limit
Theorem. This is especially so if the
question has keywords such as
“approximate/estimate the probability”.
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Marker’s comments

Part (i):

I.  Quite a large number of students did not understand the first line and hence did not realise
that the number of defective refills follow a Binomial Distribution. This leads to an attempt
to list out all the cases manually. While computing the individual cases, most students
using this approach did not consider the order of appearance of the “defective” refills (as
per Binomial formula).

2. For students who considered the Binomial Distribution, many did not understand the
selection process if a second batch is required. Many took the question at face value, i.e.
P(1<X,<2)-P(X,+ X, <4). Students need to realise that the number of defects in the
first sample affects the allowable number of defects in the second sample.

Part (ii):

3. Apart from not realising that the question is asking for the conditional probability, many
students were unable to identify the cases of having P(2 defective refills M batch is
accepted). They either forgot that we can have P(X,=2)P(X,=0), or thought that
P(X,=0)P(X,=2) was possible. The latter is not possible because if P(X, =0), there
the sample would have been accepted immediately and a second sample would not be
taken.

Part (iii):

4.  The computation of the parameters for X was poorly done. There was a lot of confusion

about what n is. In this case, X ~ B (25, 0.03) and we have 50 samples. Hence
X 4.+ X5 ~N(50x25%x0.03,50x25%0.03x0.97) approx. by CLT, and hence

X+ + Xy N(25><O.03,25X0’03X0'97) '
50 50

X =
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A study is done to find out the relationship between the age of women and the steroid
levels in the blood plasma. Sample data collected from 10 females with ages ranging
from 8 years old to 35 years old is as shown below.

Age (years) X 8 11 14 17 | 20 | 23 | 26 | 29 | 32 | 35

Steroid Level
(mmol/litre) L

42 | 11.1 | 163 [ 19.0 | 25.5 | 26.2 | 24.1 | 33.5 | 20.8 | 17.4

(i)

Give a sketch of the scatter diagram for the data. Identify the outlier and suggest a
reason, in the context of the question, why this data pair is an outlier. [3]

For the remaining part of the question, the outlier is to be removed from the
calculation.

(i)

(iii)

(iv)

Comment on the suitability of each of the following models. Hence determine the
best model for predicting the steroid level of a female based on her age.

Model A: L=a+DblInx
Model B: L=c+d(x~25)’

Model C: L=e+ f (X—25)4

where a, b, ¢, d, e and f are constants. [3]

Using the best model in (ii), estimate the steroid level of a woman at age 40.
Comment on the reliability of your estimate. [3]

It is known that body muscle mass and steroid level has a linear correlation. The
muscle mass percentage m % of the 9 females were measured. An additional
female, Jane, participated in the study. Jane has her muscle mass percentage and
steroid level measured. The mean muscle mass percentage of the 10 females is
now found to be 26.28 %. The equation of the least squares regression line of m
on L for the 10 pairs of data is

m=2.22+1.25L.

Calculate Jane’s steroid level. [3]
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(1)

»
»

335

4.20

Outlier is x = 29, L = 33.5 because from age 23 onwards, there
is a decreasing steroid level as age increases. However, at
X = 29, the steroid level suddenly increases and this could be
due to reasons such as illness/medication/pregnancy/intake of
additional steroids by athlete/..etc (give any one of these
reasons)

Students need to take note
of what to indicate on
scatter diagram:
- Label of axes
- Spacing and different
in “height” between
data points
- Label min and max
values

The identification of outlier
cannot be just circling of the
point. Student must clearly
states the X and L value of
the outlier.

Explanation of why

(29, 33.5) is an outlier must
be provided with a
suggested possible
contextual reason as well as
an explanation of the kind
of data trend that is resulted
from this reason.

(i)

Model A is not suitable because as X increases, L is either only
increasing (if b > 0) or only decreasing (if b <0) which does not
resemble the data trend of X and L whereby L increases but
when it reaches about 23 years old, the steroid level decreases.
Model B and C have similar trend as the given data set when

d <0 and f < 0 respectively and both are suitable models.

But for Model C, the r-value of L and (X — 25)4 is —0.929
And for model B, the r-value of L and (x - 25)2 is —0.987

Since for model B, the r value is closer to —1, therefore model
B is a better model.

Suitability of model must
take into consideration the
difference between the
model and the data trend,
using appropriate (sign) of
b, d and f.

As it is not possible to
gauge the steepness of
gradient base on the data
points in the scatter
diagram, thus the use of
steepness to decide on
whether model B or C is
better is not accepted.
Calculation of r must omit
the outlier.
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(ii1))  Least squares regression line equation is

L =25.238-0.073667(x—25)"
L =25.2-0.0737(x~25)’

When x = 40, L =25.2-0.0737(40-25)" ~8.7

The prediction is unreliable because X = 40 is outside the data
range of 8 to 35 years old.

Calculation of equation of
regression line must omit
the outlier.

Student must note that they
cannot use the command

Y, (40) directly to find L as

the GC treat (X —25)2 as X.

Answer should be left to 1
decimal place, following
that in the given table of L
values.

(iv) Since m=222+1.25L,
26.28=222+1.25L
— L=19.248

10 9
D L, =192.48 andsince Y L, =164.6,

i=1 i=1

therefore Jane’s steroid level is 27.88~27.9

Students must realise that
even if they are able to find
the value of Jane’s muscle
mass t be 37.07, they cannot
substitute this value into the
equation to find Jane’s
steroid level. So even if the
answer obtained is also
27.9, they are wrongly
assuming that the data point
lies on the regression line.

Only (E,E) lies on the

regression line.
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Marker’s comments

(@)

(ii)

(iii)

(iv)

The scatter diagram is quite well drawn but the labelling of axes, minimum and
maximum values of X and L are often left out or wrongly labelled. Many students are
mainly describing the data trend and the high L level of the point (29. 33.5) and did not
give a contextual reason on why the data trend is as such. On the other hand, another

group of students gave a very brief contextual reason but did not provide any elaborate
on what this reason led to.

Many students did not explore the different possible sign of b, d and f. Most students
wrongly assume that b, d and f are positive and rejected model B and C. One serious
mistake that some students made is that they associate the power n in the expression

(X—25)n to the number of turning points that the graph has, not realising that for all

even integer n, there is only one turning point. Many students also did not read the
question instruction to comment on the suitability of each model, they mainly compute
values of r for all 3 models and conclude the one best model.

Many students left the estimated value of L to 3 s.f. instead of 1 decimal place. Some
forgot to write down the equation of the regression line. Some wrongly write the
equation as L =25.2-0.0737x?. Many forgot to omit the outlier in both part (iii) and in
(i1) when finding r value.

Although most students are able to answer this part correctly, their answers are rather
vague. Phrasing such as “it is an extrapolation” or “It is within data range” is not
acceptable as it is unclear whether the student is referring to X or L within data range.
Students must also remember to answer the question using the given term “not reliable”
instead of “not accurate”.

This part is generally well done but the notation of L is often not used, many just write
it as L even if their subsequent workings show that they know that the value 19.248 is the
mean steroid level.
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A flange beam is a steel beam with a “H”-shaped cross section, and is used as a
supporting structure in construction and civil engineering. A factory manufactures both
Grade X and Grade Y flange beams. The load that can be supported by a Grade X flange
beam follows a normal distribution with mean 2.43x10° kN and standard deviation
4.5x10* kN . The load that can be supported by a Grade Y flange beam is 1.5 times of the

load that can be supported by a Grade X flange beam.

(1) Find the probability that the combined load that can be supported by two
randomly chosen Grade Y flange beams is within 1x10* kN of the combined load

that can be supported by three randomly chosen Grade X flange beams. [4]

(i) A construction company wants to buy 100 sets of three Grade X flange beams.
Find the probability that fewer than 95 of these sets can support more than
6x10° kN . [3]

The company decides to place an order with the factory for a custom-made flange beam
such that the probability of being able to support a load of at least 6x10° kN must be at

least 0.999 .

It is assumed that the load that can be supported by the custom-made flange beam also
follows a normal distribution.

(ili) By taking the standard deviation of a custom-made flange beam to be 3x10* kN,

find the smallest possible mean load in kN, giving your answer correct to the
nearest thousand, for the factory to meet the company’s requirements for the
custom-made flange beam. [5]
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Let A and B be the load that can be supported (in kN)
by a Grade X and Grade Y flange beam respectively.

2
Then, A~ N(2.43><105,(4.5><104) )

Since B=1.5A, then
B~N (1.5(2.43><105), 1.52(4.5x104)2)

3.645x105,(6.75x104)2)

S

leave in exact decimal!

ie. B~ N(

Want to find
P(\(B1 +B,)—(A +A +A3)‘<1><104) —

(1)

E((Bl +B,)—(A+A + AS))

=2x%3.645x10° =3x2.43x10° =0

Var((B1 +B,)— (A +A, +A3))
=2x(6.75x10%) +3(4.5x10*) =1.51875x10"

ie. (B +B,)—(A+A+A)~N(0,151875x10") —>

Required probability
= P(|(B,+B,)—(A+A +A) <1x10')

=P(-1x10* <(B,+B,) - (A + A + A)) <1x10)
= 0.0647 (to 3 5.f.)

Many students did not define the
random variables. Some defined it

wrongly and just wrote it as “Let A be
the Grade X and B be the Grade Y.”

There are some who took (4.5 x 104)

as the variance of A.

Common mistakes for Var(B):
L. Var(B)= (4.5x10')

2
2. Var(B)= 1.5(4.5x10*)

There are still students who wrote

L 2B — 3 A instead of
(Bi+B,)-(A+A+A).
Students are advised not to correct
their working answer to 3 s.f
especially if the exact decimal answer
is obtained.
For e.g. in this case, if students round
of their answer for E(B) to 3.65x10°,
their answer for

E((B,+B,)—(A +A,+A,))is 1000

instead of 0.

Must always write down the
distribution after finding
expectation and variance!

Some students do not understand what
is meant by A within 1x10* kN of B.

Note:
In general,

P(JT|<1x10*) = P(T <1x10*)+

P(T >—1><104)
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(i) A+ A A ~N(3x243x10°3 (45x10')

P(A+A +A >6x10°)~0.951045

Let T be the number of sets (out of 100 sets) of three
Grade X flange beams that can support more than

6x10°kN .
Then, T ~B(100, 0.951045)

Required probability =P (T < 95)
=P(T <94)
~0.365 (t0 3 s.f)

Some students missed out on the three
in the “100 sets of three Grade X
flange beams” and went to find

P(A>6><105)

Did not change P(T <95)to
P(T <94)when using binomedf

(ii1) Let W be the load that can be supported (in kN)
by a custom-made flange beam.

Given: W ~N (g (3x10°))

P(W >6x10%)>0.999
= 1-P(W <6x10°)>0.999
= P(W < 6x10°)<0.001

5_
= plz<Z 6001
3x10
By GC,
5_
OV £ 3 0902
3x10

6x10° — 11 < —92760
—1<-92760-6x10°
1> 692760

Thus, smallest mean = 693 kN (to nearest thousand)

Some denote the smallest possible

mean as X which is incorrect as X
always denote sample mean.

A few standardised wrongly. Wrote
1—6x10°

3x10*
Common mistake:
Took invNorm of the right area which
is 0.999 instead of left area, 0.001
Some started off with inequality but
ended up with an equation after taking
invNorm.

Marker’s comments

e Students are advised not to use Z to denote the random variable as Z denotes the Standard

Normal Variable, i.e Z ~ N(0, 1)

o Students are advised to use exact decimal workings answer or working answers with more
decimal places to avoid loss of accuracy in their final answer.

o There are at least a few in each class who do not know how to correct their answer to the

nearest thousand.

e For part(iii), students are advised not to use GC Table although the unknown is to be
corrected to the nearest thousand. Students who use GC table but did not show their

workings clearly do not get the full marks.
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10(a) College students intending to further their studies overseas have to sit for a mandatory

(b)

(©)

Overseas Universities Test (OUT). Researcher Mr Anand wishes to find out if male
college students tend to score higher for OUT compared to female college students. Mr
Anand’s colleague randomly selects 150 male and 150 female students from the
combined student population of three particular colleges near his home to form a sample
of 300 college students for the research. Explain whether this sample is a random sample.[2]

The mean OUT score for all college students in 2016 is 66.

Mr Anand randomly selects 240 college students taking OUT in 2017 and their scores, X,
are summarised in the following table:

Score, X 60 65 68 70 75 80

Frequency, f 40 90 63 27 18 2

Q) Write down the unbiased estimates of the population mean and variance of the
OUT scores for the college students in 2017. [1]

(if)  Test, at the 10% level of significance, whether the mean OUT score for all college
students in 2017 is higher than the mean score attained in 2016. [4]

(iii)  Explain what is meant by the phrase “10% level of significance” in this context.[1]

(iv)  Mr Anand draws a new sample of 240 male college students. Using the unbiased
estimate for the population variance computed in (i), find the range of values for
the sample mean X that is required for this new sample to achieve a different
conclusion from that in (ii). [4]

The 2017 OUT scores of the male and female college students are independent and
assumed to be normally distributed with means and standard deviations as shown in the
following table:

Mean Standard deviation
Male College Students 64 55
Female College Students 66 3.5

Mr Beng and Miss Charlene both scored 70. Explain who performed better relative to
their respective gender cohort. [2]
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(a) Sample is non-random/biased since students from | Need to mention that the
other colleges do not have any chance of being | probability of a student being
selected. selected into the sample is not
the same for every student
taking OUT in 2017 since
students from other colleges do
not have any chance of being

selected.

(b)(1) Using GC,
unbiased estimate of population mean, X = 66.391

=66.4 (to 3 s.f.)
and unbiased estimate of population variance, A number of students forgot to
s? =4.1048% = 16.8 (to 3 s.f) square the value 4.1048.
(b)(i1)
Let u be the population mean OUT score of students
in2017.
H,:u=66
H, :u>66

Level of significance: 10%

L. X = .
Test Statistic: —— £ ~ N(0,1) by Central Limit Theorem

S
o
since n = 240 is large.

Under H,, with X =66.391, s=4.1048, n=240,
we have p=0.0697

Since p-value <0.1, we reject H,

There is sufficient evidence at the 10% level of significance

to conclude that the mean QUT score of male college
students is higher than 66.

(iii)) There is a probability of 0.1 of wrongly concluding | 10% chance or probability of
that the mean OUT score of male college students is | 0.1
higher than 66.
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(iv) H,:u=066 A number of students wrote the

H, :u>66 critical value as —1.28155
Level of significance: 10% (invnorm(0.10)), without
Do not reject H;, p>0.10 paying attention to H, .
X —66
W <1.28155
\240
= X>66.3396

X >66.3(to 3 s.f)

(c) Let M and F be the OUT scores of male and female
college students respectively

Given: M ~N(64,5.5%) and F ~ N(66,3.5%)
P(M <70) =0.86234

= Mr Beng is in the 86" percentile of male students
(or Mr Beng scored higher than 86% of the male cohort)

P(F <70)=0.87345

= Miss Charlene is in the 87™ percentile of female students

. Miss Charlene performed better relative to her gender
cohort.
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Marker’s comments

(a)

(b) ()

(b) (i1) Most students gained full marks here. Those who did not get (b)(i) correct would have

(b) (iii)This part was badly done. Many students were not able to explain precisely the phrase

(b) (iv)Students have some grasp of what was required, there were many varied errors in

(©)

Many students were able to recognise that the sample is not random. However, many
of them were not able to give precise explanation. Wrong responses included
mentioning the proportion of males and females, abilities of students in colleges which
were not apparent in the question.

This part requires students to write out the unbiased estimates of the population mean
and variance upon entering the data into the GC. Many students were not able to
retrieve the correct unbiased estimate of population variance, they wrote down the
sample variance instead. A number of students applied the formulas to find the
unbiased estimates using the statistics, some with more success obtaining the values,
some used the wrong statistics or wrong formula and did not obtain the correct values.

lost some marks but not all if they have written the correct hypotheses, and conclusion
given in context.

“10% level of significance”, some students seemed to have problem remembering the
definition.

setting up the inequality to achieve a different conclusion from (b)(ii).

Many students attempted to answer this part with lengthy paragraphs about standard
deviations of the distribution of OUT scores of the male and female students. Many
failed to explain using percentiles or probabilities of Beng and Charlene scoring 70
marks and above/or below. A large number of students thought they were computing
the probability of Beng/Charlene scoring 70 marks using the normalpdf function. They
did not understand that the probability is defined as area under the normal curve and
hence the value they obtained were not able to explain who performed better in their

cohort.
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2017 VJC Prelim Paper 1

1.  Without using a calculator, solve the ineguality i; -13 =1, 4]

2. The Singapore Utility Board charges the residential users based on the usage for
electricity, water and gas. Electricity and gas are charged by kilowatt hour (kWh} used
while water usage is charged by cubic meters (CuM). Below are the monthly utility
statements for Mr Pandy from May to August 2017,

SEOUIRETE (May 2017) - SEQAIREEIE Uune 2017)

Mr Pandy Mr Pandy

Blk 20 Marine ... Bfk 20 Marine ...

Current month charges Current month charges

Electricity 514 kWh **¥ %+ Electricity 303 kWwh ***»#

Water 18.8 CuM B Kk : Water 11.3 CuM 3

Gas . 134 kwh A% #= Gas 89 kwh ¥ e*

Total $155,54 $94.99 )

Bl (August 2017)
Mr Pandy ' Mr Paidy
Bik 20 Matine ... © § Bk 20 Marine ...
Current month charges Current month charges
Electricity 639 kWh *** +* Electricity 555 kWh ***x*
Water 217 CuM *x x Water WTCuM  Fm ok
Gas 108 kwh  *% > _ Gas 128 kWh  #x xx
Total $ 208.40 Total $184.84
4 4

It is known that the unit costs for electricity, water and gas remain unchanged for May
and June, The unit cost for electricity was increased by 20% with effect from July 2017,
while the unit cost for gas and water remain unchanged '

(i) Calculate the unit cost for electricity, water and gaé for June 2017, giving your
answers correct to the nearest 4 decimal places. [31

(ii) The water usage for August 2017 was not clearly printed on the bill. Using your
answers in part (i), calculate the water usage for August 2017 to the nearest CuM.

[2]
3.  Itis given that
f(x)z{(xumz—l, for0< x<3,
x—3, for3<x <6,
and that f(x)={(x+6) for all real values of x.
() Sketch the graph of y=f(x) for 0 <x<10. 31
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© (i) On a separate diagram, sketch the graph of y=1 -i-f(—l'x) for 0<x<10. [2]
4.  The curve C has equation y+4) (x+3) =4, Sketch C, gmng the coordma’ses of

any tumning poinis and the equatlons of any asymptotcs _ (3]

chce ﬁnd thc set of vaiucs of m such that the straight lme with gradwnt m that passes _
through the point (-3,-4) intersects C at leastonce. = R 7

Alvin is at the point 4 on a floating platform in the sea. He wants to reach point B located
on a straight stretch of beach. N is the point on the beach nearest to 4 and NB = 2 km.
Alvin swims at a constant speed in a straight line from A to P and then runs at a constant

* speed from P to B, where P is a point on the straight stretch of beach from N to B.
NF = x km and T minutes is the time taken for Alvin to compleic the journey.

~ . T and x satisfy the differential equation

ar _ 5Jsx
ax xfx +4
(i) Solve the differential equation. | 3]

(i) Given that the minimum time taken for Alvin to completc this Journey is 30
ntinutes, find T terms of x. - | 131

(i) Using your answer in part (ii), find thc longest time taken by Aivm to complete |
the journey. . : oo 2]

6. - The function h is defined by B _
h:x|—>e“2'—._1 ' for x e R.

() Find h~ (x} and state the domain of h™. . o | [31

"(.ii) " Sketch, on the same diagram, the graphs of y = h (x) and y= h (x) giving the
equations of any asymptotes and the exact coordinates of any points where the
curves cross the x-and y-axes. .- _ 3]
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(iti) Find the set of values of x such that h™ (x) > h(x). : [2]

The diagram below shows the curve with equation y=f (x) The curve crosses the x-
and y-axes at the points (24,0}, (4,0} and (0,— —g) where £ > 0. The curve has an

oblique asymptote y = x—1 and vertical asymptote x =~3.

=
|
[
o

(i) On scparate diagram, sketch the graph of y= , including the coordinates

1
£(x)

of the points where the graph crosses the axes and the equations of any

asymptotes. £31
2
(i) Itis further known that f(x)= i‘—*"—ii‘-ﬂ' where a, b and ¢ are constants. Find
XTce
the values ofa, b and c. _ [4]
2
It is given that Z =3 M.
=ty "2 2(3")
rt (-1
() Find Z ( ) B
r=l i .
. (r-2) 2 p a-anta - .
(ii) Show that Z —— =4 ——————, where g, p and ¢ are integers to be
= 3?’ q 2 ( 3!}—2 )
determined. [5]

(a)  Givenithat J:x sinx dx = 0.5, where 0 < a <2, find an equation that is satisfied
by a and use it to find the value of a. : 51
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10,

11,

(b)  Write down a definite integral that represents the area of the region bounded by

Jx
VR
Use thc substltut:lon Y= 3 f to find the exact valuc of the area. [6]
It is given that z, , z, and z, are the roots of the equation

the curve with equation y=

22° + p +gz—4= 0

such that arg z, <arg:4:2 <arg z;and z, =1- ix/3 . Find the values of the real numbers v
and g. T e 3]

() ‘Without using the caleulator, find z, and z, . o ' [3]

In an Argand diagram, ﬁoints P, O and R represent the complex numbers 7 ,

=2+ i\/_ 2 and z, +Ww respectively and O is the origin

(1) Express each of 2, and w in the formre’& Wherer>()and —7r<9<?r

- Giverandfin exact form. = ' o ' 2]

(iii)- Indicate P,.Q and R on the Argand dlagram and 1dentlfy the type of the

. quadrilateral OPRQ . & L [3]
-(i'v.)'__ Find the'cxact va_lue_of _arg(zf_ﬁ»"f]. | _ | S | [3]

Physicists are investigating the reflective property of a particular reflective surface. The
diagram below shows the set-up of a particular experiment, where a laser emitting
device was placed at the point with coordinates (1, 2, 3). A laser beam was emitted in
the direction parallel to i +k . The path of the emitied laser beam and its reflected path
make the same angle @ with the reflective surface. The plane containing these two paths
is perpendicular to the reflective surface. '

Write down the vector equation of the path of the ernitted laser beam. [1]

reflective surface

Device

1t is known that the reﬂecfive surface has equation x+y+z=4.

() Find 6. | - 3]

52 .
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- (i) Show that the [aser beam meets the reflective surface at the point
(0,2,2). [3]
(i) Find the vector equation of the path of the reflected laser beam. [3]

12. A curve Chas equation y =In(x?), x = 0. _
) Sketch C | 2]

k
(ii) The part of C from the point A(e™,—2) to the point B(e?,k), k>4, and the line
y=-2 is rotated about the y-axis to form the curved surface and the circular
base of an open vase. Find the volume of the vase, giving your answer in terms
of 7 and £, in exact form. (2}

(i) Water flows into the vase at a constant rate of 2 cm’® per second. By first
showing that the volume of water in the vase is given by V' = ;':(x2 - e'z) when

the radius of the water surface is x om, find the rate at which x is increasing,
giving your answer in terms of x, [4]

(iv) Aninsect lands on the inner surface of the vase at the point (e, 2) just as the in-
coming water reaches the depth of 2 cm. It immediately starts to craw} along
C such that the x-coordinate of its location increases by a constant value of 0.03
cm per second. Find the coordinates of the point on C at which the insect will
first come into contact with water. [5]
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VJC H2 Maths Preliminary Examination P1 2017 Solutions

Solution

O

6x-13

Comments

2i

>1
X’ —4

6Xx—13—x*+4 5
X’ -4
(x-3)°

+2)(x-2)

0

+ - + +
O Q ¢
—2 2 3

S—2<X<2 or Xx=3

Let $E, $W and $G be the unit cost of electricity,
water and gas, respectively.

S14E + 18.8W + 134G = 155.54

309E + 113W + 89G = 94.99

639(L.2)E + 21.7W + 108G = 208.40
Using G.C,

E=0.2137, W =1.1749, G =0.1761.

2ii | Let w be the water usage for August 2017
(0.2137)(1.2)(555) +1.1749w + 0.1761(128) =184.84
w=17
3i y
A
(0,3) 63 7 )

T\(m /\ P

ol \_/B0) ({O\_/0.0

(2-1) (8,-1)
3ii y
y=1+f (1 xj
lo.4) 2
(10,3)
0 (6,1) .
@0) X
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Solution Comments

O

\ y //zx_l
\\\\/O I”! X

Intersect at least once: {meR: m<-1 or m>1}

5i ar 5\/§x

dx  fx*+4
5\/§x
T= -5 dx
J‘(\/x2+4 J
1
:%J-ZX(XZJA)Z dx—j5dx
2

-5

1
2 4 E
:%u_&(_'_c
2 1
2
1
=55(x* +4)? ~5x+C -——(1)
Sii dT 5./5x
Whent=30, — =0: =5:>\Exz,fxz+4
dx X2 +4

X’ =X"+4=>x==1
Since x>0, x=1
Substitute x=1 and T =30into equation (1)

1
30=5\5(1+4)2 -5+C=C=10

T:5J§(x2+4);—5x+10

G

v=5£(x2+4);—5x+10

%) ' > X

When x =0, T =32.361. When x =2, T =31.623
Longest time taken by Alvin is 32.4 mins.
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Q | Solution Comments
6i y= e*?2_1
x=In(y+1)+2
h™(x) = In (x+1) +2
Domain of h™ =range of h = (-1, «)
&
1 Yy y = h(z) y=a
6iii | Using G.C, y=h"(x) and y = h(X) intersects at
X =-0.94753and x =3.50524
Set of valuesof x = { xe R: —0.948 < x <3.51}.
i x=-2k; Va Lx =k

y=0 :

w
)
e

Since x =-3 is the vertical asymptote, ¢ =3
Given that y =x—1 is an oblique asymptote,

A
f(X)=x—1+
(x)=x +x+3
C(X=D)(x+3)+ A x*+2x-3+A
B X+3 - X+3

By comparing coefficient of x with
X+3

x> +ax+b
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Q | Solution Comments

2
Since (0,—%} is on the curve, w:_g

8i o r2+(_1)f » 2 =
R Y B

r=1

8ii

| -

n (r_2)2 r2=n -2 -
Z 32 Z — (replace r with r +2)
2=4
n2r_
=3
72!‘2_(1)2
=3 3
(-2 +3(n-2)+3 1
2(3"7) 3
n—4n+4+3n-6+3
2(3"7)
7_n-onil
6 2(3"%)

-
+

T
MW

> =

-

ol~N N|w
|

9a J-:xsin xdx = 0.5

[-xcosx]; + I: cos xdx = 0.5

[-acosa+0]+[sinx]; =05
—acosa+sina=0.5 ---(1)

y=0.5 /
/sina—acosa

Using GC, a = 1.20249 =1.20 (3 s.f.)
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Q | Solution Comments

9b 4
Area = j \/; dx
0

3-x
Let u :3—«5
du 1 dx
— == "=-2(3-u
dx Zﬁ:du (3-u)

Whenx=0, u=3
Whenx=4, u=1

J‘:si/_i(/; dx::(t—uj[(—Z)(?’—U)] du

®3
=2 (g—6+uj du
L \u

w? T
:2[9Inu—6u+—}
2

1

:2(9|n3—18+gj—2[—6+£j
2 2

=18In3-16

10 | since 1—x/§i is a root,

2(1—i\/§)3+ p(l—i\ﬁ)z +q(1-iv3)-4=0
2(-8)+ p(-2-2J§i)+q(1—iJ§)—4=o
(—20—2p+q)+(—2\ﬁp—\ﬁq)i=0

Compare real and imaginary parts:
-2p+q=20 -——(1)

20330 -—(2)

..p=-5 q=10

10i Since 1—«Ei is a root, and all coefficients are real
=1+ J§i is also a root.

22° 52?4102 -4 = (2 (1-3i)) (2 (1+3i)) (22 +a)

:(z2 —22+4)(22+a)
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Q | Solution

Comments

By observation: a=-1

.'.22=%, 23=1+\/§i

10ii

|z|=\1+3=2 w=v2+2=2

argz, =arg (1—«/§i)

w= \/§+ix/§
]

4

Zi
, wW=2e

10iii

0(v2,42)

\
\
. N
\ S-- \
\ R \
\ RETIU
\ )
\ PR(3,2-3
\ 7 s
\ .
\ o
\ .

¥

P(1,-3)

Quadrilateral OPRQ is a rhombus

10iv

4arg(z,)+arg(w*)=4arg(z,)—arg(w)
dr

3 d
19
12

11

1
r=/2+4/0]|, AeR
3
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Q | Solution Comments

11i 1\ (1
0.1
1

COSax =

V243
a=353
0 =90°—35.3°

=54.7°

11ii | Intersection of light beam with reflective surface:
1 1 1
2|+A|0([|1|=4
3 1 1

6+21=4

A=-1

Coordinates of point of intersection = (0, 2, 2).

11iii | Let F be the foot of perpendicular from device to normal
line and A be the point (1, 2, 3):

B(0, 2, 2)

e Y

BF = ﬁ-ﬁj@

1-0) (1) ](1
2-2 11111
1(8-2) (1) |1
N NG
21
=21
3
1

Using Ratio Theorem,
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Q | Solution Comments
EZB*A;JI
2
1) (1 1
BA=21|-|0|=14
3 3
1) (1 1
Equation of reflected light path:
0 1
r=2|+a| 4|, aeR
2 1
12i y o
" //
\NO|[ / ¥
(-10)\ | f1.0)
|/
XL0

Volume of the vase = 71.[: x*dy
= ﬂj-ieydy

—ale'],

Il
3
|
@
=
|
1)
PN
L

Volume of water, V =rx yzeydy

ﬂ[ey —e?
2

7[|:elnx —e

7Z'|:X2 —e”?

Given d—V:Z,
dt
dx_dvde
dt dt dv
=2 1

27X
-1
X

]
]
]
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Solution

Comments

Hence the rate at which the radius of the water surface is

. .1
Increasing IS —cm per second.
7TX

For the insect, 3—1( =0.03.

t seconds later, the location of the insect is at
X=0.03t+e

For the movement of the water,

o _ 1

dt #zx

I X dx='|‘1dt

2
X _tiC
2

Whent=0,x=1

c.”
2

X? T
=t+=

2 2

When the insect first comes into contact with water,
7(0.03t+e) 7
2 2
7(0.03t+e)’ —z =2t

2 2t+rxw
(0.03t+e) =
T
HORHAL FLOAT AUTO REAL RADIAN HP l:l
CALC INTERSECT

Yas(ZR+mwleim)

y = (0.03t +e)’ y

Intersection
H=12.857539 Y=9.8220157

Using GC, t = 13.858
x =0.03(13.858)+¢ = 3.1340

y=In(3.1340)" =2.28

Hence coordinates of the point = (3.13, 2.28)
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2017 VJC Prelim Paper 2
~ Section A: Pure Mathematic [40 marks]

1. . A cwve(is defined by the parametric equations

i
1w YT
* where ¢ takes all real values except 1. |
Fmd e leavmg your answer in terms of 7. . | 3]

e -~
' (i)-' Show that the cquatlon of the tangen’t o C atthe pomt (-—p—- -—p—) is

3

1+p l4+p _

y:p(p+2)x—-p.- . [2]

(i1} Find the acute angle between the two. tangents to C which pass through the
point(2,5). - | | {31

2. Referred to the origin O, the points A, B and D are such that O4 =a, OB =b and
_ . 1 _ '
OD=d.The point C is such that OACB is a parallelogram and angle OAC is 2?“

" radians.

(i) Giventhat a is a unif vector and |b] = 4, find the length of projection of OC onto

od. | D | [3]

- (ii) Giventhat Aa+ub-+d=0 and f[,+y+1:0,showthatA,BandD.are collinear.

I =4, find the area of triangle OBD, leaving your answer in the form k_la X bl .
where £ is a constant fo be determined. . . . [3]

3. A geomctnc senes has common ratlo ¥, and an anthmetlc series has first term a- and '
common daffemncc d, where g and d are NON-ZEro and a>0. The first three tcrms of the
_ geometric series are cqual to the first, e1ghth and thlrtcenth terms respeotwely of the
arithmetic seties. L L
(i) Showthat 777 —12r +5 0 . [2]
(ii) Deduce that the geometnc series is convergent.. - .. . 2]
(iii) The sum of the first n terms of the geometric series is denoted by S, . Find the

smallest value of n for S, to be Wxthm 0. 1% of the sum to mﬁmty of the geometric

 series. ' L . 4]
(iv) Find exactly the sum of the first 201 7 terms of the: anthmehc scnes leaving your
answer in terms ofa. : (3]
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(a) It is given that y=f(x)_is such mat-my:"%x'y-—ysz—e‘sinx and that the

Maclaurin series for f(x) is given by T+%x +mx? +..., where m and » are some

real constants,

(i) State the values of f(0)and £'(0). | 2]

(ii) Find the values of m and n. 3]

() Inthetriangle 4BC, AC =1, angle BAC =§ radians and angle ABC = —g—radians.

D 1s a point on BC produced such that angle CA4.D = 8 radians (see diagram).

V3

(i) Show that AD = N5 R (4]
(i) Given that @ is a sufficiently small angle, show that
AD =1+af +b6" ,
for constants a and b to be determined exactly. 3]

Section B: Statistics [60 marks]

John and Peter play a game of chess. It is equally likely for either player to make the first
move. If John makes the first move, the probability of him winning the game is 0.3 while
the probability of Peter winning the game is 0.2, If Peter makes the first move, the
probability of him winning the game is 0.5 while the probability of John winning the
game is 0.4, If there is no winner, then the game ends in a draw.

(i) Find the probability that Peter made the first move given that he won the
game. [3]

(if) John and Peter played a total of three games. Assuming fhat the results of the

three games are independent, find the probability that John wins exactly one
game. [3)
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- An experiment to determine the effect of a fertilizer on crop yield was carried out. A field
was divided into eight plots of equal area and eight different amounts of fertilizer, one
for each plot, were used. The table below shows the amount of fertilizer, x grams, and the
crop yield, y grams, for each plot. :

Amount of fertilizer

" 5 | 2 137 [ 55 | 6|6 | 78| 9
Yield () 101 | 123 | 137 | 150 | 150 | 154 | 158 | 160
() Draw fhe scatter diagram for these values, labciling the axes. ) i1}

It is thought that the yield of a crop, y grams, can be modelled by oﬁe of the forfnul'ac :
y=a+bx or y=c+dnx ' '
where g, b c and d are constants

(ii) Find the value of the product moment correiatlon coeﬂicwnt between
(@) x and .y, : : _ S
(b) Inxand y. " . _ ) 2]
(i) Use your answers to parts (i) and (i) to explain which of y=a+bx

or y=c+d Inx is the better model. N - | 2]

(iv) Foraplotofland, the yield of the crop was '144 grams. Using a suitable regre_ss_ion :
line estimate the amount of fertiiizer used, giving your answer to the nearest gram.,

o [2]
(+) Comment on the .reliability of the model in pai't (iv) in :;ircdié'tiﬁg_ the value of
when x =110. ; . | o 1

Four digits are randomly selected from the set {1,2,3,4,5,6,7.8 9} to form a four-digit
number. Repetitions are not allowed ' .

(i) Find the probability that none of the digits in the fout_-dig_it pumper are odd.  [2]

 The random variable X denotes the number of odd digits in the four-digit number formed.

(i) Show that P{X =1) zg_, and find the rest of the probability distribution of X,
giw}ing each probability as a fraction in its lowest terms. o [3]
(iii) Find the expectatlon and variance of X. - | - [3}

(iv) Two independent observatlons of X are denoted by X and X,.
Find P(lX,-X |<3) o | “
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In this question, you should state clearly the values of the parameters of any normal
distribution you use.

A supermarket sells two types of durians, D25 and Musang Queen. The durians are sold
by weight. The masses, in kilograms, of D25 and Musang Queen are modelled as having
normal distributions. The means and standard deviations of these distributions, and the
seling prices, in § per kilo gram are shown 1n the following table.

Mean Standard dcvnatmn Selling price
_ (kg) ~ (kg) (¥ per kg)
D25 = 1.5 0.02 9
Musang Queen 18 . 0.035 18
(i) A customer buys 3 D25 durians and 2 Musang Queen durians. Find the probability
that the total cost of his purchase is more than $107. {5]
(ii) State an assumption needed for your calculations in part (i). {1]

(iii) The probability that the average weight of » randomly chosen D25 durians
exceeding m kg is at least 0.1. Show that » satisfies the inequality

(m—15)Vn <0.025631.
Hence find the largest possible value of  when m=1.51. 4]

Ryde, a leading private hire car company, announced JustRyde, a new service that
promises more affordable fixed fare rides and shorter waiting times. In their
advertisement, Ryde claimed that the mean waiting time, in seconds, was 240. A random
sample of 50 JustRyde customers is taken and their wa.ltmg thmes, x seconds, is recorded.
The data are summarised by

¥ (x—240)=120, 3(x~240) =11200.

{) Find unbiased estimates of the population mean and variance. [2]

(i) Test, at the 10% significance level, whether thc populatlon mean waiting time is
more than 240 seconds. [5]

(i) State, giving a valid reason, whether any assumptions about the population are
needed in order for the test o be valid. o f1}

(iv)  Explain, in the context of the question, the meaning of ‘at the 10% significance
level’. _ _ o [1]

(v) In another test, using the same data and also at the 10% significance level, the
hypotheses are as follows:

Ho: the population mean waiting time is equal to k seconds.
H,: the population mean waiting time is not equal to-k seconds.

Given that the null hypothesis is rejected in favour of the a]tematxve hypothesis,
find the set of possible values of £. _ (3]
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10,

It is a common practice for airlines to sell more plane tickets than the number of seats
available. This is to maximise their profits as it is expected that some passengers will

not turn . up for the ﬂlg,ht

The plan’e used by Victoria Airline for her daily 10 am flight from Sing'apoi'é to Hong

. Kong has a ‘maximum capac1ty of 150 seats. For this particular flight, 154 tickets are

sold every day On average p outof 100 customers who have purchased a plane ticket

- for this flight turn up. Customers who turn up after the flight is full will be turned away.

The number of customers who turn up for the 10 am ﬂlght on a randomly chosen day, is

denoted by X

(i) State, in the context of this quest;on, two assumptmns needed to model X by a
binomial distribution. - g -y i 12}

(ii) Explain why one of the assumptlons stated in part (i) may not hold i in this context.
1]

Assume now that these assumptlons doin fact hold

(i) Tt is known that there is a 0.05 probability that at least 153 customers will turn up
for the 10 am flight. Wnte down an equation for the va.'lue of p, and find this value
numericaily. _ B

Ttis given instead that p = 94

(iv) Find the probability that, ona randomly chosen day,
(a) there are at least 141 but not more than 148 customers who turn up for the
10 am flight, : 2}
) every customer who turns up gets a seat on the 10 am fli ght _ [1]

(v) Find the probabﬂlty that every customer who tums up gets a seat on the 10 am
flight on more than 5 days in a week. _ > 3]
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VJC H2 Maths Prelim P2 2017 Solutions/Mark Scheme

Q | Solution

Section A: Pure Mathematics [40 marks]

1| dy _dy, dx

dx dt dt
C(+t)2t-t? (1+1)(1)-t
Sty (@+t)
=17 + 2t

2
Atpoint | —,—— |, t=
pomn [1+p 1+ pj P

2
Equation of tangent at point L, P ,
1+p 1+

2

y_1Ep:{p2+2p{%__£_]

1+p

p°  p  2p°
1+p 1+p 1+p
p*(p+1)

1+p

y=p(p+2)x+

y=p(p+2)x-

y=p(p+2)x—p’

Lii | Tangents pass through (2,5)

p=-5 or p=1

Equations of tangents are

y=3x-1 and y=15x-25
Required acute angle between the 2 tangents
=tan™'(15)—tan™*(3)

=0.255 rad or 14.6°

= 5=p(p+2)(2)-p’ A (15%
P> +4p—5=0 O >

2 —

OC=a+b B

3wl

2
3

Need a home tutor? Visit smiletutor.sg



Solution

Length of projection of OC onto OA
=|(a+b)-a

2ii

Jarird=0 (1)
-—-(2)

Sub (2) into (1): (-1-u)a+ub+d =0
n(b-a)=a-d
11 AB = DA

Since AB// DA and A is a common point,
A, B and D are collinear

A+u+1=0

Given y=4, d =5a-4b
Avrea of triangle OBD

= “pxd
2
1
= >[ox(5a-4b)

=%|5t~)x§—4k~)xk~)|

3i

ar—a+(8-0d = d=2"2

2

ar-—a

ar’=a+(13-)d = d =
12

ar—a ar’-a
7 12

12r-12=7r*-7

7r*-12r+5=0
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Q | Solution
3
' From the GC, r :; orr=1.
Since d =0, the terms of the geometric series are distinct
we conclude that r #1. Hence, r = g
As |r|= ‘; <1, the geometric series is convergent.
3iii |Sw — Sn| <0.001S,
at)
a5 - ——|<0.001 Ls
1-= 1-= —
7 7
2 1_[1_@ <oom| 2
1-° ! 1-2
7 7
5 n
7) <0.001 (--a>0)
5
nln(?j <In0.001
. In0.001
5
In=
7
n>20.53
Smallest value of n is 21.
3iv (5)
al=|-a
ar—a 7 2
d= = =——a
7 7 49
The sum of the first 2017 terms of the arithmetic series
=@ 2a+(2017—1)(—£a}
49
566777
=— a
7
4ai

f(x):1+%x+nx2+...

Comparing with

F(0) =1 (0)+t (0)x+ Dy

=f(0)=1

2!

Need a home tutor? Visit smiletutor.sg



Solution

=1(0)=3

4aii

Given my® g—y— y’ =—e*sinx ———(2)
X

When x=0,

m=3
Differentiate (2) w.r.t. x:
2 2
3y? d—Z+6 dy —3y? dy =—e*sin x—e* cos x
dx dx dx
When x=0,

3(1)° (zn)+e(%j2 _3(1)y @ 1

6n:—g

4bi

Method 1
£ACD =%+% - 2?7[ (ext angle of a triangle)
Using Sine Rule in AACD

AD AC
. 2T
sm—” sin(ﬂ—h—ﬁj
3 3
&
AD = 2
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Solution

#
sin %cos@—cos%sin 0
"
(\/_%jcose—(%)sin 0

- V3
«/?:cose—sine
Method 2
In right-angled AABC, AB = !
tan%

AADB:ﬁ—Z—EZ+
6 \2

Using Sine Rule in AABD

AD  AB
sinz sin(”—@)
6 3

JBsinZ
AD = 6

sin [z—ej
",
sin %cos@—cos%sin 0
)
(\/_%jcose—(%)sin 0
B

- \/?:cose—sine

0} :%—9 (angle sum of a triangle)

V3.

4bii

When @ is a sufficiently small angle,
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Q | Solution

Section B: Statistics [60 marks]

5 st
1t Move 03— John

02 Ppeter
_John

0.5 %

Draw

0.4 John

" Peter ﬁi Peter
1

Draw

0.5

5i P(Peter made first move | Peter won the game)

_ P(Peter made first move and Peter won the game)
- P (Peter won the game)

3 0.5x0.5
 0.5x0.2+0.5x0.5
5

7

Sit | P(John wins)=0.5x0.3+0.5x0.4=0.35
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Q | Solution

P (John wins in exactly 1 game)

= (0.35)(0.65)(0-65)X%

=0.443625 or @
8000

=0.444(t0 3s.f.)

Alternative
Let X be the number of games won by John out of 3 games.
X ~B(3,0.35)

P (John wins in exactly 1 game)
= P(X :1)

=0.443625 or @
8000

=0.444(t0 3s.f.)

6i %
170 4
160 °
150 C

140
130
120
110
100 \ ®

\
90 > X

0 20 40 60 80 100

6iia From GC, r =0.93639 = 0.936 (3 s.f)

6iib | From GC, r = 0.98775 = 0.988 (3 s.)

6iii | Since

1) the points on the scatter diagram seem to lie close to
an increasing curve with decreasing gradient (or
close to a curve in which y increases by decreasing
amounts as x increases), and

2) the product moment correlation coefficient between
In x and y of 0.988 is closer to 1 than the product
moment correlation coefficient between x and y of
0.936,

hence y=c-+dInX is the better model.

6iv | From (iii), we should use the regression line of y on In x.
From GC, the equation of the regression line of y on In x is
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Solution

y =20.8496+31.539In x

y=20.8+315Inx (3s.f)
Wheny = 144, 144 =20.8496+31.5391n x

.. Xx=49.635=50 (nearest gram)

6v

Since x = 110 is outside the range of data values
(15<x<90), hence the estimated value of y may not

be reliable.
7i | P(no odd digits) = P(all even digits)
4 4
C4 P4
_ 1
126
7ii 5C. 4
p(X =1)=—2 % 10
Cc, 63
X 0 1 2 3 4
Px=x[ 1 |10 10 20 |5
126 63 21 63 126
7iii 4

E(X):ZXP(X:X)

x=0

(32

2

[{e]

Var(X)=E(X*)-[E(X)]

4

ZXZP(X = x)—(%)z

x=0

:1(Ej + 4(£j +9(§j +16(i
63 21 63 126

50

81

HE)
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Solution

7iv

P(|X,—X,|<3)=P(-3<X,-X,<3)
=1-2P(X,=0 & X,=4)
—2P(X,=0 & X,=3)
—2P(X;=1 & X,=4)

e (126j(1§6j 2( j( j
()3

_ 793 (or 0.982)
7938

Let X kg and Y kg be the mass of a randomly chosen D25
durian and Musang Queen durian respectively.

X ~N(L5,0.02%), Y ~N(L8,0.035%)

8ii

Let T=9(X,+ X, +X;)+18(Y, +Y,)
E(T)=E[9(X,+ X, +X;)+18(Y, +Y,) ]
=9(3)(1.5)+18(2)(1.8)
=105.3
Var(T)=Var[9(X, + X, + X;)+18(Y, +Y,) |
=(9)°(3)(0.02)" +(18)(2)(0.035)°
=0.891
T ~ N(105.3,0.891)

P(T >107)=0.035852
—0.0359 (35.f)

8ii

The masses of all the durians are independent of each other.

8iii

X+ X+ 4+ X,

Let X =

Given (X> >0 0.9

0.07 g 0.1
\/ﬁ %Aﬁ= =z

0 1.28155
m-1.5 |

O.% = «— k
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Solution

From the GC, P(Z <1.28155)=0.9
- m-15

= (m-15)+/n <0.025631

<1.28155

when m=1.51

= (1.51-1.5)v/n <0.025631

= n<6.5695
Largest value of nis 6

9 | Lety=x-240
unbiased estimate of population mean
=X
=y+240
_ZY g
n
_ 120 240
50
=242.4
Unbiased estimate of population variance
=g
1 >y)
n-1 n
2
Pl 11200 - 120
49 50
=222.69 =223 (3s.f)
9ii | Let x be the population mean of X.

H, : x =240
H, : x> 240
Level of significance: 10%

Test Statistic : since n =50 is sufficiently large,
By Central Limit Theorem,
X is approximately normal.
When H, is true,
X —240
7=
S

J50

~ N(0,1) approximately
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Q | Solution

Computation :
X =242.4

$=4/222.69 =14.923

p—value =0.128 (3 s.f)

Conclusion : Since p-value = 0.128 > 0.10, Ho is not rejected
at the 10% significance level. So there is insufficient
evidence that the population mean waiting time is more than
240 seconds.

9iii | No assumption is needed. Since the sample size is large, by
Central Limit Theorem, the distribution of the sample mean

( X) is approximately normal.

9iv | There is a probability of 0.10 that the test will conclude the
population mean waiting time is more than 240 seconds
when it is actually 240 seconds.

9 | H,:u=k

H, :u#k

Level of significance: 10%
For H, to be rejected,

0.05 0.05

-1.6449 0 1.6449

2 <-1.6449 or z>1.6449

:_k <_1.6449 or ’S‘_k >1.6449
VA J
242.4—K 242.4-K
J50 J50

242.4 -k <-3.4714 or 242.4-k>3.4714
k>245.87 or k<238.93

{keR:k<239 (3s.f) or k=246 (3s.f)}

10i | The assumptions are
(1) The probability that a customer turn up for the flight is

P for all the 154 customers.
100

(2) Customers turn up independently of each other.

10ii | Customers may be travelling in a group or as a family.
Therefore, customers may not turn up independently of the
others in their group.
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Q | Solution

10iii ( p j
X ~ B[ 154,
100
Given P(X >153)=0.05
P(X =153)+P(X =154)=0.05

154 ( D Jm( D j 154 ( p j”“
L R I N ) S | =005
153/ 100 100 ) \154 )\ 100

153 154
154(lj (1—ij+(ij ~0.05
100 100" (100

IIntnr:m:tim:-
K=96.95676 ¥=.08

From the GC, p=96.9568=97.0 (to3s.f.)

10iv | X ~B(154,0.94)
P(141< X <148) =P (X <148)—P(X <140)
=0.825

10iv | P(X <150)=0.98443=0.984(to 3s.f.)

10v | Let Y be the number of days (out of 7) in which every
customer who turns up gets a seat on the flight

Y ~ B(7,0.98443)
P(Y >5)=1-P(Y <5)
—0.995
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H2 Mathematics 2017 Preliminary Exam Paper 1 Question (9758)
Answer all questions [100 marks]

1
Y A
y=1f(2x) -1
C3,3)
> X
0 B(2,0)
x=1
The diagram shows the curve y =f(2x)—1 with a maximum point at C(3, 3). The curve
crosses the axes at the points A(0, 2) and B(2, 0). The line x = 1 and the x-axis are the
asymptotes of the curve.
On separate diagrams, sketch the graphs of
() y=1(x), (2]
(i) y=f'(xn), (2]
stating clearly the equations of the asymptotes and the coordinates of the points
corresponding to A, B and C where appropriate.
2 1)) Without using a calculator, solve the inequality ———=<0, giving your answer
[
in exact form. [2]
(ii) Hence, find the set of values of x for which XS <0. [2]
x—

3 Referred to the origin O, the points A and B are such that 074 =a and O79 =b. The point
P on OA is such that OP: PA=2:3, and the point Q on OB is such that OQ: Q0B =1:2.
Given that M is the mid-point of PQ, state the position vector of M in terms of a and b.[1]
Show that the area of triangle OMP can be written as k |a X b|, where k is a constant to be
determined. [4]

4 Find
(a) jcos(ln x) dx, (3]

1-2x
b dx. 3
) j 2x% +1 ]
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It is given that z=3+i and w=—1+i.
2

(i) Without using a calculator, find an exact expression for Z— . Give your answer in
w
the form re'?, where r>0and -7< 8 < 17. [4]
(ii) Find the exact value of the real number g such that arg (1 —gj = % [3]
z

It is given that y =In (3 + e").

2 2
()  Show that %{%J :%. [3]

(ii) By differentiating the above result, find the first four non-zero terms of the
Maclaurin series for y. Give the coefficients in exact form. [3]

-2x
(iii) Hence find the Maclaurin series for P up to and including the term in x°.
e

(2]

, ax’ +bx—8 o
The curve C has equation y = 5 where a and b are constants. It is given that C
X—

has asymptote y = 3 — 2x.
@) Find the value of ¢ and show that b = 7. [3]

(ii) Sketch C, stating clearly the equations of any asymptotes and the coordinates of
any stationary points and any points of intersection with the axes. [3]

(iii) By drawing another suitable curve on the same diagram, deduce the number of
real roots of the equation (—2x2 +7x —8)2 -25 (x - 2)3 =0. [3]

Emily has 1016 toy bricks.

@) Emily wishes to build a brick structure with one brick in the first row, two bricks
in the second row, three bricks in the third row and so on. What is the maximum
number of rows that she can build and how many bricks will be left
unused? [4]

(i)  Emily keeps all her 1016 bricks in (2k —1) bags of different sizes. She packs m

bricks into the smallest bag. For each subsequent bag, she packs double the
number of bricks she packs in the previous bag. Given that she has 64 bricks in
the kth bag, find the value of m and the number of bags. [5]
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(a)

(b)

) .. 3x+1
By using the substitution x =3secd, evaluate dx exactly. [5]

32 \/xz—9

yA

XX (y=2)°

The diagram shows an ellipse with equation 6 + 2 =1.

(i) Find the area of the shaded region, giving your answer correct to 3 decimal
places. (2]

(ii) Find the exact volume of the solid generated when the shaded region is
rotated 180° about the y-axis. [4]

10

(a)

(b)

By using the substitution z =x—y, solve the differential equation b x—_y:
=Yy

Find the particular solution for which y =1 when x =1. (4]

A sky diver jumped out of an aeroplane over a certain mountainous valley with
zero speed and 7 seconds later, the speed of his descent was v metres per second.
He experienced gravitational force and air resistance which affect v. Gravity would
increase his speed by a constant 10 metres per second? and the air resistance would
decrease his speed at a rate proportional to the square of his speed. It is given that
when his speed reaches 50 metres per second, the rate of change of his speed is
7.5 metres per second?.

By setting up and solving a differential equation, show that
_100(1-¢™)

Tiam where m is a constant to be found. [7]
+e

1%

Describe briefly what his speed would be after he had descended for a long time
and just before he deployed his parachute. [1]

11
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_—— e —

A plastic water dumbbell consists of a cylinder as a handle and two cylinders as the
weights. The handle has a radius r cm and height 15 cm. Each weight has radius 3r cm
and height y cm. The dumbbell is made of plastic of negligible thickness and the volume
of the dumbbell is a fixed value k cm®.

@) Given that r =7, is the value of r which gives the minimum external surface area,
show that 7 satisfies the equation 102777 +307* =k =0. [6]
(ii) Find the value of 7 if £ =450. [1]

(iii)  Itis given instead that » =2 and y = 7. Water is pumped into an empty dumbbell
through an opening from the top at a rate of 15 cm’s!. Find the exact rate at
which the depth of the water is increasing after 1 minute. [5]

[Question 12 is printed on the next page.]
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12

Laser (Light Amplification by Stimulated Emission of Radiation) has many applications
including medicine, data storage, military and industrial uses. It has the property of spatial
coherence, which allows the laser beam to stay narrow over long distances. When a laser
beam is projected onto a mirror at an angle, it reflects off the mirror at the same angle.

An engineer is designing a device that does industrial cutting using a laser beam. To make
the device compact, the device has a mirror to reflect the beam before it leaves the device.
The laser beam source is located at the origin O. It projects an incident beam with direction
vector i+2j+k . The beam hits the mirror at the point P with angle € The mirror has an

equation —x+2y+3z=12.

O
Incident Reflected

beam beam
,
O ~0
! P mirror
(i) Find the acute angle @ that the beam makes with the mirror. [2]
(ii) By finding O’, the image of O in the mirror, find a vector equation of the line
that the reflected beam is on. [7]

@iii)  The engineer plans to install a sensor at (3, 1, 0) to monitor the heat produced by
the laser. For the sensor to work properly, the sensor must be less than 2 units
away from either the incident or the reflected beam. Determine if the sensor will
work properly. (4]

~ ~ End of paper ~ ~
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YISHUN JUNIOR COLLEGSE

Mathematics Department

PRELIM Solutions
Subject : JC2 H2 MATHEMATICS 9758/9740 P1 Date
Qn Solution
1(i)
y
A
i (6,4)
i x
(i) A
A
L | 6,0)
ol > x
X ; 2
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Qn Solution

2(1) x

<0 - -+
)

(x—\/g)(x+\/§

L x<—J/5 or OSx<\/§

(ii)

Replace x by \/; in the result from (1),

Jx <=5 or 0<v/x<+/5

(Reject *-\/x>0) or 0<x<5

Required set = {xe R: 0<x<5}

— 2 — 1
OP=—a 0Q=-=b
5 ¢ 3
OM =~ Za+1b
2\5 3
Area of triangle OMP

12 1 2
—|—-a+=b||x-a
5 )ps

|~

S
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Qn Solution
4(a) . 1
jcos(ln x) dx=xcos(In x)— | —xsin(In x).— dx
X
= xcos(ln x) + J. sin(In x) dx
= xcos(In x) + xsin(In x) — jcos(ln x) dx
2_[ cos(In x) dx = xcos(In x) + xsin(In x) + constant
jcos(ln x) dx = %x[cos(ln x)+sin(Inx)]+C
(b) J' 1-2x dr
2x° +1
Y .
2 e 2) 2x"+1
2
=%tan_1 \/Ex—%ln(sz +1)+c
SO | o] =[N3+ =31 =2,
W =|-1+i]=V1+1=+2
arg(z) = arg(3 +1)
=tan"' L -z
36

arg(w) =arg(—1+1)

_ T
=z—tan ="

T 2
2
Z —

o
J2el ¢
ERREY;
—)2e 12

(ii)
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Qn

Solution

6(1)

y=In(3+e")

ﬂ_ e
dx 3+e"

(3+e")%:e"

%(3+ex)+exil—‘)yc=ex

X

d2y+ e’ ﬂ: e
dx? (3+ex)dx (3+ex)

d’y dyjz dy
—+ | = roved
12 ( ] ] (p )

(ii)

T ]

de ldeJd?®  d?
1 2 3
When x =0, y=1In4, Q:—, d—zzi, d—':)::i
4 dx 16 dx° 32
(353
y=In4+x|—|[+—| — [+—| — |+...
4 21116 3132
O Y RPUR A A SR O S
4 32 64
(iil) o 1 3 2
=—+—x+—x"+...
3+e* 4 16 64
e " 1 3 3
=—+—(2x0)+—(2x)*+...
e 416 T
13 3,
=——Zx+—x" +...
4 8 16
7(1) a=-2
By long division, y = (b — 4) —2x + Zb_;6.
o

b—4=3= b="7 (shown)
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Qn

Solution

(ii)

(111)

2x*+7x-8
x—2

The equationis y =

(-2x2 +7x - 8> -25(x—2)*=0

(=2x% + Tx = 8)% = 25(x — 2)°

( 2x“+7Tx 8] —25(x—2)
x—2

Add graph of y* = 25(x — 2)

From the graphs, the number of real roots is 2.
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Qn

Solution

8(i)

(ii)

This is an AP witha =1, d =1.

For Sn < 1016
%(1+n)$1016

n*+n—-2032<0
From GC, —45.58 <n <44.58
She can complete a maximum of 44 rows.

Sas = 4—24(1+44): 990

Number of bricks left = 1016 — 990 = 26

The sequence is a GP with common ratio 2
S2-1=1016

271 s
2-1
m[22"‘1—1]:1016 S—

Ti=64 = m2"-'=64 - (2)

(1) +(2):
2% -1 1016
21 64
From GC, k =4
Sub. into (2): m2*"' =64
=>m=38

No. of bags =2(4)—-1=7

9(a)

£=3sec6tan6
de

6
J 3x+1 &
32 x2—9
(3 9secO+1 (
%\/9seczt9—9

J§9secﬁ+l
% 3tan @

3secftand) dO

(3secOtan ) dO
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Qn Solution

=j,§9sec2 O+secd db
n

= [9 tan 6+ 1n |sec 6+ tan <9|ﬁ
4

T T
sec— +tan—
4 4

:9tan£+ln sec£+tan£ — 9tan£+ln
3 3 4

=9\/§+1n‘2+\/§‘—(9+1n‘ﬁ+1‘)

2+\/§
\/§+1

—93-9+In

b)) o
Consider y=212,(/1-—
16

2

3
Required area = J 24+2,/1— f—6 dx —2(6)
-3

=10.753 (3 dp)
Alternative
x2 2 xZ
Consider ——+2-=1=> y=32,/1-—
16 4 16

3 2 3 2
Required area = | 2 -2 dx or 4 -1 dx
16 o 16

-3

=10.753 (3 dp)

(i1)
When x=3, y=2+2 /1—%=2+%\/7

When x=0, y=4

r4 2
Required Volume = ﬂﬂ'(32) +7 16(1 —M] dy
2 J 2+%ﬁ 4
4 _9)2
N e[ 12072
2 J 2+%ﬁ 4
_NT L iex y_u}
2 12 2+%\/7
=187 +167 4—3—2—ﬁ+M
3 2 96

=%(64—7x/7)7£
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Solution

Alternative

When x=3, y= 2‘/1—%:;\/_

When x=0, y=2

2

2
Required Volume = ﬂft@z) +x| 16/ 1-2 | dy

2
2 2
:iﬁ+16ﬂj l—y—dy
2 %\/7 4
3 2
=£7z+167{ —y—}
12 1
2
9J_
6[128 41T )%
g(64—7ﬁ)7c
1
0@) Z=x—y:>%=1—Q
dx dx
dy_,_d
dx dx
dy x-y-1
dx x—-y+1
_de_z-1
dx z+1
% 1__Z_1
dx z+1
dz_ 2
dx z+1

j(z+1)dz=jzdx
2

£ iz22x+C

2

2

(x=v) _ .
+x—y=2x+C where C is a constant
2

(x-y)

———x-y=C

> Yy
When x=1, y=1,
=>C=-2
(x=)’
Therefore 2y —x—y=-2
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Qn Solution
b
®) ﬂle—kvz,wherek>O
det
dv
When v=50,—=7.5
dr
7.5 =10-k(50)*
= k=0.001
ﬂ =10-0.001v*
dt

f% dv=[1ds
10-0.001v

IJ ! - dv={1dr
0.001.) 10000~ v

1
1000fm dv:jl dr

1000 [100+v| _

n =t+C

200 |100—v|

o 100+v 11

100-v| 5 5
1 1

100+v :egH—gC
100—v
1mnv=i§%c
100—v

100+v

= Ae" where A =+e"*€

100—v

When t=0, v=0 then A=1

100+V — 60'2[ :> IOO_V 2670‘2z

100—v 100+v

e " (100 +v) =100-v

y(1+e)=100(1-¢*)
100(1-e*)

-0.2¢

v
1+e

As t— oo, e >0 and v — 100

The sky diver’s speed would increase to a limit of 100 m/s long after he has descended and

before he deployed his parachute.
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Qn

Solution

113)

V= 2[75(31’)2 y}+(ﬂ'r2 ><15)

k =187zyr* +157zr”
1
187r?

A= 4[75(3r)2}—2ﬂ'r2 +15Q27r) +2y[ 272(3r) |

y (k—157r7)

1
=347r” +307r + 2[187”2 (k1571 )}[275(%)]

=34xr° +307zr+3(k ~157r7)

3r

=34zxr’ +207r +%

3r

% = 6875r+207£—2—k2
r 3r

.. dA
At minimum area, d_ =0
r

687rr+207z'—£:0

2
r

2047r +60xr* =2k =0
10271 +307r> —k =0 (shown)

(ii)

10277 +307r* —450=0
From GC, r=1.03 (3 s.f)

(iii)

Volume of water pumped after 1 min = 15 (60)
=900 cm®

Volume of a weight = 7[(3><2)2 x7=791.68 cm’

Volume of the handle = 72'(2)2 x15=188.50 cm’
Since 900 < 791.68+188.50=980.18, the water level is at the handle at 1 min.

Let W = volume of water in the handle and
h = depth of water from the base of the handle

W =7(2)" h=4zh
daw

—=4r
dh
dh_dw  dn
dd dr dW
:15><L

iy

.. . 15 -
Thus the depth of the water is increasing at a rate of — cm s,

A7
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Qn

Solution

123)

Let @ be the acute angle between the plane and the incident beam.

1)(-1
2 2
1) 3

VI+4+141+449
6

T

Therefore 8 =40.9°

sin@ =

(ii)

Let F be the foot of the perpendicular from O to the plane.

-1
OF = 4| 2 |, for some Ae R
3
-1
F is on plane — OF+ 2 |=12

513:# 2 |, for some e R
1

-1
P is on plane = OP¢ 2 |=12
3
1Y (-1
=S ul2 2 |=12
1)( 3
o6u=12
H=2
2
OP=| 4
2

Pg 11
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Qn Solution
13
0pP=2| 2
7
-11
2 13
Hence [:r=|4 |+y| 2 |,yeR
2 -11
(ii) | Let B=(3,1,0).

Shortest distance of B from incident beam
3 1 1

1 |x| 2 -3
0 1 5 35
" a4 Ve 7
3\ (2 1
PB=|1|-|4|=|=3
0) \2) | =2

Shortest distance of B from reflected beam
1 13 37
-3 Ix| 2 -15

-2 —11 41 3275
J169+4+121 294\ 294

Hence sensor will not work properly

Pg 12
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H2 Mathematics 2017 Preliminary Exam Paper 2 Question (9758)
Answer all questions [100 marks]

Section A: Pure Mathematics [40 marks]

1 (i) Show thatif a, =T =T _ forr=1,2,3,...,and T, =0, then

i%:n. [1]
r=1

(i)  Deduce that 3 77 [(1-7)r + 270~ 17| = w7 3]
r=1
(iii)  Hence, find the exact value of i T’ [(1 - 7'[) rr+ 27— IT] . [2]
r=4

2 Functions g and h are defined by
g:x>x" +6x+8, xO— x<a,
h:x——e', xO— x>-2.
(i) Given that the function g™! exists, write down the largest value of & and define
g™ in similar form. State a transformation which will transform the curve

y = g(x) onto the curve y = g7\ (x). [5]

(ii) Given instead that @ =-2, explain why the composite function hg exists and
find the exact range of hg. [2]

3 Do not use a calculator in answering this question.
Given that z=1+1i is a root of the equation 2z* +az’ +7z> +bz+2 =0, find the values
of the real numbers a and b and the other roots. [5]

Deduce the roots of the equation 2z* +bz’ +7z* +az+2=0. [2]

4 A curve C has parametric equations
x=t*, y=t-t,t<0.
(i) The point P on the curve has parameter p. Show that the equation of the tangent
at Pis 2py:x(l—3p2)+p2+p4. [3]

(ii) If the tangent at P passes through the point (6, 5), find the possible coordinates
of P. (3]

(iii)  Find the area of the region bounded by C and the x-axis. [3]
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The planes p, and p, have equations x—4y+8z =4 and mx+ny+2z =1 respectively,
where m and n are constants.

@) If p, and p, meet at a line that has equation r =2i —0.5j+ A(—4i + j+k), where
Ak, find the values of m and n. [3]

It is given instead that m = 1 and n = 2.
(ii) Find the acute angle between p, and p,. [2]

(iii) The point (1, b, 5) is equidistant from p, and p,. Calculate the possible value(s)
of b. [6]

Section B: Statistics [60 marks]

(a) Find the number of ways to arrange the letters of the word TOTORO such that

@) all the ‘O’s are together, [1]
(i) all the ‘O’s are separated, [2]
(iii)  the last letter is a consonant. [3]

(b) Tontoro soft toys are sold in four different colours, of which each varies in three
sizes, small, medium and large. Each set of Tontoro soft toys consists of a small,
a medium and a large sized soft toy and exactly two are of the same colour. Find
the number of different possible sets of Tontoro soft toys.

(2]

A game is played with a set of 4 cards, each distinctly numbered 1, 2, 3 and 4. A player
randomly picks a pair of cards without replacement. If the sum of the cards’ numbers is
an odd number, the sum is the player’s score. If the sum of the two cards’ number is an
even number, the player randomly picks a third card from the remaining cards. The square
of the third card’s number is the player’s score.

() Find the probability that a player obtains a score of 4. [2]

(ii) Find the probability distribution of a player’s score, S. Hence, find the expected
score of a player. [4]

(iii)  Find the probability that a player obtains a score lower than 5, given that he draws
three cards. [3]
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An archaeologist examines rocks to look for fossils. On average, 10% of the rocks selected
from a particular area with a large number of rocks contain fossils. The archaeologist
selects a random sample of 25 rocks from this area. The number of rocks that contain
fossils is denoted by X.

i) Find the probability that more than 4 but at most 10 rocks contain fossils. [2]

P(X=k+1) _ 25-k
P(X=k) 9(k+1)

considering P(X =k +1)>P(X =k), find the most probable value of X. (4]

(ii) Show that

,fork=0,1, 2,3, ...,24. Hence, by

The archaeologist explores a new area. On average, p% (p > 10) of the rocks in the new
area contain fossils. A random sample of 20 rocks from the new area is selected. Given
that the probability that there are two rocks that contain fossils is 0.17, find the value of
p, giving your answer correct to 2 decimal places. [3]

A researcher investigates the relationship between the population of a particular species
of bacteria in millions (b) and the surrounding temperature in °C (f). The researcher keeps
records so that she can estimate the population of the bacteria at a certain temperature.
Observations at different temperatures give the data as shown in the following table.

t 26.5 27.5 28.5 29.5 30.5 31.5 32.5

b 1.31 2.10 3.65 5.80 a 19.56 31.20
(i) Given that the regression line of b on ¢t is b= - 129.368+ 4.75214¢t, show that
a =12.12, correct to 2 decimal places. [2]
(ii) Sketch a scatter diagram for the data. [1]
(iii)  Explain which of b=ct+d or b=kt +1 is the more appropriate model for the
relationship between b and ¢ and find the equation of a suitable regression line
for this model. [2]
(iv)  Use the model you chose in part (iii) to estimate the population of the bacteria
when the temperature is 33°C. Comment on the reliability of the estimate
obtained. [2]
(v) It is given that the temperature 7, in °F, is related to the temperature ¢, in °C, by

the equation 7 =1.87 +32. Rewrite your equation from part (iii) so that it can be
used to estimate the population of bacteria when the temperature is given in
°F. (2]
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10

In a factory, the average time taken by a machine to assemble a smartphone is 53 minutes.
A new assembly process is trialled and the time taken to assemble a smartphone, x
minutes, is recorded for a random sample of 60 smartphones. The total time taken was
found to be 3129 minutes and the variance of the time was 18.35 minutes.

The engineer wants to test whether the average time taken by a machine to assemble a
smartphone has decreased, by carrying out a hypothesis test.

(i) Explain why the engineer is able to carry out a hypothesis test without assuming
anything about the distribution of the times taken to assemble a smartphone. [1]

(ii) Find unbiased estimates of the population mean and variance and carry out the
test at the 10% level of significance. [6]

(iii)  Explain, in the context of the question, the meaning of ‘at 10% level of
significance’. [1]

After several trials, the engineer claims that the average time taken by a machine to
assemble a smartphone is 45 minutes using the new assembly process. The internal control
manager wishes to test whether the engineer’s claim is valid. The population variance of
the time taken to assemble a smartphone using the new assembly process may be assumed
to be 9 minutes®. A random sample of 50 smartphones is taken.

(iv)  Find the range of values of the mean time of this sample for which the engineer’s
claim would be rejected at the 10% significance level. [4]

[Question 11 is printed on the next page.]
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11

In the manufacture of child car seats, a resin made up of three ingredients is used. The
ingredients are polymer A, polymer B and an impact modifier. The resin is prepared in
batches and each ingredient is supplied by a separate feeder. The masses, in kg, of polymer
A, polymer B and the impact modifier in each batch of resin are assumed to be normally
distributed with means and standard deviations as shown in the table. The three feeders
are also assumed to operate independently of each other.

Mean Standard deviation
Polymer A 2030 44.8
Polymer B 1563 22.7
Impact modifier H g

It is known that 3% of the batches of resin have less than 1350 kg of impact modifier and
30% of the batches of resin have more than 1414 kg of impact modifier.

(@

(ii)

(1ii)

(iv)

Show that (/= 1400 and 0= 26.6. [3]

Given that polymer A costs $2.20 per kg, polymer B costs $2.80 per kg and the
impact modifier costs $1.50 per kg, find the probability that the total cost of 2
batches of resin exceeds $22,000. [4]

A random sample of n batches of resin is chosen. If the probability that at most 6
batches of resin has more than 1414 kg of impact modifier is less than 0.001, find
the least value of n. [3]

Each batch of resin is used to make a large number of car seats. It is found that the
tensile strength (N/m?) of resin for a car seat has mean 125 and standard deviation
17. A random sample of 50 car seats is selected. Find the probability that the
average tensile strength of resin for these 50 car seats is less than 130 N/m?. [3]

~ ~ End of Paper ~ ~
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Qn

Solution

1G)

(ii)

(iii)

=
=

Zar =) (T.-T.,)

r=1 r=1

= KT
+ n AN
=T -T,
=T

n

ﬂ

=

LetT,= r’n”
Note 7o =0

T,~T_=r'z" ~(r-1) 7"
=" [rz —(r’ —2r+1)7£’]
=z [(1—7r)r2 +27rr—7r]

=da

r

.. From (i),
in’” [(1—7r)r2 +27£r—7z'] = ia

r=1 r=1

iﬂ"‘ [(1—7[)r2 +27rr—7r}
= iﬁ" [(1—7c)r2 +27zr—7r}—23:7z" [(1—75)1*2 +27rr—7z]

r=1

=40077* -977°

2(1)

Largest o =-3

Let y=g(x) =x*+6x+8
=x+3)72-1

(x+3 =y+1
x4+3==%Jy+1
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Solution

(ii)

x=-3 Jy+1

Since x<-3,x=-3 —/y+1

glix b -3 —Jx+l, xe [~], )

A reflection about the line y = x will transform the curve y = g(x) onto the curve y = g~ (x).

Since Rg =[-1,0)c(-2,%) =D, , the composite function hg exists.

1
N

By Conjugate Root Theorem, z =1—1 is also a root.
[2=(1+i) [[z=(1-i) ] =[(z=1)=i][(z=1) +i]
=(-1) -
=7"-2z+2
(zz—22+2)(Az2+Bz+C)=2Z4+aZ3+7z2+bz+2
By observation, A=2, C=1.
i.e. (z2—2z+2)(2z2+Bz+1)=2z4+az3+7z2+bz+2
Coeff. of z>: 1-2B+4=7=B=-1

Coeff.of z°: B—4=a=>a=-5
Coeff.of z : 2+2B=b=>b=—4

277 —z+1=0
1+.,/1-4(2)
T
Zzliﬁi
4

Hence other roots are 1—1,

1+7i
4

27 +b +77 +az+2=0

2+bl+7i2+ai3+2i4:0

Z Z Z Z

Hence

S S N L
1+i -1 1++71 1-7i

=i +i 1=47i 1417
27 27 2 7 2
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Qn

Solution

4(1)

Equation of tangent at P:
y=(p-p’) _1-3p

x—p° 2p
=2py-2p(p-p)=(x-p’)(1-3p%)

=2py—2p° +2p* :)c(1—3p2)—pz+3p4

= 2py=x(1-3p’)+p*+ p* (shown) -——- (1)

(ii)

At A, substitute x=6, y=35 into eqn (1)

2p(5)=6(1-3p*)+ p*+p*

10p=6-18p° +p* + p*

p'=17p>—-10p+6=0

From GC, p =4.35 (rejected) or p =—-3.7261 or p =—1 or p =0.370 (rejected)
Hence coordinates of P: (1,0) and (13.9, 48.0)

(i)

Required area = —J: y dx

Z_J'O‘l(t—ﬁ)(Zt) dr

=0.267 unit’

5(1)

If p,and p, meetat [, then m is perpendicular to n,.
2\ (m

men,=0=11 n|=0
1)(2

2m+n=-2

Since (2,—-0.5,0) lies on p,,

2m—-0.5n=1
m=0
n=-2

(ii)

Let @ be the acute angle between p, and p, .
1Y\ (1
—4 o 2

8 )12
cosf =
VI+16+64~1+4+4

Therefore 8 =70.5°
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Qn Solution

(i) | Let B=(Lb5).
Observe A, (4, 0, 0) lies on p,

1) (4) (-3
AB=|b|-|0|=| b
5) o) |5

-3) (1

b |e| —4

5 8 ) |37-4b]

Shortest distance of B from p, = Miloroa 5
+16+

Observe A, (1,0,0) lies on p,

1 1 0
AB=|b|-|0|=|b
5) (0 5
0) (1
ble| 2
. 5)\2) [10+2p|
Shortest distance of B from p, = L
J1+4+4 3
37-4b 2b+10 or 37-4b _ 2b+10
9 3 9 3
b= P
10 2
i !
6()0) No. ofways:%=12
31X C
(ii)) | No. of ways = e BT

2!

Gii) | Case It Ending5 ?Vith o
No. of ways=—=20

3!
Case 2: Ending with “R”
!
No. of ways:i =10
312!

Total no. of ways=20+10=30

) Choose the two sizes that have the same colour: 3C2 =3

Choose colour that is same for two sizes: *C, =4

Choose colour of remaining size: *C, =3
No. of ways = *C, X' C,X’ C, =36
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Qn

Solution

73)

(ii)

(ii1)

P(score of 4)
=P(obtain 1 and 3 for the first 2 cards, and obtain 2 for the third card)

1 1 1 1
=| —X—X2 |[X—=—
(4 3 j 2 12

Ry 1
P(S=ys) L
12

4 [ 517
R A
2121 6

E

Expected score = 1(

O\I»—k
+
N

A~

p—

N|"

~
+
)

N

—

YRS

N
+
g

—

N | =

NG
+
No)

I/

[\)H

N
—
o)

A

[U—

NP—‘

~

35
6

P(score < 5 | draws three cards)
_ P(score <5 and draws three cards)

P(draws three cards)
_ P(score 4 and 3 cards)+P(score 1 and 3 cards)
B P(obtain 1,3 or 2,4 for first two cards)
1 1
_ 12 12

( X — ><2j><2
1
2

8(i)

Let X be the random variable ‘number of rocks that contain fossils out of 25 rocks’
X ~B(25,0.1)

P(4< X <10) = P(X <10)-P(X <4)

~ (0.0979819403
~0.0980 (3 sig fig)

(ii)

P(X —k +1) ~ 25Ck+1 (O.l)kﬂ (0'9)25—1(—1

P(X=k)  *C,(0.)"(0.9>*
25!

_(k+D)!25—k-1)!

25' 25—k
50! k)'(O (0.9

_(25-k)0.) _ 25—k

k+D(0.9)  9(k+1)

0. 1)k+l (0‘9)25—k—1

fork=0,1,2...,24 (shown)

P(X =k+1)>P(X =k)
P(X =k+1) (25-k)
P(X=k) 9(k+1) g

25—k >9k+9
10k <16
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Solution

k<1.6
= k=0or1for P(X =k+1)>P(X =k)

Since P(X =2)>P(X =1)>P(X =0), most probable value of X =2

Let Y be the ‘number of rocks that contain fossils out of 20 rocks in the new area’
Y ~ B0, 2
100

P(Y=2)=0.17
Using g.c.

L —0.045473 or L =0.1815827
100 100
Since p >10, p = 18.16 (2 d.p)

9(i)

b=—129.39 +4.7529¢
From GC, t = 29.5

= —129.39 +4.7529¢
—129.39 +4.7529(29.5)
—10.82055

b
b

1.3142.14+3.65+5.84+0+19.56 +31.2
7
0 =12.124=12.12 (2 dp)

=10.82055

(ii)

b
A “ (32.5,31.2)

X
(26.5,)1.31) y

v
~

(111)

From (i1), the scatter diagram shows that as ¢ increases, b increases at an increasing rate which

would not be the case if the data follows a linear model. Hence the model b = k* +1 is a better
model.

b=-37.370+0.0018516¢°
=-37.4+0.00185¢" (3s.f.)
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Qn Solution

(iv) | When =33,
b=-37.370+0.0018516(33)’

=29.171
=29.2(3s.f)
The population of the bacteria is 29.2 millions.
Since the estimate is obtained via extrapolation, the estimate is not reliable.
v) 32
b=-37.370+ 0'0018516(T1—€§)2j
=-37.370+(3.1749x10™* )(T -32)°
=-37.4+(3.17x107)(T -32)" (3s.£)

10(1) | Since n is large, by Central Limit Theorem, the sample mean time for 60 smartphones is
approximately normal. Hence the assumption that the time taken by a machine to assembly a
smartphone is not necessary.

(i) | Unbiased estimate for population mean  is x
31295515
0

Unbiased estimate for population variance o™ is s

60
=—(18.35

5o (18:35)
=18.661
=18.7 (3sf)
H,:u=53
H, :u<53
Under H , the test statistic Z = —H N(0,1) approx. by CLT, where

S/\n

M =53,5=+18.661,x=52.15, n=60.
By GC, p-value =0.0637(3 s.f.).
Since p-value < 0.1, we reject H, and conclude at 10% level that there is sufficient evidence
that average time taken by a machine to assembly a smartphone has reduced.

(ii1)) | There is a probability of 0.1 of concluding that the average time taken by a machine to

assembly a smartphone has decreased when the average time taken by a machine to assembly
a smartphone is 53 minutes.
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Qn Solution
(iv) | H,:u=45
H, :pu+45
o X —u
Under H,, the test statistic Z = ~N(0,1) approx. by CLT, where
o /\n
U=45,0=+9, n=50.
0.05 0.05
)
//I — 7
—1.644 o 1.6449
Since H, is rejected,
x—45 x—45
———<-1.6449 or ————>1.6449
V9750 9 74/50
X <44.3021 X >45.698
X <44.3(3s.f) X >45.7(3 s.f)
Range of values of x :
X<44.3(3s.f.) or x>45.7(3 s.f)
11(1) | Let X be the random variable ‘amount (in kg) of impact modifier in a batch of resin’

X ~ N(ﬂ’ 62)
P(X <1350)=0.03

pz <1304 603
(o)

13504 _ | 8079361
(02
11—1.880793616 = 1350 — (1)
P(X >1414)=0.3
1414y
o

P(Z )=0.7

1414=4 _ ) 5244005101
(o2

1 +0.52440051010 =1414———(2)
Solve (1) and (2),
M1 =1400.046 =1400 (shown)
o =26.609 = 26.6 (shown)
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Qn

Solution

(ii)

Let Y be the random variable ‘amount (in kg) of Polymer A in a batch of resin’
Let W be the random variable ‘amount (in kg) of Polymer B in a batch of resin’

Y ~ N(2030,44.8*) , W ~ N(1563,22.7%)

Total cost of a batch,
T=220Y+2.80W +1.50X ~ N(10942.4,15345.9572)

Total cost of 2 batches, 7, +T, ~ N(21884.8,30715.9144)
P(T, +T, >22000)=0.255 (3.s.f.)

(i)

Let H be the r.v.” number of batches of resin with more than 1414 kg of impact modifier out
of n batches.’

H ~ B(n,0.3)
P(H £6)<0.001

Using GC.
When n = 53,
P(H £6)=0.00120>0.001

When n = 54,
P(H <£6)= 9.44x10™ <0.001
Therefore, least n = 54

@iv)

Let S be the r.v.’ tensile strength (in N/m?) of resin in a car seat’
E(S) = 125, Var(S) =17>
S- S +8,+..+8,
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S~N (125,15%] approx by Central Limit Thm

P(S <130)=0.981 (3s.f.)
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