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Without the use of a calculator, solve the inequality szv 3 >0. [2]
2|y|—5)sinx
Hence solve %SO, given that 7 < XS%[. [3]

The equation of the curve C is given by y=Inx. The line ¢ with the equation y:5 IS
e

tangential to the curve C at the point (e,l) . The region R is bounded by the curve C, the

line 7 and the x-axis. The solid S is formed by rotating the region R through 2z radians

about the x-axis. Find the exact volume of the solid S in terms of 7 and e. [5]

(1) Every year Warren Gate’s net worth increases by 100% of the previous year. His net
worth was estimated to be $1 000 000 on 31st December 1993. In what year will his
fortune first surpass 2.5 billion dollars (1 billion = 10°). [3]

(i)  On 1st January 2005, Warren Gates deposits $100 000 in an investment account and
receives an interest of $1000 on 31st December 2005. After that the amount of interest
earned at the end of the year is 1.5 times the amount of interest earned in the previous
year. Taking year 2005 as the first year, find the amount of savings that Warren Gates

has in his account at the end of the 15th year giving your answer to the nearest integer.

[2]
1
(@) It is given that g(x) = where x is sufficiently small for x*and
COS(% + X) cos(% — X)
higher powers of x to be neglected.
Show that g(x) ~ 2+ ax+bx*, where a and b are constants. [3]

Comment on the value of m for this expression Jg(x) dx = '[ (2+ax+bx*) dx to be

-m -m

valid. [1]

1
(b) Find the first four non-zero terms of the expansion of (1—x2) 2 in ascending powers of

x where |x| <1. [2]

Hence find the first four non-zero terms of the Maclaurin’s series for cos™x in
ascending powers of x. [3]
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A sequence Uu;, U,, U, ... IS given by

u, =1 and i[ﬂ—ur]:Zr forall r>1.
3" 3

Use the method of differences to prove that u,,, =3" (3n? +3n+1) forall n>1. [4]

An investor deposits $K in a bank account. The bank offers an annual interest rate of 5%
compounded continuously. No further deposits are made. The amount of money in the
account at time t years is denoted by M. Both M and t are taken to be continuous variables.

Money is withdrawn at a continuous rate of $4000 per year. Set up a differential equation and

show that for t > 0, dd—l\t/l =aM +b, where a and b are constants to be determined. [1]
Fort >0, find M in terms of t and K. [4]
On a single clearly labelled diagram, show the graph of M against t for

(i) K >80000, [1]
(ii) K <80000. [1]
Hence state the condition for which the money deposited initially will be completely
withdrawn in a finite period of time. [1]
(i)  Use the substitution x =5siné to find J'\/ 25— x%dx. [5]

(i) The circle with equation x*+(y—b)* =25 where 0<b <5, cuts the positive x-axis at

A(a, 0). The region R is bounded by the x and y axes, and the part of the circle lying in

the fourth quadrant as shown in)}he diagram below.

N7t

Use your result in (i) to find the area of the region R in terms of a. [3]

Need a home tutor? Visit smiletutor.sg

Anglo-Chinese Junior College
H2 Mathematics 9740: 2016 JC 2 Preliminary Examination Paper 1
Page 3 of 5



10

11

The complex number z is given by z =k +i where k is a non-zero real number.
(i)  Find the possible values of k if z=k +i satisfies the equation z° —iz* -2z-4i=0. [3]
(if)  For the complex number z found in part (i) for which k >0, find the smallest integer

value of n such that (z"|>100 and z" is real. [3]

Use the method of mathematical induction to prove that

n n+9
> ar+1 = n(7n+9) , forall n>1. [5]
=r(r+1)(r+2) 4(n+1)(n+2)
n+9
i) showthat - "9 T 2]
4(n+1)(n+2) 4
n
(ii) Hence show that)_ 3 - <L [2]
r:]_(r +l) 4
. X —4k* . .
The curve C has equation y =f(x), where f(x) = . It is given that k is a constant and
X =K.
Find the set of possible values that y can take. [3]

For the case k > 1,
(i)  Sketch the graph of C, stating in terms of k, the coordinates of any points of intersection

with the axes and equations of any asymptotes. [3]
(i) Hence find jflf (|x|)dx in terms of k. 3]

(iii) The graph of curve C is transformed by a scaling of factor 2 parallel to the x-axis,
followed by a translation of 2k units in the negative x-direction. Find the equation of the

new curve. You need not simplify your answer. [2]

Referred to the origin O, the position vectors of the points A, B and C are a, b and ¢

respectively. Given that axb =4axc, where b # 4c and a is a hon-zero vector,

(i) show that b—4c =aa wherea is a scalar. [1]
(i)  Hence evaluate |b X c| , given that the area of triangle OAB is+/126 and a=3. [2]
(i) Give the geometrical meaning of |bxc]. [1]

It is also given that b is a unit vector, |a|=5, |c|=2and b—4c= J3a.
(iv) By considering (b—4c)-(b—4c), find the angle between b and c. [3]
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(i) Solve the equation z°—i=0, giving the roots in the form re', where r>0 and
-7 <@ <x. Show the roots z, z,, z,, z, and z; on an Argand diagram where
-z <argy(z) <arg(z,) <arg(z,) <arg(z,) <arg(z,)< . [5]
(i) Find the exact cartesian equation of the locus of all points z such that |z—z,|=|z -z,
and sketch this locus on an Argand diagram. Find the least possible value of |z - zl| . [4]
(iif) Sketch on the same Argand diagram in (ii), the locus arg(z —z,) = arg(z,) . [1]
(iv) Find the complex number z that satisfy the 2 equations |z-z,[=|z—z,| and

arg(z—z,) =arg(z,), giving your answer in the form a+ib. [2]

The diagram shows the cross-section of a container. It is in the shape of a semicircle of fixed
radius 4k metres with a hole in the shape of a trapezium ABCD.

Q) If BC =2x metres, show that the area S of the trapezium ABCD is given by
S = (x+4k)V16k* —x* . [2]
(i) Use differentiation to show that the area of the trapezium is maximum when
x = 2k metres. [4]

It is given that x = 2k metres and the length of the container is given as 3 metres. This
container is filled with water at a constant rate of 0.2 m%s. At time t seconds the depth of

water in the container is h metres as shown.

(iii) Show that the volume V of water in the container is given by V = 3h (4k + lj . [2]

NG

(iv) Find, in terms of k, the rate at which the depth is increasing at the instant when the

depth is k~/3 metres. [3]
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Section A: Pure Mathematics [40 marks]

A triangular region R is drawn on a large sheet of graphing paper marked in 1Imm squares.

The region R is bounded by the x-axis, the line y = 2—10x and the line y :—%x+40. The

scales on both the axes are such that 1 mm represents 1 unit.
By using the table below or otherwise, find the number of complete 1mm squares which lie

inside region R. [3]

Range of x Number of complete 1 mm squares which lies inside region R

20<x<40

40<x<60

60<x<80

The parametric equations of curve C are
x=acos’t, y=asin’t for 0<t<r,
where a is a positive constant.
Q) Find the coordinates of the points on the curve where the tangent is parallel to the
x-axis and the coordinates of the points at which the tangent is parallel to the y-axis. [5]
(i) Hence sketch the curve C. [1]

(iii)  If the cartesian equation of curve C is y =f(x), use the curve in part (ii) to sketch the

graphs of
@ y=705° () y=F(x).
stating in each case, the equations of any asymptotes and the coordinates of any points
of intersection with the axes. [4]
(iv)  The point P on the curve has parameter p. Show that the equation of tangent at P is
Xsin p+ycosp=asinpcosp. [2]

(v)  The tangent at P is perpendicular to the tangent at another point Q, on the curve.

If p= % find the value of the parameter t at point Q. [2]
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The functions h and g are defined by

hox o el

{Zx for0< x
g:X >

+1, xeR, x<k,

<x<%,
2-2x for 1<x<L

(i)  Given that the function h has an inverse, state the greatest value of k. Find h‘l(x) and

write down the domain of h*. [4]
(i)  Explain why the composite function gg exist. [1]
(iii) Sketch the graph of y =gg(x). [2]

|2x+1|

(iv) Giventhat f:x — e +1, xeR, find the range of fg exactly. [1]

The equations of three planes p;, p,, p; are

2x+3y -6z =10,
—2Xx—-3y+6z=a,
X+ y+bz=5,

respectively, where a, b are constants.
The planes p, and p, intersect in the line | with cartesian equation S_TX ===1z.

(i) Show that b=-1. [2]
(i) The point S lies on p, and the point R has coordinates (—2, 4, 1). Given that RS is

perpendicular to p;, find the coordinates of S. [4]
The planes p, and p, are gunits apart.

(iii) Given that a <0, find the possible values of a. [4]
(iv) The point P with coordinates (5, 2, c) lieson p,. Find the value of c. [1]
(v) The point F is the foot of the perpendicular from P to the line I. The point Q is the

reflection of F in the plane p,. Find the distance PF and hence find the area of

triangle FPQ. [4]
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Section B: Statistics [60 marks]

Florida fitness club wants to carry out a survey to find out from their members the facilities

that the club can improve on. The club has a list of all the 15000 members’ names.

(i) Describe how to obtain a systematic sample of 500 members from the list to take part in
the survey. [2]

(if)  State one disadvantage of using a systematic sample in this context. [1]

A factory manufactures rectangular glass panels. The length and breadth of each panel, in cm,
are modelled as having independent normal distributions with means and standard deviations

as shown in the table.

Glass Panel Mean (cm) Standard Deviation (cm)
Length 300 0.5
Breadth 150 0.2

The probability that the total perimeter of 2 randomly selected glass panels exceeds the mean
length of n randomly selected glass panels by more than 1501cm is less than 0.2576. Find the

least value of n. [5]

The mean number of guests checking into a hotel in an hour is 3.6 and can be modelled by a
Poisson distribution.
(i)  Find the probability that not more than 4 guests checked into the hotel in a given hour.[1]
(i) Given that three non-overlapping one-hour blocks are chosen at random, find the
probability that one of the blocks has not more than 4 guests checking into the hotel and
the remaining two blocks have no guests checking into the hotel. [2]
(iii) Given that each day consists of 24 non-overlapping one-hour blocks. Use a suitable
approximation, to find the probability that between 85 and 90 guests checked into the
hotel in a particular day. State the parameters of the distribution that you use. [3]
(iv) The probability of at least n one-hour blocks in a day of 24 non-overlapping one-hour
blocks has not more than 4 guests checking into the hotel is less than 0.124. Find the
least value of n. [3]
(v) Explain why the Poisson distribution may not be a good model for the number of guests

checking into the hotel in a year. [1]
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Tandao Café has an outlet at North Vista and another outlet at South Parc. On weekdays, the

waiting time during lunch periods in each outlet follows a normal distribution with mean

minutes.

(i)

(i)

(@)

Hono has lunch regularly at the North Vista outlet. On 10 randomly selected weekdays,
his waiting times per visit were recorded, in minutes, as follows:
49, 38, 43, 70, 45, 51, 57, 85, 39, 44

Test, at the 10% significance level, whether the mean waiting time is less than one
hour. [4]
Lulu has lunch regularly at the South Parc outlet. On 56 randomly selected weekdays,
her waiting times per visit were recorded, in minutes. It was found that the sample mean
waiting time is T minutes and the sample variance is 69.8 minutes®. A test is to be
carried out at the 5% level of significance to determine whether the average waiting
time at the South Parc outlet is not one hour.

Find the range of values of t for which the result of the test would be that the null
hypothesis is rejected, leaving your answers in 2 decimal places. (Answers obtained by

trial and improvement from a calculator will obtain no marks.) [4]
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The diagram above shows a goalkeeper and a front view of a goal post labelled A on
one side and B on the other side. Aaron is a goalkeeper in a football club. Based on his
past experiences as a goalkeeper in penalty shoot-outs, the probability that he dives to
side B is 0.72. In a particular match, Aaron’s team went into a penalty shoot-out. The
probability that a penalty kicker kicks the ball to side B is p, where 0< p <1. Assume
that Aaron's choice of direction to dive is independent of the penalty kicker’s choice of
direction to kick the ball.
(1)  Show that the probability Aaron dives in the same direction as the ball is kicked is
0.44p+0.28. [1]

(i) If Aaron dives in the same direction as the ball is kicked, the probability that he
saves the ball is 0.4. Find, in terms of p, the probability that Aaron fails to save
the ball. [3]

Hence find the values between which this probability must lie. [1]
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10

(b)

(©)

(i)

In any football match, the expected number of saves made by Aaron is 4.8, with a
standard deviation of 1.2. Find the probability that in 50 matches, the average number of
saves per match made by Aaron is less than 5. [2]
Aaron can either be a goalkeeper or a forward in a match, depending on the strategy that
the team uses. In the team, there is another goalkeeper, 6 defenders, 5 midfielders and 5
forwards. Altogether, there are 18 members in the team.

(1)  Find the number of ways to select 4 defenders, 4 midfielders, 2 forwards and a

goalkeeper from the team, given that Aaron is selected. [3]

After a match, the team stands in a straight line to take a photo.

(i)  Find the number of ways such that all the defenders are standing alternately with
all the midfielders. [2]

The team is then asked to sit in a circle for a debrief.

(iii) Find the probability that the two goalkeepers sit opposite each other given that
a group consisting of 2 particular midfielders and 6 defenders are seated together.

[3]

Sketch a scatter diagram that might be expected when h and s are related approximately
as given in each of the models (A) and (B) below. In each model, your diagram should
include 6 points, approximately equally spaced with respect to h, and all h- and s-
values positive. The letters a, b, ¢ and d represent constants.

(A) s=a+bInh, where a is negative and b is positive.

(B) s=c +% , Where c is positive and d is negative. [2]

A company recently launched a new product in Singapore and wanted to know more about

the relationship between the number of promoters, h, and the product’s monthly sales, s, in

Singapore dollars. They collected data for the past 9 months and the results are given in the

table.

h 50 60 70 80 90 100 110 120 130

s | 40000 | 47000 | 52000 | 55000 | 57800 | 60000 | 61500 | 62500 | 63000
(i) Draw a scatter diagram for these values, labelling the axes. [1]
(ili) Comment on whether a linear model would be appropriate, referring to both the scatter

diagram and the context of the question. [2]
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(iv) Itis required to estimate the number of promoters needed to achieve a monthly sales of
$75,000. Using an appropriate model in part (i) to find the equation of the suitable
regression line, correct to 3 decimal places. Use your equation to find the required
estimate, correct to the nearest integer. [2]

(v) Comment on the reliability of your estimate. [1]

(vi) Given that 1 US dollar = 1.34 Singapore dollars, re-write your equation from part (iv),
correct to 3 decimal places, so that it can be used to estimate the number of promotors

when the product’s monthly sales is given in US dollars. [1]

The manager of a car show room wants to study the number of cars sold by the 2 car salesman
under his charge. The number of potential car-buyers that they meet in a particular week and
the average probabilities that each salesman is successful in closing a deal with each customer

is given in the table below.

Salesman Number of potential car-buyers Probability of closing a deal
X 60 0.2
Y 50 0.3

(i) It is assumed that the deals closed are independent of one another. State, in context,
another assumption needed for the number of deals closed by a car salesman to be well
modelled by a binomial distribution. [1]

(i)  Explain why the assumption that the deals closed are independent of one another may
not hold in this context. [1]

Assume now that the assumptions stated in part (i) do in fact hold and the deals closed by

salesman X is independent of the deals closed by salesman Y.

(ili) Use suitable approximations to find the probability that both salesmen collectively
closed a total of more than 20 deals in a particular week. State the parameters of the
distributions that you use. [4]

A new salesman joined the company. During his probation week, he met 60 potential car-

buyers. The number of car deals he closed during his probation week is denoted by C with the

distribution B(60, p).

(iv) Given that P(C =30)=0.03014. Find an equation for p. Hence find the value of p,
correct to 1 decimal place, given that p <0.5. [2]

(v) Given that p=0.05, use a suitable approximation, which should be stated, to find the

probability that he sold more than 4 cars. [2]
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Qn Solution
1 2w-5
> >0
w -3
_ OR /
& D ©
VRN (5 B\ s
2 5 2
— 3<W<\/§ or W>E
(2|y|—5)s1nxs0’
y' -3
2ly|-5
SincesinX<0for7r<X£3—7r, |Z| >0
2 y -3
From above, —3<|y|<J§ or |y|2%
05|Y|<\/§ or |y|2§
—3<y<«/§ or yZé or yS—é
2 2
2
Method 1 - Integration Method 2 — Volume of Cone

Volume of solid S Volume of solid S

2 e
- ;;J'OE(EJ dX—ﬂLe(h’l x)dx = Vol ofcone—ﬁj1 (Inx)” dx

e e 1 €
:e%Io xzdx—ﬂj1 (Inx)” dx =§7T(1)2(e)_”jl (Inx)* d
_z|X e “(Inx)’ d ! ) ?
== —nj.l(nx) X :gne—ﬂjl (Inx)" dx
0
3 e
:ezz{%}—ﬂj.l (In X)2 dx
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e(lnx)zdx

: u =(1nx)2 dv,
__ 27 e 1 =1
—_x(lnx) ! —2]1 In x dx dx
:_x(lnx)z—e—2([xlnx J.ldx) &, (lnx)(l) V, = X

L 1
:_x(lnx)Z_ —2[x1nx]f+2fleldx u, =Inx dv, _
—:X(lnx)z—e—2[elne—lnl]e+2[x]e du, 1 dx
L . T T T T
= x(lnx)2 —2[elne-In1]+2[e-1]
=e-2e+2e-2
—e-2

Hence, volume of solid S

1
=—me—rnw(e-2
3 (e-2)

Zéﬂe—ﬂe+27z

= 27z—g7re
3
2
=—x(3-¢e
3 (3-¢)
3 (i) | 2500000 000 <1000 000(2)"'I
2™ >2500
n1 > 02500 _ )69
In2
n>12.2877
His net worth will first exceed 2.5 billion when n = 13
The year 1993 + (13 -1)(1) = 2005 or 1993 + 13 — 1 = 2005
3 100 000 + 1000 + 1000(1.5) + 1000(1.52) + o (15 terms) =
ii 15 _
) 100 000 + %: $973 787.7808 = $ 973 788
4
(a) 1 1 _

900 =7 -

——COSX ——— ! sin X ! COSX +—— ! sin X (ICOSZX—ISin2 Xj
NN A W A 2%
1 =2 ~ 2 = 2 = 2(1_2)(2)—1
Lcos2x—sin2x)  cos2x 202, 1-2x2
2 -5

~2(1+2x2)=2 + 4%’

m must be sufficiently small for g(x) ~2 + ax + bx* to be used
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(b)

Whenx=0, cos_10=§=C

—1 1 3 3 5 T
cos (X)=—(X+—X +—X")+—
()=~ 6 40 ) 2

3n+1

Unyy 1

3n+1 3
_ h+l 1 _ AN 2
Upyy =3™ [n(n+1)+§j_3 (3n*+3n+1)

=n(n+1)

n+l —

Rate of change = rate of growth — rate of decrease
Rate of change = rate of earning interest — rate of withdrawal

™ =0.05M —4000

dt

1
J0.05|\/| —2000 M = [1at

L1n|o.05|v| —4000|=t+C

0.05

In|0.05M —4000| LI
20 20
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0.05M —4000| = e¥*%

0.05M — 4000= Ae¥where A=+e®

M = 80000 +20Ae*
Whent=0, M=K
K = 80000 + 20A
20A = K — 80000

Hence M =80000+ (K —80000)e®

M A‘/ K > 80000

- 80000~~~

v

t
K< 80000

Money is completely withdrawn if K < 80000

73)

Let X=5sin8

%:5c039
do

jx/ﬂdx
= j\/%—(STH)Z(SCOSH)de
= jm@cose)d@
= .[\/25(1——sir129)(50056’)d<9
=jm(5cos9)de
=[(5cos0)’de
= 25J.cos2 0de
=§j1+coszed9

2

:£(0+lsin20 +C X
2 2

Let X =5siné

sin¢9=£
5

. X
o [ 0:51111;

=%(6’+sin90059)+c [ ]

o5 (5

25 .

:?sin‘ §+%X\/25—X2 +C

25-x°

cosf = 25— x?

7(ii)

x> +(y—b)’ =25
(y—b)? =25-x
Sincey <0, y-b<0,
y—bz—\/ﬂ
y=b—25-x>
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Area of region R

(R e _ 2
- .[o b-v25-x dx‘ Substituting X = a
g NN and y = 0 into the
_Iobdx jo 25X dx‘ equation
a 25 . X 1
=[bx]’ =] ==sin' =+ =xy/25-X*
= ab—gsin’lg—laxlzs—a2
2 5 2
=laV25-a’ —%a\/ZS—a2 —%sin_lg
= %a\/25—a2 —z—;sinl% zésin”i—la\/ZS—az.

a

x> +(y—b)* =25,

0 we have

a’ +(0—b)’ =25

b=+25-a’

2 5 2
8() | z=K+i
22 = (k +i)2 = k2 + 2(K)(i) + (I)? = (k* 1) + (2K)i
2’ =(k+i)’ =k’ +3(k)*(i) + 3(k)(i)* + (i)’
= (k* =3K) + (3k> = D)

7’ —iz° -27-4i=0
[(k* =3K) + (3K2 = Di]—i[(k> 1)+ (2K)i]=2[K +i]—4i =0
[(k* =3K) + 2k — 2K]+i[(3K> — 1) — (k> =1)—2—4] =0

(k> =3K)+i(2k> = 6) =0
k(k*—3)=0 and 2k’ -6=0
(k=0 0rk=i\/§) and k = +/3
Hence, k=43

§ 7=+/3+i ('.'k>0)
) |z|=v1+3 =2

arg(2) =%

Method 1: By Polar Form & Trigonometry

, T .. T

7 =2e"° =2| cos=+isin—

6 6
; nt .. N«
7" =2"e"% = 2"| cos—— +isin—
6 6

. /4
z" is real <:>sm?=0

<:>n—ﬂ=k7z, where k € Z

< n=6k, wherek e Z
Hence, n=0, £6, £12, +18, ...
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Method 2: By Properties of arg(z)

arg(z") =narg(z) :n?”

z" is real, the point representing z" on the Argand diagram is on
the x-axis.

Thus, arg(z")= n?ﬁ =kz, where k € Z

..n=6k, wherek e Z
ie.n=0, 6, +12, +18, ...
>100.

Given |z"

= |Z|n = 2n

Hence, 2" >100

But n is a multiple of 6. We then have
2°=64<100

22 =4096 > 100
The least value of nis 12.

Zn

n n(7n+9
Let P, be the statement Z 3Lt | = ( ) for

r(r+1)(r+2) 4(n+1)(n+2)

r=1

all integers n > 1.

1
Whenn=1, LHS=Y Ir+gF _ 3+1 2
o r(r+1)(r+2) 1(2)3) 3
HS= 0 _2_1[HS P s true.
42)(3) 3
Assume that P, is true for some positive integer k, k > 1,
K 3r+l k(7k+9)

e Y r(r+1)(r+2) 4(k+1)(k+2)

r=1

Need to prove P, is true,

o % 3r+1 (k+1)(7k+16)
g r(r+1)(r+2)  4k+2)(k+3)"

r=1

k+1
LHSof P, = > — 1

U S (r+1)(r+2)
: 3r+1 3(k+1)+1
zrzzllr(r+1)(r+2) +(k+1)((k+2))(k+3)
_ k(7k +9) N 3k+4
4k+1)(k+2) (K+D)(k+2)k+3)
_ 7K’ +30k* +39k +16
4k +1)(k+2)(k+3)
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(7K> +23K +16)(K +1)
4k +1)(k +2)(k +3)

(k+1)(7k +16) _
4k+2)(k+3)

. P 1strue = P, 1strue.

Since P, is true, and P, is true= P, , is true, by the Principle of

n
Mathematical Induction, Z - ( - f {)‘;i o - (: S_ 71r; z—n9_2 5 is
r=1

true for all integers n > 1

9@ | n(7n+9) 7 6Nn+7
a(n+1)(n+2) 4 2(n+1)(n+2)
Since n is a positive integer, on+7 >
2(n+1)(n+2)
Z”: 3r¢1 n(7n+9) 7 6n+7 7
Sr(r+1)(r+2) 4(n+1)(n+2) 4 2(n+1)(n+2) 4

9 | (r+1)’=r*+3r2 +3r+1

(i) 3 2 3
r(r+D)(r+2)=r>+3r°+2r .. (r+1)’ >r(r+I)(r+2)
1 1
<
(r+1) r(r+1)(r+2)
n n n
3 3r3<Z gy 3141 7
o (r+1) r(r+1)(r+2 Srr+)(r+2) 4
10
x* —4k? )
= " where K is a constant such that k # 0
X_
xy —ky = x> —4k>

x> —xy+(ky—4k*)=0
X is real = discriminant >0
y* —4(ky—4k*)20
y* —4ky +16k> >0
(y-2k) +12k* 20
This inequality is true for all values of'y.
Therefore y can take the set of all real numbers.
Alternative Method:
dy x> -2xk+4k* _ (x=k)’+3k’
dx (x—k)’ (x—k)’

y is increasing, so y € R.

>0
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10

2 2 2
(i) =X — 4k x4k — 3k
X—k x—k
Asymptotes: y=x+k and x=k
Points of intercept with axes: (0,4k), (-2k,0), (2k,0)
A ]!
y :
sk |1
l):,
BV B X
10 1 1 3K
.o 1
11 — = [
@ 1 £(]x]) dx=2] £ (x)dx=2[ x+k o dx
X’ 1
:2{—+ kx—3k21n|x—k|}
2 0
:2B+k—3k2 1n|l—k|+3k21n|—k|}
S
=1+2Kk +6k" In—.
k-1
10
(iii)

2
X
X2 -4k’ _(2} —4k®

RO
2

(x+2k

translation — y =

(scaling)

2—4 2 2
(x+2k)" —16k?

2
(x+2kj_k
2

2X
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11 | axb=4axc
(@ (axb)—(4axc)=0
(axb)—(ax4c)=0
ax(b—4c)=0
= a=0or(b—4c)=0or ais parallel to b — 4c
But we are given b # 4c and a#0, henceb—4c= @ a

@ 1 ZJaxb| =126
%|4a><c| = \/ﬁ
V126

- 322
5
(bx¢)-(4exc)

(b=

~ Y3126 exe=0
2

(iii) | Area of parallelogram with adjacent sides OB and OC.

(iv) | (b—4c) . (b —4c)=3|af
Ib? —8b.c+ 16|c|* =3|a

b.c= _10
8
_1o
cosf = b.c -_8
Ibllc] 1(2)
0=128.7°
12 | 7 -i=0
()] 25 _j
2’ =e"? = ei(ZkME), where kK € Z
TSI
Z=¢ 5 10

Tr. 3z. . . 7.

—1 —l —I —I —
Putting n=-2,-1,0,1,2, z=¢e 0 e 10 !0 g2 g!0

Given —r <arg(z,) <arg(z,) <arg(z,)<arg(z,) <arg(z;)<r.
. 37, g n or.

. —i —i —i =i —i
le.z,=e " ,z,=¢",2,=2",z,=6€%,2, ="

Let the points P;, P, P3, P4 and Ps on the Argand diagram
represent the complex numbers z,, z,, z;, Z,, and Z, .
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_-"P,

- -

a1

(i)

The locus |Z — Zz| = |Z — Z3| is a perpendicular bisector of the line
segment PoP; where P, =7, and P, =7,.

Since OP,Ps is an isosceles triangle, the perpendicular cuts
through the origin and bisect the angle P,OPs.

Thus the perpendicular bisector is inclined at angle % radian
below the positive X-axis.

Cartesian equation of locus |Z — Zz| = |Z = Z3| 1sy= —Xtan(E) .
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arg(z —z,) = arg(z,) Y

(i) | z=0pP

2,=OR

-1, 565—651 1e. 21, 5515

The least value of |Z - Zl| is the shortest distance from P; to the

perpendicular bisector (line OPs).

P N 0
5 | 41\
BN .37 10
OP, 10
PN = OP sin 2% = sin 2% = 0.951
10 5
P

(iii) | The locus arg(z —z,) = arg(z,) is a half-line with its initial point
at P; and above and excluding P, parallel to the y-axis. (Refer to

diagram.)
12 | The intersection point between the 2 loci has the same x-
iv y . . I 3z
(v) coordinates as the point Py, i.e. X =cos——=—-cos—

Substituting X = —cos 3z into equation of the perpendicular
: V4
bisector y =—-X tan(ﬁ), we have
y= —(—cos3—7[) tan 2 = cos3—”tan£ =0.191
0 10 10 10

X= —cos3—ﬁ =—(0.588
10

Coordinates of the intersection point are (—0.588,0.191) .
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13
(i)

>
m
O

B F x C

Let E be the centre of the circle and F be the foot of
perpendicular from the point E to BC.
Since EC and ED are both radii of the circle, ED = EC =4k .
Let H be the length of EF, which is the height of the trapezium.
By Pythagora’s theorem,

H? +x* = (4k)’

H? =16k>-x’

H =+16k* - x*

S :%H(BC+AD):%H (2x+8K)

= (X+4k)V16k* — x> (shown)

@1 g L
&=\/16k2— 7 —(x+4k)x(16k” = x*) 2
_22x2 —4kx+16k*
ek -
x> +2kx—8k* =0
(x—2k)(x+4k)=0
= x=2k or x=—-4k (N.A,x>0)
dS 2% —4kx+16k>  —2(x* +2kx—8k?)

0

d Jiekl—-x ek -x

w5 | I6C 0 (2100 20)~(¢ + 280 (16 ) (20
=2

dx? 16k> — X

=-2(16k* = x*) V[ 2(x+ K)(16K* = X*) + X(x* + 2kx — 8k™)]
=—2(16k* = x*) V[ 2(=%" =k +16k*x +16k*) + (X + 2k —8kX) |
=-2(16k* = x*) V*[ =X +24k>x + 32K’ |

when x =2k
d’s ) 2(72k*)

=-2(16k? —4k>)¥?| —8k> + 48k> +32k> | =— =-12<0
dx? ( ) [ ] 12412k*

Area of trapezium is maximum when X=2K.
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(iii)

2k 2k 2k 2k
MDDt

H =+16k% =2 = |J16k* — (2k)?

=16k —4k> =12k> = 243k
Using similar triangles:
y h

[Mk] N

= area of trapezium x length of container

=l( h) (4k + (4K +2¥))(3)

:%(h)(8k+2y)

=3(h)(4k+y)

=3h (4k +%) (shown)

[\

2k
H y
Ih
y 2k 2k Yy
Given X = 2K and from (i) we have H =+16k* —X” .

@iv)

Z\r/] (4k+ \hﬁj3+3h(%j
6h

=12k +—

NG

When h =/3k, C(;—\r/]=18k
av _dv dh
dt  dh dt

02—18k><ﬁ
dt

dh 1

m/s
dt 90k
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Qn Solutions Remarks
1 A
y=7kx
P e ittt .
e T n
20 40 -
Number of squares for 20 < x <40 is 20
Column Range of x Number of squares
1 20<x <40 20
2 40<x<60 40
3 60 <x <80 60
n 380<x <400
380
Number of columns = n :%: 19 for 0<x<400
OR 380 =20+ (n-1)(20)=n =19
OR 400 =40 + (n-1)(20)=>n =19
AP sequence : 20, 40, 60, ........ 19 terms
Number of complete squares in region R for 0<x <400 is
%[2(20) +18(20)] = 3800
Region R is symmetrical about the line x = 400.
Total number of squares in region R = 3800 x 2 = 7600
2(i)

x=acos’t, y=asin’t for 0<t<z
dy dy dt 3asin’tcost

L= x— =" —_tfant
dx dt dx —3acos‘tsint
Letﬂzo

dx

—tant=0=>t=0,7
Points on curve where tangent is parallel to x-axis are (a,0) and (—a,0)
Let %:0: ! —0=t=2

dy —tant 2

Point on curve where tangent is parallel to y-axis are (0,a)
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2
(i) "
(0.2)
» X
(-a0) O (a,0)
2
(i) Yt |
© | L
! I T
i 0,1/a) !
i @) ! X
X= -a x=a
2 y
(iii) A
(b)
y=f"(x)
(a,0)
(a0) O .
(i?/) Equation of tangent at point P with parameter p:
y—asin® p =—tan p(x—acos® p)
ycos p—asin® pcos p = —sin p(x—acos® p)
xsin p+ycos p =(asin pcos p)(cos® p+sin® p)
Xsin p+ycos p =asin pcos p (shown)
2
v) Given p =2, gradient of tangent at P is —tan = = —/3
3 3
1
.. gradient of tangentat Q =—
g g Q NG
1 St
Value of parmeterat Q. —tant=—==t=—
J3 6
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(i)

(i)

Sketch y=f(x)

4<

h(x) has an inverse if x<—

N

Greatest value of k is —

2
y_l - e‘2X+1‘
In(y-1) = [2x+1]
2X+ 1= xIn(y-1)
X=-%+2In(y-1)
11 —1) si _1
X=-3 2In(y 1) since x < >

h(x) = —%—%In(x ~1)
h(=3)=2
Domain of h™(x) = Range of h(x) = [2,x)

A

Mo
A

Composite function exist because
Rg=[0.1] =Dy =[0,1]

(i) [0.41—%p0, 42501

1

1
2

[+ 31— 125001

(.32 12504

(2 0—500,41—25(0y
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a home tutor? Visit smiletutoBs




Anglo-Chinese Junior College
H2 Mathematics 9740
2016 JC 2 Pelim Paper 2 Solutions

(V) [01]—901]— —[e+1, €3 +1]

Rig = [e+1, €3 +1]

4 (i)

()

-3+4+b=0
b=-1

Alternatively,

SR
(& (3]

Equating k component,
k=1.

Equating i component,
—6—-3b=-3k

~—=3b=-32)+6
b=-1(Shown)

(i)

—2 1
LineRS: r=( 4 |+A| 1 |, AeR
1 -1

Substitute this line to py,

242\ (2
4+ |3 |=10

1-2 )| ¢
1=8
11
_14
- 11
. [—2+
OS=| 4+1 |= o2
1-1 11
3
11
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4 2
(iii) 3
—6 10
7
2
3
b))
77
distance between two planes : E:@ or g:(—a)T—lo
a=-2 or a=-18
4 5)( 2
(iv) p: |2 3|=10
c)\-6
10+6-6¢c=10
c=1
4 Let point A be (5, 0, 0) which is a point on line 1.
(v)

(-3
APx| 4
1

0) /.3 2

2 (x| 4 -3
1) \1 6

(=3

4

1

PF =
s
4 4
1 1
7
=——==1.3728
726
8) 16
> ] 2(7} 7

Area PFQ = %(1.3728) (?j =1.5689 =157
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Alternative method:

|
iy

-91+8-164A+1-1=0

A=
26
9 27
3)| —= 2l
( )(ZGJ 26
~[FP|= 2—(4)(3j _| B |-13728
IE
9 =
1‘(5@) 26
8) 16
F=2[=|=2
o)

Area PFQ = %(1.3728) (?j =1.5689 =157

5 (i)

Number the club members in order from 1 to 15000
according to the name list.
(Alphabetical order)

15000

Since k = =30, select a member randomly from the

name list.

Thereafter, select every 30" member cycling to the start of
the list if the end of list is reached until we form a sample of
500 members.

5ii)

The list is not representative since we have selected a group
of all same gender or same age group who may have same
request on the facilities.

Let the random variable L be the length of a randomly
chosen glass panel.

Let the random variable B be the breadth of a randomly
chosen glass panel.
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Let X =21, +2B,+2L, +2B,
. X ~N(1800,2.32)

Let [ = L+L+L+..+L,
n

2
~L~N (300, 05 j

n

2
X-L~N (1500, 2.32+ 0.5 ]
n

P(x -L> 1501) <0.2576

1501-1500
S>—

0.5°
n

Ze
,{2.32+0'5
n

__r > 0.6507622042

2
,/2.32+£
n
0.5°
2.32+ <1.536659618
n

0.5°
n

Pl Z <0.2576

2.32+

>0.7424

2.32+ <2.361322781

0.5°
n
n>6.049931679

Leastn=7.

<0.0413227807

(i)

Let the random variable X be the number of guests
checking into the hotel in a given hour.

P(X <4)=0.7064384499 = 0.706 (3s.f)
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! i ili 2 3!
(ii) | Required probability = [P(X <4)]x[P(X =0)] >
=0.0015822508
=0.00158 (3s.f)

7 | Let the random variable Y be the number of guests
(iii) | checking into the hotel in a day.

Y ~ P, (86.4)
Since 1 >10,
Y ~ N (86.4,86.4)approx.

P(85< X <90)~ P(85.5< X <89.5)=0.169 (3s.f)

7 | Let the random variable W be the number of one-hour
(iv) | blocks in a day, which has not more than 4 guests
checking into the hotel.

W ~ B(24,0.7064384499)

P(W >n)<0.124
P(W <n-1)>0.876

Using G.C,
P(W <19)-0.876 > -2.797x10"*

P(W < 20) —-0.876 >0.7534
..n=1=20
Least n=21.

7 | This is because the mean number of guests checking
(v) | into the hotel per hour is unlikely to be constant
throughout the year. The number of guests checking
into the hotel is likely to vary across different months
in a year due to seasonal fluctuations caused by
factors such as the holiday seasons, etc. Hence a
Poisson distribution may not be a good model.

8 (i) | Let random variable X be a randomly chosen Hono’s
lunch waiting time at North Vista outlet.

Totest H,: u=60

Against H,: x<60 at 10% level of significance.

Under H,, T =2 =% _(n-1),

s/\/ﬁ

X -60

s/\/l_O

ie. T=

~1(9)

Need a home tutor? Visit smiletutoBsg



Anglo-Chinese Junior College
H2 Mathematics 9740
2016 JC 2 Pelim Paper 2 Solutions

Value of test statistic: t = ~—

Ho
s/+/n

52.1-60
=—— = -1.6729597
14.9328/+10

p-value = =0.064332 < 0.1

.. Reject H, and conclude that there is sufficient

evidence at 10% level of significance that the average
waiting time during lunch periods at North Vista is less
than one hour.

8 | Unbiased estimate of population variance is

(ii)
) n . 56
S =[—1j(sample variance) = (gj(69.8) =71.06909
Totest H,: =60
Against H,: =60  at 5% level of significance.
T-60
Under H,, Z = ~ N (0,1)approx.,
° s//56 (0.8)app
b t-60 t -60
Value of test statistic: z = =
/71.06909 /+/56 1.12654
Since the null hypothesis is rejected,
L 00 _ 1050064 or =20 1050064
1.12654 1.12654
t <57.792 or t >62.208
9
(@)

(i) |p(0.72) + (1-p) (0.28) =0.44p + 0.28

(i)
(0.44p+0.28)(0.6) + 1—(0.44p+0.28)
= 0.888 - 0.176p

Since 0< p<1, 0>-0.176p >-0.176
0.888 >0.888-0.176p > 0.888—-0.176
0.888>0.888-0.176p > 0.712
.0.712<0.888-0.176p < 0.888
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(b) | Since nis large, by Central Limit Theorem,

1.44
~N| 4.8, —— | approx.
(48, 22 o

Required probability = P(Y < 5) = 0.8807035 = 0.881 (3s.f)

(¢) | If Aaron is the goalkeeper: °C,°C,°C, =750

If Aaron is the forward: ~ °C,°C,°C, =375

Number of ways required = 1125

(cii) | Number of ways required = 5!618! = 3483648000

(ciii) | Required probability
3 P(goalkeepers are opposite & defenders with 2 particular midfielders are together)
B P(defenders with 2 particular midfielders are together)

o8Il 2 1
(11-1)18! 10x9 45

10
(i) Model A

e o o
°
h

Model B

T°.....
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10
(i) > (130,[Y

o © © WALUE])

(so,[y ®
VALUE])

h
0 10 20 30 40 50 60 70 80 90 100110120130140

10 | A Linear model will not be approriate.

(iii) | This is because the scatter diagram indicates that as h
increases, s is increasing at a decreasing rate which is
not a linear realtionship.

Furthermore, a linear model will mean that the
product’s monthly sales in Singapore will increase
indefinitely with the increase of the number of
promoters. This is not realistic in the context of the
question as the product’s monthly sales will likely
slow down and perhaps decrease due to market
stauration.

10 | Correlation coefficent of s on In(h) =0.981
(iv) | Correlation coefficent of son 1/h =-0.998

Since correlation coefficent of s on 1/h is stronger,
hence use least square regression line of s on 1/h.

Least square regression line of s on 1/h:

s =78531.62777 _ 1896285.284

s res9 029 2 55

when s = 75000,

75000 = 78531.62777 _ 189285284

h =536.9437001 ~ 537 (nearest integer).

10 | The estimate is not reliable as s=75000 does not lie
(v) | within 40000 <s <63000. Hence, we are
extrapolating.
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10
(vi)

s = 7853162777 - 2090282284

s _ 78531.62777 1896285.284
1.34 1.34 1.34h

ﬁ _ 58605.692365671— 1415138.2716417

=u =58605.692—w (3dp)

. : S
where u = monthly sales in US dollars (i.e. u =m)

11
(i)

The probability that each salesman is successful in
closing a deal is assumed to be constant.

11
(i)

Assumption: Deals closed are independent of one
another

Deals closed may not be independent of one another as
customers may collaborate to buy cars as a group for
better bargaining power.

11
(iii)

X ~ B(60,0.2)

Since np=12>5and nq =48> 5,
X ~N(12,9.6)approx.

Y ~ B(50,0.3)

Since np=15>5and nq =35> 5,
Y ~ N(15,10.5)approx.

X +Y ~ N(27,20.1)approx.

P(X +Y >20)~P(X +Y >20.5) = 0.926(3s.f)

11
(iv)

P(C =30) =0.03014

0C,, x p¥x(1-p)” =0.03014
p?— p+0.2399991029 =0

. p=0.6 or0.3999955

Since p < 0.5,

p=0.4 (1d.p)

11
v)

C ~ B(60,0.05)
Since n =60 >50 such that np =3 <5,

C ~ P, (3)approx. P(C >4)=0.185 (3s.f)
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1 [In this question, sketches of the given graphs are not drawn to scale]
The graphs of y =|f (x)|and y? = (x)are given below.

Y A

N

1~

Vo=

1 3 's ’ :

y=[f (x) y*=t(x)
On separate diagrams, draw sketches of the graphs of
@ y>=f(-2x), [2]
(b) y=Ff(x), [3]

stating the equations of any asymptotes and the coordinates of any points of intersection
with the axes.

2 The vectors aand b are given by
a=4i+6pj—8k and b=2i-3j+4pk, where p>0.

It is given that [a] = 2|b|.

(1) Find p. [2]
(ii) Give a geometrical interpretation of ﬁ|b'a| : [1]
(iii)  Using the value of p found in part (i), find the exact value of ﬁ|b-a| . [2]

3 The cubic equation x*+ax® +bx+c=0, where a, b and ¢ are constants, has roots 3 + i and 2.

(i) One JC2 student remarked that the third root is 3 — i. State a necessary assumption the
student made in order that the remark is true. [1]

(i)  Given that the assumption in part (i) holds, find the values of a, b and c. [4]
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4 A closed container is made up of a cylinder of base radius r cm and height h cm, and a
hemispherical top with the same radius r.

It is inscribed within a fixed right circular cone of base radius 5 cm and height 12 cm, as
shown in the diagram below.

A

S5em

(1) By using similar triangles, show that h =12—% r.

Determine the exact range of possible values of length r.

(i) Find the total volume V of the closed container in terms of r.

By differentiation, find the exact value of r that produces the maximum container
volume V, as r varies.

4
[Volume of a sphere with radius R is §nR3 ]

L : n
5 Assequence U;,U,,U,,... satisfies the recurrence relation u, :Wun_l, forn>2.
n_

(@ 2n

Given that u, =2, use the method of mathematical induction to prove that u, = (D!
n-1)!

, forn>1.
(b)  Given that u, =a, where a is any constant. Write down u,,u, and u, in terms of a.

Hence or otherwise, find u, in terms of a.
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(i) Given that 1-2r = A(r +1)+ Br, find the constants A and B. [1]
(i)  Use the method of differences to find Zl 2r [3]
r=1
2— 2r
(iii) Hence find the value of z [4]

(i) Giventhat y= «/1+ In(1+x) , find the exact range of values of x for y to be well defined.  [1]

(i)) Show that 2y gy = 2]
(iii) Hence, find the Maclaurin’s series for ,\/1+ In(1+ x) , up to and including the term in

X*. [3]
(iv) Verify that the same result is obtained using the standard series expansions given in the

List of Formulae (MF15). [3]

Do not use a calculator in answering this question.

() It is given that complex numbers z; and z, are the roots of the equation z2—6z+36=0
such that arg(zi) > arg(zz). Find exact expressions of z; and z; in the form re'? , where

r>0and —-nt<@<m. [4]
4

(ii) Find the complex number — 5 jn exact polar form. [3]
iz,

(i) Find the smallest positive integer n such that z," is a positive real number. [2]

(i) By using the substitution u=+/x+1, find "X+ [5]
(i)  The region R is bounded by the curve y = 4x+11 and the linesx =8 andy = 1.
X_
Find
o . B—/2
(@) the exact area of R , simplifying your answer in the form A—+/2In
B+ »\/5 [5]
where A and B are integers to be determined,
(b) the volume of the solid generated when R is rotated 27 radians about the x-axis,
giving your answer correct to 2 decimal places. [3]
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10

11

The plane p passes through the points A, B and C with coordinates (0, 1,1), (2,-1,4) and
(—2,-1,0) respectively.

(i) Show that a cartesian equation of the plane p is 2x —y — 2z =-3.

2 1
The line | has equation r=| -1+ 4| 0 [,Ael .
4 -2

(if)  Find the acute angle between | and p.

The point Q has position vector 5i—j—2k.
(iii)  Show that Q lies on the line I.

(iv) Itis given that a variable point R lies on the plane p and is at a distance of «/E from

the point Q. Find the foot of perpendicular from the point Q to the plane p and hence
describe geometrically the locus of R.

(v) Find a vector equation of the line which is a reflection of the line I in plane p.

The function f is defined by

2Xx+k
X—2

f:x— Xell, Xx#£2,

where Kk is a positive constant.

(i) Sketch the graph of y=f(x) , stating the equations of any asymptotes and the

coordinates of any points where the curve crosses the x and y axes.
. : . : 1
(i) Describe fully a sequence of transformations which would transform the curve y = <
onto y=f(x).

(iii) Find f* in a similar form and write down the range of .
(iv) Hence or otherwise, find f°.

Find the value of 2 [%) leaving your answer in terms of k.

The function g is defined by
g:X|—>a+\/x—3, Xxell, x>3,
where a is a real constant.

v)

Given that fg exists, write down an inequality for a and explain why gf does not exist.

— THEEND —

[3]

[2]

[1]

[6]
[3]

3]

[4]
[3]

[4]

[3]
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1@

(ii)

Section A: Pure Mathematics [40 marks]

Prove that the substitution u=x*+Yy? reduces the differential equation

y%+x:«/x2 +y? 1o
LN
dx
. . . . d
Hence, show that the general solution of the differential equation yd—i+ X=Xt +y?

is given by w/x2 +y? =x+D, where D is an arbitrary constant.

The result in part (i) represents a family of curves. On a single diagram, sketch a non-
linear member of the family which passes through the point (-2, 0) '

You should state the equation of the graph and axial intercepts clearly on the diagram.

(iii)  State an equation of the line of symmetry for the curve in part (ii).

2 The three distinct roots of the equation x*—1=0 are denoted by 1, and o°.

(a)
(b)

Without first finding @ explicitly, show that 1+ w+»” =0.

Given now that 0 < arg(w) < 7, sketch, on a single Argand diagram, the loci given by
) |z-w| = |o|] and
(ii) arg(z+1) = 7 +arg(e’) .

Hence, find the complex number that satisfies both loci, expressing your answer
exactly in the form a + ib, where a and b are real numbers.

[4]

[3]
[1]

[2]

[3]
[2]

[2]
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3 The diagram shows the graph of curve C represented by y =f(x), with oblique asymptotes
y=X and y=-X.

,
. ;
|-
S

.
B

(@ On aseparate diagram, sketch a graph of y =f'(x), clearly indicating the equation(s)
of the asymptote(s) and axial-intercept(s). [2]

(b) The above curve C is represented by the parametric equations

x=tané@, y=secé, where —%<¢9<%.

(i)  Show that the normal to the curve at point P, with coordinates (tan®, secd),

for 0< 6’<%, is given by y =—x cosecd + 2secé. [2]

(i) The normal to the curve at point P intersects the x-axis at point N.
Find the coordinates of the mid-point M of PN, in terms of & .
Hence find a cartesian equation of the locus of M, as @ varies. [4]

(iif) Taking O as the origin, show that the area of triangle OPN is tan&secé .

Point P moves along the curve such that the rate of change of its parameter &

déo .
with respect to time t is given by m =C0S 6 . Find the exact rate of change of

the area of triangle OPN when 0 = % [4]
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4 Adam and Gregory signed up for a marathon. In preparation for this marathon, Adam and Gregory
each planned a 15-week personalised training programme. Adam runs 2.4 km on the first day of
Week 1, and on the first day of each subsequent week, the distance covered is increased by 20% of
the previous week. Gregory also runs 2.4 km on the first day of Week 1, but on the first day of each
subsequent week, the distance covered is increased by d km, where d is a constant. Assume Adam
and Gregory only run on the first day of each week.

() Find, in terms of d, the total distance covered by Gregory in these 15 weeks. [2]

(i) Adam targets to cover a total distance of 170 km in these 15 weeks. Can Adam achieve 2]
this target? You must show sufficient working to justify your answer.
(iii) It is given that Adam covers a longer distance than Gregory on the first day of the 15
week. Find the maximum value of d, correct to 2 decimal places.
Using this value of d, show that the difference in the distance covered by Adam and
Gregory for their 15" week training is 0.134 km correct to 3 significant figures. [4]
(iv) Due to unforeseen circumstances, Adam has to end his training programme early. In
order for Adam to cover a total distance of 170 km by the end of the 13 weeks, the
distance covered has to be increased by x % of the previous week on each subsequent
week from Week 1. Find x. [3]

Section B: Statistics [60 marks]

5 A bag contains four red and eight blue balls of which two of the red balls and six of the blue balls
have the number “0” printed on them. The remaining balls have the number “1” printed on them.
Three balls are randomly drawn from the bag without replacement.

b : . 94
(i)  Show that the probability that at least one blue ball is drawn is o5 [1]
Find the probability that
(if) at least one ball of each colour is drawn, [2]
(iii)  the sum of the numbers on the balls drawn is at least two. [3]

6 Packets of a particular brand of potato chips are delivered to a supermarket in boxes of 60. On
average, 1.8 packets in a box are underweight. The number of underweight packets from a randomly
chosen box is the random variable X.

Assume that X has a binomial distribution.

(i) Use asuitable approximation to find the probability that two randomly chosen boxes of
potato chips contain more than 6 packets of underweight potato chips. State the
parameter(s) of the distribution that you use. [4]

A batch of 50 boxes of potato chips is delivered to the supermarket.
(i) Use a suitable approximation to find the probability that the mean number of [3]
underweight packets per box is more than 2.
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7 A group of 9 friends, including Albert and Ben, are having dinner at Albert’s house. They sit in
two groups: a row of 4 on a couch and a group of 5 at a round dining table with 5 identical seats.

8

Find the number of ways they can sit if
(i) there are no restrictions,
(i)  Albert and Ben sit beside each other,

(iii)  Albert and Ben both sit on the couch or both sit at the round table, but they do not sit
beside each other.

[2]
[3]

[3]

A factory manufactures a certain product for sale. The following table gives the quantity of
product manufactured, x units in thousands, and its corresponding cost of production, y dollars in

thousands. The data is recorded during different months of a certain year.

Quantity of 50 | 24| 30 | 38 | 48 | 60 | 72 | 82 | 94
product, X
Costof |10 19| 35 | 47 | 58 | 35 | 78 | 80 | e1
production, y

(i) Draw a scatter diagram for the data.

One of the values of y appears to be incorrect.
(it) Indicate the corresponding point in your diagram by labelling it P.

Remove P from the set of data.
(iii) By using the scatter diagram for the remaining points, explain whether y = a + bx or
y =a+bInx isthe better model for the relationship between x and y.

(iv) Using the better model chosen in part (iii), find the product moment correlation
coefficient and the equation of a suitable regression line.
Explain what happens to the product moment correlation coefficient and the equation
of the regression line if the factory decides to include a fixed cost of M thousand dollars
for purchasing a packing machine to the cost of production, y.

(v) Use the regression line found in part (iv) to estimate the cost of production when the
quantity produced is 6000 units and comment on its reliability.

[1]

[1]

[1]

[4]

[2]
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9

10

The finishing times in a 10km race with a large number of runners follow a normal distribution.
After 40 minutes, 10% of the runners have completed the race. After one hour, 35% of the runners
have yet to complete the race. The first 20% of runners who finish the race receive a medal.

(1) Show that, correct to 1 decimal place, the runners have running times with mean 55.4  [2]
minutes and standard deviation 12.0 minutes.
(if)  Find the maximum time a runner can take to finish the race in order to receive amedal.  [2]

A random sample of 12 runners is selected.

(iii)  Find the probability that more than four runners receive a medal. [2]
(iv) Given that none of the runners receives a medal, find the probability that the slowest
runner completes the race in under one hour. [3]

(@ A Physical Education teacher wants to plan a volleyball training programme for all students
in a secondary school, where each student has exactly one CCA. In order to check on the
current fitness level of students in the school, he selects a sample of students by choosing
the Captains of every sports team and the Presidents of every Club and Society in the school.

(1)  Explain briefly why this may not provide a representative random sample of the
student population.

(i) Name a more appropriate sampling method which would provide a
representative random sample and explain how it can be carried out in this  [3]
context.

[1]

(b)  The vertical jJump heights of players from a volleyball team are normally distributed with
mean 40 cm. The coach claims that a particular training regime is effective in improving the
players’ jump heights. After the regime is implemented for a period of time, a random
sample of 7 players is taken and their jJump heights are recorded.

The sample mean is 42.1 cm and the sample standard deviation is k cm.
A test is to be carried out at the 10% level of significance to determine whether the training
regime has been effective.

() State appropriate hypotheses for the test. [1]

(i) Find the set of values of k for which the result of the test would be to reject the (3]
null hypothesis.

(iii)  State the conclusion of the test in the case where the sample variance is 15. [2]
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11 The average number of calls per hour received by telephone operators at the Call Centre of bank
ECBC is being reviewed.
(i)  State, in context, two assumptions that need to be made for the number of calls
received by a telephone operator to be well modelled by a Poisson distribution. [2]

The Call Centre has only three telephone operators at any point in time. One handles calls

pertaining to credit card queries, another handles calls pertaining to business banking queries while

the last operator handles calls pertaining to personal banking queries, with the numbers of calls

received in one hour assumed to have the independent distributions Po(w), Po(6) and Po(7)

respectively.

(i) It is given that the probability of receiving two calls pertaining to credit card queries
within an hour is eight times that of receiving two calls pertaining to credit card
queries within four hours.

. . . a
Find the exact value of u, expressing your answer in the form b In 2 where aand b

are two positive integers to be found. [3]
(iii)  On acertain day, the Call Centre receives more than 50 calls from 1200 to 1400 hours.

Find the probability that there are no calls pertaining to credit card queries during this

period. [3]
(iv)  Usingsuitable approximations, find the probability that there are more calls pertaining

to business banking queries than personal banking queries within a two-hour period. [3]

— THEEND —
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2 Topic: Vectors
Solution

0 Jd=2p]

\J16+36p” +64 = 2,/4+9+16 p

80+36p” = 4(13+16p°)

28p* =28
p=1orp=-1 (Reject " p>0)
Lp=1
(ii) Length of projection ofaon b
(iii) 2\ (4
-31|-| 6
-8

||b =

J—w_r
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IE Topic: Complex Numbers
Solution

(i)  The assumption is that a, b and c are all real.

W) Let X +ax +bx+c = (x-B+))(x-(3-)(x-2)
= (X —6x+10)(x—2)
= X -8¢+2%-20

By comparing coefficients,
we have a =-8, b = 22 and ¢ = -20.
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4

Topic: Application of Differentiation

Solution

(i)

Using the diagram provided,
A

i

Identify that AABC is similar to AADE .
. AE _ AC

' DE~ BC
Since AC =+5° +12° =13, BC=5, DE=r,

AE _ 13 13
=T > AE_5r

h=AB-AE=12-2r

Since r and h are lengths,

r>0and h>0 (ie. 12-2r>0, r<2).

60
< <
O_r_l3

(i)

Volume of inscribed container,
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Topic: Application of Differentiation
Solution

V =zr?h +%(%m’3)
=ﬂr2(12—§r)+3ﬂr3
5 3
_ 2 29 .3
=127r" - nr

Differentiating this
=24nr ——m‘

Consider 9-=0.

i.e. 24rr ——ﬂr =0,

71'!‘(24——!‘) =0,

r=0(rejected asr = 0) or r=32.

(Check that these stationary pomts are within
the admissible range 0 <r < 82),

— 13

First derivative test
=24rr —%m‘z

r _ 120~ — 120 _ 120"
r=59 F=" r=<
_ 119 _ 121
€.g. r—ﬁ e.g. I’—2—9
av_ 119 0 121
dr 7 >0 -——nx<0
145 145

Maximum volume at r = 1225

Second derivative test
=247rr ——m‘

Page 6 of 26




4

Topic: Application of Differentiation

Solution

=-247 <0 (maximum volume)

Alternative:

Graphical method

Upon finding the stationary points,

inspect the graph of V against r, where 0 <r <23,
¥

L

. 4 g
0 4.1379.. r

60/13 = 4.6153...
Note that the maximum is attained at the stationary point

where r = % =4.1379...
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BE

Mathematical Induction

Solution

2n

Y forneZ", n>1.
n-1)"

Let P, be the statement that y_ =

When n=1, LHS= U =2 (given)

RHS- 2 _ 5 = LHS,
(0)!

P, is true.

Assume that P, is true for some k, where keZs ,k21 ie.

2k
u, =
(k=1)!

To prove Py, isalso true ,ie., u,, = z(kle)

kil
(k)?
3 k+1 2k

(k) (k-1)!
2(k +1)
C k(k=1)!
_2(k+2)
k!

LHS = U, = U

=RHS

Since P, istrue, and B, istrue=PR,,, istrue, by
Mathematical Induction, P, istrue forall ne Z".
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BE Mathematical Induction
Solution
(b) 2 2 2
U,=-——SU=—a=2a=—-a
@1 1!
3 3 3

U=—U=—s2a=—a=
@ @ 2
4 4 3 4 4

U, =5 —a= a=
G " @ Gx2 3

“Hence” approach

u = (n—l)!a by observation from part (ii)

“Otherwise” approach
n

Uy =77 U
(n-1)
n n-1
= U,
(n-1)° (n-2)> ™*
N n-1 n—2u
(n-1* (n-2)* (n-3)* "~
__n n-1 n—2“_3 2u
(n-17° (n-2)> (n-3)> (2 ®°
R ' . 1 11,
(n-1)' (-2 (n-3)* () V'
n
(n=1)!

a
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6

Sigma Notation

Solution

(i) 1-2r=A(r+1)+Br
=(A+B)r+A
~A=1B=-3

(i) &1-2r & (r+1)-3r

Page 10 of 26




6

Sigma Notation

Solution

(iil)

2-2r &
z 3r _; 3r
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7

Topic: Maclaurin’s Series

Solution

() For y=11+In(l+x) to be well-defined,
1+x>0and 1+In(1+x) >0
In1+x)>-1
x>-1and 1+x>e™

x>et-1
x>et-1

(i) By Implicit Differentiation,
y=\L+In(1+X)
y* =1+In(1+x)
=In(l+x)=y*-1
=1+x=e""

Differentiate implicitly with respect to x,
Zyd_y :L
dx 1+Xx
1
=

=e"" (shown)

(iii) Differentiate the above results implicitly with respect to X,
2 2
2yﬂ+2(@] —9—(1— yz)-el-yz

G dx ) dx

d’y dyjz dy .y
2y—+2| = | =2y—-e"”’
v (dx Y ix
When x=0,
y=+It+Inl=1,
dy 1
dx 2°
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7 Topic: Maclaurin’s Series
Solution
d’y 3
dx2 4

y=1+1x+—4x2 +..
2 2!

142k 3y
2 8

(iv)

y:(1+ In(1+ x))%

1 1, 1 x2 x2
=1+ =X—=X" == X—— || X—— |+
2 4 8 2 2
_eixole_le
2 4 8

1
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Topic: Complex Numbers
Solution

(i) +.[36—4(1
z2—6z+36=o:»z=6‘ 362 (D) —3+33i

T

i %
Thus, z, =6e® andz, =6e *

oot o]

(iif) 7 (o)
z,=6e 3= z,"=6"¢ \ 3
Since 22” eR", —%”=2k7r for some integer k.

n=-6k.
n=..,12,6, 0, -6, -12, ...

Smallest positive integer n = 6.
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9

Topic: Techniques of Integration / Definite Integrals

Solution

(i)

du 1

X 2dx+1

1

2u

o

x—1 u?-2

.2udu

:2](1+ ;—)du

u- f

=2u+ —In

(
= 2JXT14+Z1n

mf
NS e

(i)

(@)

Area of R

X+

J—f}

3-2 22
=5- {2+\/§In[ \/E] x/zln(er\/E]}

_ 3-v2 2442
_3_[ﬁln[3+ﬁ'2—ﬁn

{2 X+1++/21In
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\ 9 Topic: Techniques of Integration / Definite Integrals

Solution

(s

:S—ﬁln[_él_\/z]

—4++2

(i) Vol. generated
O r@ys-x[ XL

S (x—l)2

=9.52830
=9.53 units®
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10 Topic: Vectors
Solution
(i) 2) (0) (2
AB=|-1 —{1 = —2J
4 1 3
-2) (0 -2
AC=|-1|-|1|= —2}
0 1 -1
2 -2 8 2
ABxAC =| -2 |x| -2 |=|-4|=4| -1
3 -1 -8 -2
2
Choose normal vector n, for plane p = | -1
-2
2 0)( 2
p: r|-1|={1}|-1{=-3
-2 1) -2
A cartesian equation of the plane p is 2x—y -2z =-3
(if)  Let the acute angle between | and p be 6.

The angle between the normal vector n, (for plane p) and
the direction vector m, (for line l),

2 1
1110
-2 -2
o =cost 7 —cost 6 _ 26.565°
2\ 1 35
-1 0
-2 I\ =2
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10

Topic: Vectors

Solution

©.6 =90°—26.565° = 63.4°(t0 1d.p.) or 1.11 rad

Alternative :
Let the acute angle between | and p be 6.
2 1
-1/ 0
-2) (-2 6
sin@ =
2\ |1 NG
-1 0
-2 ) |\ -2
. 6
0 =sin"'——==63.4°(to 1d.p.) or 1.11 rad (3 s.f.
g ( ) (3s.f)
(iii) Assume Q lies on the line I,
5 2 1 5=2+41 A=3
-li=|-1|+4| 0 |[=¢ -1=-1 =
-2 4 -2 —2=4-22 A=3

Since A =3 is consistent throughout, Q lies on the line I.

Alternative 1:
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10 Topic: Vectors
Solution
5 2 3
Since OQ=|-1|=|-1|+| 0
2) 4] (-6
2 1
=|-1{+3| 0
4) |2

Q lies on the line |.

Alternative 2:
|- Xx-2 z7-4

1 -2
Q=(5,-1,-2), i.e.x=5,y=-1, z=4.

’ y:_l

=2 _5-2 o 2-4_2-4

1 1 -2 -2
Hence, Q lies on the line I.

(iv)

Let F be the foot of perpendicular from the point Q to the
plane p.

5 2
lor : r=| -1|+u| -1|,uelR
-2 -2
5 2
Since F lies on IQF,O—F: =1 |+u|-1], forsome ueR.
-2 -2
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10

Topic: Vectors

Solution
2
Since F also lies on plane p, OF -| -1 |=-3 .
-2
5 2 2
1 |+u|l-1|||-1]|=-3
-2 -2 -2

2(5+2,u)—(—l—,u)—2(—2—2,u) =-3
1549u=-3=u=-2

5 2 1
SOF =| -1|=2| -1]=|1
) 2] |2

The foot of perpendicular from the point Q to the plane p is
(1L1,2).

Alternative :

QF =(QA-A) i, where n is a normal vector of p

-5 A 2 1 2
= 2 . 5 —1 E —1
3 -2 -2
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10

Topic: Vectors

Solution
5 2 1
~OF =0Q+QF =| -1|-2| -1|=|1
-2 —2) (2

The foot of perpendicular from the point Q to the plane p is

(1LL12).

1y (5) (-4
QF =[1|-|-1|=| 2
2) |=2) | 4

‘(?‘:\/(—4)2+22+42 =6
RF =/45-36 =3

The locus of R is a circle that lies in plane p with centre
(1,1,2) and radius 3.

(v)

Let Q' be the image of Q in plane p.

OF =3(0Q +0Q)

0Q' =20F -0Q
1 5 -3
=2/1|—-|-1|=| 3
2 -2 6

Equivalent Methods

0Q = OF +QF

0Q'-0G+QQ
=0Q+2QF
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10

Topic: Vectors

Solution
BQ'=0Q'-0OB
-3 2 -5
= 3 |-|-1|=| 4
6 4 2
Alternative:
BQ' =BQ+QQ
5 2 —4 -5
=||-1|-]-1]|+2] 2 =| 4
-2 4 4 2

A vector equation of the line which is a reflection of the line
l'inplane p is
2 -5

r=|-1{+y| 4 |,yeR
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ing Techniques & Functions

Solution
Q) :2x+k:2+(k+4)
X—2 X—2

Vertical Asymptote: X =2
Horizontal Asymptote: y =2

X-intercept: x = —g

y-intercept: y = —g
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Topic: Graphing Techniques & Functions

Solution

1
f(X—Z):E

(k+4)

2+(k+4)f (x-2)=2+

A: Translation in the positive x direction by 2 units

B: Scaling parallel to the x direction (// to y-axis) by a factor
of (k+4)

C: Translate in the positive y direction by 2 units

(iii)

_2x+k

Let y >
X_

y(x—2)=2x+k
YX—2y=2X+k
YX—2X=2y+k
x(y-2)=2y+k

X:2y+k
y-2
_ 2y +k
f! =
V)=
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Topic: Graphing Techniques & Functions
Solution

_ 2x+k
f l(x): o

X—2
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Topic: Graphing Techniques & Functions

For gf (X)to exist, R, = D

Ry =(—0,2)U(2,)

D, :(3’ OO)

Since R, & D, gf(x)does not exist.
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Section A: Pure Mathematics [40 marks]

Topic: Differential EQuations
Solution

(i)  Givenu=x*+y?, differentiate with respect to x:

d_u_ 2X+ Zyd—y
dx dx

ey LA
dx 2dx

Substitute (1) & u=x"+y*and into D.E:

1 du \/—

——=4u:

2 dx

au =2Ju (shown)
X

Hence,

1du_,

Ju dx

u 24U =2
dx

Integrate both sides with respect to x:
I u i dx f 2 dx

—1+1

T = 2x+C, where C is an arbitrary constant
- +1
2
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ic: Differential Equations

Solution

1

2u2 =2x+C

C
U=X+—
2

X2 +y> =x+D, whereD:%

(i) \/m:x+D
X*+y° :(x+D)2
vy’ +x* = x> +2Dx + D?
y*> =2Dx + D?

y =+y2Dx+D?

When x=-2,y=0
0=-4D+D°’
D(D—4):0
D=0(rej) orD=4

y’ =8x+16 ,
C, 1y =8x+16

X
(o,—4\

(iii) The equation of line of symmetryis y=0 .

Page 2 of 25



Topic: Complex Numbers
Solution
Using Geometric series,
0’ -1
l+o+0’ = =0 (as @’=1)
-1
Or
0 -1=0

Since @ isarootof xX*-1=0, (0-1) (0’ +w+1)=0

Since w #1,0*+w+1=0

Or
Any acceptable method

Im

M (pt. of
intersection)

(i)

v

Using Pythagoras Theorem, OM =+/22 12 =/3.
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Topic: Co

plex Numbers
Solution

. The complex number is /3i.
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ic: Application of Differentiation

sing
Equation of the normal to the curve at P :
y —sech = ———=(x—tano),

y_L:_ 1 41
cos6 sinf  cosO '’

y =—X cosecé + 2secf .

(shown)

Solution
(@) i
=1 i — )
v =1{x)
) A
p==| -1
EF;) Given x=tan®, y =secd, where —Z <6 <Z.
i
dx _ 2 dy _
45 = S€c o, da—sec@tan@,
dy _dy /dx
a — do/do
__secftanf _ tanf _ oj
=iy _—Sec9_3|n9
At point P, gradient of normal = ——2
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Application of Diftere atio
Solution

(b) 3
(ii)

Curve C:y=1{lx)

(%]

x-intercept of the normal at P :
0=-—x cosecd + 2secd,

X =2-%¢%_ _2tang .
cosecé

- Point N is (2tan @, 0).
Mid-point of PN is M

Xp+tXn  YptYn | _ (3 1
( L, )—(2tan9, Lseco).

Locus of point M is given by the parametric
equations

x=3tan6, y=2secH, where —-Z<0<Z.

Since sec’6 —tan?6 =1,
and that secd =2y, tan@ =%x,
(2y)? - (¢x)% =1, a cartesian equation
for the locus of M.

Page 6 of 25
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ic: Application of Differentiation
Solution

~ Curve Ciy=1f{x) i3

=X

Plrnd, secdh)

AGPEN N(2tan&, 0)

- L

Normal to C at P

A, area of AOPN =1(ON) (9P

= 2(2tan0) (seco) = tan Gsecd
(ON =2tan@, from (b)(ii)
assuming 6 >0.)

Q8= (sec2 9)sec¢9 +tan0(secHtand)

—sec®0 +secHtan’ o

Rate of change of area of AOPN ,
dA _dA  do

dt — do ~ dt
= (sec® 0 +secOtan® 0) x cos O

—sec’ 0 +tan’ 0

Alternatively,
Differentiating A=tan&secd implicitly with

respect to time t,
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ic: Application of Differentiation
Solution

dA _ [(sec2 9)sec9 +tan@(sechtan 0)} x 40

= (sec®6 + secHtan® 0) x cosf
=sec’ @ +tan’6

A _

2 2p_4,1_5
4 = Sec 0 + tan 0_3+

373"
rate of change of the
area of AOPN when 6 = %
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4 APGP

Solution
O s, of B=%(2(2.4)+14d)
=36+105d
(i) 24((12)°-1)
S of A=
12-1
=172.88
>170
Yes, Adam can achieve his target.
(iii) U, of A>U, of B

Ug,of A-— U, of B>0
2.4(1.2)" —(2.4+14d) >0
d <2.02957
max d = 2.02(2dp)
2.4(1.2)" —(2.4+14(2.02)) = 0.134 (shown)

(iv) ( b 13 ]
2.4 (1+) -1
100

New S, of A= (

From GC,
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APGP

Solution
INORHAL FLOAT AUTO REAL RADIAM HP n
ALC INTERSECT
Yz2=170 ‘
_.—'—""'-'-'-'-_I
L B
Intersection
n=z5.424112 ¥=179
X =25.4%
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Section B: Statistics [60 marks]

Topic: Probability

Solution

(i)

P(at least one blue ball)
=1 - P(no blue balls)
=1 -P(3 red balls)
]
—-1'12C3

4

=1-220

4
= a (Shown)
55

Alternative Method
P(at least one blue ball)
=1 -P(3 red balls)

4 3 2

X X
12 11 10
4
=5— (Shown)
55

Alternative Method (Direct Method)

P(at least one blue ball)

= P(1 blue and 2 red) + P(2 blue and 1 red) + P(3
blue)

_ 8C1><4C2 8C2><4C1 8C3
- 2c 2c BT, C
3 3 3
48 112 56
= + +
220 220 220
4
= a (Shown)
55
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Topic: Probability

Solution

Alternative Method
P(at least one blue ball)
= P(1 blue and 2 red) + P(2 blue and 1 red) + P(3
blue)
(8 4 3 3!)(8 7 4 3!)(8 7 6
= —X—X—X—|+| —X—X—X— [+]| — X —X—
12 11 10 2') (12 11 10 2!) (12 11 10
48 112 56

= + +
220 220 220
4
= >4 (Shown)
55

)

(if)  P(at least one of each colour drawn)
=1-P(3red) — P(3 blue)
‘Cs  8Cs
_,_ 4 56
T 220 220
=711 Or= 0.727

Alternative Method
P(at least one of each colour drawn)
= P(1 blue and 2 red) + P(2 blue and 1 red)

’Cc,x'C, °C,x'C,
= 120 + 120
3 3
48 112
=— 4 —
220 220

or~0.727

11

(iil)

There are 8 balls with “0” and 4 balls with “1”
P(sum is at least two)
=P(1,1,0)+P(1,1,1)
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Topic: Probability

Solution

4C2 X8 Cl
= 1zc3

4
C,
+ 12C
3

48 4
=— 4 —
220 220

13
=pg Or~ 0.236

Alternative Method
P(sum is at least two)
=P(1,1,0) +P(1, 1, 1)

4 3 8 3
=] —X—X—X— |+
(12 1110 2!} [
13
= £ Or~0236

4

12

3

11

2
X —
)
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Topic: Binomial Distribution
Solution

(i)

X ~ B(60,0.03)

Since n=60>50 is large, p =0.03<0.1 is
small and np =1.8 <5,

X ~Po(1.8) approximately
X,+ X, ~Po(3.6) approximately
P(X,+X, >6)=1-P(X,+X, <6)

~0.073273
=0.0733(3s.f.)

(i)

Since sample size = 50 is large,
_ 1.74 i
X~ N(1.8, ?GJ approximately by Central

Limit Theorem
P()? > 2) ~0.14225
=0.142 (3s.f)
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Topic: Permutation and Combination

(i)

No. of ways with no restriction

= (no. of ways to separate 9 people into a group of 4
and a group of 5)

x (no. of ways to arrange the row of 4 people)

x (no. of ways to arrange the circle of 5 people)
=9%C4 x 4! x5C5 x (5 - 1)!

=72576

Alternative Method

No. of ways with no restriction

= (no. of ways to separate 9 people into a group of 5
and a group of 4)

X (no. of ways to arrange the circle of 5 people)

x (no. of ways to arrange the row of 4 people)

=9Cs5 x (5 —1)! x *Cq x 4! [Note: °C4 = °Cs]
=72576

(i)

No. of ways if Albert and Berta sit together
= (Albert and Berta in the row)
+ (Albert and Berta in the circle)
= (no. of ways to pick 2 remaining people for the
row
x arrange row people x A and B swap x arrange
circle people)
+ (no. of ways to pick 3 remaining people for the
circle x arrange circle people x A and B swap x
arrange row people)
=("Cox3x2x(B-!)+(Cax (4-1)! x 2! x
41)

= 6048 + 10080
=16128

(iil)

No. of ways if Albert and Berta both sit on the
couch or both sit at the table
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Topic: Permutation and Combination

= (Albert and Berta in the row) + (Albert and Berta

in the circle)

= (no. of ways to pick 2 remaining people for the

row x arrange row people x arrange circle people)
+ (no. of ways to pick 3 remaining people for the

circle x arrange row people x arrange circle people)

((Cox4lx(B5-1)1)+("Csx 4! x (5-1)))

= 32256

No. of ways if Albert and Berta sit separately

= 32256 — 16128

=16128

Alternative Method

No. of ways if Albert and Berta sit separately

= (Albert and Berta in the row) + (Albert and Berta
in the circle)

= (no. of ways to pick 2 remaining people for the
row x arrangement in row x arrangement in circle)

+ (no. of ways to pick 3 remaining people for the
circle x arrangement in circle x arrangement in
row)
= (no. of ways to pick 2 remaining people for the
row x [arrange remaining 2 people in row x slot in
Albert and Berta] x arrangement in circle)

+ (no. of ways to pick 3 remaining people for the
circle x [arrange remaining 3 people in circle x slot
in Albert and Bert] x arrangement in row)
=(Cox[21x3C,x 211 x (5= +('Csx[(3-
1)! x3C, x 21) x 41)

= 10080 + 6048
=16128
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Solution

(i) GC screenshot :

DRHAL FLOAT AUTO REAL DEGREE M 0
i
o
E -]
E B a
I‘— - 1 + ) # ¥
Y, Cost of : :
oroduction / Scatter diagram of vy against x
$1,000
R < i SO
o ®
{J |
e :
° ep 5
® :
10 "-’ "y X, Quantity
2.0 9.4 produced
/1.000
(i) P =(6.0, 35).

(iii) The better model isy = a + b In x since the set of
data points in the scatter diagram exhibits a non-
linear trend in which y increases at a decreasing rate
as x increases, rather than a linear trend in which y
increases at a constant rate with x.
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Topic: Correlation and Regression
Solution

Lattr=, 69314718055994

HORHAL FLOAT AUTO REAL DEGREE HF n

g=ax+b
a=47.73168413

b=-19,93984362
ri=,9828579537
r=,9913919274

Finx,y =0.991 .
Line of regression y on In x.

y = (47.73168413...) In x + (-19.93984362...)
=y=47.7Inx-19.9

If a fixed cost is included in y, the value of
Finx,y = 0.991 is unchanged, as there is no change

in the strength of the linear relationship between (In
X) and y, under translation.

However, as a constant value M is added to the y
value of each data point, the regression line would
be also translated in the direction of the positive y-
axis by M units,

i.e. with resultant regression line equation being
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Topic: Correlation and Regression

Solution

y=477Inx-199+ M
or

y-M=477Inx-19.9

(v)

When x = 6,
y =(47.73168413...) In(6) — 19.93984362...
=65.5838534...
~ 65.6

Hence, the
estimated cost of production is $ 65,600 (to 3 s.f).

This value is reliable, since r =0.991 is close to 1
indicating a strong positive linear relationship
between y and In x, and estimating y at x = 6 is an
interpolation as x = 6 is within the range of values
of x in the data used to construct the regression line
(ile. 2.0<x<94).
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Solution

Let X minutes be the random variable denoting the
finishing time of a randomly selected runner in the
race.

X ~ N(u,az) .

P(X <40)=01= P(Z < 40_“):0.1
(o)

20— 016
O

— 1 -1.28160 =40 (1)

P(X >60)=0.35= P(Z < 6O‘“j:o.es
(o3

_, 80-1 _ 438532
O

= u+0.385320 =60

Solving (1) and (2), i ~55.377 = 55.4(3s.f.) and
o ~11.998=12.0(3s.f.)

(i) For P(X <a)=0.2= a~45.300=45.3(3s.f)

Maximal timing is 45.3 minutes.
[Accept a ~ 45.279 for 5s.f. intermediate ]

(iii) Let Y be the number of runners, out of 12, who

receive a medal.
Y&= B(12, 0.2)

P(Y >4)=1-P(Y <4)~0.072555=0.0726

(iv) P(slowest runner finishes within 1 hour | all do not res
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Topic: Normal Distribution
Solution

P (slowest runner finishes within 1 hour and all do not

P (all do not receive medal)

B P (aII runners finish within 1 hour and do not receiv
(1-0.2)°

_ P(45.279< X, <60 and 45.279 < X, <60 and ... and 45.
(1-0.2)"

_[0.65-0.2]
~ (08)"

_(o.45j”
0.8
~0.0010034 = 0.00100(3s. .)

Method 2:

Let A be the r.v. denoting the number of runners who
finish in an hour and do not receive medal, out of 12.

A~B(12,065-0.2)
A~ B(12,0.45)

P(A=12)
P(Y =0)

Required probability =
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Topic: Sampling Methods Hypothesis Testing

Solution

a(i)

This method is quota sampling and is not
representative of the student population as there is
no consideration of the size of each sports team
and each club and society relative to the student
population, and the student from each group is
selected non-randomly i.e. only Captains and
Presidents selected.

a(ii)

Stratified sampling.

Divide school population by year/level (strata),

calculate the proportion of each strata relative to
the population and select the respective number
randomly.

b(i)

Let X cm be the vertical jump height of a
randomly selected volleyball player.
Hy:u=40 vs H :u>40

b(ii)

X —u
s/</n

Where 1 =40,X=42.1,n=7,s° =%k2

Under H,, test statistics: T = ~t(n-1)

To reject H,, p-value <0.1
= P(T>t)<0.1

= P(T >—42'1_40 ]< 0.1

V716 05/\/7
2.1 ]>0.9

k/+/6

>1.4398

:P(TS

2.1

k//6

=
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Topic: Sampling Methods Hypothesis Testing

Solution

2.1J6

1.4398
Required set is {k e R:0<k <357} or (0,3.57)

b(iii) | Since k? =15 = k =+/15 > 3.57, we do not reject
Ho at 10% level of significance and conclude that
there is insufficient evidence to support the claim
that the training regime is effective.

=k< ~3.5728
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Topic: Poisson Distribution
Solution

(i)

Any two of the following 4 assumptions:

(1) The calls are made independently of each other.
(2) The probability of receiving two or more calls
within a very short interval of time is negligible.
OR Calls are received one at a time.

(3) The average number of calls received over any
time interval of the same duration within the day
IS constant.

(4) The calls received occur randomly.

(i)

Let W, X, and Y, be the random variables

denoting the number of calls received in n hours
pertaining to credit card queries, business banking
queries and personal banking queries respectively.

Then W, ~Po(nu), X, ~Po(6n)
and Y, ~Po(7n)
8P (W, =2) = P(W, =2) where W, ~ Po(x) and \
4 2 _
B (4u) =E i — e =128
2! 2!
1 7
= ,u=§|n128=§|n2

(iil)

Since W, X,, and Y, are independent,
P(W,=0and W, 4
P(W,+X,+
P(W,=0and X, +
1-P(W,+ X, +Y,

P(W, =0|W, + X, +Y, >50) =
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Topic: Poisson Distribution
Solution

14
where W, ~ PO(Eln 2) and

W, + X, +Y, ~ Po(%ln 2+26j,
X, +Y, ~Po(26)

P(W,=0)-[1-P( X,+Y,<50)]
1-P(W,+ X, +Y,<50)
~0.0022359
=0.00224 (3s.f)

(iv)

X, ~Po(12) and Y, ~ Po(14).
Since 4 =12>10 and 4,=14>10,
X, ~N(12,12) approximately
and Y, ~ N(14,14) approximately

Since X, and Y, are independent,

X, =Y, ~ N(-2,26) approximately

P(X,>Y,)=P(X,-Y,>0)
~P(X,-Y,>0.5) by continuity

correction
~0.31196
=0.312(3s.1.)
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1

) f X n+1
(i) Given thatjf'(x)[f(x)] dx=%+c where C is an arbitrary constant and n = -1,
n+

find j x V(4 - x2) dx. 2]

(i) Hence find the exact volume of revolution when the region bounded by the curve
3 I

y= x2 (4-x? )Z, the lines x=0, X =2 and y =3, is rotated completely about the x-axis. [4]

The complex number W is such that kw? + kww* +iw—iw* —1=0, where W* is the complex
conjugate of w and K is a real and non-zero constant.

(i) For w=a+bi where a and b are real numbers, obtain an expression for b in terms
of a and k. Explain why Wis either purely real or purely imaginary. [4]

(i) Using your result in part (i), or otherwise, find the real roots of the equation

W2 + 2wWwW* +iw—iw* —1=0. [2]

(i) Without using a calculator, find the exact solution of the inequality

4
4-x2—. [4]
(if) Hence solve 5 —|X| > |X| - [3]
). C
R
\
\
\
\ w
S~ _-

To travel along the River Nile, an adventurer decides to use a log with a semi-circular
cross-section of constant diameter ¢ metres to build a boat. The log is trimmed such that the
uniform cross-section of the boat is an isosceles trapezium with base width w metres and
PS = QR, as shown in the diagram above.

(i) Show that the cross-sectional area of the boat A metres” is given by

Nol—

3
A=L(c+w)?(c-w). 2]
(if) Find the value of w, in terms of C, that gives the stationary value of A. Hence determine

whether this stationary value is a maximum or a minimum. [5]
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Given that y = In(1 + tan X),

2

2
d y+(d—yj 20-nY o, [3]
dx dx

X2

(i) show that

(i) find the Maclaurin series for y up to and including the term in x°, given that the value of
3

€Y When x=0 is 4. 2]
dx
. . ) sec” X
Hence find the first three terms in the series expansion of - . [3]
—tan X
(@) Use the substitution x =¢' to find j - ! —dt. [3]
2e +e
(b) (i) Express _4Fx in partial fractions [2]
P 0@y P '

.. " . , f
(if) Evaluate J- 4;)(2 dx, giving your answer in the form 1ln (n) = |,
2 (1= X)(4+x2) 8(n—1)
where f(n) is a function of n. [2]
4+X

The curve C has equation y = . The diagram below shows the part of C for

(1= x)(4+x%)
which x>1.

Xx=1
Find the exact value of the area of the region between C and the positive X-axis for x> 2.

[2]
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A curve C has parametric equations

X=L2, y=sin"'6, for —1<@<I1.
N1-67)
(i) Show that % =1-6°. What can be said about the tangents to C as & — £1? [4]
X
(if) Sketch C, showing clearly its axial intercept and asymptotes. [2]

(ili) Find the equation of the tangent at the point where C has maximum gradient.
By considering the intersection between C and an appropriate graph, find the set of positive

k
X >—=0 has at most one real root. [4]

values of k for which the equation sin™' X —————
VA-x%)

A sequence of real numbers Uy, U;, U,, ... satisfy the recurrence relation

forn>1 and U, =2.
(i) Use the method of mathematical induction to prove that U, =2—In(n+1) for n>0. [4]

(if) By considering U, —U,_,, show how the result for u, in part (i) can be obtained using the

method of differences. [4]
N
(ili) Show that z u, >(N+1)2—-In(N +1)). [2]
n=0
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9 Joseph started a marathon race. After a while, his trainer, Sarah, starts to collect data on
Joseph’s speed and she realises that the rate of change of Joseph’s speed is proportional to the
difference between his speed and a constant a. If the speed of Joseph at time t hours after the

start of collection of data is u kilometres per hour, it is found that d—l: =1 when U =14.5 and

d—u:2 when U =14.
dt
. du
(i) Show that Gt —2(u-15). [3]
(if) Find the general solution of the equation in part (i), expressing U in terms of t. [3]
(iii) Deduce the steady speed of Joseph eventually. [1]
The distance covered by Joseph, s kilometres, at time t hours after the start of collection of data
can be modelled by
ds
—=u.
dt
(iv) Find s in terms of't. [2]

(v) The result in part (iv) can be represented by a family of solution curves. Sketch an
appropriate non-linear member of the family of curves that has a linear asymptote that
passes through the origin. [2]

x> =5

10 A curve C has equation Yy =————.
(X+1)"—12

(i) Determine the equations of the three asymptotes of C, giving each answer in an exact form.

[2]

(ii) Prove algebraically that there are no values of X for which <y <2. [3]

For parts (iii) and (iv), you do not need to label the point where the graph cuts the y-axis.
(iii) Sketch C. [3]

(x+1)* 12

(iv) Sketch the graph of y = 7 s
X —

[3]

(v) Describe a sequence of two transformations which transform C to the graph of
(x=1*=5
= [2]

y_(x—2)2—12'
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11 The diagram below shows a tetrahedron ABCD. The equation of the plane
4x+y+2z=16.

D

C A

(i) Given that A is on the X-axis, find the coordinates of A.
The equation of the plane CBD is 7x—11y -5z = -23.

(if) Find a vector equation of the line that passes through B and D.
(iii) Given that B is on the xy-plane, find the coordinates of B.

. . . . 4-
The cartesian equation of the line that passes through A and D is 5 X_ % =

z
3
(iv) Find the coordinates of D.

The coordinates of Care (-1, 1, 1).

ABD is

[1]

[2]
[2]

[3]

(v) By considering the area of triangle ABC, find the exact volume of the tetrahedron ABCD.

[Volume of tetrahedron = 4 xarea of base x perpendicular height ]

[5]
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2

Section A: Pure Mathematics [40 marks]
The function {15 defined by

f:x—*}nsiu[:{rx}, reR 0=x=a,
where g 15 a posifive constant.
(i) State the largest exact value of a for which the fimetion £~ exists. [1]

For the rest of the question, use the value of o found m part (i).

(ii) Wnte down the equation of the lme i which the graph of y =f(x) nmst be reflected m
order to obtain the graph of ¥ =£7'(x) and hence verify that 0 and = are solutions to the

equation flx)=f"(x). [2]
(iii) Find the area of the region bounded by the graphs of f and ™', giving your answer in terms

of = [3]
The fumction g 15 defined by

gixs|x-l, xeR

(iv) Find the exact range of the composite funchon gf. [2]

The angle between fwo umt vectors a and b 13 ms_I%. Felative to the ongin O, the posihon
vector of a pomt F on a line [ 15 given by OP =a+A(a+2b), A = Rand the pomt C has posihon
vector a—b.

(i) By considenng scalar product, show that CP'=6a° +2A+1 [4]

(if) Deduce the exact shortest distance of C to [ and wnte down the posihon vector of the point
F, the foot of the perpendicular from € to I, m terms of a and b

[3]

(iif} Find the equation of the plane that contamns ] and 15 perpendicular to CF m the form ro=d
where n 15 expressed in terms of a and b and 4 15 a constant. [2]
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The number of bacteria (in millions) in Pond A at the start of the nth week, before any chemical

treatment, is given by U,. Pond A is treated at the start of each week with Chemical A, which

kills 70% of all bacteria instantly. At the end of each week, 6 million new bacteria is reproduced.

(i) Write down a recurrence relation of the form u,,, =au, +b, where a and b are constants to
be determined. [1]

(i) Show that u, =0.3""u, +2(1-0.3""). [2]

The number of bacteria (in millions) in Pond B at the start of the nth week, before any chemical
treatment, is given by V,. Pond B is treated at the start of each week with Chemical B. It is

known that v, follows the recurrence relation
V.., =0.01v,’ +6.

It is given that if the sequence V,,V,,V;,... converges to a limit, it converges to either & or S,
where o < f.

(i) Find a and . Explain whether V, necessarily converges to & or f. [3]

(iv) If u, =V, =30, determine which chemical would be more effective in killing the bacteria in
the long run. (2]

Pond C is treated with Chemical C. To account for the bacteria’s increasing resistance to the
chemical, the dosage of Chemical C is increased by 5 ml each week. The first dose is 20 ml.

(v) How many weeks does it take to finish the first 3 litres of chemical in the treatment of
Pond C? [3]

Do not use a graphic calculator in answering this question.
(&) On a single Argand diagram, sketch the locus of z satisfying both inequalities |Z +1- 2i| <2

and %n <arg(z+1)< %n. Hence find the range of arg(z). [5]

(b) Solve the equation
w® =64,

giving the roots in the form re'’, where r >0and -t <@ <. [2]

(i) Hence write down the roots of the equation (z—1-iV3)° =64 in the form a-+re',

where a is a complex number in cartesian form, r >0 and —n < & < 7. Show the roots
on an Argand diagram. [3]

(if) Of the roots found in part (b)(i), find in cartesian form the root with the largest
modulus. [2]
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4
Section B: Statistics [60 marks]

The Land Transport Authority (LTA) wishes to gather feedback on the quality of train services at
a new train station.

(1) The LTA decides to station a team of surveyors at the gantries to survey the first 100
commuters passing through the train station. State, with a reason, whether the method
described is quota sampling. [1]

(i) The LTA decides to obtain a random sample instead to survey 5% of the commuters on a

particular day. Describe how a systematic sample can be carried out in this context. [2]

John plays for his school’s soccer team. There is a probability of 0.15 that he scores in a game
and a probability of 0.3 that his parents are present at a game. When he scores in a game, there is
a probability of 0.2 that his parents are present.

(i) Show that the probability that he scores in a game when his parents are present is 0.1 (2]

(i) State, with justification, whether his parents’ presence at a game will affect his chances of
scoring in the game. [1]

Games are equally likely to be home or away games. In a home game, there is a probability of
0.24 that John does not score and his parents are present.

(iii) Find the least and greatest values of the probability that a game is a home game and his

parents are not present at the game. [3]
A committee decides to meet on four days in a span of four weeks. Find the probability that the
committee meets on two Tuesdays and two Saturdays if

(i) committee meetings are equally likely to be held on any day in the four weeks, [2]

(if) committee meetings are held once a week. The probability of holding a meeting on any day
from Monday to Friday is § and the probability of holding a meeting on either Saturday or

Sunday is . [2]
The committee of ten sits in a circle at a meeting.

(iii) Find the probability that the two committee vice-heads are seated together and they are not
seated next to the committee head. [3]
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8 A research is being conducted to study the growth of car population over time. The data below
shows the population of the car, y millions after x years of study from the start of the research:

Years (X) 5 7 9 14 18 23 27
Car Population (y millions) 72 | 105 | 11.6 | 13.0 | 145 | 15.5 | 15.7

(i) Draw a scatter diagram for the data, labelling the axes. [1]

(if) State, with a reason, which of the following models is appropriate:
A:y=a+bx’, B:y=a+blnx,

where b is positive. [2]

Based on the appropriate model chosen in part (ii),

(iii) calculate the value of the product moment correlation coefficient. State, with a reason,
whether this value would be different if'y is recorded in thousands instead. [2]

(iv) calculate the least square estimates of @ and b and write down the corresponding regression
line. Obtain the value of the car population after 20 years of study. [3]

(v) give an interpretation of the value of a in the context of the question. Comment on the
reliability of the value of a. [2]

9 In this question you should state clearly all distributions that you use, together with the values of
the appropriate parameters.

(@) The queuing time, in minutes, for flight passengers at the Economy and Business class
check-in counters have independent normal distributions with means and standard
deviations as shown in the table.

Check-in Counter Mean queuing time | Standard deviation
Economy class 11.6 4.2
Business class 3.2 0.9

(i) Find the probability that the queucing time of a randomly chosen Economy class
passenger is within 5 minutes of the total queueing time of 2 randomly chosen
Business class passengers. [4]

(i) The queueing time of 8 randomly chosen Business class passengers are taken.
Find the probability that the shortest queuing time among all 8 passengers is no less
than 2 minutes. [2]

(b) The probability that a passenger books a flight and does not turn up is 0.05. The airline
decides to allow for over-booking by selling more tickets than the number of seats
available.

For a particular flight with 350 available seats, n tickets were sold, where n>350. By
using a suitable approximation, show that if the flight is to have no more than 1% chance
of having insufficient seats, the number of tickets sold must satisfy the approximate
inequality
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350.5-0.95n>2.3263~(0.0475n). (4]

10 A manufacturer claims that ropes with a certain diameter produced by his factory have mean
breaking strength of at least 169.7 kN. Recently, a new material is used to produce the ropes. A
random sample of 8 coils of the rope made with the new material is taken and the breaking
strength of each coil of rope, X kN, is measured as follows.

171.3 168.5 166.5 164.4 170.0 165.1 170.1 167.2

(i) Find the unbiased estimates of the population mean and variance. [2]

(if) Stating a necessary assumption, test at the 5% significance level whether the manufacturer’s
claim is valid after the change in material. [5]

Instead of using the new material, the manufacturer decides to change the weaving process of the
ropes. The manufacturer claims that the mean breaking strength is now z, kN. The population
variance is found to be 29.16 (kN)*. A random sample of 50 coils of the rope made using the
new process is taken and the mean breaking strength, ¥ kN, is found to be 171 kN.

(iif) Find the set of values of 4, for which the mean breaking strength does not differ from the
claim when tested at the 1% significance level. [4]

(iv) Explain, in the context of the question, the meaning of ‘at the 1% significance level’. [1]

11 (a) A restaurant has 15 tables consisting of 6 rectangular tables and 9 round tables. During the
restaurant’s opening hours, the rectangular tables are occupied, on average 80 percent of
the time, and the round tables are occupied, on average 65 percent of the time. You may
assume that the tables in the restaurant are occupied independently of each other.

(1) If a customer walks into the restaurant at a randomly selected time, what is the
probability that 4 rectangular tables and 7 round tables are occupied? [2]

(if) Give a reason in context why the assumption made above may not be valid. [1]

(b) A café¢ sells both coffee and tea. The number of cups of coffee and tea sold in a randomly
chosen 20-minute period have independent Poisson distributions with means 5 and 3.5
respectively.

(i) In a particular 20-minute period, at least 7 cups of beverages are sold. Find the
probability that at least 6 cups of tea are sold during the 20-minute period. (4]

(i) Let p, denote the probability that k cups of coffee are sold in a 20-minute period.

Show that Pkt % and deduce that p,,, > P,, when k <4. (3]
Py +

Hence find the most probable number(s) of cups of coffee sold in a 20-minute period.[2]
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2016 Year 6 Prelim Paper 1 Suggested Solutions

Qn

Suggested Solution

13)

j X\/(4—x2)dx:—%j (=2x)V (4—x?) dx

1]2 ~
:—E|:§(4—X ) :|+C

1 3
:—5(4—x2)2 +C

o
Volume required

2/ 3 1)2
:n(32)(2)—7t'.‘ (x2(4—x2)4J dx

0

2 E _y2 dV_ 2%
=187t—7tj x3(4 — x?)2dx u=Xx &—X(4—X )
(2) : d—u:2x 1 8

1 P
=18n—nj x{x(4—x2)2 dx 3
0

=18n

o —X21(4—X2)§ 2_ .2—2(4—X2)2(2X)dx
3 Jo 3

0

5 22 2 | i 00T
:18n+g 5(4—X) } Use jf () [F(] dx=[ Eli]l +C
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Qn

Suggested Solution

2(3i)

kw? + kww +iw—iw —1=0
kw(w+w ) +i(w-w)—-1=0
k(a +bi)(2a) +i(2bi) —1=0
(2ka2 - 2b)+ 2abki =1— — — ()

Real part

2_
oka? —2b=1—p= 2 1

(1)

Im part
ab=0 -k=0

=b=0 or a=0
ie, w is either purely real or imaginary.

b(ii)

Hence
Since wis real, b =0.

Usingk=2andb=0
From part (i):

2(2)a’ -1 _
==

4a* :1:>a:i\F
4

. 1 1
ie, w=—>=o0r w==
2

0

Otherwise
Sincew isreal,b=0, ie, w=a

Usingk=2andw=a
eqn becomes:
2a° +2a’+ia—ia-1=0

4a? :1:>a:i\/I
4

. 1 1
ie, w=—=o0r w==
2
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Suggested Solution

3 (i) Aex> 4
COX+2
4 L x—4<0
X+2
4+(x+2)(x—4)<O
X+2 B
2
X -2x-4_,
X+2
(x—1)2—5<0 [ a’—b’=(a+b)(a-h) ]
(x+2)  _——
(x—[l—\ls])(x—[1+\/5])go
X+2
—O0—= r——¢—
-2 1-+5 1++5
X<=2 or 1-+vV5< x<1++5
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(ii)

4—x2i
X+2
4
4—(|x|—1)2m Since 2—+/5 <0, || is
(| | ) always greater than
5—|x|> |x|4 : 2[5 for all real x
_l’_

Hence, replace x with (|x|-1) in earlier sol:

sx|-1<-2 or 1-V5< |x|-1<1+V5
=  |¥<-1 or 2-V5< |x|<2+45
No solution as |x|>0 2-V5< |x| and [x|<2+V5
for all real x xeRas x>0 and —(2+V5)<x<2++5
i.e. —2-V5< x<2+45
y
T y =
\ Az:2+\/§
: : > X
25 © 2+45 y=2-+/5
y:—l

Qn | Suggested Solution
(i) —
1 :
\ 290 /
\ /
< 2" 0
= ~

Height of cross-section of boat = /3 c¢* - 1w

|

c’—Lw? (c+w)

>
Il
I

c’—w’ (c+w)

(c+w)(c—w)(c+w)

(c +W)%(C —w)% (c+w)

(c+w)?(c—w)? (shown)

NP, DN B B N
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(ii)

:_\'/A\v :%(%)(C—FW)%(C—W)

_ 3(c+w)%(c—w)—(c+w)
8(c —w)?

_ c+w)3E-w) - (c+w)]
8(c —W)%

_(c+w)ifc—2w]
4(c —W)%

For stationary A= aA =0
dw

L(c+w)?(c-2w) =0

w=—c (reject as w > 0) OI’W:%C

Alternative
A2 =L crw)c—w)
16

ZAS—VA\; =4[ 3(c+w)*(c—w)—(c+w)*]

=& (c+w)*(Bc—3w-c—w)
=4 (c+w)*(2c—4w)
dA
dw

For stationary A = L =0
dw

=4 (c+w)*(c—2w)

w=—c (reject as w > 0) 0I’W=%C

3 —%(%)(cjtw)%(c—w)f%

W 1c say Lc 1c" say
0.4c 0.6c
dA
— +ve 0 +ve
dw
Tangent / — \

-.When W=%, A is maximum.
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Qn | Suggested Solution

5(i) | Method 1

y =In(1+tan x)

e =1l+tanx = ————- @

Differentiate wrt x,

eyd—y:seczx ————— (2)
dx

Differentiate wrt X,

Py (Y y

e’ —-+e’| —= | =2secx(secxtanx) [from (1), tanx=¢’ 1]
dx dx

2 2

eyd—Z+ey(d—yj =2e"d—y(ey —1) [from (2), sec®x :eyd—y]

dx dx dx dx
d’y (dyY  ,dy
—+| = | +2—=(1-¢")=0 (e'=0 shown

% (dxj dx( ) ( ) ( )

Method 2 (Discouraged)
y =In(l+tan x)

dy  sec’x
dx 1+tanx
d’y  (1+tanx)2sec’x tan x — (sec” x)(sec” x)
dx> (1+ tan x)°
2sec’xtanx [ sec’x )
~ l+tanx _(1+tan x]

2
= Z(d_yj tan x _(d_yJ
dx dx

2 2
:d_yzz(d_yJ(ey—l)—(d—yj [-e’ =1+tanx]
dx dx

dx?
2 2
:d_g{d_yj +2(d—y](1—eY)=o (shown)
dx dx dx
(i) | Whenx=0, y=In(1+tan0)=0
e°d—y:sec20:>d—y:1
dx dx
dZy 2 0 dzy
—+(1) +2)@1-e")=0=>—=-1
oo O 20— =0= 2

3
Given that d_z/ =4,
dx
2

X X 1 2
=X+ (1) =+ @) =+..=x—=X"+=x>+...
Y ( )2! ()3! 2
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iIn(1+tan X) :i(x—lx2 +3x3+...)
dx dx 2 3

sec? x
1+tan x

=1—X+2X* +...

Replace x with (-x),

2 —
S0 g () 2(cx o
1+tan(=x)

2
L(X):l+x+2x2 +...
1-tan(x)

(. tan(—x) =—tan x and cos(—x) = cos(x))

Alternative
Replace x with (-x),

In(1—tan x) = In(L+ tan(—x))
1 2.2,
=—x—5(—x) +§(—x) +...

:—x—lx2—2x3+...
2 3

iIn(1—tanx):i(—x—lxz—gx%...)
dx dx 2 3
2
S X -2+
1-tanx
2
XC X lixt2x
1-tanx
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Qn

Suggested Solution

6(a) J‘ 1 dt x =gl
2e' +e" dx
ERNES
2x+l X dtzldx

X X

:j 3 dx

2x°+1

2 x2+(1)

V2
:\/—Zztanl(\/2x)+C
:Lzztanl(VZet)+C
(b) 4+X A Bx+C

Let

N + >
A-x)(4+x°) 1-x 4+x
Then
A4+ x*)+(Bx+C)(L—x) =4 +x
x=1:A=1
x2:A-B=0..B=1
constant:4A+C=4..C=0

4+X 1 X

o= + T

A-x)(4+x°) 1-x 4+x

J‘“ 4+ X

———dx

2 (1-x)(4+x?)

=Jn(i+ XZde
2\1-X 4+x

y 1 2

_[—In|1—x|+zln(4+x )}

=—|n|1—n|+lln(4+n2)—lln8
2 2

n

2

=—£In|1—n|2 +1In(4+ nz)—llnS
2 2 2

1 ( 4+n2J
==In
2 (8(n-1)?
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The required area A

. 1 4+n?
=lim|-=In >
nool 2| 8(n-1)

: 1 4+n?
=lim|-=In P E—
ool 2 8(n°-2n+1)

i+1
N o2
28-S 4 )
N n

:—lln(lj [ since landi —>0asn— ]
2 \8 n n?

=§In2
2

Alternative
The required area A

. 1 4+n?
=lim|-=In >
o) 2 {8(n-1)
i+1
. 1 n2
=lim|{-=In ——
n

=—£In(1) [ since landi —0asn— ]
2 \8 n n?
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Qn | Suggested Solution

0 [,__@
N
dx _ (1-6°) —0(3)(-20)a-0°) *
do 1-6?)
@-6Y) i [(-6%)+67]
1-6%)
- (1-6%)*
y=sin"@g
dy 1 2n-1
:@: \/1_7 =(1-6)"
dy (1-6%)*

=1-6° (shown)

AS 49—>i1,d—y—>0.
dx

The tangents becomes parallel to the x-axis as 6 — +1.

(ii) Ay

v X

Note: as @ —>+1, x >+ooandy > +3m.

(i Since 6° >0, g—yzl—ez is maximum at @ =0.
X

Alternative
dy .
Letg(d)=—=1-6".
dx
Set g'(0)=-20=0, so =0.

Then g () =—-2 <0, and thus g—yzl—ez is maximum at € =0.

X

At 6=0, ﬂzl, x=y=0.
dx
Equation of tangent at (0, 0): y=x.

Replacing x with @, and rearranging the given equation, we get
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LZ), Since the curve C is described by

Ja-o

sinto=k

_ 6

S N@-6?)
the number of real roots of the given equation is equal to the number of intersection
points between the line y =kx and the curve C.

C:x , y=sin"o,

Since the maximum gradient value of C is 1, which is attained at O, thus the required
set of positive constants k is given by {k e R* :k =1}, in order for the given equation
to have at most(exactly) one real root.

Qn | Suggested Solution

8(i) | Let P(n) be the proposition u, =2—In(n+1) for n>0.

When n =0,

LHS of P(0) =u, =2 (given)

RHS of P(0) =2—-1In(0+1) =2=LHS of P(0)
.. P(0) is true.

Assuming that P(k) is true for some k >0 i.e. u, =2—-In(k +1), To show that P(k + 1)
istrueie. u,,=2-In(k+2).

LHS of P(k +1)

= uk+l

k+1
=u,+In
k+2

:2—th+D+k{Eiij

k+2
=2-In(k+2) +In(k +1) - In(k +2)
=2-In(k+2)
=RHS

o P(k) istrue = P(k+1) is true.

Since P(0) is true, and P(k) is true = P(k +1) is true, hence by mathematical
induction, P(n) is true for all n>0.
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(ii)

Consider

Lh—mlsz£1=MU)—MU+D

n n

D (u =)= ( In(r)=In(r+1))

r=1 r=1

[Egyjnﬁ)

+ -\, +1 —In(3)
S +Iue>—/lnf4)

+ Uy, U, +In(n—-1) —In(n)
+ un\}t%_l] +In()—=In(n+1)]
u, —U, =In(M) —In(n+1)
u,=2-In(n+1)

Alternative for RHS

3 )

1 2 3 n
=h=+Inh=+In—=+...+In—
2 3

n+1
_ n(&z% Lj
234 n+1

(iv)

ZN:un :ZN:[Z —In(n+1)]

n=0 n=0

=(N+2)(2)—-[In1+In2+...+In(N +1)]
>(N+D(2)—[In(N +1) +In(N +1) +...+In(N +1)]

= (N +1)(2)= (N +1)In(N +12)
= (N +D[2=In(N +1)]
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Qn | Suggested Solution

o) (3—l: =k(u—a) , where k is a constant.

Given ((jj—l:zl when u=14.5 and (le—l:: 2 when u =14,

1=k(14.5-a) (1)
2=Kk(14—a) --—--(2)

From GC,
k =—2 and ak =-30
s.a=15
2—: =-2(u-15) (shown)
v(ii) 1
du=-2|dt
-[u -15 I
Inju-15|=-2t+C
lu-15]=e2"*¢

u=15+ Ae™ where A = +e°

(i) | Ast—>o, €2 >0, u—15
Joseph will eventually reach a steady speed of 15 km/h.

Alternatively, at steady speed, :Tltj —0,u—15

V) | s=fudt
= j 15+ Ae?) dt
=15t—§e‘2t+D

9(v) | For graph to tends towards an asymptote that passes through the origin, D = 0.

l.e. s :15t—ée’2t
2

ForA=-1, s :15t+%ezt
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Qn | Suggested Solution

100) | (x+1)?-12=0=x=-1+12
Asymptotes are: y =1 x=-1-+/12, x=—1++/12

(i) x> -5 x> -5

YT X+ 12 K a2x-11

y(x* +2x-11) = x* -5

(y=1)x*+2yx+5-11y =0

For no values of x, there are no real solutions for the above quadratic equation.
Discriminant = 4y* +4(y —-1)(11y -5) <0

12y* -16y+5<0

(6y-5)(2y-1)<0

S.3<y<2 (shown)

(iii) | At turning points of C,
When y=2, x=1,

When y=2, X=5.
Coordinates of turning points (1 1) and (5,32).

N

oo

) A
\J
A
S
—1-12 i i
il g
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(v)

_ (@-x*-5 (x-1)?-5
(A-x)+1)?-12 (x-2)*-12°
Therefore x is replaced with 1 — x.

y=f(xX) > y=f(x+) > y=Ff((-x)+1) =f(1—x)
Sequence of transformation:
C is translated by 1 unit in the negative x-direction and then reflected in the y-axis

OR y=f(x) > y=f(—x) > y=f(—(x-1))=f(1—x)
C is reflected in the y-axis and then translated 1 unit in the positive x-direction.

Qn | Suggested Solution
11(i) | Plane ABD: 4x+y+2z2=16
When A is on the x-axis, y =z =0.
4dx=16=>x=4
A(4,0,0)
(i) Plane CBD: 7x—11y -5z =-23
Line BD is the line of intersection between planes ABD and CBD.
From GC,
3 (-
r=4|+4"-%
0 1
3 1
lpp:r=4|+4| 2 |, AR
0 -3
(i) 0
Equation of xy-plane : r-[OJ =0=12z=0
1
. (3 1
UsingOB={4 [+ 4| 2 |=>31=0=>1=0
0 -3
_. (3
..OB=|4
0
B(3, 4,0)
Alternative
B is the point of intersection between planes ABD, CBD and xy-plane
Ax+y+22=16
7x—-11ly—-5z=-23
z=0
Using GC, B(3, 4, 0)
(iv)

=efg)ol ]

D is the point of intersection between Ixp and plane CBD :

Need a home tutor? Visit smiletutdiasg



{A )

28+ u(-51) =23

u=1
o 4 -2 2
OD=|0|+| 2 |=|2
0 3 3
D(2, 2, 3)
Alternative

D is the point of intersection between lxp and Igp.

EAEHE)(3)

A+2u=1
2A-2u=-4
-31-3u=0=>A=-u
sou=1

v)

R e |
AB:OB—OA=£4J
0

. . . (-5
AC=OC—OA=[1]
1
Area of triangle ABC =
1y (5
1|ABxACl=2| 4 || 1
2lo0) (1

Distance from D to plane ABC

) B
H

4
1
19
Alternative

4
.. Plane ABC:r-| 1 |=16
19

1

1)

51

H
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Distance from D to plane ABC =

Volume of tetrahedron OABC =

2\ (4
16|21 1
3)\19)] h6-67 51
4 4 4
1 1 1
19 19 19
1 1[4 s1 51 17 |
“x=|l 1 ="—="_ynits®
3 2|19| 4
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2016 Year 6 H2 Math Prelim Exam Paper 2 Solutions

Qn | Suggested Solution

1(i) | Largesta= = Ya
T[ -

(i) | The lineis y=X.

f)=1"(x)

Since the points of intersection liesony = x,
f(x) =x

msin (£ X) = X

When x =0 : LHS = zsin (0) =0 = RHS
Whenx=m: LHS=nsin(%n)=n=RHS

.0 and & are solutions to the equation f(x) = f (X)

(iii) Ya Ly=x
tly=fg
AL y=T)
2B/
C
0]/ :
. T m X

Required area = A + B = 2A (by symmetry)

Areaof B+ C = %nz (area of triangle)

Areaof A+B+C = J: f(x) dx
= jnnsin(l Xj dx
0 2

)

=2n
. Area bounded by the graphs of f and f

=2(2n—%n2j=4n—n2
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Alternative
Required area = 2 Ionf(x) —x dx

:Zjnnsin(lxj—x dx
0 2

2 ™
= 2| —2mcos (l Xj X
2 2 0

(iv) Ya
e __
\ " y=9()
1 |
0O 1 }[ > X

[0,1]——[0,n] —2—[0,n—1]
Ry =[0m—1]

Qn | Suggested Solution

2(i) | CP=a+A(a+2b)—(a—b)=b+A(a+2b)

CP? =[b+ A(a+2b)].[b+ A(a+2b)]
=bb + 2%(a+2b).(a+2b) + 21b.(a + 2b)
=bb+A%(aa+4ab+4b.b)+24(ba+2b.b)

=1+ A% (1+1+ 4)+2,1(%+2) asaa=bb=1andab =%

=64° + %/Hl (shown)

(i) CP2=6[/12+%/1}+1
2 2
=6 /1+§j +1—%:6(/1+§J +i
8 64 8 32

2
CP= 6(/1+§] +i
8 32

The perpendicular distance from C to | occurs when P is nearest to I, that is when CP is

least or A =—§.
8

Least CP is@. P is F in this case.

o?:a_g(aub):%(sa_ab)
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Alternative to find minimum CP:

CP is minimum when CP? is minimum:
i(CPZ) :12}L+g
dx 2

When i(CPZ) =0,121 P2 0
dx 2

aa=-3
8
Since CP? is quadratic and coefficient of A% >0,

CP? isminimum at A = _3

.. perpendicular distance from C to | occur when 4= —g.

(iii) c?:%(5a_6b)_(a_b):%(_3a+2b)
Equation of plane
r.(-3a+2b)=a(-3a+2b)=-3+ % = —g

Qn | Suggested Solution

3() (u,,=03u,+6

(i) | u,=0.3u, ,+6

~0.3(0.3u, , +6)+6
~0.32u_,+0.3(6)+ 6
=0.32(0.3u__, +6)+0.3(6)+6
=0.3%u, ,+0.3%(6) +0.3(6) + 6

=0.3""u, +0.3"%(6) +0.3"°(6) +...+0.3(6) + 6
6(1-0.3"Y)

1-0.3
=0.3""u, + 2 (1-0.3")

=0.3""u, +

Alternative

u,=0.3u,+6

u, =0.3u, +6
=0.3(0.3u, +6) +6
=0.3°u, +0.3(6) + 6

u, =0.3""u, +0.3"%(6) +0.3"°(6) +...+0.3(6) + 6
6(1—0.3"%)

1-0.3
= 0.3y, + 2 (1-0.3")

=0.3""u, +
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(iil)

Asn—ow, v ,—>Landv, > L.

n+1
- L=0.01"+6

0.01° -L+6=0

From G.C., L =6.4110 or 93.588

a=6.41 =936 (3s.f)

v, may not necessarily converge to a limit as we do not know what is the value of its
starting term v, (or initial number of bacteria).

(iv)

As N — oo,

u, > 0u, +2(1-0)=8.57 (3s.f.)

v1 =30, v, =0.01v* +6=15,v, =0.01v,” +6=8.25,v, =0.01v,” + 6 =6.68,
v, =0.01v,” +6=6.446,..

FromGC, v, »>6.41(3s.f)

Thus, Chemical B is more effective in the long run.

(v)

The amount of Chemical C used per week is an Arithmetic Progression with first term
a =20, common difference d =5.

Want: S, > 3000
2[2(20) +(n-1)(5)] = 3000

n’+7n-1200>0

From G.C,,
n n® +7n-1200
31 —22
32 48
33 120

. it takes 32 weeks

Alternative: From GC, n>31.3(to 3s.f.) = It takes 32 wks

Qn

Suggested Solution

4(a)

A m

Locus of z

|z+1-2i| =]z - (-1+2i)|
ie, |z (-1+2i)|<2

Min arg (z) occurs at A :tanl%: tan~' 2

Max arg (z) occurs at B

Hence, tan™2< arg (z) <=
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(b)

w® =2°

— W6 — 26e2km
Sk

w=2e 3, Kk=0,+1423

(i)

km
7=1+iV3+2e 3, k=0,+1423

(i)

|z| is maximum at Q, where Q is the point representing the root when k = 1 and OQ is
the diameter of the circle

7 =1+iv3+2¢3
:1+i\/3+2(cosﬁ+isin£j
3 3

=1+iVv3+1+iv3
=2+i2+3

Qn

Suggested Solution

5(i)

No, the people are surveyed without consideration of the stratum e.g. age group they
belong to.

(i)

To obtain a systematic sample of 5%, we can first randomly select the first commuter
from the first 20 commuters entering the train station by stationing the surveyors at the
gantries and thereafter select every 20th commuter thereafter entering the train station
from the start to the end of that particular day.
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Qn | Suggested Solution

6(i) | Let A denote the event that John scores in a game.
Let B denote the event that John’s parents are present at a game.

Given that P(A) =0.15,P(B) =0.3,P(B| A) =0.2,

P(A|B)

_ P(ANB)

~ P(B)

_ P(B|A)xP(A)
G

_ 0.2x0.15 0.03
03 03
=0.1 (shown)

(i) | Since P(A|B)=0.1#P(A)=0.15 his parent’s presence in a game will affect his chances
of scoring in the game.

Alternative
Since P(B| A) =0.2 = P(B) =0.3 his parent’s presence in a game will affect his

chances of scoring in the game.

(iii) | Let C denote the event that the game is a home game.
P(ANBNC)=P((A'NB)|C)xP(C)=0.24x0.5=0.12

Least P(B'NC)
=0.5-0.03-0.12
=0.35

Max P(B'NC)
=0.5-0.12
=0.38
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Qn Suggested Solution

7(i) Required probability
2
(C.)
28C4
4
2275

(i) Required probability

(5=
== | x| = | x—
9 9 2121
8
2187

(iii) No. of ways to seat the remaining members

=(7-1!

=720

No. of ways to slot in the committee head and the 2 vice-heads as a pair
= 7P2 =42

No. of ways to arrange the 2 vice-heads = 2

Required probability

_120x42x2 1

©10-1)! 6

Alternative

No. of ways in which the vice-heads are seated together

=(9-1)1x 2!

= 80640

No of ways in which the vice-heads are seated together and the head is seated next to
one of them

=(8-1)k2x2

=20160
Required probability
8064020160 1
o @-1n! 6
Alternative
No. of ways in which the vice-heads are seated together with the rest of the committee
excluding the committee head
=(B8-1!x2!
No. of ways to slot in the committee head
= °C,
Required probability
_(8-D!(2)(6) _1
0-1)! 6
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Qn | Suggested Solution

8(i) Va

15.7 o o

a4

5 27

(i) | Model B: y=a+DblInx is appropriate but not Model A.

From the scatter diagram, as x increases, y increases at a decreasing rate, which is
consistent with Model B but not Model A which predicts an increasing rate of
increase fory.

(iii) | Screenshot for reference:

gJ=a+bx

a=.9534453053
b=4.756802661
r2=.9613202953

.r‘=. 280469426

r=0.98047 (5s.f)
~0.980 (3s.f)

The value of r would not be different as it is unaffected when data is scaled

(iv) | a=0534 | b=476

y =0.53445+4.7568Inx (55.f.)
(ory=0.534+4.76Inx)

When x=20,
y =0.53445+ 4.7568In(20)

=14.785

=14.8 (3s.f)
Car population is 14.8 millions

(v) | Value of a represents the predicted car population after 1 year of study.

[If wrong model chosen:
Value of a represents the predicted car population at the start of the study. ]

The value of a is unreliable (invalid) as it is an extrapolation (outside the data range
Year 5to Year 27) and the linear relationship may not hold.
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Qn | Suggested Solution

9(a) | Let A and B denote the queuing times of a randomly chosen passenger at Economy
(i) | and Business class counters respectively.

A~ N(11.6,4.2%) B~ N(3.2,0.9%)
Find P(|A—(B, +B,)|<5)

A—(B,+B,)~ N(11.6—2x3.2, 4.22+2x0.9%)
i.e. A—(B,+B,) ~ N(5.2, 19.26)
~.P(|A-(B,+B,)|<5)=P(-5< A~ (B, +B,) <5)
~0.47177
=0.472 (3s.f)

(if) | Required probability

=P(B, 22)xP(B, 22)x...xP(B; > 2)
=[P(B>2)]

~ 0.46526

=0.465 (3s.f.)

(b) | Let X denote the number of passengers who turned up for their flight, out of n
passengers who bought the n tickets.
X ~B(n,0.95)

Since n > 350 is sufficiently large such that
np = 0.95n > 5 and ngq = 0.05n > 5,
X ~N(0.95n, 0.0475n) approximately

P (Flight is overbooked) < 0.01

= P(X >350)<0.01

= P(X >350.5)<0.01 (continuity correction)

— P(X <350.5)>0.99
P[z _ 350.5-0.95n

1/0.0475n

350.5-0.95n
: ——

1/0.0475n

= 350.5-0.95n > 2.3263+/0.0475n (shown)

Jz 0.99

>2.3263
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Alternative to show approx inequality:

Let X denote the number of passengers who did not turn up for their flight, out of n
passengers who bought the n tickets.

X ~ B (n,0.05)

Since n > 350 is sufficiently large such that
np =0.05n > 5 and nq = 0.95n > 5,

X ~N(0.05n, 0.0475n) approximately

P (Flight is overbooked) < 0.01

= P(X <n-350)<0.01

= P(X <n-351)<0.01

= P(X <n-350.5)<0.01 (continuity correction)
n—-350.5-0.05n

1/0.0475n

0.95n-350.5
=

1/0.0475n

= 0.95n—350.5 < —2.3263/0.0475n

:P(Z< JS0.0l

<-2.3263

= 350.5-0.95n > 2.3263+/0.0475n (shown)

Qn | Suggested Solution

10(i) | Unbiased estimate of population mean, X =167.89 =168 (3 s.f.)
Unbiased estimate of population variance,
s*=2.4988* =6.24 (3s.f)

(if) | Assume that the breaking strength of each coil of rope is normally distributed.

H, : 1 =169.7
H,:u<169.7

Perform 1-tail test at 5% significance level.

X -169.7
2
V8
Using t-test, p-value=0.039673.

Since p-value <0.05, we reject H, and conclude that there is sufficient evidence at

the 5% significance level that the mean breaking strength is less than 169.7 kg, i.e. the
manufacturer’s claim is not valid.

Under H,, ~t(8-1).
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(i) | Hy:u= g,
Hytw# 1

Under H,, Y ~ N(yo,%) approximately by Central Limit Theorem.

-2.57.58 0 2.5758

Given y =171 and H,is not rejected,
- 171—
29.16
\fﬁ
=169.03 < u, <172.97
.. set of values of g, is: {y, e R:169 < 1, <173}

<2.5758

(iv) | Testing at the 1% significance level means that there is a probability of 0.01 of
concluding that the mean breaking strength differs from the claim when it is actually
unchanged.

Qn | Suggested Solution

11(a) | Let X and Y be the number of rectangular tables and round tables that are occupied.
Q) X ~B(6,0.8) Y ~B(9,0.65)

Required probability = P(X =4) P(Y =7)
=0.24576x0.21619
=0.0531 (3s.f)

(if) | e Customers may arrive as a big group that requires them to be split into two
separate tables next to each other.
OR

e The restaurant may choose to seat the customers at tables in a particular section
first.

(b) | Let Cand T be the number of cups of coffee and tea sold in 20 minutes, respectively.
Q) C~P,(5) T~P,(35)
C+T ~P,(85)

P(T >6(C+T >7)= P& ZP?EQ{TC;; 7))
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_P(T=6)P(C>1)+P(T >7)P(C 20)

P(C+T >7)

_ P(T =6)[1-P(C =0)]+[1-P(T <6)]

1-P(C+T <6)
~0.077098(0.99326) +0.065288
0.74382

=0.191 (3s.f)

~0.14187
0.74382

(i)

k
Using p, =e‘% for 1 =5,

5k+1
s
I k1
P _ (k+kl). _ k5 k! _5 (shown)
Py 55 5¢(k+1)! k+1
ki
Whenk <4, k+1<5,
pk+1

:>L>1:—>1:> P> P
k+1 pk k+1 k*

Whenk <4, i.e.k=0,1,2,3

pk+l>pk: p4>p3>p2>pl>p0'

Whenk >4, i.e. k=5,6,7,...
Peia <Py = Ps>Pg > P
Whenk =4, pos=P= P, = Ps.

Fromabove, p,<p, < <P, =Ps>Pg>P; > Pg >+

(Thus py is greatest when k = 4 and 5)

The most probable number of cups of coffee sold (i.e. the mode) are 4 and 5.
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A sequence follows the recurrence relation

(2n+1)x . «x

U,,-U, =2cos smE , U, =sinx forn=123,....

Prove by mathematical induction that U, =sin(nx) for all positive integer n. [4]
: : 2
Solve the inequality ————>1. [2]
4(x+1)°+1
V32 2
Hence find _[ 2 1-———5— dx, leaving your answer in exact form. [3]
-1 4(x+1)° +1

Referred to the origin O, the points A and B are such that OA=a and OB =b with a not
parallel to b. The point P is on AB produced with AP : AB =3:1 and the position vector of
point Q is 2a.

(@) Find the position vector of the point of intersection of lines OB and PQ, giving your
answer in terms of b. [4]

(b) It is given that axb=2i—4j+2k and the point C(O, 3, 4) does not lie on the
plane OAB. Find the foot of the perpendicular from C to the plane OAB. [4]

Prove that gn1 =n?+2n —n® -1. [2]

Jn2+2n +4/n? -1

2n+1

N
Hence find . [3]
ng'\/n2 +2n +4/n% -1
. 2n-1
(@) Deduce the value of . [3]
n; n? —2n ++/n? -1
No2n+1 >
(b)  Show that 1 >+/N“+2N . [1]
n=1 n-
[Turn over
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Sketch on a single Argand diagram, the loci defined by —%<arg(z +1+2i)$% and
(2+i)w+5 <5, [4]
0] Find the minimum value of arg(w). [2]
(i)  Find the minimum value of |z —w]. [2]
(i)  Giventhat arg(z—w)<#6, —7 <8<, state the minimum value of 6. [1]

A group of boys want to set up a camping tent. They lay down a rectangular tarp OABC on
the horizontal ground with OA = 3 m and AB = 1.5 m and secure the points D and E
vertically above O and B respectively, such that OD =BE =2 m.

< 3m

Assume that the tent takes the shape as shown above with 6 triangular surfaces and a
rectangular base. The point O is taken as the origin and the unit vectors i, j and k are taken

to be in the direction of OA, OC and OD respectively.

0] Show that the line DE can be expressed as r = 2k + 2(2i+]j), 1€ R. [2]
(i) Find the Cartesian equation of the plane ADE. [3]
(ili)  Determine the acute angle between the planes ADE and OABC. Hence, or otherwise,

find the acute angle between the planes ADE and CDE. [4]

The curve C has equation y :ﬁ , Where k >1.

X"+ X—
(M Find the equation of the tangent at the point A where C cuts the y-axis. [2]
(i)  Sketch C, giving the equations of asymptotes, the coordinates of turning points and
axial intercepts in terms of k , if any. [4]
(iii)  Find the equation of the normal at the point B where C cuts the x-axis. Leave your
answer in terms of k . [2]

(iv)  Hence show that the value of the area bounded by the tangent at A, the normal at B

and both the x- and y-axes is more than % square units. [2]
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The curve C (as shown in the diagram below) has equation y = x*sinx, -7 < X< 7.

y4
> X
- Vs
(i) Calculate the exact area of the region R enclosed by C and the x-axis. [4]
(ii) Sketch the curve with equation (y+1)>—4(x+2)>=1 showing clearly the
coordinates of the turning points and the equation(s) of any asymptote(s). [2]
(iii) Hence find the volume of the solid generated when the region bounded by the 2
curves is rotated through 4 right angles about the x-axis. [4]

A manufacturer produces cylindrical containers using sheet metal of negligible thickness.
The cylindrical container has an open top, and a base and curved sides made up of the sheet
metal.

(a) (i) Itis given that the volume of the cylindrical container is fixed at k cm®. Show
that when the amount of sheet metal used for the cylindrical container is a
minimum, the ratio of its height to its radius is 1:1. [5]

(i) A product designer proposed a new design where the height of the cylindrical
container is always 2.5 times that of its radius. Given that the radius of a
cylindrical container produced using the new design equals the radius of the
container produced in part (a)(i) with minimum sheet metal. Find the ratio of
the amount of sheet metal used in this new design to the minimum amount of
sheet metal used in part (a)(i). [2]

(b)  To reduce cost, plastic with negligible thickness, instead of sheet metal is used to
manufacture the new design cylindrical containers in part (a)(ii) using injection
blow moulding technology. In the injection blow moulding process, it is assumed
that the cylindrical containers increase in size proportionately with the height to
radius ratio remaining constant at 5:2 throughout the process. If the volume of the
cylindrical container increases at a rate of 80 cm® per second, find the rate of
change of the surface area of the cylindrical container when its height is 50 cm. [4]

[Turn over
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11.

In the triangle ABC, AB=x, BC=y, AC=%, angle ABC=% radians and angle

ACB = 0 radians (see diagram).

@ () Showthat X=—_25NY

. 3
y cose+\@sin6’ 3]

(if) Giventhat 4 is sufficiently small, express X as a cubic polynomial in €. [3]
y

(b) (i) Show that @=sin""(3x). [1]

(i) Find the Maclaurin series for @, up to and including the term in x®. [5]

The functions f and g are defined by
f :xr—>1e1‘xz, xeR, x<1and

g:x—>+1l-Inx, xeR, O0<x<e.
Q) Show that gf exists, and find the range of gf. [4]

(i) Justify, with a reason, whether f™ exists. [2]

(iii)  The domain of f is restricted to (—o, b]such that b is the largest value for which the

inverse function f exists. State the value of b and define £ clearly. [4]
(iv)  The graph of y=h(x) is obtained by transforming the graph of y=g(x)in the

following 2 steps.
Step 1: Scale parallel to the x-axis by a factor of 2.
Step 2: Reflect in the x-axis.

Define h in a similar form. [3]

End of Paper

Need a home tutor? Visit smiletutor.sg



m HWA CHONG INSTITUTION

-~ 2016 JC2 PRELIMINARY EXAMINATION

MATHEMATICS 9740/02

Higher 2

Paper 2
Tuesday 20 September 2016 3 hours
Additional materials: Answer paper

List of Formula (MF15)
READ THESE INSTRUCTIONS FIRST

Write your name and CT class on all the work you hand in, including the Cover Page.
Write in dark blue or black pen on both sides of the paper.

You may use a soft pencil for any diagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid.

Do not write anything on the List of Formula (MF15).

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in
the case of angles in degrees, unless a different level of accuracy is specified in the
guestion.

You are expected to use a graphing calculator.

Unsupported answers from a graphing calculator are allowed unless a question
specifically states otherwise.

Where unsupported answers from a graphing calculator are not allowed in a question,
you are required to present the mathematical steps using mathematical notations and
not calculator commands.

You are reminded of the need for clear presentation in your answers.

The number of marks is given in brackets [ ] at the end of each question or part
guestion. At the end of the examination, place the completed cover page on top of your
answer scripts and fasten all your work securely together with the string provided.

This question paper consists of 6 printed pages.

Need a home tutor? Visit smiletutor.sg



Section A: Pure Mathematics [40 marks]

On the first day of last month, the temperature of a machine in a manufacturing plant was
found to be 90 °C and was deemed as too hot by the supervisor. On each day waste heat

was produced by the machine as a by-product and caused the temperature of the machine to
increase by2°C. In an attempt to make it cooler, the supervisor decided to adjust the

thermostat and decreased the temperature by 3% at the end of each day.

(i)
(i)

(i)

(@)

(b)

(i)

(i)

Show that the temperature of the machine was 87.8 °C at the end of the 3" day. [2]
At the end of which day would the temperature of the machine first dropped below

70°C? [3]
Will the temperature continue to drop indefinitely? Justify your answer. If not, what
is the long term temperature of the machine? [3]

Given that z, = —% is a root of the equation 2z°+(i—8)z’ +az+13i=0, find the

complex number a and solve the equation, giving your answer in Cartesian form
X+1y. [4]
Hence, find in Cartesian form the roots of the equation

2w +(1+8i) W —aw—13=0. [2]
Solve the equation z°+729=0, expressing your answers in the form re'’, where
r>0and -z <8< [2]

Given that z, is a root of the above equation and 0 < arg z, < %

n

If X is a positive real number, find the smallest positive integer n. [2]
Zl

Use the substitution X =

3sin@ +1, 0<0<—tof|nd [4]
I./ x 1

A curve has parametric equations
1

Jo-(t-1)*

(a) Sketch the curve, indicating the end point and the equation of the asymptote.

X = y=t?, O<t<4.

[3]
(b) Using the result in part (i), find the exact area of the region bounded by the
curve, the lines y =1,y = ? and X = g [4]
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In harvesting of renewable natural resources, it is desirable that policies are formulated to
allow maximal harvest of the natural resources, and yet not deplete the resources below a
sustainable level. A simple harvesting model devised for the rate of change of the
population of wild salmon in a particular region in the Pacific Ocean is given by

dP
——=P(4-P)-h,
g - P(4-P)

where P is the population of wild salmon in millions at time t years and h is the constant

harvest rate in millions.

(1 Sketch a graph of (;—T against P, expressing the turning point in terms of h. [2]

(i)  The Maximum Sustainable Yield (MSY) is the largest harvest rate hthat allows for a
sustainable harvest of wild salmon without long-term depletion. State the MSY for
the wild salmon. [1]
(iii) It is given that the population of wild salmon in that region was 3.2 million in 2015
and the constant harvest rate is 3 million. Find an expression for P at any time t. [5]
Hence find the population of the wild salmon in that region in 2016. [2]

(iv)  State one assumption you made in your calculation. [1]

Section B: Statistics [60 marks]

In the last election, there were speculations from unofficial sources before the counting of
votes is completed. For the current election, to prevent unnecessary speculations, the
election office of Sunny Island will be conducting a sample count in each electoral division
after voting is done. Each electoral division has a different number of registered voters and

a sample of 400 votes will to be sampled from each electoral division.
(i) Identify and describe an appropriate method to obtain the sample. [3]

(i)  State an advantage and a disadvantage of the sampling method used in part (i).  [2]

[Turn over
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The random variable X has a binomial distribution B(n, p), where 0< p<1,and n is an

integer. Show that P(X=r) :(n—r+1) P_| [3]
P(X =r-1) r 1-p

Hence find a condition relating n and p such that X has two values for its mode, and

determine these two values, giving your answer in terms of n and p. [3]

A group of ten people consists of four single women, two single men and 2 couples. The

ten people are arranged randomly in a circle.
(i)  Find the probability that the four single women are all separated. [2]

(if)  Find the probability that either the four single women are next to one another or the

two single men are next to each other but not both. [3]

One of the ten people left the group and the remaining nine decided to sit at a round table
with ten identical chairs equally spaced around the table. The chairs are decorated such that
every alternate chair is tied with an identical chair sash. Given that the nine people have no

preference to which seat to take, find the number of possible seating arrangements. [2]

In an examination, the score, X , for paper 1 of a student is found to follow a normal
distribution with mean 62 and standard deviation o, and the score, Y, for paper 2 of a
student is found to follow a normal distribution with mean 71 and standard deviation 8.
The final score of a student for the examination is the average score of the 2 papers and it

is assumed that X and Y are independent random variables.

(i)  Find the probability that for two randomly selected students A and B taking the

examination for paper 2, A has at most 2 marks less than the marks of B. [2]
(if)  Given that 15% of the students have at least a final score of 75, find o . [4]

(iii) Using the value of o found in part (ii), find the probability that a randomly selected
student performs better in her Paper 1 than in her Paper 2.

(iv) Comment on the validity of the answer obtained in part (ii) and (iii). [3]
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10.

To reduce the number of speeding incidents on the road, traffic police in Country S set up
traffic cameras at 3 busy traffic Junctions A, B and C to monitor the speeds of vehicles
passing through these junctions. The average number of speeding vehicles caught by the
camera at Junctions A, B and C are 2 in every 3 hours, 5 in every 4 hours and A in every
hour respectively. It is assumed that the number of speeding vehicles caught by the
cameras at the three junctions followed Poisson distributions.

() Find the probability that there are at least 2 speeding vehicles caught at Junctions A
and B inan hour. [2]

(b) Given that there are 2 speeding vehicles caught at the three junctions in an hour, find
the probability that at least one speeding vehicle caught is at Junction C. Leave your
answer in terms of 4. [3]

(c) Given that the traffic cameras are in operation 24 hours in a day, using a suitable
approximation, find the probability that there will be more speeding vehicles caught
at Junction A than at Junction B in a day. State an assumption for the calculation to
be valid. [5]

A nutritionist claims that the mean number of calories in an energy bar is 350 cal. The
nutritionist collected and measured the number of calories of a random sample of 15
energy bars. The mean and variance of the sample was 347.2 cal and 20.74 cal’®
respectively.

(i) The nutritionist wishes to carry out a hypothesis test on his claim. Explain why t -test
instead of z -test is to be used. State an assumption for the test to be valid. [2]

(if)  Test at 5% level of significance, whether the mean number of calories in an energy
bar is 350 cal, defining any symbols that you use. [4]

(iii) Suppose the nutritionist uses a different test in part (ii). Without further calculation,
explain and state whether the conclusion will be different. [2]

The manufacturer of the energy bar refines the manufacturing process and the new energy
bars follow a normal distribution with mean x cal and variance 20.74 cal®. The

manufacturer then provides the nutritionist with another sample of 15 energy bars.

[Turn over
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11.

(iv) Find the range of mean number of calories, X, of the second sample of 15 energy bar
so that the null hypothesis in part (ii) is not rejected at 5% level of significance.
Leave your answer correct to one decimal place. [3]

A group of scientists is interested to find out the correlation between the number of species
and the size of the natural habitat. The scientists sampled non-overlapping lands of
different areas ( x ) in square kilometres, and noted the corresponding number of

species (y ) found. The results are shown in the table below.

Area (X) 300 | 400 | 500 | 600 | 700 | 800 | 900 | 1000 | 1100 | 1200

Number of
species 12 15 18 21 k 25 26 27 27 28
(y)

(i)  Given that the equation of the regression line is y =0.01758x+9.018, show that the

value of k to the nearest whole number is 23. [3]
Take k to be 23.
(i)  Draw the scatter diagram for the given data, labelling the axes clearly. [2]

(iii) Calculate the product moment correlation coefficient r. With reference to both the

scatter diagram and r, explain why a linear model is not appropriate. [2]

(iv) The following models are suggested for the data.
(A) y=a+bx?, (B) y=ax", where a>0 and O<b<1.

Use a graphical approach to determine which model is more appropriate. [2]

(v)  Use the more appropriate model to estimate the area of the natural habitat when the

number of species found is 24. Comment on the reliability of your estimation. [3]

End of Paper
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2016 HCI Prelim Paper 1 Solutions

Qn | Solution

1 * Let P, be statement U, =sin(nx) forallneZ".
When n=1, LHS=U, =sinx, RHS =sinx ..P, istrue.
* Assume Py is true for some k e Z*, i.e. U, =sin(kx) .

Want to prove that Py 1 is true, i.e. U,,, =sin(k +1)x.

LHS
=Ua
2k+1)x .
=U, + 2COSMSIHE
2 2

=sin (kx)+ 2cos(2k +1jxsin (le
2 2

=sin (kx) +sin (k +1) x —sin (kx)

=sin(k+1)x =RHS

*Since Py is true, Py is true implies Py . 1 is true, by MI P, is true forall n e Z".

2 2

—>1

4(x+1)° +1

~@r+D@x+3)
4(x+1)°+1

Since 4(x+1)* +1>0 for all x,

(2x+1)(2x+3) <0
3

1
Som=<Xx<—-=
2 2

2
A+ 41

1 2 By 2
B [T Y o (R
-1 4(x+1)°+1 - 4(x+D)°+1

e
=[—x+tan"(2x+ 2)]_% +[x—tan(2x + 2)]_2:1

2

— Eﬂan‘ll—l} 7{§—1—tan‘1 3 +%+ tan‘ll}

B3

T
6 2

By
2

-1

-1
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(@)

OP=a+34B=a+3(b-a)=3b-2a
PQ=00-0P =2a—(3b-2a)=4a-3b
Ipg :1:=2g+ﬂ,(4c~1—312), AeR
logir=pb, neR

At point of intersection, 2a+ A (4a—3b) = b

Comparing coefficients of ¢ and b, A= —%, u= 2

.. position vector of the point of intersection = glg

(b)

2 1 1
axb=|-4|=2|-2|=>n=|-2
2 1 1

Let F be the foot of perpendicular.

Method 1
0 1 1
locir=|3|+s| 2|, seR I, ,:r-|-2|=0
4 1 1
0 1 1
3|+s|-2||-|-2]=0
4 1 1

—6+4+5(1+4+1)=0

1
s==
3
0 1 0+1 1
— 1 1
OF =| 3 |+=| -2 :g 9-2 :g 7
4 1 12+1 13

Need a home tutor? Visit smiletutor.sg



Method 2

FC=(0C-i)a
1 1
-2 -2
1 1
=3 L |~—Z
1 1
4
-2 -2
1 1
1
-2
—-6+4(1
JE J6
OF =0C +CF
0 1 0+1 1
:3+1—2 :1 9-2 :% 7

3 3
4 1 12+1 13

|

13
'3

’
3

Wl

Method 1
2n+1 ~ 2n +1 Jn? +2n ++n? -1

Jn? +2n +/n” -1 B Jn? +2n ++n -1 " n? +2n ++n? -1
(20 +1)(Jn* + 20 ~ln 1)

B (nz +2n)—(n2 —1)

=n® +2n —n’ -1
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Method 2

(\/n2 +2n —n? —1)(\/112 +2n ++n? —1)
= (n2 +2n —(n2 —1))

=2n+1
2n+1

B \/n2+2n +\/n2—1

=\/n2 +2n —\/n2 -1

ul 2n+1
=1 \/n2 +2n +\/n2 -1

:i(\/nz +2n —\/n2 —1)
! NG _

. +\7g\
| +/N? +m2 ~1]

=N2+2N

(@)

Replace n by n+1,
u 2n -1

= In’ —1+\/n(n—2)

RS 2n+1

- =l \/n2 +2n +\/n2 -1
= J(N-1) +2(N -1)

=JN? -1

(b)

Notice that \/n? + 2n > n and
2
(Vr?=1) ~(n-1)" =2n-220.

=n-1>n-1
:>\/n2+2n+\/n2—1>2n—1
- 1 < 1

n? +2n++n’ -1 2n-1
.i2n+1>N 2n+1
o12n-1 n=l\/l’l2+21’l+\/1’12_1

=+N?+2N
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S |(2+i)w+5|£\/§
2+ w+i_ <5
2+1
|w+2—-i|<1=> circle centre (-2, 1), radius 1
Im
|(2+i)“’+_5_|5_\’g —%<arg(z+1+2i)s%
ey
...... 1 p .
(-1 -2)
{
{
{
{
(i)

-1 1 -
a=SI""———==5SIN "—F

(-2 +12 V5

minarg(w) = 7 —2a = 2.2143 = 2.21(3sf )
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(i)

min |z —wj =2J2-1

(iii)

NG
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6 0 3
O 1 op=|0 ,5E= 15
FE=15—0 15(=15/1
2
0
=0+ , AeR
2
(ii) 0 -3
AD=|0|-|0|=| 0
2 0 2
2 -3 2 2
DExAD =151 X{O =15 -4 |=>n=|-4
0 2 3 3
2 0 2
,,:r|-4|=|0||-4|=6
3 2 3
" 2x—4y+3z=06
(iii) 0 2
Rousc =| 0 | Bype =| —4
1 3
angle between planes
0 2
0|4
=cos™ L :cos‘lL
0 J4+16+9
ol -4
1 3
=cos™ 8 56.1°(1dp)
J29
Angle _180°—2c0s ' o =67.7° (1d.p.)
J29
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==

(1)

d _ (B +x=2—(x—-2(2kx+1) _ k' + 4kx

dx (x” +x-2) (' +x-2)°
de 0 - =2
When x=10, H;={_1}3 =0 and y=—=1
Hence requured equation of tangent 1z y=1.
() | For axal mfercepts, when y=0, x=2.
when x=0, y=1.
For vertical asyniptotes, k&x*+x—-2=0
I=—1iq‘i—3k
2k
For tuming poi Y
g points, dx—l:]
—for* + 4o =0
—l(x—4) =10
~x=0 or x=4
s i (54 3 i+ 8k I I_—]+Jt+ﬂ-
lk \' i_._.--""' I‘E
o lewa)
AN Rl
y=10 . ﬂ‘i{?-.lz' s .
B e el
B(2.0)
| pm—*—2
A
(m) ;%.tx=2:£=_4k+gk— 4 1

& @k 16k 4k
~. gradient of normal = —4k

Hence requured equation of normal 15 3 —0=—4k(x—12)
y =—4kx + Bk
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Rum
Stamp


(iv)

When y =1, 1=—-4kx+8k = x=812—]:1

.. required area = 1(%+ 2)(1)
2\ 4k

>2—% (since k£ >1)

(i)

Area=2]0nxzsinxdx

-2 [—xz cos x]z + J: 2x COSxde

= 2| * +2([xsin x]; —Ionsin xdx)}

2[4 2[c05x]ﬂ

= 2(n” —4) units®

(i)

y:ZxS\/,/’—~y:2x+3

(2,0
(-22)

4
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(iil)

y=Xx"sinx

v

Coordinates of the points of intersections of the 2 curves are (—1.5374,-2.3623) and

(~2.7626,-2.8238)

Volume of solid generated

_ssa o, L 2 4. -1.5374 4 T2 »
—“f_zm (x"sinx)”dx “Lm( 1—1+4(x+2)?)?dx = 26.8 units

(i)

Let 4 cm? be the surface area of the cylindrical container.
Let »cmand 4 cm be the radius and height of the cylindrical container respectively.

Volume= zr?h=k
oh= k

2
nr

A =27xrh+ 71t

:2m{ k2]+mﬁ2
r

-

=""4r? <
r

d4 2k

Hence —=——+27r

2
r r

When d—A=0 ,

r

Can also express r in terms of
A and find 4 in terms of 4,

then let d—A =0 to obtain
dh

and subsequently r .
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——2+27Z'7":0
r
ok
T
k
]/':3—
T
h: k = k :3£

2 12
nr ”[(%)i} T
Henceh:r=3£:3,/£=l:l (shown)
T T

2
3—124:%+27r>0 sincep>0and k>0
r r

) .. /k
Hence 4 is a minimum when » = 3/—
T

(i) From (i), h:r=1:1
Hence 4 =2zrh+zr? =2xr(r)+zr? =377
For new design, h:r=5:2

Hence new A =2zrh+ zr? = 27[1*(%1’) +rt =6xr?

. required ratio is 6z7° :37r° =2:1

(b) Method 1
Let ¥ cm® be the volume of the cylindrical container.

V=rnr’h= 7rr2(§r) = E7zr3
2 2

A=2xrh+mr? =2xr (grj +xr? =67r?

LANELT pra—
a2 T——_ | Canalso find - and
d—A=127zr and use
3:1 a4 o qp | dA_dd dh dV
L= x— d dndv  d
dt dr dV dr

=127zrx 2 2><80:@

1577 ’

When /=50, r=§(50)=20

Hence a4 _128 _ 6.4 cm?/s
d 20
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Method 2

A=6xr" .. r_,/ (rejectr_—,/ smcer>0)
7Z'
, 5
Hence V =zr<h= ﬂr( jz—mﬂ
2 2
3
5 A
=—7T R
2 ( 67:]
547
2(6)' 7
dv 154
d4 4(6)%7r%
When /=50, r=§(50)=20
. A=67(20)° = 24007
d4 d4 dv
Hence — =—x—
de dV de
4(6) 7t 80
15A2
3 4(6) 7’
15(24007)*
=6.4 cm’/s
10 ) T
@) sin@_sm[ﬂ_G_ej
0| b
x __ sind
Y sin(%—ej
6
X _ sin @
Y sin>" cos @ —sin G cos %
6 6
X _ sin 0 N 2sind (shown)
Y 1cose+£sin9 COSQJ”@S”]Q
2 2
(<_’:1_) x 2sin@
(i) Yy cos@++/3sind
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-]

92
1—\/§9+7+392j

~ 20 — 24/36° +2—:93

(b) Using sine rule,
(M) sin”®
sin & —__6_3 - p_sintax
x 1
6
(b) Method 1
(i) sing = 3x
cos Hd—e =3 ----(1)
dx
2 2
cosed—f—sin G(d—ej =0--(2)
dx dx
3 2 2 3
cos@d—f—sined—ed—f—ZSined—ed—f— os@(d—gj
dx dx dx dx dx dx
~0-—-(9
When x =0,
2 3
0=0, d—€:3, d—H:O, d—:27

dx dx? dx®

9=3x+£x3+...=3x+9x3+...
3! 2
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= 729x? (1— 9x? )—2 +27 (1— 9x? )—2

0 =sin™ (3x)

d___3 :3(1—9x2);

dx  1-9x?

d? 1 2 2
e (—E)(l—QxZ) 2(-18x) = 27x(1-9x%) 2
dSTf = —%x(—le)(l— 9x’ )—2 +27(1-9x° )‘g

11
(i)

Ry :[\/ﬁ,oo)
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(i)

Since a horizontal line y = 1 cuts the graph of y = f(x) twice, f is not a one-to-one function and

f ! does not exist.

(iil)

b=0

In(2y) =1-x°

x=%1-In(2y)
Since x <0, x=—,/1- |n(2y)

flix>— 1—|n(2x), xeR, O<x$%e

(iv)

y=+l-Inx 2L 5= 1—|n(§j

oo

X
0<x§e—>0<§§e

S0<x<2e

h:ix— - 1—In(§], xeR, O0<x<2e
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2016 Prelim Paper 2 Solutions

Qn | Solution
1

[ 1% day: 0.97(92)

P day: 0.97(0.97(92)+2)

3" day: 0.97(0.97(0.97(92) +2) + 2)
=0.97°(92) +0.972 (2) +0.97(2)

—87.788
~87.8°C (3s.f)

(i) | n"day: =0.97"(92)+0.97""(2)+...+ 0.97(2)
0.97 (1—0.97"1)]

=0.97" (92)+2[
1-0.97

Method 1

re
o}
QY \

N

[

{

(

{

{ »
.

»

51.1b o\aﬁs

Method 2

Using GC,

When n =51, temperature = 70.025°C

When n =52, temperature =69.865°C ... 52 days
(iii) | No, temperature will not drop infinitely since r =0.97 < 1.

2x0.97

As n — oo, temperature approaches0 + == 64.7 °C in the long run.

2 iy i\’ i
(a) 2(—2j +(|—8)(—§) +a(—aj+l3|:0

Livo L @ 5 g
4 4 2

a=26-4i

27° +(i—8)2* + (26— 4i)z +13i = (2z +1)(z* + bz +13)

Comparing the coefficient of z?,
i—8=2b+i
b=-4

(27+i) (22 -42+13)=0 .. z:—% or z=2+3i.
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Replace z with iw,

2(iw)*® + (i —8)(iw)* +a(iw) +13i=0
—2iw® +(8—i)w’ +aiw+13i=0
Dividing throughout by —i,

2w’ + (1+8i)w* —aw—13=0.

iW:—L or iw=2=3i.
2

.'.Wz—% or w==+3-2i

(b)

=—729 =729 = 729e"*2k")

r 2km).
7= 3e(?7)' K=0,+1+2 -3

57. 5.

OR z= 3e7',C%e?,3e7i,3e5i,3e_5i,3egi

arg(zl*jz nargz, +argz, =(n +1)%

Zl
Positive real number (n +1)% =2kz
T
s(n+l)—=2rx
(n+1) 5

Minimum n=11.

(i)

Xx=3sin@+1

% =3c0sd

do

I—X—dx
J9—(x=1)?

I 3sin@d+1

\9—(3sin )?

=j(3sm9+1) do
=-3c0s@+6+C

=—/9—(x-1)° +sin‘lXT_1+C

(3cosd) do
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(i)
(a) VA
0 © ”x
1
2.2
(ii)
(k) | y4

5

2|~ Jo—(t-1) +sin"® %}2

+6

1

=-2 (—\/2777 +sin™ %) —(—/9 +sin™ 0)} +6

T
:3 —_—
V3-3
M) | 9P _ b4 py—h
dt
=—P?+4P—-h 4—h . —=—AP-2¥+4-4
= —(P?-4P)-h |
— (P-2)*+4-h 2+v4-h
0 > P
- \
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(i) | From graph in (i),

when h=4,

P (p-27-0atP=2. 0
dt

-. largest h =4 where the population P remains

constantat P =2.

Hence MSY =4 million

-4
(iii) | dP ) )

E:P(4—P)—3:—[(P ~4P)+3]=-[(P-2)*-1]

Method 1

1

I—(P_Z)z_lsz—jldt

1Inw:—wc

2 |(P-2)+1

P-3

— =+ ¢ = Ae? where A=+¢*°
P-1

In 2015, let t =0, P=3.2; hence A:l_ll

1
s P-3=—e*(P-1
11 (P-1)
11P —33=Pe * —¢ *
33— 33*-1

Hence P = =
11-e* 11e* -1

Method 2
dpP 2
T o1-(P-2
pm (P-2)

1
——— dP=|1dt
j1—(F>—2)2 I
1| P=2)
2 [1-(P-2)
i _Ii =+e?%¢ = Ae® where A=1e*

+C

In 2015, lett=0, P=3.2; hence A=-11
P-1=-11e*(3-P)
P-1=-33e% +11Pe?
1-33e* 332 -1
P =—— o P=—u—
1-11e 11ec -1
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Method 3
1
1
_I—(P—B)(P—l) dP = [1dt

1 1 ) ) )
— dP + dP = |1 dt (using partial fractions
Jop 5 P+l g gy P =J1 et (wsingp )

E:t+C
P

In

1
2
P-1 _ 42420 _ ppt

P-3
In 2015, let t =0, P=3.2; hence A=11
P-1=11e*(P-3)
P-1=11Pe* -33¢*
_ 2t 2t
le 33e2t or P:33e2t 1
1-11e 1le” -1

In 2016, t =1
2 —
Hence P = 3382 1 =3.02
1lec -1

", the population of wild salmon is 3.02 million in 2016.

(iv) | There are no external factors such as marine pollution or climate change that
drastically affect the population of wild salmon in that region.

5 Simple Random Sampling:
() Using a random number generator to generate 400 numbers and use select the voting
slips corresponding to these 400 numbers

Systematic Sampling: Consider N registered voter in the electoral division such that
the sampling interval% is an integer. Using a random number generator, select a

number from 1 to k and take every kth number thereafter until a sample of 400 is
obtained. Choose the voting slips corresponding to the numbers.

Stratified Sampling:

Use each polling station as the stratum. The number of votes in each stratum is
no. of voters polling at the station

total number of voters in the electoral division

obtained from each stratum using simple random sampling.

calculated by x 400 . The votes is then

(i) | Simple random sampling:

Advantage:

The sample obtained is free from bias

The sampling procedures are easy to follow

Disadvantage

The sample obtained might not be a good representation of the electoral division
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Systematic Sampling:

Advantage:

It is easy execute because only the first number needs to be chosen

The electoral division will be evenly sampled as the voting slips is chosen at regular
intervals

Disadvantage:

If there is a periodic trend like every kth voters are of the same gender, systematic
sampling may produce a biased sample

Stratified Sampling:

Advantage:

Stratified sampling will provide a sample of voter that is representative of electoral
division

The results in each polling station can be analysed separately.

Easy to conduct as the sampling frame (registered voters) is known.

Disadvantage:

It is time consuming to carry out stratified sampling

6 P(X=r-1)=P(X =r)

[ n J pr—l(l_ p)n—r+l — [n) pr(l_ p)n—r
r-1 r

n! 1 nrel n! \ s
o r” P T oy P P
riin-n!  _ p'@-p"'
(r=D!(n-r+1! pi@-p)"*
r_.p
n-r+l 1-p
P(X =r) :(n—r+1] P (shown)
P(X =r-1) 1-

rd—p)=p(n-r+1)
r—pr=np—pr+p
r=(n+1)p

X will have two modes when (n-+1) p is a positive integer.
r=(n+)p, r=(n+)p-1

7 No of ways that the single women are all separated
(i) | =°C,x4! x(6-1)! =43200

Probability = 25220 = _ 119

9! 42
(i) | Probability that the single women are next to one another
—1I |
= P(S) = @-Dt x4t 1
9! 21

Probability that the single men are next to each other
—11I |
=P(B):(9 1).><2.:2

9! 9
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Probability that the single women are next to one another and the single men are next

to each other
_1)1 | I
_ P(SmB)=(6 D! x 2! x 4.=i
ol 63
2 2 5

.. 1
Therefore probability = P(S)+P(B)-2P(SnB)=—+—-———=—=0.238
p y = P(S)+P(B) ( ) 219 83" 21

No of ways = 9x 21=725760

(i)

A B~ N(71,8%)
A-B ~ N(0,128)
P(0< A—B<2)=0.0702 (3s.f)

(i)

X ~N(62,6%), Y ~ N(71,8)

2 2
X+Y N(66.5, o +8

P(M >75)=0.15
P(M <75)=0.85
P(Z < w) =0.85
o’ +64
4

Let M =

)

8.5
o’ +64
4
o =14.319
o0=14.3

=1.03643338

(i)

X —Y ~ N(-9, 269.0389)
P(X >Y)=P(X -Y >0)
=0.292 (3s.f)

(iv)

Not valid because X and Y are not be independent for the same student.

9(a)

Let X be the total number of speeding incidents caught at Junctions A and B in an
hour.

23
X ~Po(—

)
P(X>2)=1-P(X <1)=0.571

(b)

A+B+C ~~ Po(§+ﬂj
12

Required Probability =P(C >1| A+ B+C =2)
P(A+B=1)P(C=1)+P(A+B=0)P(C=2)
P(A+B+C=2)

3ol
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2,
e (23
2 6

/1+/1)

23

e (23 Y
—+A
—{2a+4]

A
6

(23+64)

1(23+12,1)
_ 242(23+62)

(23+122)°

(© Let A be the number of speeding incidents caught at Junctions A, and B be the
number of speeding incidents caught at Junction B in a day
A~ Po(16), B ~ Po(30)

Since both 16 and 30 are greater than 10,
A~ N(16,16) and B ~ N(30,30) approximately

— A—B ~ N(~14, 46)
P(A-B >0)—>P(A-B>0.5) =0.0163

The occurrence of speeding incidents caught at Junction A and Junction B are
independent of each other.

10 Since n is small and population variance unknown, the nutritionist should use t-test. It
(i) is assumed that the calories count of the energy bar follows a normal distribution.

W1 52 21520.74)= 22,201

14
Let H, be the null hypothesis, H, be the alternative hypothesis. Let « be the
population mean number of calories in an energy bar and X be the sample mean.

H, :x =350
H, : u#350
Under H,, Test statistic, T _ X350 t,
22.221
15

p value = 0.0373 < 0.05

Since the p — value < 0.05, reject H,. There is sufficient evidence at 5% level of
significance to conclude that the mean number of calories in an energy bar is not 350.

(iii) | Since H, is rejected for t-test, p, <0.05 and since p, < p, <0.05. Therefore H,
will be rejected under z test. So the conclusion will not be different.
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Alternative method

test stat

Ho is rejected under t test

= test statistic is inside critical region for t-test
= test statistic is inside critical region for Z-test
= Ho is rejected under Z test

The conclusion would be the same.

(iv)

Since H, is not rejected,
X —350

V1.3827

= —1.95996 <

‘ <1.95996

X —350

\1.3827
-2.3047 < X -350 < 2.3047
347.7 <X <352.3

<1.95996

11(3i)

X = 750
y = 0.01758(750)+9.018

=22.203
22.203(10) =k +199

. k=23.03~23

(i)

28 |

12 }--m

1200
x/

(i)

r =0.958. Though r is close to 1, the shape of the scatter plot is curvilinear therefore
a linear model is not appropriate
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(iv)

y=a+bx’

V<

> X

Model B is a more appropriate model as graph concave downwards like the scatter
diagram

Iny =-0.96684 +0.617221n x

Iny =-0.967+0.617In x

In(24) =-0.96684 +0.61722In x

0.61722In x =1In(24)+0.96684

X =825

Since r =0.982 is close to 1 and y = 24 is within the data range, the prediction is

appropriate
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A theme park sells tickets at different prices according to the age of the customer. The
age categories are senior citizen (ages 60 and above), adult (ages 13 to 59) and child (ages
4 to 12). Four tour groups visited the theme park on the same day. The numbers in each
category for three of the groups, together with the total cost of the tickets for each of these

groups, are given in the following table.

Group | Senior Citizen Adult Child Total cost
A 2 19 9 $1982
B 0 10 3 $908
C 1 7 4 $778

1JC/2016/JC2

Find the total cost of the tickets for Tour Group D, which consists of four senior citizens,

five adults and one child. [4]

1o | =

0 A(a,O)\/ B(h,0) X

C(e,-1)

The diagram shows the curve y =f(x). The curve passes through the point A(a,O) and

the point B(b,0), has a turning point at C(c,—1) and asymptotes y=% and x=0.
Sketch, on separate diagrams, the graphs of

@ y=3-[f(x)|, 3]

2

(b) yzﬁ.

[3]

Label the graph in each case clearly and indicate the equations of the asymptotes and the

coordinates of the points corresponding to A, B and C.
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In the triangle ABC, AB = 1, BC = 4 and angle ABC = @ radians. Given that 6 is a

sufficiently small angle, show that

AC z(9+492); ~a+b6? ,

for constants a and b to be determined. [5]

4 [It is given that the volume of a pyramid is %x (base area) x (height) .]
A right pyramid of vertical height h m has a square base with side of length 2x m
and volume g md,

(i) Express h in terms of x. [1]

(i)  Show that the surface area S m? of the pyramid is given by

sz4x{1+ J(5) } 3l

(i) Use differentiation to find the value of x, correct to 2 decimal places, that gives a

stationary value of S. [3]

—> —>
5 Referred to the origin O, the points A and B are such that OA=a and OB =b. The point

ConOAissuch OC: OA=1:3.The line | passes through the points A and B. It is given
that angle BOA=60" and |a| =3|b|.

(i) By considering (b—a)-(b—a), or otherwise, express |b—a| in the form k|b|,

where k is a constant to be found in exact form. [3]

(i)  Find, in terms of |b|, the shortest distance from C to . [5]
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6  Acurve has parametric equations
X = C0s2 6, y=sin26, for Too<Z
2 2
(i)  Sketch the curve. [2]

The region enclosed by the curve is denoted by R. The part of R above the x-axis is rotated

through 27 radians about the x-axis.

(i) Show that the volume of the solid formed is given by

b
ﬂj sin® 20 do,

a
for limits a and b to be determined. [3]

Use the substitution u=cos26 to find this volume, leaving your answer in exact
form. [4]

7 The equation of a curve C is given by

3y® -8y’ +10y =4 —5xX.

(i) Find the equation of the tangent at the point where x =% : [5]
(ii)  Find the Maclaurin series for y, up to and including the term in x. [4]
(iif)  State the equation of the tangent to the curve C at the point where x=0. [1]

8 (@ The complex number w is given by (\/3)+ ki, where k <0.

Given that w® is real, find the possible values of k in the form k :(\/3)tan(n7r),

where n is a constant to be determined. [4]

(b) (i) If z=cos@+isind, where OSHS% , show that
1-2% =2sin@(sin@—icos). [2]

(i) Hence find [1-z*| and arg(1-z°) in terms of 6. [3]
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9 The function f is defined by

f:xn—>%+2, xeR, x#-2, x#3.
X" —X—6
(i) Explain why the function f™* does not exist. [2]
(i)  Find, algebraically, the set of values of x for which f is decreasing. [3]

In the rest of the question, the domain of f is further restricted to x < % :

The function g is defined by

g:XH—>2-X%, xelR

(i) Find an expression for gf(x) and hence, or otherwise, find (gf )_l Gj [3]
. 1
10  Assequence uj,U,,Us,... issuch that u, =5 and
2 f—
U, =ul —n(n+—nz)|1 , forall n>1.

+2)!

(i) Use the method of mathematical induction to prove that u, = ( 1)| . [5]
n+1)!
N 2,

(i) Hencefing S *1~1 [3]

n=1 (n+2)! |

© 2

. -1. .

(i)  Explain why Z% is a convergent series, and state the value of the sum to
~ (n+2)!

infinity. 2]

13C/2016/3C2 9740/01/Aug/16  Need a home tutor? VIdit ShfiNRGtor.sg



11

Cy

The diagram above shows the curve C; with equation y = In_2x , Where x>1.
X

(i) Show that the exact coordinates of the turning point on C, are (\/e %j [3]

(i) The curve C, has equation (x—\/e)2 +(2ey)” =1, wherey > 0. Sketch C, and C,

on the same diagram, stating the exact coordinates of any points of intersection with
the axes. [3]

(iii)  Write down an integral that gives the area of the smaller region bounded by the two

curves, C, and C,, and the x-axis. Evaluate this integral numerically. [4]

12 (a) (i) Solve the equation

2°-2i=0,
giving the roots in the form re'?, where r >0 and -7z <0< r. [4]
(i)~ Show the roots on an Argand diagram. [2]

(i)  The points A, B, C, D, E and F represent the roots z, z,, z,, z,, z; and z

respectively in the Argand diagram. Find the perimeter of the polygon

ABCDEF, leaving your answer to 3 decimal places. [2]
(b) The complex number w satisfies the relations
|w+5-12i|<13 and 0 <arg(w+18-12i)< % :

() On an Argand diagram, sketch the region in which the points representing w
can lie. [4]

(if)  State the maximum and minimum possible values of |W+10| . [2]
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Section A: Pure Mathematics [40 marks]

1 Without using a calculator, solve the inequality

3 X 5]
4x+3 X+1

Hence, or otherwise, solve the inequality

3 eX
= > — ) [2]
4e” +3 e” +1

2 Analysts estimate that when a viral video is posted online, the video attracts comments
in such a way that at the end of every hour, the number of comments added for the video
is thrice the number of comments at the start of that hour.

In a particular instance, a viral video was posted online and there was one comment
immediately after the video was posted. Using the above model proposed by analysts,
there will be 3 additional comments by the end of the first hour, 12 additional comments
by the end of the second hour, and so on.

(1)  Find the number of complete hours for the total number of comments posted online
to exceed 200 000. [3]

When the number of these comments posted online reaches 200 000 exactly, Software X
Is immediately activated to remove the comments. Software X works in such a way that
it removes x comments at the start of each day. Once Software X is activated, it is also
known that the number of comments at the end of the day is 2% more than the number of
comments at the start of the day.

(i) Show that the number of comments at the end of day n is

1.02" (200 000) -51x(1.02" ~1),
where day 1 is the day that the number of comments is exactly 200 000. [3]

(ilf)  Hence find the range of values of x such that all comments are removed by the end
of day 30. Leave your answer to the nearest integer. [2]

Software Y is able to remove comments at the following rate.
e Day 1: 15 000 comments removed
e Subsequent Day: 90% of the number of comments removed on the preceding
day

Without using Software X, explain whether Software Y alone is able to remove all
200 000 comments eventually. [2]

Need a home tutor? Visit smiletutor.sg
1JC/2016/JC2 9740/02/Aug/2016



3 A team of naturalists is studying the change in population of wild boars on an island. It
is suggested that the population of wild boars, x hundred, at time t years, can be modelled
by the differential equation

dx 1
Py = 0 X(5-x).

(1) Find an expression for x in terms of t, given that x =1 when t =0. [7]
(i)  Find the exact time taken for the population of wild boars to reach 200. [2]
(iii)  Explain in simple terms what will eventually happen to the population of wild

boars on the island using this model. [1]
x-1 Z+7

4 The line | has equation =y =y= e and the plane p has equation x—z=2.

(i)  Find the acute angle between | and p. [3]
(i)  Find the coordinates of the point at which | intersects p. [3]
(iii)  The perpendicular to p from the point with coordinates (1,0,—7) meets p at the

point N. Find the position vector of N. [4]
(iv)  Find a vector equation of the line which is a reflection of I in p. [3]

Section B: Statistics [60 marks]

5 A company wants to find out the transportation habits of their employees. On one
particular workday, the interviewer selects a sample of employees to interview from those
walking into the company building by

e standing at the entrance of building and choosing at random one of the first 10
employees who walks into the building,
e then choosing every 10th employee after the first employee is chosen.

(1)  What is this type of sampling method called? [1]
(i)  State, in this context, a disadvantage of the sampling method stated in part (i). [1]

(iii)  Explain briefly how the interviewer could select a sample of 30 employees using
quota sampling. [2]

6 Historical data shows that the number of goals scored per match at European Football
Championships has a mean of 1.93 and a variance of 1.4. A large random sample of n
matches is taken. Find the least value of n such that the probability that the average
number of goals scored per match exceeds 2 goals is less than 0.24. [5]
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7 A class of twenty four pupils consists of 11 girls and 13 boys. To form the class
committee, four of the pupils are chosen at random as “Chairperson”, “Vice Chairperson”,
“Treasurer” and “Secretary”.

(i) Find the probability that the committee will consist of at least one girl and at least
one boy. [3]

(i)  Find the probability that the “Treasurer” and “Secretary” are both girls. [3]

8 Under normal continuous use, the average battery life of a PI-99 calculator is claimed to
be k hours . A random sample of 13 calculators were obtained, and the battery
life, x hours, of each calculator was measured. The results are summarised by

>'x=573.39 and > (x-X) =42.22.
(1)  Find unbiased estimates of the population mean and variance. [2]

A test is to be carried out at the 5% level of significance to determine if the claim made
is valid.

(if)  State a necessary assumption to carry out the test. [1]

(iii)  State the appropriate hypotheses for the test, defining any symbols that
you Use. [2]

(iv)  Find the set of values of k for which the result of the test would be that the null
hypothesis is not rejected. Leave all numerical answers in 2 decimal places.  [3]

9 A roller-coaster ride has two separate safety systems to detect faults on the track and on
the roller-coaster train itself. Over a long period of time, it is found that the average
number of faults detected per day by the systems are 0.25 for the track and 0.15 for the
train. Assume that the faults detected on the track are independent of those detected on
the train.

(i) State, in this context, a condition that must be met for a Poisson distribution to be
a suitable model for the number of faults occurring on a randomly chosen day. [1]

(if)  Find the probability that a total of at most 4 faults is detected by the two systems
in a period of 10 days. [2]

(ilf)  Find the smallest number of days for which the probability that no fault is detected
by the two systems is less than 0.05. [2]

(iv)  Find the probability that, in a randomly chosen period of 10 days, there are at least
3 faults detected on the track, given that there are a total of at most 4 faults detected
by the two systems. [3]
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10  Alex and Ben play with each other a set of ten games at table tennis and for each game,
the probability that Ben loses is 0.7.

(i) State, in this context, an assumption needed to use a binomial distribution to model
the number of games that Ben loses. [1]

Assume that the assumption made in part (i) holds.

(i)  Find the probability that Ben loses more than half of the games. [2]

In order to improve his skills at table tennis, Ben attends an intensive training programme.
After completing the training, Ben decides to play another set of n games with Alex.
Assume that the number of games Ben loses, out of these n games, has the distribution
B(n,0.3).

(iti)  Find the greatest value of n such that the probability that Ben loses more than 8
games is at most 0.01. [3]

(iv) Given that n=50, use a suitable approximation to find the probability that the
number of games Ben loses is between 10 and 20 inclusive. State the parameters
of the distribution that you use. [3]

11 Research is being carried out into how the concentration of a drug in the bloodstream
varies with time, measured from when the drug is given. Observations at successive times
give the data shown in the following table.

Time (t minutes) 20 | 40 | 70 | 100 | 130 | 190 | 250
Concentration (m micrograms per litre) | 85 | 62 | 51 | 33 | 29 | 14 | 6

(i) Draw a scatter diagram of these values, labelling the axes. Explain how you know
from your diagram that the relationship between m and t should not be modelled
by an equation of the form m=a+bt. [2]

It is thought that the concentration of the drug in the bloodstream at different times can
be modelled by one of the formulae

m=ct?+d or m=elnt+f
where ¢, d, e and f are constants.

(i)  Find, correct to 4 decimal places, the product moment correlation coefficient

between
(@) t2 and m,
(b) Intand m. [2]

(iii) Explain which of m=ct? +d or m=elnt+f is the better model and find the
equation of a suitable regression line for this model. [3]
(iv)  Use the equation of your regression line to estimate the concentration of the drug

in the bloodstream when t =150, correct to 2 decimal places. Comment on the
reliability of the estimate obtained. [2]
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12

Min Ho has just learnt how to use two different methods to mow a piece of lawn in his
house garden.

Method A: This is a two-stage process that involves cutting the grass with a strimmer
and then collecting the grass by raking it up. The time, X minutes, taken to cut the grass

has the distribution N(30,4.8%). Once the grass is cut, the time, Y minutes, taken to
collect the grass has the distribution N(20,3.1%) .

Method B: This method uses a mower with a rechargeable battery that will cut and
collect the grass at the same time. The time, S minutes, taken to do this has the distribution
N(38,2.6%). In addition to this, the battery has to be recharged once before the cut, and
this time is fixed at 15 minutes.

()  Find the probability that Min Ho takes more than 45 minutes to mow the lawn using
Method A. [3]

(i)  Find the probability that using Method A to mow the lawn is faster than using
Method B by more than 5 minutes. [4]

Assume that Min Ho mows the piece of lawn in his house garden on a weekly basis. Over
a particular period of ten consecutive weeks, Min Ho uses Method A for the first four
weeks and Method B for the next six weeks. Find the probability the average time taken
to mow the lawn in a week is greater than 50 minutes. [4]
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ANNEX B

1JC H2 Preliminary Examination (Paper 1)

1 |System of linear equations $570
2 |Further Curve Sketching |
3 |Small angle approximation, 2 2
Binomial expansion AC z3+§0 , Where a =3 and bzg
4 |Application of differentiation N = 2
(Stationary value) ()h= 2
(i11) 0.89
5 |Vectors (scalar and cross-product) | |b — a| =7 |b|
(3
i ,.[=|b
@,
6 |Application of Integration (Volume|, .. Vs
of revolution) (iDa=0, b= B
grz units®
3
7 |Application of differentiation N
(Tangent & Normal), (i) y= ) X+ 5
Maclaurin Series - 2 3 27,
(i) y==—=X+—X"+...
3 2 2
2 3
i) y==——=xX
(i) y =23
8 |Complex numbers
{ (a)k :ﬁtan(—%j or kzﬁtan(—zfj
(b)(ii) 2sin 6 ; 9—%
9  |Functions (i) {xel: x=05, x=3}
1 1
iigf(x)=————, x<=; -1
(i of (x) X° —X—6 2
10 |Mathematical Induction, 1 N +1
Sequence & Series (M.0.D.) (ir) 2 (N +2)!
L@n?en-1 1 .. -
i ——_—_ = which is a constant,
(i) nz=]:. +2)! 72
hence it is a convergent series.
5.2
2
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11 |Application of differentiation
(Stationary point), ( ) dx 3 Inx
Curve Sketching, (ifi) I _.[
Application of Integration (Area) |9 o543

12 |Complex numbers (including Loci) |(a)(i)

1 iz 1 Iz 1 -7 1 .7 1 57 1 .37
26 12 bp 12 6p 4 D612 D6 2 D6p 4
(@)(iii) 6.735
(b)(ii) Maximum |w+10|=26;

Minimum |w+10|=12
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ANNEX B

1JC H2 Preliminary Examination (Paper 2)

1 |Inequalities
Xx<-1 or —ﬁ3x<—§ or x273;
X < In{£]
2
2 |AP and GP H9
(i) x > 8755

(last part) Software Y is unable to remove
all the comments because eventually it is
only able to remove 150 000 comments.

3 |Differential Equations et

(i) The population of wild boars will
increase and stabilise at 500 eventually.

4 \Vectors (Lines and Planes) (i) 0=67.8°
(i) (-1,1,-3)
-2
@yl o
—4
-1 4
Vyr=| 1 |+a|l 1l |ael
-3 -2
5 [Sampling Methods (i) Systematic sampling

(i)(slower, more difficult to collect)
Systematic sampling is a more tedious
process to select the employees, whereas
quota sampling is quick and easy.

6 [Sampling distribution

(Central Limit Theorem) 143
7 |Probability (1) 0.902
(i) 0.199
8 [Hypothesis Testing (i)44.1; 3.52

(i) The battery life of a PI-99 calculator is
assumed to be normally distributed.
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Hyo: u=Kk
Giiy 0 H
H: u=Kk
(iv) {kel1:42.97 < k < 4524}

9 [Poisson Distribution (i) The average number of faults detected by
each system (for the track and the train) is
constant from one day to another.

(i1) 0.629
(iii) 8
(iv) 0.237

10 |Binomial Distribution (i) Ben’s performance (i.e. whether he loses
or wins) in a game is independent of any
other games that he plays with Alex.

(i) 0.850
(iii) 14
(iv) 0.910

11 [Correlation & Regression (i)(a) —0.8454

(ir)(b) —0.9961
(iti)) mand Int is the better model,
m=179-31.2Int
(iv) 22.61 micrograms per litre;
The estimate obtained is reliable, because the
given value of t = 150 lies within the given
sample data range for t and the product
moment correlation coefficient between m
and Int is very close to —1 , hence indicating
a strong negative linear correlation between
the variables m and Int .

12 |Normal Distribution (1) 0.809
(i) 0.375

(last part) 0.916
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Innova Junior College
H2 Mathematics
JC2 Preliminary Examinations Paper 1
Solutions

Solution

Let $x, $y and $z be the cost of a ticket for a senior citizen, adult and child
respectively.

2x+19y+9z =1982
10y +3z =908
X+ 7y +4z=778

Using GC,
X =36
y=74
z=56

Thus, the cost of a ticket for a senior citizen is $36, for an adult is $74 and for a child is
$56.

4(36) + 5(74) + 1(56) =570
Therefore, the total cost for Group D = $570
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Solution

(@)

(b)
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Solution

Using cosine rule,
AC? =1% + 4% —2(1)(4) cos6
=1+16-8cosf
=17-8coso

2
z17—8(1.—9—]
2
=9+ 46?
1
Acz(9+49ﬂ2 (- AC>0)

Acz(9+49ﬂ;

] 1
=92@+502T
9
=3 1+£(£92]+...
219
z3(l+392]
9
3122
3

Therefore,a=3 and b = %
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4 Solution

(i)

2X

A

Volume of the pyramid = %

2
:>h=—2

(i1 In triangle VBC, height = VN = vh? +x?

Area of the triangle VBC :%(ZX)\/I’]Z + x?

4
=X, +X =x XZ(—+1J
=x?y1+4x7°

Hence total surface area of the pyramid,
S = base area + 4 x area of triangle VBC

= (2x)" +4[x0V1+ 407

S=4x? {1+ \/(1+ isﬂ (shown)
X

(ifi) S =4x2 [1+\/ (1+4x45)}

3_)8(: 4x2 [%(Hﬂrxﬁ );(24x7)]+(8x)[1+\/(1+ 4x_6)}

= 48x (1+ 4x76 )_; +8x[1+ V(@a+ 4x_6)J
= 8{6x6 (1+ax78 )_; ~1-V(1+ 4X6)}

At the stationary value of S, 3—8 =0.
X
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1
—8X 6x_6(1+4x_6) 2_1-V(@1+4x7%) [=0

By G.C,,
X =0.89090 = 0.89 (to 2dp)
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5 Solution
O | (b-a)-(b-a)=|o[" +]a* ~2ab
= |b|2 + 9|b|2 —2al|b|cos 60°
2 2 1
b-af =10]of ~2(3b])bl
[b—af=7 o]
Therefore, k = \/7
(i) c :la
3
CA-%a

Shortest distance of C to | =

gax(b—a)

b3

ga><b—ga><a
3 3

|b-al
B 2|a>< b|
3lb-a
_ 2|al|b|sin60°
3|b-a

waxa=0

6lo[* >
_ 2

3J7b|
e

g
e
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6 Solution
(i)
X=C0s° 6, y=sin260, for Zcp<Z,
2 2
yh
U
m R
Ou : '
_1-
(i) x=c0529
dx =-2cos@sin@ do
When y =0, sin20=0
20=0,7
0= 07%
2
When 0= 0,

Volume of the solid formed
1, g
=7 X
Joy
0

= x| (sin26)*(~2cosHsin0do)

Ll
o NN

— 7| (sin26)? (-sin20d6)

= | *sin320do (shown)

o
oy PR

. a=0, ==
2

Let u = cos26.
s.du=-2sin20 do
When 0= 0, u=1;

When 6= % u=-1

Volume of the solid formed

= ﬂJ.Ozsin3 20d6

x=1; When 0= % x=0
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R

; sin?20(2sin20)d6

B

(1—c05229 )(25“129d9)

o1

- 1
u3
_ L u__}

(1—u2)(—du)

1
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7 Solution

(i) 3y® —8y? +10y =4-5x
Differentiate wrt X,
(9y* -16y +1o)d—y= -5
dx
dy -5
dx 9y’ —16y+10

When x = % . 3y°—8y*+10y =0,

~y=0 and d_y:_ll
dx 2

1 4
Eqgn of tangent: y—-0= ——(x——j,

2 5
ie y——1x+z
2 5
(i) , dy
9y“-16y+10)—=-5
(9y* 16y +10)- 7
Differentiate wrt X (9y2 -16y +10)ﬂ+(18y—16)(ﬂj2 ~0
1 dX2 dx ’
2dy 3dy 27
When x=0, y_S’dx_ " 10"
2 3. 27,
y=———X+—X"+
3 2 20
(iii) 2
==——X
d 3
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Solution

(@)

arg(w®) =5arg(w) =0, £7,+27...

K _ tan (—zj or K _ tan (—2—”)
3 5 J3 5

(bi)

1-22=1—(cos6 +isin )’
:1—(cos2 6 +2icos@sin 6+ (isin 9)2)
=1-(1-sin? @+ 2isin O cos @ —sin’ 0)
=1-1+2sin*@ - 2isin 6 cos O
=2sin® 0 —2isin 6 cos O
=2sin0(sin@—icos0)

Method 2

1-2* =1—(cos@ +isin 9)2
=1—(c0s20 +isin 20)
=1-c0s260 —isin260
=1-(1-2sin*0)-2isin O coso
=2sin*0 —2isinHcosO
=2sinf(sin@—icoso)

(bii)

Method 1

‘1— 22‘ =[2sin@(sin 0 —icos0)

=2sin6+/sin® 0 +cos? 6

=2siné

Giventhat 0 <9 s%
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arg(1-2*)=arg[ 2sin6(sin6 —icos o) |

=arg(2sin@)+arg(sinf—icoso)

sin@

ol o)

Method 2

1-2*=2sin@(sind—icoso)
=2sin0(-i)(cosO +isin )
=(-2ising)e"
‘1—22‘ :‘(—Zisin 6)e"”
=2sin6
arg(1-2°)=arg((-2isin0)e")
—arg(-2isin6)+arg(e" )

=20
2

Method 3
1-7° = 2sinf(sinf—icos0)

omfof- o} (5]
cmfoo-2}on(-2)

‘1— 22‘ =2sing

T
arg(1-2°) =0-2
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Solution

(i)

From graph, the horizontal line y = 3 cuts the graph at two points. Hence f is not a
one-one function, hence f* does not exist.

(i)

1
)= eet?

f'(x)=—(x’ —x—6)72(2x—1)
1-2x
(x* —x—6)2
For the function to be decreasing, f'(X)<0.
1-2x<0
1<2x

x=>0.5
{xeR x>05, x#3|

(iil)

1
f(x)=2—-—-—-2
o (x) X* —x—6
1 1
=——————, X<
X“—X-6 2

a1
£y =
) (4]
of (x)
1 .
X>—x—6 4
X>—x—6=-4
x*—x-2=0
(x-2)(x+1)=0
X =2 (rejected) or x=-1
Xx=-1

X

= =
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10

Solution

(i)

Let P, be the statement U, = fornez".

n
(n+1)!
OO S|
P istrue since U, = TR
Assume that P, is true for some k ¢ Z*,
e, U=—-r
e T k)
Consider B_;:
k+1
€ Uk+1=m
L S
LT (k+1)l (k+2)!
k(k+2)-(k*+k-1)
(k+2)!
k?+2k —k? -k +1
(k+2)!
k+1
- (k+2)!

Thus, B, istrue = B _; is true.

Since P, istrue, and B, is true = B, is true, by mathematical induction, P, is true

forallne? .

(i)
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(iil)

As N - o0,

in+n1

r] n+2

N +1

(N+2)

=~ which is a constant, hence it is a convergent series.

2
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11

Solution

(i)

In x
y:_Z’ XZl
X

1
x2-=—Inx-2x
dy " «x

dx x*
_ X=2xInx

X4

When j_y: 0 and since x =0,
X

1-2Inx=0
2Inx=1

Inx==

2

Hence the coordinates of A is (\/E , Zij
e

(i)

B(1,0), D(ve-1,0)and E(ve +1,0)

ya A

Ci
C

bB Je E

(iil)

Area

s O

~Jea 2e 1ox dx
=0.14446942 - 0.09020401
=0.05426541

=0.0543 (correct to 3 s.f.)
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12 Solution
(ai) 2°-2i=0
2% =2i
6 {% kﬂj
2°=2e , k=0,£1,+2,-3
1 i—llﬂ' 1 i—77T 1 i 1 iz 1 i571 1 i37r
ZZZﬁeT 26e§ 2667 2685 26eE 26e7
(aii) A m
1 37 12z
e N
Il .\‘ } if
! ’flzée12 Re
f : >
1 ;*”"lx !
26e 12 ;
‘\'\ 'X.l LiF
1 .7;;\"\_,_.—-", 2%e ¢
e 2
(aiii) Since ABCDEF is a regular hexagon, the triangles OAB, OBC ... are equilateral
triangles.
Perimeter of the polygon
1
=6x26
=6.735(to 3 d.p.)
(bi)
(-18,12)
Re
(bii)

Minimum ‘W+10( =12

Maximum [w+10{ =26 (diameter of circle)
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Innova Junior College
H2 Mathematics
JC2 Preliminary Examinations Paper 2

Solutions
Solution
3 < X
4x+3  x+1
3 X .
4x+3 x+1
3x+3—4x2—3x <
(4x+3)(x+1) -
A3 o
(4x+3)(x+1)_
2
4x° -3 50
(4x+3)(x+1)
(Zx—\/g)(2x+\/§)
>0
(4x+3)(x+1)
LD- N A N .
N4 4 A '
1 Vs 3 V3
2 T4 >
Hence x<-1 or —££x<—E or xzﬂ
2 4 2
3 eX ) .
For > , making use of the result in above part,
4% +3 e*+1
—1<eX<—£ or —§<ex<£
2 4 2
(no solns since e* is always positive)
Hence, ex<§ = x<|n(§]
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Solution

(i)

Hour | Start of hour End of hour
1 1 1+3=4

4 4+12=16

16 16 + 48 =64

AW

n

4(4)"" > 200000

(4)"" >50000
n—1>7.80482
n >8.80842

Number of complete hours =9

Alternative Solution
4(4)"" > 200000

n | Total

8 | 65536 < 200 000

9 | 262144 > 200 000
10 | 11048576 > 200 000

Number of complete hours =9

(i)

Day | Start of day End of day
1} 200000-x 1.02(200000 - x)
2 1.02[1.02( 200000 - X)
1.02(200000-x) | —x]
X =1.02% (200000)
~1.02x-1.02° x
3

At the end of day n, the number comments
=1.02"(200000) - (1.02x +1.02° X +...+1.02"x) - (*¥)
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1.02(1.02" -1
~1.02" (2ooooo)—x[¥}

0.02
=1.02" (200000) -51x(1.02" ~1)

(ii) | 1.02(200000)-51x(1.02* -1) <0
1.02% (200 000)

51(1.02% -1)
X > 8755 (to nearest integer)

X>

Day 1: no. of comments removed =15000
Day 2: no. of comments removed =15000(0.9)

Day 3: no. of comments removed =15000(O.9)2

As n — oo, no. of comments removed
_ 15000 _ 150 000
1-0.9
Software Y is unable to remove all the comments because eventually it is only

able to remove 150 000 comments.
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Solution

(i)

Method 1:
J‘ 1
X(5—x)

Doing partial fractions
1 A B
=— 4+ —
X(5-x) x 5-x
_A(G-x)+B(x)

X(5-x)

1 *
olx:J'E dt ———(*)

1,1 dP:Iidt
5x 5(5-x) 10

1 1
g[In|x|—|n|5—x|] :EHC

In

5-X

1
=—t+cC
2

1

X pe? , Where A=+e°
5-x

Given x =1 when t=0, ﬁ:Ae0 = A=

1 1

—t —t

X:EeZ _lxez
4 4

1 1
X(4+e? ) =5e2

5zt
- 4+

1
4
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(i)

Method 2:
j ! dx:jf;dt———ﬁ)
X(5—x) 10

oo [
B_(x-57 J10

4

1 In|§+(X—§) —it+c
5\ |5_(x-5) 10
2(3) 13- (x=3)
In|—*_ :£t+c
5-x| 2
——=Ae?2 , where A=e*°
5—-X
. 1 0 1
Given x=1 when t=0, 5—:Ae = A==
1 1
—t —t
X:EeZ _lxez
4 4
1 1
X(4+e2 )="5e2
5! 5
X= - OF X=—rp
4+e° 4e > +1
(i) 2t
When x = 2, N m =2
4+e?
L 1
8+2e2 =5he?
L
3e2 =8
o2 8
3
t=2|n(§j
3
8
Ittakes t=2In 3 years.
(iii) Ast— o, x—5. .. The population of wild boars will increase and stabilise at

500 eventually.
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4 Solution
(i) -2
l: r= +A| 1 |, where A is areal parameter.
—7 4
1
p: re| 0 |=2
-1
-2 1
1l |el O
. 4) (-1 6
sin@ = =
2\ V212
1 0
4 I\ -1
.0 =67.8°(1decpl)
(i) For the point of intersection between | and p,
1-22 1
A ] 0]=2
—7+41) -1
1-2A+7-441=2
A=1
1 -2 -1
The position vector of point of intersectionis | 0 |+| 1 |=| 1
-7 4 -3
Coordinates of point of intersection are (-1,1,-3).
(i) The line perpendicular to p passing through (1,0,-7) is

1 1
r=| 0 |[+ul 0|, ueR
—7 -1
1+ u 1
0 || 0]=2
—1-n)l-1
1+ u+7+pu=2
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2u=-6

u=-3
N 1-3 -2
ON=| 0 |=|0
-7+3 —4
(iv) Method 1:
Let the coordinates of A be (1,0,-7).
Let A’ be the reflected point of A in p.
- -
% 1
Using ratio theorem, ON :M
> o o [ 1 -
= OA'=20N-0OA=2/ 0 |-| 0O |=| O
-4) (-7) |1
The reflected line contains the point A’ and point of intersection between | and p.
-1\ (-5
The direction vector of the reflected lineis | 1 |-| 0 |=] 1
-3) -1 -2
-1 4
sr=l 1 |+al 1 |,aeR
-3 -2
(iv) Method 2:

Let the coordinates of A be (1,0,—7).Let A’ be the reflected point of A in p. Let
the coordinates of B be (-1,1,-3).

- —>
- '
BN:BA+BA
- = —>
BA'=2BN-BA
-2 -1 1 -1 —4
=20 -2 1 |- 0|+ 1|=-1
—4 -3 -7 -3 2
-1 —4
r=|1|+a|-1|,aeR
-3 2
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5 Solution
() Systematic sampling
(i) (slower, more difficult to collect) Systematic sampling is a more tedious process
to select the employees, whereas quota sampling is quick and easy.
Another possible reason: might miss out a certain group of people due to different
reporting times.
(iii) The interviewer could consider transport mode of the employees as the stratum. A
possible quota for each stratum is as follows:
By private By public .
yp yp By walking
transport transport
10 10 10
The interviewer can then stand at the entrance of the building and select the
sample until the above quota is met.
6 Solution

E(X)=1.93 Var(X)=1.4
Since n is large, by Central Limit Theorem,

X ~N (1.93, Ej approximately.
n

Given that P(Y > 2) <0.24 - (%)

Method 1: Using GC to set up table

when n=142, P(X > 2) =0.24041 (>0.24)
when n=143, P(X > 2) =0.23964 (<0.24)

when n=144, P(X > 2) =0.23887 (<0.24)

. least nis 143.

Method 2: Using algebraic method via standardization
P (Y < 2) >0.76

2-1.93

M

PlZ< >0.76
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From GC,
2-1.93

1.4
4
dn> 0-(7)00673"@

Jn >11.939
n>142.53

>0.70630 ———(**)

- least nis 143.
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Solution

(i)

Method 1:

Required probability

13 11
C, C, .
=1- e, - e, =0.902 (3 sig fig)

Method 2:

Required probability

13x12x11x10 11x10x9x8

=1 =0.902 (3 sig fig)

 24x23x22x21 24x23x22x21

Method 3:

Required probability
11(:1 x 13C3 + 1102 % 13C2 + 1103 % 13C1
- 240
4

~0.902 (3 sig fig)

(i)

Method 1:

Required probability
B Ue, x21x ¢, x 2!

4¢, x4!

=0.199 (3 sig fig)

Method 2:

Required probability

_ 11x10x22x21 ~0.199 (3 sig fig)
24x23x22x21
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Solution

(i)

Unbiased estimate of the population mean
x= > ,13?_"39 =44 10692308 =441(3 s£)
Unbiased estimate of the population vanance

, 4222
5 =T - 3518333333=352(3s1)

(ii)

The battery life of a PI-99 calculator i3 assumed to be normally distributed.

(i)

Let X'be the r.v. denotmg the battery ife of a randomly chosen PI-99 caleulator.
Let i be the populabion mean battery hife of the PI-99 calculators.

H,: u=k
H: u=#k
where H 15 the mull hypothesis and H, 15 the alternative hypothesis.

(iv)

To test at 3% level of sigmificance.

Under H, . the test statistic is T-I—;k-.qnl.

NE
Smece the mull hypothesis 15 not rejected, i~valne falls outside erifical region.
oo —2178812 < t—value < 2178812

-k

Ji5

¥-2.178812) J{: k < T+2.178812| —
b '\.dﬁ

NIE]

where T =44 10692 and = =-.,.|'§.51333

—2.178812 < < 2178812 —(*)

- 4297 <« k< 4524
The required set 15 (ke R 4297 < k < 4524}
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9 Solution

Q) The average number of faults detected by each system (for the track and the train)
is constant from one day to another.

(i) Let X be the r.v. denoting the total number of faults detected by the two systems in
a periods of 10 days.

X ~Po((0.25+0.15)x10), i.e. X ~Po(4)
©. P(X <4)=0.6288369 = 0.629 (3 sig fig)

(iii) Let Y be the r.v. denoting the total number of faults detected by the two systems in
a period of n days.
Y ~Po(0.4n)

Given P(Y =0)<0.05,
Method 1: Algebraic method
e %" <005 (oe. (e‘°'25” )(e‘°'15” ) <0.05)

n>7.489
.. the smallest number of days required is 8.

Method 2: GC table
When n=7, P(Y = 0) =0.06081 (> 0.05)

When n=8, P(Y =0)=0.04076 (<0.05)
When n=9, P(Y =0)=0.02732 (<0.05)
.. the smallest number of days required is 8.

(iv) Let W and V be the r.v. denoting the number of faults detected on the track and on
the track in a period of 10 days respectively.
W ~Po(2.5) and V ~ Po(1.5)
Required probability
:P(W >3|V +W 34)
_P(W>3nV+W<4)
 P(V+W<4)
_PW =3)P(V =0)+PW =3)P(V =1)+P(W = 4)P(V =0)
P(V+W <4)
_P(W =3)P(V <1)+P(W =4)P(V =0)
P(V +W < 4)
=0.237 (3 sig fig)
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10 Solution

Q) Ben’s performance (i.e. whether he loses or wins) in a game is independent of any
other games that he plays with Alex.

(i) Let X be the r.v. denoting the number of games that Ben loses out of 10 games.
X ~B(10,0.7)
P(X >5)=1-P(X <5)

=0.84973

~ 0.850 (3 sig fig)

(iii) Let Y be the r.v. denoting the number of games that Ben loses out of n games.
Y ~B(n,0.3)
P(Y >8)<0.01
1-P(Y £8)<0.01
Using GC,
When n=13, P(Y >8)=0.00403 (< 0.01)
When n=14, P(Y >8)=0.00829 (<0.01)
When n=15, P(Y >8)=0.01524 (>0.01)
.. the greatest value of n is 14.

(iv) Let W be the r.v. denoting the number of games that Ben loses out of 50 games.
W ~ B(50,0.3)

Asn=50is large, np=15(>5) and nq=35(>5),

~.W ~N(15,10.5) approximately

P10<W <20)=P(9.5<W <20.5) ———(*)
=0.910 (3 sig fig)
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Solution

ma

85-1-

o

e e e e e - =

N
o
N
al
o

From the scatter diagram, a curvinlinear correlation is observed between m and t
(i.e. as t increases, m decreases at a decreasing rate), and hence a linear model
with equation of the form m=a+bt cannot be used to model the relationship
between m and t.

(i)
(@)

Product moment correlation coefficient between m and t2 = —0.8454 .

(b)

Product moment correlation coefficient between m and Int =-0.9961.

(iil)

Since the absolute value of the correlation coefficient between m and Int (i.e.
case (b)) is closer to 1, this indicates that the linear correlation between the
variables m and Intis stronger as compared to that between the variables for
case (a).

..case (b) is the better model for the relationship between m and t.

m=179.026-31.2175Int
= m=179-31.2Int (3 sig fig)

(iv)

When t =150,
m =179.026 —31.2175In150 = 22.61 (2 dec pl)

The estimate obtained is reliable, because the given value of t = 150 lies within
the given sample data range for t and the product moment correlation coefficient
between m and Int is very close to —1 , hence indicating a strong negative linear
correlation between the variables m and Int .

Need a home tutor? Visit smiletutor.sg



12

Solution

(i)

X +Y ~ N(50,32.65)
P(X +Y > 45)=0.809224 = 0.809 (3 sig fig)

(i)

E(X+Y-S)=12
Var(X +Y —S)=39.41
. X+Y-S~N(12,39.41)

P(method A is faster than method B by more than 5 mins)

=P(S+15—(X +Y)>5)
=P(X+Y -S<10)
=0.375020 = 0.375 (3 sig fig)

(iil)

Let A=X +Y and B=S+15.
A~N(50,32.65) and B ~ N(53,2.6°

LetW:Al+A2+A3+A4+Bl+'"+BG

10
EQW) = 50x4 +53x6 _518
10
2
& Var(W)= 32.65><4+22.6 x6 _17116
10

W~ N(51.8,1.7116)
Required probability

=P(W > 50)

=0.915566 = 0.916 (3 sig fig)
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1

question that is correctly answered scores 5 points, while a question that is wrongly answered is

In the finals of a General Knowledge Quiz, a team is required to answer 25 questions. Each

deducted 3 points. If the answer is partially correct, the team scores 2 points.

After 24 questions, the results are shown in the following table.

Number of Questions

Correct | Partially Correct | Wrong Points

b c 79

If the team answers the last question wrongly, then the total number of questions answered

correctly and partially correct is four times the number of questions answered wrongly. By

forming a system of linear equations, find the values of a, b and c.

) 1
A sequence Uj, Uy, Us,... is such that u, =— and

1

oy forallF21.
T T2y

(i)  Use the method of mathematical induction to prove thatu, = PR
n —

(i) Hence prove that the sum of the first n terms of the series

1 1 1
+ + oo
x99 Tx11 9xI13

g 5 __ Nh+3
35 4(n+3)* -1

(iii) Give a reason why the series in part (ii) is convergent and state the sum to infinity.

[4]

[4]

[3]

2]
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3

12

The diagram shows the curve C with equation y = ————
(Bx+2)" +4

which has a turning point at

A
(—%,3} . The region R is bounded by C, the y-axis and the line y = 3.

y=3

v
>

(i) Find the exact area of R. [5]
(i) R is rotated through 27z radians about the y-axis. Find the volume of the solid of

revolution formed, giving your answer to 4 decimal places. [3]

Let y= tan[Z tan~' X + %) .

(i)  Show that (1+x’ )? =2(1+y?). 2]
X
(i)  Hence find the Maclaurin series for y, up to and including the term in X [4]

Denote the answer to part (ii) of the Maclaurin series by g(X) and f(X)= tan(2 tan”' X + %) .

(iii) Find, for —0.4 < x < 0.4, the set of values of x for which the value of g(x) is within +0.5
of the value of f(X). [2]

[Turn over
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A curve C has parametric equations
x=2sin2f, y=cos2t, for0<t <=
(i)  Show that the equation of the normal to C at the point P with parameter &is
(2c0520)x—(sin 20) y = msin 260 cos 20
where m is an integer to be determined. [3]
(i) The normal to C at the point P cuts the X-axis and y-axis at points A and B respectively.
By finding the mid-point of AB, determine a cartesian equation of the locus of the mid-

point of AB as @ varies. [5]

A function f is said to be self-inverse if f(x) = £ '(x) for all X in the domain of f.

The function g is defined by

xh ﬂ x>1
g: 21’
(i)  Sketch the curve y =g(X), stating the equations of the asymptotes clearly. [2]
(i) Define g™ in a similar form and show that g is self-inverse. [4]

(iii) Show that g (x) = x and that g*(x) = g(x). Hence find the values of x for which

- ()=[" @] 4

cos(12n X) dx.
X

(@) Find j [4]

X—2

(b) Using the substitution U =+/X+3, find _[6
P XX +3

b c—JZ
a+$1n[mJ

where a, b, ¢ and d are constants to be determined. [6]

dx, giving your answer in the form
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The complex number z satisfies the following inequalities:

|z|[< 4 and —%Sarg(z+x/§—i)30

(i)  On an Argand diagram, sketch the region R in which the point representing z can lie.

[4]
(i)  Find exactly the minimum and maximum possible values of |z —2i]. [3]

100 _~100
=2

(iii) Determine the number of roots of the equation z that lie in the region R. [3]

2

It is given that f(X) = x+ m 5 , Where 0 <m < 1.

(i)  Sketch the graph of y = f(x) , showing clearly the coordinates of the turning points
and the equation(s) of any asymptote(s). [5]

(i) By inserting a suitable graph to your sketch in (i), find the set of values of k, in terms of

m, for which the equation x> —(2+k)x + (m* + 2k)=0 has two distinct positive roots.

[4]
(iii) The curve y = f(x) undergoes the transformations A, B and C in succession:

A: A translation of -z units in the direction of X-axis,

B: A stretch parallel to the X-axis with scale factor of % ,and

C: A translation of —2 units in the direction of y-axis.

Given that the resulting curve is y = 2X + 8L , find the value of m. [2]
X
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11

4 2
The point A has position vector | —3 | and the line | has equation r = | =3 |+ 4] 1
0 1 -1

2eR

(i)  Find the position vector of the foot of the perpendicular from A to .
(i)  Show that a cartesian equation of the plane 7z; which contains A and | is
xty+2z=1

The equation of the plane 7, is X + 7z = ¢, where C is a constant.

(ili) Given that 77 and 7 intersect in a line L, show that a vector equation of L is
c -7

r=|1-c|+u4u 5 |,

0 1

pelR

Another plane 73 has equation 2x —y + dz =5, where d is a constant.
(iv) Find the values of ¢ and/or d if all three planes 7 , 7 and 7
(@) meetin the line L,

(b) have only one point in common.

, Where

[4]

[2]

2]

[3]
[1]

At the beginning of May 2016, Sam borrowed $50 000 from a bank that charges him a special

rate of 0.2% interest at the end of every month. Sam pays back $1 000 for every instalment at

the beginning of every month, starting from June 2016.

(i) Show that the total amount with interest that Sam still owes the bank at the end of the

month after the nth instalment is paid is

$[ 50 000(1.002")—501 000(1.002" 1) |

(i)  Find the number of instalments required for Sam to settle all the amount owed.

(iii) How much does he pay on his last instalment?

[4]
[2]
(2]

(iv) If Sam wishes to settle all the amount owed after paying 19 instalments, what is the

minimum amount (to the nearest dollar) he should pay each month?

2]
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()

(b)

()

(b)

Section A: Pure Mathematics [40 marks]

Given that X and y are related by % =sec’ y and thaty = 0 when X =1 , find X in
X

terms of y. [4]

A medical researcher is investigating the rate of spread of a virus in a group of

people of size n at time t weeks. He suggests that n and t are related by the

2

. . . n -
differential equation el —e "’

Q) Find the general solution of the differential equation, giving your answer in
the form n = f(t). [2]

(i) Explain why all solution curves of the differential equation are concave
upwards. [1]

(ili) Tt is given that initially, the number of people infected with the virus is 50.
Sketch on a single diagram, two distinct solution curves for the differential

equation to illustrate the following two cases for large values of't :

I. the population of infected people increases indefinitely,

I1. the population of infected people stabilizes at a certain positive number.

[3]

A parallelogram has two adjacent sides defined by the vectors a and 2a + 3b. Given
that the magnitudes of a and b are 4 and 5 respectively and the angle between a and

b is 30°, find the area of the parallelogram. [4]
A point P has coordinates (2, —1, —2) and a line | has equationXT_1 =1-z,y=3.

Q) Find the perpendicular distance from P to I. (4]

(i) Find the acute angle between | and the line L that is parallel to the z-axis. [2]
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3

A box with volume 250 cm’ is made of cardboard of negligible thickness. It has a height of y

cm and an equilateral triangular base of side X cm. Its lid has depth ky cm, where 0 <k <1

(see diagram).

(i)

(i)

(i)

(iv)

Box Lid

Show that the total external surface area of the box and lid can be expressed as

1000V3(1+k) 3 .
x 2 [4]
Use differentiation to find, in terms of Kk, the value of X that gives a minimum total
external surface area of the box and lid. [3]
Find the ratio Y in this case, in terms of k, simplifying your answer. [2]
X
Find the values for which Y must lie. [2]
X

The complex numbers a and b are given by a = «(1+V3 i) and b= %(1 —-i).

(i)
(i)

(iii)
(iv)

Without using a calculator, find the value of a’b in the form X + iy . [2]

By using the moduli and arguments of a and b, find the modulus and argument of
a’h. [3]

Sr \/§+1

Use your answers to parts (i) and (ii) to show that sin— = ) 2
y parts (i) and (ii) TR [2]

The diagram below shows an isosceles right triangle ABC, where the points A, B and

C represent the complex numbers @, b and ¢ respectively. Find the exact value of C.

2]
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Section B: Statistics [60 marks]

A group of 11 people consists of 6 men and 5 women, 3 of whom are sisters. A committee

consisting of six people is to be selected. Find the number of ways the committee can be

formed if
0] it consists of exactly two men, [1]
(i) itincludes at least one of the sisters. [2]

Given that the chosen committee consists of 2 sisters, Sue and Suzy, together with 3 other
men, Muthu, Mark, Michael and 1 other woman, Wina. They are seated at a round table
meant for six people. Find the number of possible arrangements if

(ili)  one of the men is to be seated between the two sisters, [2]

(iv)  the two sisters are sitting directly opposite each other. [2]
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The table below shows the number of male and female students studying Chemistry, Physics

and Biology at a private school.

Chemistry Physics Biology
Male 200 130 70
Female 250 300 50

One of the students is chosen at random. Events C, B and M are defined as follows:
C : The student chosen is studying Chemistry.
B : The student chosen is studying Biology.

M : The student chosen is a male.

Find

(i)  P(CM), [1]
(i)  PMVC), [1]
@iii) P(M')B". [1]
Determine whether C and M are independent. [2]

It is given that 20% of Chemistry students, 30% of Physics students and 5% of Biology
students are international students.

(iv)  One of the students selected at random is an international student. What is the

probability that this student studies Chemistry? [2]

(v) Three students are chosen at random. Find the probability that there is exactly one
international student who studies Physics. [2]

[Turn over
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In order to investigate whether there is a correlation between rainfall and crop yields, the
total rainfall, X mm, and the weights of a particular crop per square metre, y kg, were

recorded in a number of fields. The data are shown below.

X 36 72 44 74 64 50
y 22 | 84 | 1.8 | 74 | 43 | 22
Q) Draw a scatter diagram to illustrate the data. [2]

(i)  Calculate the value of the product moment correlation coefficient, and explain why

its value does not necessarily mean that the best model for the relationship between X

and y is y=a+tbx [2]

(i) By comparing the product moment correlation coefficients, explain whether

_ _ 2
y=atbx o y=c+dx” g 4 petter model. [2]
(iv)  Using a suitable regression line, estimate the yield of crop per square metre when the

total rainfall is 55Smm. Comment on the reliability of your estimation. [3]

It 1s known that 8% of the population of a large city use a particular web browser called
Voyager. A researcher wishes to interview people from the city who use Voyager and

selects people at random, one at a time.

Q) Find the probability that the first person that he finds uses Voyager is the third person
selected. [2]

A random sample of n people is now selected.

(i) State two conditions needed for the number of people in the sample who use Voyager
to be well modelled by binomial distribution. [2]

(iii)  Given that n = 80 , use a suitable approximation to find the probability that, fewer
than 10 people use Voyager. [3]
(iv)  Find the least value of n such that the probability of at least 10 people use Voyager is
more than 0.2. [3]
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A supermarket sells boxes of a particular brand of biscuits in two flavours, chocolate and

strawberry. The mean number of boxes of chocolate biscuits sold in a day is 2.2.

(1) Find the probability that in a day, no boxes of chocolate biscuits were sold. [1]

(i)  Ina week of 7 days, find the expected number of days that no boxes of chocolate
biscuits were sold. [2]

The mean number of boxes of strawberry biscuits sold in a day is denoted by A.

(ili)  Given that the probability of less than 2 boxes of strawberry biscuits sold in a day is
0.6, write down an equation for the value of 4, and find A numerically, correct to 1
decimal place. [3]

(iv)  Find the probability that in a week of 7 days, the total number of boxes of chocolate
and strawberry biscuits sold exceeds 25 boxes. [2]

(v) Use a suitable approximation to find the probability that, in a month of 30 days, the
number of boxes of chocolate biscuits sold is more than the number of boxes of

strawberry biscuits. [4]

A researcher is running a trial of a new variety of potato. A field contains 20 rows of the

new variety of potato plants, with 80 plants in each row. A researcher intends to dig up 8

plants and measure the mass of potatoes produced by each plant.

Q) Describe how he could choose a systematic sample of 8 plants from a single row of
80 plants and state the advantage of this sampling method. [3]

The researcher claims that the average mass of the new variety of potato is at least 150g.

The mass of a new variety of potato is denoted by X grams. The masses of a random sample

of 80 new variety potatoes are summarized by
> (x-150)=-160 > (x—150)" =5520

(i)  Calculate the unbiased estimates of the population mean and variance. [2]
(iif)  Test at the 1% significance level, whether the researcher’s claim is valid. [4]
(iv)  Explain what you understand by the phrase “at the 1% significance level” in the

context of this question. [1]
Another random sample of 8 potatoes was chosen with mean mass 148.5g and standard
deviation k g. Find the range of values that k can take such that at 1% level of significance,

this sample would indicate that the researcher’s claim is invalid. [3]
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Qn | Solution
1 |a+b+c=24

5a+2b-3c=79

at+tb=4(c+1)
a=17,b=3,c=4
2(i) Lo
Let Tr be the statement that 47" —1 forall n€Z’
When 7 =1
1

u, =—

LHS = 3 (given)

1 1

RHS = 4x1° -1 =3

P,

Hence ! is true.

Lok
kellsje * 4k -1,
k+1

W =3 .

4(k+1) -1

P,

Assume "¢ is true for some

We want to prove that Pra Is true, i.e.

LHS =u,,,
1
T (k—1)(2k +3)
k 1
(2k-1)(2k+1)  (2k=1)(2k +3)
k(2k +3)—(2k +1)
(2k—1)(2k +1)(2k +3)
2k* + k-1
(2k —1)(2k +1)(2k +3)
(2k=1)(k+1)
(2k —1)(2k +1)(2k +3)
k+1
(2k +1)(2k +3)
k4l
4K +8k+3

b
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k+1

=—— - RHS
4k +1)° -1

Hence P,

P is true &

P

Since

induction, "~ is true for all

is true = Pen is true.

P,

is true = P,

nel"

+1 is true, by mathematical

(ii)

Sum of 1% n terms of
| 1 |

+ e -
5x9 7x11 9x13

n+2 1

:z(Zr—l)(2r+3)

1
+(2n+3)(2n+?)

(iil)

Hence, the series is convergent and =3

L3
Qr-D@2r+3) 35
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3 0 12
O | pequired area (SWJC‘X
Required Area : /
0
=] dx
(3r+2) +2?
{3){ 2tan” 3x+2ﬂ
T
=0-2|—|-[-2-0
(Z)-t2-0
2.7
2
(i) -
(Bx+2)" +4 y ‘
xZ—g x:—g+ 12-4y
Since 3, 3 y
3 2
71'_[‘)( d
Required volume = *:
71'-[3 _24_1 12—4y dy
o3 3y oy
=0.5125
4(i
® y=tan(2tan"x+£j
4
d‘\-‘ 2 -1 T 2
—=sec”| 2tan x+— .
dx 4 )1+x°

(] +x3)% = 2[1+ta.n2 [2tan'1x+%)]
d
(l+x2) 4

Yy _ 2
x—20+y)

Alternative Method

4. T
tan~ y =2tan x+z

Differentiate with respect to x,
| dy 2
1+ v dx

I+ x°

2

)

:(uf}%:z{m
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(i) | Differentiate with respect to x,
:>(1+x2)d_{+2x9=4y$
dx” dx dx

d’y dy
=>(1+x° ) —+2x—-4y)—=0
(1) o+ @,

T
y=tan— =1

When x =0, 4
1+0) Y 204 =>Y 4
dx dx

d? y
dx?

2
4 _16
dx._

+(0-4)4)=0=

(1+0)
y=tan {Etan'I x+£}
4

=1+4x+Ex2+ .....
21

=1+4x+8x” +....

yA

AN A
NIV

0359 o 02257 *

(iil)

sketch ¥ =IfD=g@)| 4y =05

For |f(x)-g(x)|<0.5, -0.359<x<0.225
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5() | x=2sin2t, y=cos2t, forO0<t<m.

E=40052t d—y:—ZSin2r
dr dr

d_y _ sin 2t

dx 2cos?2t

Equation of normal at P, =0

2cos2)
sin 26
(sin20)y—cos20sin20 =(2cos 20 ) x —4cos 20 sin 20

y—cos20 =

(x—2sin20)

(2c0s20)x—(sin26) y =3cos 20 sin 20 (shown)

ie. m=3

() | Atthe x-axis, ¥ = 0
(2cos 20)x =3sin 20 cos 20

x=§sin 20 1e A Esi112|9, 0
2 2
At the y-axis, * =0

—(sin260) y =3sin 20 cos 20
y=-3cos20 ie. B(0, —3co0s20)

(SSin 29,3c0529)
mid-point of AB: 4 2

x=§sin29 = sin29=ix
4 3
y=—§cos26 = 00529=_gy
2 3

Cartesian equation of the locus of the mid-point of AB:
sin® 20 +cos” 20 =1
2 2
I6_x+ 4y =1
9 9 i.e. 16x> +4y*=9
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| Qn

| Solution

6(i)

e m e e m e e e~

NORMAL FLOAT AUTO REAL RADIAN MP n

(i)

x=g'(y)= 1:,_'__? since x >1>0

-1 .\':+2
=g X

. ,x>1
=1

— _] =
g is self-inverse as g(x)—g (x) and Dg' D,
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(i) | g*(x)=gg(x) =gg"(x)=x.
g () =gg’ () =2()-  (shown)
It follows that g’ (x)=x and g' (x) =g(x) ,>1

For 4-g* () =[g" (x)]
4_x=,:r2+2
Then X -1
[4—.1‘]{.t2—1)=x2+2, x>1
X =3 —x+6=0, x>1
(x=20x*-x-3)=0

x>1

1+/1+12
x=2 or x=—m—
2
sincex>1, =x=2 or leJr;/E (ans)
Qn | Solution
7 dv 1
(@) | u=cos(Inx) dr X
du _ sin(lnx) N 1
dx X X
Icos(lzn X) A - cos(In x) J-sin(l? X) d
X = X + X~

cos(In x) . sin(In x) _[ cos(ljn X) dx
=- X X _ x°

2-[ cos(Ln X) d sin(Inx)  cos(Inx)
® Xl = X — X
IM dx L[sin(ln x)—cos(Inx)]+c
4 X = 2x
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(b) u=vx+3 @ U’ =x+3

du

Differentiating w.r.t. x,  dx

2u—=1

Whenx=1,u=2; Whenx=6,u=3

—%Sarg(z+ﬁ—i)£0:>—

6 x—2 3 ul-5
J.] xm dx :'Lm(2u d”)
3 2
:2L (1—u3_3)du
2u-— 4 In ”_\/g 3
_ 2\/?_, u+\g ,
2 (3-3 2 (2-3
=203)-——=In| —= |-22)+—=In| ——=
(©) £H(3+\/§J ()+J§ n(zhﬁJ
2 {3—\/5]
=2+—In
V3 (3+43 i.e,a=b=2c¢c=d=3
Qn | Solution
(?) |z|2 <4= |z| <2 y

BLarg[z— (—V3 +i)]<0
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(i)

Minimum value of ‘Z_ 21‘
=AB

=1

Maximum value of ‘Z _2'|
=AC

= \/22 +2° —2(2)(2)0052%

=23
(|||) Zmn :210“ = zllulc.u
o6l W k=0, £1, £2, ..., £49, 50
ki
=z=2e%
Roots are found in region R (along the minor arc CD) if
R kr 7
6 50 6
:>—81Sk£8%
=>k=-8, -7, -6, ..., 8
- Number of roots found in region R=17 .
Qn | Solution
9(i 2
® fx)=x+
_
df'__l_ m _
Let e (x=2)
(x=2)" -m* =
x=2+m
2
When x =2 +m, f(x)=2+m+m—=2+2m
+m—
2
When x =2 —m, f{.a'}:l—nH-L:E—Em
2-m=2

The stationary points are (247 2+2m) g4 (2= m. 2—2m)
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y=f(x)=x+

m
x=2 ?

(i)

2

whenx=0, f(x)= _m

X =2+ k)x+(m*+2k)=0
x'=2x+m’ =k(x-2)

1112

x-2

=k

By inserting a horizontal line ¥ =% on the graph of C,
by observation, to have two distinct positive roots,

-

M k<2-2m or k>2+2m
then 2 (ans)
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(iil)

2

=f(x)=x+
y=f(x)=x+—
y=f(x+2)=x+2+ni
After A: X
y=f(2x+2)=2x+2+2
After B: 2x
2
y=f(2x+2)-2=2x+—
After C: 2x
2
2,\r+ﬂL=2x+L
Given that 2x 8x
m _1
2 8
:>m=l since 0 <m<1
(ans)
Qn | Solution
10 | Let F be the foot of the perpendicular.
(i) 1
AFel 1 (=0
-1
2 1 4 1
3|44 1 |-|-3||e| 1 |=0
1 -1 0 -1
= -2+31-1=0
=>A1=1
3
OF =| -2
0
() | LetBpe (3 =3 D
1 2 1

A cartesian equation of 71 js ¥tV +2z=1
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(iil)

1 1 7
n xn,=|1[x|0|=|-5
2) \7 -1

A direction vector of £. is *
. x+y+2z=1

T x+T7z=c

Let 2=0 Then x=c¢ and ¥ =1-¢,

A pointon L is (¢ 1=¢, 0),
c -7
r=(l-c|+u| 5
A vector equation of L is 0 ! ,where H€R,
(iv) | For the 3 planes to meet in the line L,
() 7\ (2 c 2
—5|e|-1|=0 and |[1-cC |e| -1|=5
1 d 0 d
=-14-5+d =0 gnd 2¢-1+c=5
=d=19 gnd c=2
(b) | For the 3 planes to have only one point in common,

7 2
—5|e| -1|#0.
1 d
=d+#19
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Qn

Solution

11
(i)

Instalment | Outstanding amount | Total amount with interest
at the beginning of owed at the end of month
month

50000 50000x1.002

1 50000x1.002-1000 | 50000%1.002* —1000x1.002

2 50000 x1.002° 50000x1.002° —1000x1.002°
-1000x1.002-1000 | —1000x1.002

Amount owed at the end of n instalments
—50000x1.002"" —=1000x1.002" =1000x1.002"" —...—1000x1.002

loooxl.oozx[l.ooz" —1]

1.002—1
=50000x1.002"" —=1000x501x(1.002" —1) *)
= 50000x1.002"" ~501000 (1.002" ~1) (h o)

50000%1.002"" —

(i)

50000x1.002"" —501000x (1.002" —1) < 0

By using G.C., least integer n =53
i.e. no of instalments required = 53

(i)

Amount paid at the 53th instalment
= Amount owed at the end of 52 instalments

=50000x1.002° -501000x(1 0027 - 1)

=733.12 (to2d.p)

(iv)

Let the amount need to be paid for each instalment be k.
Then from (*) in (i)
50000x1.002% — kx501[1.002" ~1] <0

50000x1.002%
k>
501[1.002“’ - 1]

=2684.53

Least value of k = 2685 (to the nearest dollars)
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‘. Jurong Junior College

‘U’ 2016 JC2 H2 Mathematics Prelim Paper 2 Solutions

Qn | Solution
1(a) | dv
—_—= ‘ﬂLL ¥
dx
ILﬂb v dy —Ildx
1
Jcm v+ dy :Ildx
1 |:sin 2y :|
— =Xx+¢
2L 2
When ¥ =0 x=1= c=-1
=—sin2y+—y+l1
10) | atn
O | g7~
dﬁ:je'?dr =—5¢ 5+C
dt
n=25¢ 5 +Ct+D
1b) | an
(ii) ;=¢°>0
dr for all values of 7.
Solution curves are concave upwards.
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1(b)
(iii) | When =0.7=50
C=150=25"+C(0)+D
D =25
C=0,
n=25e °>+Ct+25
t ot
Ast—oo,n— 25
When C=1, n=25¢ S +1+25
AS{—=»o0, 1 —» 0
HORFAL TLOAT AUTD RCAL RADIAM AP n
n !
P J
B —
O [STENIT) PTARY Py >
Qn | Solution
2(a) | Area of parallelogram
=|ax(2a+3b)|
= |2(a xa)+3(a ><b)|
=3‘ax h|
=3‘a| |b|sin 30°
1
=3(4)(5)—
(4) )2
=30
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(b) 1 2
M) r=[3[+2] 0
A vector equation of | is -1 .
Let A be the point @3 Dont,
2
AP x| 0
1
Perpendicular distance from P to |= 3
0
1
1 2
L —4 x| 0
V5 -3) (-1
| <4
=—| -5
J5 8
_ 105
V5 =421
(if) | Acute angle between | and L=
2 0
0 [0
=)
cos
230
01|o0
-1\ 1
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Qn

Solution

3(i)

lx2 sin 60° = —3x2
Area of equilateral ® = 2 4

Given that the volume of the box is 250 ¢cm’

V3

= x*y =250
2

{37)
Surface Area A = 3xy + 3kxy +
V3
—x

=3xy(1+k)+ 2

3x(l+k)%+£x2
= \/gx 2
1000\3(1+k) V3 ,
—_—t—x

= X 2 (shown)

(i)

%__1000\/52(1%)“5)(:0

For stationary points, dx X

x> =1000(1+ k)

1
x=10(1+k)3

24 200030 +k
d,_ 0J§3(+ )+\/§>0
dx~ x

1

Thus, ¥ = 10(1+)? gives a minimum surface area.
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(iil)

- 1000
Since V3

y 1000 1000
x B 3(1000)(1+k)

|
31k

(iv)

Since 0<k<1

1<1+k <2

1 1

|
25 Ban B

1
<_
3

==

1
—<
1.€. 2\/§

Qn

Solution

4(1)

b= %(1 ++/31)*(1-1)

=%(1+2\/§i—3)(1—i)

= (=1+3i)(1-0)
=(3-1)+ (/3 +D)i

(i)

‘agb‘ = |a|2 5]

—3]{—3] i

(iil)

Considering the imaginary part of 4 b , we have
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2J§5in:|‘;:= f3+1

— sin St 3 \."IE +1
12 22

(V) | Vector BA can be obtained by rotating vector BC through 90° in
the anticlockwise direction about B.

(c=b)=a-b
=>c=-1(a-b)+b
=—ia+b(1+1)

=i(l+\/§i)+%(2)
=(1-3)+i

1 6 5 _
() | °C,x°C, =75 00

(if) | Number of ways if at least one of the sisters are included

= number of ways without restriction — number of ways if none of
the sisters is included

— 1 lcb _ 8cﬁ

=434

Alternative Method
3C x*C, +°C,x*C, +°C, x *C, = 434

(iii) | Select a man to be between the 2 sisters and group the 3 of them as
one unit and arrange 4 units round a table

Number of ways = °C,x31x2
=36

(iv) | First arrange the other 4 persons round the table. There are 4 ways

to insert the sisters.
> 3!1x4

=24

Number of way
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Qn | Solution

6 P(CAM)
() PCM)= PO
200_1
— 400 2

(i) | P(MUC) =P(M)+P(C)—P(MNC)
_ 400 450 200
1000 1000 1000

_ 650 13
1000 20
(i) ~250+300 11
P(M')B") 1000 20
9
P(C)=—
(©)=%

P(C\M)z%:& P(C)

C and M are not independent.

(iV) | No. of international studens in the sample
:0.2(200 + 250) + 0.3(1 30+ 300) +0.05(1 20) =225

P(C ranternational student)
P(international student)
{200+ 250)0.2

1000
225

1000
=04

P(C‘ international student) =

(V) | Number of international students studying Physics
_0.3(430)=129

]29CI 8?IC2
=000 C,
=0.294

P(exactly one international student studying Physics)

Alternative method

129 871 870

Required Probability =1000 999 998
=0.294
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OM A

X
X

(i) | r=0914099~0.914 (103 s f)

Though the value of r shows a strong positive linear correlation,
from the scatter diagram, it is possible that X and y may have a
curvilinear relationship.

() | pop y=c+dx® 1 =0.93986 ~0.940

y=c+a\’x2

Since the value of r for is closer to the value of 1,

L 2
y=ctdx 1s a better model.

(V) | »=-0.88934+0.0015441x>

When x — 55, ¥ = ~0-88934+0.0015441(55)”

y=3.7816~338 (to 1 d.p)

Since x =55 is within the range of data given and 7" = 0.940 g
close to 1, the estimation is reliable.
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Qn | Solution

8 | P(first person that uses Voyager is the third person selected)

(i)
=0.92x0.92x0.08
=0.067712
(i) 1. Whether a person uses Voyager is independent of another
person.

2. The probability that a person uses Voyager is constant for
every person in the sample.

(iii) | Let Y be the number of people who use Voyager out of 80 people.
Y ~ B(80,0.08)

Since " =80>50, np=6.4>5, ng=73.6>5

Y ~ N(6.4,5.888)appmx
P(Y <10)—<—P(Y¥ <9.5)

=0.899295
=0.899 (to 3 s.f))

(iv) | LetV be the number of people who use Voyager out of n people.

V ~B(H,0.08)
P(V=10)>0.2

1-P(V <9)>0.2
P(V <9)<0.8

Using GC,

HORHAL FLORT AUTD REAL RADIAN MP
PRESS #FOR &ThY

Least value of n =92
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9 (i) | Let C be the number of boxes of chocolate biscuits sold in a day.

C~Po(2.2)
P(C=0)=0 11080

=0.111 (to 3 s.f)

(i) | Let D be the number of days that no boxes of chocolate biscuits
were sold out of 7 days.

D ~B(7,0.11080)
E(D)=7x0.11080

=0.77562
=0.776

(iii) | Let S be the number of boxes of strawberry biscuits sold in a day.
S~Po(A)

P(S<2)=06
P(S=0)+P(S=1)=0.6

0 ]
e (A—] +e [A—J =(.6
0! 11

et (1+2)=0.6
Using GC,
?:‘l-tr?“;l.uil WUlD EEAL RADIAN HP n
VEER U HML s =08
Fee o8 ety A

INY OB 14K -0, 6

WY 2=
EuYa=
LR T
Y=
BN
Ny = i

o s

A=1.376
=1.4(to1d.p)

10
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(iv) | Let T be the total number of boxes of chocolate and strawberry
biscuits sold in 7 days.

T ~Po(7x2.2+7x1.376) = Po(25.032)
P(T >25)=1-P(T <£25)

= 0.44962

=0.450 (to 3 s.f)

(v) | Let X be number of boxes of chocolate biscuits sold in 30 days.
X ~Po(30x2.2) =Po(66)
Since & =066>10, X ~N(66,66)approx
LetY be number of boxes of strawberry biscuits sold in 30 days.
Y ~Po(30x1.376) = Po(41.28)
Since & =41.28>10, Y ~N(41.28,41.28)approx
X —Y ~N(24.72,107.28)approx
P(X-Y>0)—<“>P(X-Y>0.5)

=0.99032

=0.990 (to 3 s.f.)

11
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10 Choose a plant randomly from the first 10 plants, say the 5" plant.
W Choose every 10™ plant thereafter until 8 plants are selected
ie 5M 15M 251
The 8 plants selected will be evenly spread out across the row of
80 plants.
(ii) Unbiased estimate of the population mean, A

DIISEII
80

=160 150
30

=148

Unbiased estimate of the population variance, S~

(3 (x-150))°
80

| )
= ~150)" -

= L[5520(_160)2]

79 80

5200
79
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(iil)

Hy:p =150
H, : <150

Under H, , since N =80 >50, by Central Limit Theorem,

X ~N {15{],&} approx.

79(80)

7= X =150 ~N(0,1)

5200
. 79(80)
Test statistic approx.

From GC, p—value = 0.013731
=0.0137 (to 3 s.f.)
a=0.01

Since p-value =0.0137 > @ =0.01 we do not reject Ho ot 1%
level of significance and conclude that there is insufficient
evidence that the researcher’s claim is invalid.

(iv)

It means that there is a probability of 0.01 of concluding that the
population mean mass of a new variety of potato is less than 150g
given that the population mean mass of a new variety of potato is
in fact 150g.
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_§k2

Unbiased estimate of the population variance 7

Hy:pn =150
H,:pu <150

52
Under H, , test statistic 8
a =0.01

Researcher’s claim is invalid at 1% level of significance

= Hy isrejected i 1oy jeyel of significance

=1 <-2.9980
148.5-150
= —

’kZ
?

= k<1.3238

<-2.9980

L. k S 1 .32 (to 3 S'D

14
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1

A graphic calculator is not to be used for this question.

Show algebraically that x? —2x +5 is always positive for x e[] , and solve the inequality

X < X+2 . [4]
x> —2x+5" x*—2x"+5x
H Ive the inequalit : e +2 2]
ence solve the inequali > .
Y i 26" 15~ ¢ _2¢?" 4 5¢"
. . p
(@) Find, in terms of p, L In(x) dx, where p > 1. [2]
(b)
Ya )
y o y=X
I
G :
1
:
1] :
' 1 »
1 L X
0] 1 q

The diagram shows the curve with the equation y:x3. The area of the region
bounded by the curve, the lines x =1, X=Q and the x-axisis equal to the area of

the region bounded by the curve, y =1, y =8and the y-axis, where q >1. Find

1
the exact value of ¢ in the form a®, where a and b are integers. [4]

Prove by mathematical induction that

1 1 1 1 .
+ + +ot =2|1-—— |, neZ". [5]
1+2 1+2+3 1+2+3+...+n

n+1
P . 1 1 1
Hence state the value of the infinite series 1+ + +o+ +
1+2 1+2+3 1+2+3+...+n

[1]
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Let f(x)=cos™ X, where 1< x<1 and 0<f(x)<z. Show that

(1—x2)f”(x):xf'(x). [2]
By further differentiation of this result, or otherwise, find the first three non-zero terms

in the expansion of f(X) in ascending powers of Xx. [3]

The diagram shows a triangle ABC. Given that the lengths of AB and AC are 1 and x units

respectively, show that sin™* x +cos™ x = % [1]

A

1
X
.

B C
Hence find the series expansion of sin x in ascending powers of x, up to and including
the term in x°. [1]

[It is given that a sphere of radius r has surface area 4~r? and volume %7[!’3 ]

-———

A rice farmer wants to build a new grain silo to store his rice grains. The cylindrical
section has height h m and the hemispherical roof has radius r m. After building the grain
silo, the farmer will be painting its rooftop and the external curved surface. The time
needed to paint the grain silo will be 20 minutes per square metre for the curved surface
area of the cylinder and 35 minutes per square metre for the hemispherical roof. Given
that a total time of 60 000 minutes is taken to paint the grain silo, find, using

differentiation, the value of r which gives a grain silo of maximum volume. [8]
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6  The diagram below shows the graph of y=2In(x-1)+4-x.

The two roots of the equation 2In(x—1)+4—X:0 are denoted by @ and g, where
a < .
yA

L a ﬂ\= X

(i) Find the values of @ and s, correct to 3 decimal places. [2]

A sequence of real numbers X, X,, X, ...where X, >1, satisfies the recurrence relation
X ,=In(x ~1)°+4 for n>1.
(i) Prove algebraically that if the sequence converges, it must converge to either & or
. [2]
(iif) Use a calculator to determine the behaviour of the sequence for each of the cases

X =3, x =12, [2]

(iv) By considering X,,; — X, and the graph above, prove that

X, >X ifa<x <p,

n+l

X, <X If 1<x <aorx >p. [2]

n+1l
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7

The equations of three planes are

X+2y+z2=60
4x+5y+10z =180
2x+3y+4z=100

(i) Itis given that all three planes meet in the line . Find a vector equation of . [2]

(i)  Find a cartesian equation of the plane which contains | and the origin. [3]

A technology company specialises in manufacturing circuit boards that are used for space
exploration. It manufactures only 3 types of circuit boards (A, B and C). Each circuit board
requires particular amounts of different raw materials for manufacturing. The amounts of
raw material (in units) required for each type of circuit board and the total amounts of raw

material available to the company are shown in the following table.

Copper Lead Fibreglass
Circuit Board A 1 4 2
Circuit Board B 2 5 3
Circuit Board C 1 10 4

Total amount of material 60 180 100

available (in units)

The company is required to use all the materials available to manufacture its circuit

boards.
X

The vector r=| Yy | is defined such that variables X, y, and z represent the number of
z

circuit boards A, B and C that are manufactured respectively.

(iii)  With the aid of your answer in part (i), solve for r. Leave your answer clearly in

the form of a+ ub and state the possible values for s . [2]

(iv) Explain, in context, why your vector equation in part (i) is not an appropriate answer
for part (iii). [2]
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Functions f and g are defined by

1 2
f:XH[—j . X>-=1
X+1

g:x—1Inx, x>0.

(i) Show that gf exists and express gf in a similar form. [3]

(if) Sketch, in a single diagram, the graphs of g and gf, labelling each graph clearly.
Write down the range of gdf. [3]

(iii) Describe a sequence of transformations which maps the graph of g onto the graph
of gf. [4]

It is given that

f(x)zL, where —1<x<1.

V (1— x2)
(i) Show by differentiation that f is strictly increasing. [3]

(it) Sketch the graph of y:f(x), stating the equations of any asymptotes and the

coordinates of any points of intersection with the axes. [3]

The diagram below shows the graph of y :g(x), which is continuous and differentiable

on (—11). It has a minimum turning point at (0, 3).

(~L.4) 1 (1.4)

(0.3)

v
>

@)

(i) It is given that w(x)=g(x)f(x), where ~1<x<1. By finding w'(x) and using

your earlier results in (i) and (ii), determine the number of stationary points on the
graph of w. [4]
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10 (a) Solve the simultaneous equations
z=w+2i-1and z* _iw+g=o,
giving z and w in the form x+yi where x and y are real. [5]

(b) (i) Giventhat z=w— > where w=2(cos@+ising), —z <0<z, express the
w

real and imaginary parts of z in terms of 4. [3]

(i) Hence show that locus of z on an Argand diagram lies on the curve with

2 2
X
cartesian equation ¥+Z—2 =1 where a and b are constants. [3]

(iii) Sketch this locus on an Argand diagram, indicating clearly the points of

intersection with the axes. [2]
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o (LO) Q\ » X

It is given that curve C has parametric equations

x=t*, y=V(1-t*) foro<t<il,

The diagram shows the curve C and the tangentto C at P . The tangentat P meets the

X-axisat Q.

(i) The point P on the curve has parameter p . Show that the equation of the tangent
at P is 3p(1-p®)-3pyV(1-p*)=x-p°. [3]

(it)  Given further that the line y:(4\/3)x meets the curve at point P, find the exact

coordinates of P . [3]

(i)  Hence find the exact coordinates of Q. [2]

(iv) Show that the area of the region bounded by C, the tangentto C at P, and the
o OV3 (1, 2
X-axis is given by 3—2—I;3t \/(l—t )dt. [3]

Show that the substitution t=sinu transforms the above integral to

93—\/23 —g 2 1-cos4u du . Hence, evaluate this area exactly. [6]
B

END OF PAPER
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Section A: Pure Mathematics [40 marks]

Referred to the origin O, points A and B have position vectors a and b respectively, where
aand b are non-zero vectors that are neither perpendicular nor parallel to each other.

The length of projection of a onto b and the length of projection of b onto a are equal.

Show that |a| = |o|. [2]
Hence state the geometrical interpretation of |axb]. [1]

It is further given that a=i—j+3k and b=-2i+ j+ pk, where p<0.
(1) Find the exact value of p. [2]

(i) A circle with centre O passes through A and B. Find the area of the minor sector
OAB. [4]

(@ The roots of the equation z°—z°>—-z-15=0 are denoted by z,, z, and z, where
arg(z,)=0,and arg(z,)>arg(z,). Find z,, z, and z, and show these roots on an
Argand diagram. [3]
Explain why the locus of all points z such that |z +]4 =2 passes through the roots
represented by z, and z, Draw this locus on the same Argand diagram. [3]

0

(b) (i) Showthat 1+e" =2e2 cosg. [2]

(i)  Hence find, in trigonometric form, the imaginary part of the complex number

ei€
W=—+. 2
1+e"? [2]
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Newton’s law of cooling states that the rate of decrease of temperature of a hot body is
proportional to the difference in temperature between the body and its surroundings.
Using t for time in minutes, @ for temperature of the body in °C and « for the
temperature of the surroundings (assumed constant), express the law in the form of a
differential equation. [1]

(i) Show that the general solution of the differential equation may be expressed in the

form @ =+ Ae™ where A and k are constants. [3]

(i) Giventhat 8 =9« when t =0 and that & =5« when t=T , find, in terms of T, the

value of t when 6 =2« . [3]

(iif) State what happens to @ for large values of t and sketch the solution curve of &

against t. [3]

(@) Judith is making a pattern consisting of rows of matchstick triangles as shown. She
uses three matchsticks to complete a triangle. She adds two more triangles in the
second row, three more triangles in the third row and four more triangles in the

fourth row.

A&&@

Judith has completed n—1 rows in the pattern. How many matchsticks does she

need in order to form the n'" row? [1]
Show that the total number of matchsticks used in making a pattern with n rows is

3n(n+1 . . .
M. Hence find the maximum number of complete rows she is able to make

with two thousand matchsticks. [4]

(b) A geometric progression has first term a and second term b, where a and b are non-
zero constants. Given that the sum to infinity of the series is a+2b, find the
common ratio. [2]

The sum of the first n terms is denoted by G, . Find G, in terms of a and n. Hence

N
show that > G, =2aN -G, [4]
n=1
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Section B: Statistics [60 marks]

(i) Describe what is meant by ‘systematic sampling’. [2]

(if) A bakery wishes to gather feedback on what residents in the neighbourhood think
of its new salted egg lava buns. A surveyor is hired to survey a sample of 150
residents who visit the bakery during the evening rush hour using systematic
sampling. State, in this context, one advantage and one disadvantage of this

procedure. [2]

A box consists of a very large number of balls, of which 20% are red and 80% are white.

A game consists of a player drawing n balls at random from the box and counting the
number of red balls drawn. If at most one red ball is drawn, the player wins. If more than
two red balls are drawn, the player loses. If exactly two red balls are drawn, the player
draws another n balls and if none of these n balls drawn are red, the player wins.

Otherwise, the player loses.

Show that the probability that a randomly chosen player wins is P where

P=(0.8+0.2n)(0.8)"" +[2)(0.2)2 (0.8)"". [3]

(i) Given that the probability that a randomly chosen player wins is less than 0.1, write
down an inequality in terms of n to represent this information. Hence find the least

possible value of n. [3]

(i) Given instead that P =0.3, find the probability that out of 100 games played, at

least 40 games are won. [2]
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An overseas study revealed that school children sleep an average of 6.5 hours each night.
Ms Patricia believes that the children in her school sleep even fewer than that. She took a
random sample of 8 children from her school. The number of hours of sleep each child

gets at night was reported as:

5.9 6 6.1 6.2 6.3 6.5 6.7 6.9

Test, at the 8% level of significance, whether this evidence supports Ms Patricia’s belief,

stating clearly any assumption made. [5]

Ms Patricia conducted a further study involving a random sample of 15 children from
another school and the number of hours of sleep each child gets at night is recorded. The
sample mean is X and the sample variance is 0.849. Find the set of values of x for which

the null hypothesis would be rejected at the 8% level of significance. [3]

The mass of a randomly chosen bar of body soap manufactured by a factory has a normal

distribution with mean 110 grams and standard deviation 1.5 grams.

(i) Find the probability that the difference in sample means between any two random

samples of 20 bars of body soap each, is within 0.5 grams. [4]

(i)  Five randomly chosen bars of body soap are liquefied and separated into four equal
portions, which are each placed into a bottle. Find the probability that the mass of

liquid body soap in a randomly chosen bottle exceeds 140 grams. [4]

The factory ventured into the manufacturing of coconut oil soap as its new product and
the mass of a randomly chosen bar of coconut oil soap has a normal distribution. A

random sample of 15 bars of coconut oil soap is taken and the mass, u grams, of each bar

is measured. The results are summarised by ZU =1590, Zuz =169046 .

(iif) Find unbiased estimates of population mean and variance. [2]

MJC/2016 JC2 Preliminary ExamindNeggioadomme tutor? VisiTemile@uper.sg



9 (a) Foreventsand B, it is given that P{ﬂ:% and P(B)=1.

2
(i) Given that P( A" H}:%,determinewhethﬂ events 4 and B are mdependent

and calculate P4 B). [3]

(i) For athird event C, it is given that P(C A]:%.Ftndﬂmmhneuf?f_ﬂﬁf}.

[2]
(b) Fmd the number of ways m whach the word EVEEYDAY can be arranged if

(i} all the vowels (A, E) nomst be together and the two Y s must be separated,

[3]
(ii) the repeated letters E and Y nmst appear symmeirical about the centre of the
word (e.g EVREYYDAE, YVERDEAY). [2]

10 (i) A bakery sells cookies in tms and keeps track of the mumber of tms sold per week.
State two conditions under which a Powsson distnbubon would be a sustable
probability mode] for the mmber of tns sold m a week. [2]

(i) Two types of cockes, chocolate and raism, are sold. The mean mumber of tms for
chocolate cookies sold m a week 15 2 4. The mean mumber of tms for raism cookies
s0ld m a week 15 1.8 Use a Posson distribution to find the probabihity that m a
given week, the total number of tms sold 15 more than 9. [3]

(iti) Use a normal approximation to the Poisson distnibution to fmd the probability that
the total mmber of tms sold m 4 weeks 1= at least 15 but not more than 25. [4]

(iv) Explam why the Poisson distribution may not be a good model for the mumber of
cookies sold m a year. [1]
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11  The table gives the population y, in thousands, for a particular species of mammal over

10 years.

Year, X 1 2 3 4 5 6 7 8 9 10
Population, y

(in thousands) 108 | 87 | 69 | 55 |44 35|28 |23 |18 | 14

(i) Find the equation of the regression line of y on x, giving your answer to 3 decimal
places. [1]

(i) Let Y be the value obtained by substituting a value of x into the equation of the

regression line of y on x found in (i). Find Z(y—Y)Z. [1]

(iii) For each of the values of x, Y ' is given by Y '= A+Bx, where A and B are any

constants. What can you say about the value of > (y-Y ')2? [1]

(iv) Draw a scatter diagram to illustrate the data. [2]

An animal conservationist suggested the model Iny =c+dx for this set of data.

(v) Find, correct to 4 decimal places, the value of the product moment correlation

coefficient between
(@ xandy,
(b) xandiny. [2]

(vi) Use your answers to parts (iv) and (v) to explain which of y=a+bx or

Iny =c+dx is the better model. [1]

(vii) Using the better model found in (vi), predict the population of this species in the
20" year. [2]

END OF PAPER
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2016 H2 MATH (9740/01) JC 2 PRELIM EXAMINATION SOLUTIONS

Qn Solution

1 Inequalities

| X —2x+5=(x-1)"~1+5

=(X—1)2+4 > 0 for all real x

ii
(i) > X <— X+22 , X>0
X =2X+5 X —=2X"+5x
: X B X+2 <0
X2 —2X+5 x(x2—2x+5)
2
x2 X—=2 <0
x(x —2x+5)
) ) (x—2)(x+1)
Since X° —2X+5 > 0 for all real X, ————= <0
X
X<—-lor0<x<2 R " WR +
——¢
-1 0 2

(iii) et S e +2
e —2e*+5 ¥ —2e* +5¢

Replace x with e”.

—1<e* <0 (rej. ve*>0)ore*>2
X>In2
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Qn Solution

2 Definite Integrals

® [ n0odx =[x x]" - L"(l] X dx

X

=[(pinp-0)—(p-1)]

=plnp-p+l1

IR SR

Qn Solution

3 Mathematical Induction + APGP

[
® Let P, be the statement 1+L+ ! +.ot ! =2 1—L ,nel™.
1+2 1+2+3 1+2+3+...+n n+l

When n=1,

LHS =1.

RHS =2 1—L =1=LHS
1+1

- B, is true.

Assume that P, is true for some k e[]”

. 1 1 1
lLe. 1+ + +...+ =2l 1-—
142 1+2+3 1+2+3+...+k k+1

To show that P, is also true

ie. 1+ ! + ! +...+ ! =2 1—;
1+2 1+2+3 1+2+3+...+k+1 (k+1)+1

When n=k +1,

LHS

Need a home tutor? Visit smiletutor.sg
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+ ! + ! +...+ !

142 14243 1+24+3+...+k+1
=2|1- ! + !
k+1) 1+2+3+...+k+1

1 1
:2(1— +
k+1 k2+1(1+k+1)

1 2
:2(1_k+1 k) (k+2)
-2(k+2)+2
k) (k+2)
~2k -2
(k+1)(k+2)
.\ —2(k+1)
(k+1)(k+2)
=)
(k+2)

i)

- B, 1strue = B, is true

=2+

=2+

Since P, is true and P, is true = B, is true, by Mathematical Induction,

P, is true for

allnell ™.
+—l—+ ! 2. G 1 =2 1——1—
1+2 1+2+3 1+2+3+...+n n+1
Asn—>oo,L—>0 .‘.2(1—L)—>2
n+1 n+1
1 1 1

o1 +...=2

+ + +...+
1+2 1+2+3 1+2+3+...+n

Qn Solution
4 Maclaurin Series
f(X)=cos™ x
f'(x)=-—
1-x?

£7(x) =%(1—x2 ) 2(-2x)

1

(l—xz)f"(x) = —x(l—xz) 2
(1-%*)£"(x) = x £'(X) (shown)
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(1=%*)£"(0 = x £'(X)

(1= £"(0) = 2X £7(X) = X £"(X) +£'(X)

(1= ) £7(x) = 3x £"(%) + £'(%)

£(0) = % £(0)=—1, £"(0)=0, £"(0)=—1

X3

—1 T
COS X=——X——+...
2 6

Let sin' x=46
Let cos' x=«

O+a="2
2

sin”' X+cos™' X =

sin”' X+cos™ x =

sin™' X = X4+—+...
6

Qn Solution

5 Maximum/Minimum Problem

Let volume of silo be V
V =zr’h +§7zr3
Time needed to paint the silo = 20(27rrh) + 35(27”2)

60000 = 407zrh+707r?

~ 60000 — 701>
407r

h

_ 2
v =7”2(60000 7071 j+§”r3

407r
= 1500r—1m3 +3m3
4 3

:ISOOr—Ezer
12

d—V= 1500—27#2
dr 4

For maximum V, ﬂ =0

dr Need a home tutor? Visit smiletutor. sg
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= 1500—27zl’2 =0
4
13

—r* =1500
4
, 6000
r —_— —
137
S 6000
137
Since r>0, ..T = JM =12.1207=12.1 (3 s.f).
137
2
d\i :—Enr<0, for r =12.1207.
dr 2
Alternative:
r 6000 ) | /6000 6000 |
137 137 137
v 0 -
dr / - \

Qn Solution

6 Recurrence Relations

(1) Using GC, roots of equation are a =1.253, f="7.848.

(i) |Asn—oo, x, —L, x, 6 —L
~L=In(L-1)+4=2In(L-1)+4-L=0
Since equation is identical to 2In(x—1)+4-x=0
S L=1253=a or L=7848=p
Hence the sequence converges to either o or f.

(iii) | Using GC, it can be observed that
when X, =3, the sequence increases and converges to 7.848 = 3.
when X, =12, the sequence decreases and converges to 7.848 = .

(V) | x., —x =In(x —1) +4-x

From graph,

ifa<x, <p,2In(x,—1)+4-x >0=In(x, —1)° +4>Xx =X
if 1< x,<aorx, >f,2In(x,—1)+4—x, <0=1In(x, —1)> +4 <X = X

n+1

> X,

n+1

<X, .
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Qn Solution

7 Vectors

Q) Using GC,
X=20-5z
y=20+2z
Z1=1
20 =5
l:r={20|+A| 2|, Ael]
0 1
(i) Normal Vector
20 -5 20
20 [x| 2 |=|-20
0 1 140
1 0 1
ri|-1(={0|]-11]=0
7 0 7

Cartesian Equation: X—y+7z =0 or equivalent

(iii) 20 -5
r=|20|+u| 2 | where £=0,1,2,3,4
0 1
(iv) The vector equation in (i) allows for X, y and z to be real numbers. But the circuit

boards produced is a physical quantity and must minimally be an integer.

Qn Solution

8 Functions & Transformation of Graphs

() Since R, =(0,00) = D, =(0,0), gf exists.

2
gf:XHln(Lj , X>-1.
X+1
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(i)

y
| A
; y=g(*)
2 (1,0) .
L | X(0.466,-0.764)
y=gf(x)

R :(—oo,oo):D

of

(iii)

Since x> —1,x+1>0, gf (x)=—2In(x+1)

From y=Inxto y=-2In(x+1):

1. Translation of 1 unit in the negative X-direction
2. Reflection in the x-axis
3. Scaling parallel to y-axis by a factor of 2

[Accept any other possible correct sequence such as 1-3-2]

Qn

Solution

Curve sketching and differentiation

(i)

y X
)

J1-x2).1-
. (1 x)l

:;3>0{:—1<x<1,.'.(1—x2); >0J
(1< F

Since f'(x)>0for —1<x <1, fis strictly increasing.
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@ v

(0.0)

1
x=—I:

(i) | w(x)=g(x)f'(x)+g'(x)f(x)
From (i), f'(x)>0 for —1<x<I.
<0 for -1<x<0
From (ii), f (x)=1=0 forx=0
>0 forO0<x<l1
<0 for —1<x<0
From the given graph, g(x)>0 for —1<x<1 and g'(x)=4=0 forx=0
>0 forO0<x<l1

Therefore,
When —1<x<0, w'(x)>0. .

When x=0, w'(X)>0.
When 0<x<1, w'(x)>0.

Since w'(x) >0#0 for —1< x <1, there are no stationary points in the graph of w.

Qn Solution

10 Complex Numbers

€) Z=wW+2i—-1 --(1)
> Yad
z 1W+2 0 (2)

Method 1
From (1): W=z-2i+1 --(3)
Substitute (3) into (2):

zz—i(z—2i+1)+§:0

2 iz —i4 =0
2

7=
2(1)
i3 +4
2 Need a home tutor? Visit smiletutor.sg
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2
I 3 3 1. 1 1 I 5
Z=—+—1, W=———1, oOof Z=————1,W=———1,
2 2 2 2 2
Method 2
Substitute (1) into (2):

(W+2i—1)2—iw+§:0
W +(2i-1)° +2(2i—1)w—iw+§ =0

vv2+w(3i—2)—%—4i:0

—(3i—2)ir\/(3i—2)2 —4(1)(—2—41)

W=
2(1)
—(31-2)%(1+2i
_i-2)s(1+2)
1 1 ) 5. 1 1
W:—_—I,Z:—‘l‘_l or W:—__I,Z:_—_—l
2 2 2 2 2 2

i 1
(M) I=W——=2cos@+2isinl — lcosé?—lisiné? =écos9+§isin0
w 2 2 2 2

Re(2) = %cos 0, Im(z)= %sin@

(i) Xzicosé’, yzésinﬁ
2 2

.'.cosazgx, sinH:Ey
3 5

Since cos’ @ +sin’@ =1

(EXHE y)z _ Im¥(0,3)

3 5
X2 y2
(3)2+(5j2:1 Locus of z
s y
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Qn

Solution

11

Parametric Equations + Applications of Differentiation and Integration

(i)

%=3t2 ﬂ: t

dt dt 1—t2

dy _dy  dx
dx dt dt

t 1

X_

Ji-t* 3t
1

3ty/1-t?

Atpoint P, x=p’, y=41-p°.

y—yl-p* =

_;(X_ p')
Equation of tangent at P : 3pyl-p’
3p(1-p*)-3pyV(1-p*)=x—p’ (Shown)

(i)

Substitute X = p°, y=+/1—p* into y:4\/§x
’l_pZ :4\/5 p3

1-p° =48p°
48p°+p>—1=0

Using GC, p= —% or p=

N | —

(N.A.since 0< p<1)

.. Exact coordinates of p are (%,g]

(i)

Equation of tangent to C at P:

Gl )

2.3y 3_, 1
8 2 V4 8
When y=0,
9
—=X—-——
8 8
X=—
4 Need a home tutor? Visit smiletutor.sg
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.. Exact coordinates of Q are (%,Oj.

(iv)

(0.1)

| —

When x =—, t:l.
2
, t=1.

— o0

When X =

Area of shaded region = Area of required region
_l ﬁ é_l _J-l Y, dx
21 2 \4 8) 7°
:ﬂ—ﬁ J1-t2 (%jdt
32 4 dt
SNE
== |, 3t2J1-t* dt
32 Y
(Shown)
Lett =sinu, £=cosu.
du

Whent=—, u:z.
6

1
2
Whent =1, u:%.
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03 3.

21_

6

32 8

N3 s a . N3
2 3t dt = 2
32 % 32 I’g

z
— 2

T

6

93 3.7

32 4

_9N3 3]

R 4jﬁ

6
93 3

Y

93
‘3_2‘f

/4

6

Vi

6

03 3f

cos4udu=—-——
32

93 3]

32 8

93 3

32 8

93 3

32 8

|

64

32

_15\/5 T

64 8

3sin® u+v/1—sin*u cosu du

3sin’ U cos® u du

2 1-cos4udu

8L

T
4

(2sinucos u)2 du

sin’ 2u du

1 . 2
u ——s1n4u} du
4 z

3

8
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2016 H2 MATH (9740/02) JC 2 PRELIM EXAMINATION SOLUTIONS

Qn Solution

1 Vectors

oeb bl
bl al
la|=|b| as |a e b|=0 (as aand b are not perpendicular)

lax b is the area of rhombus with adjacent sides O4 and OB.

M| ja| = fi—j+3K| =11 Ib|=|-2i+j+ pk| =5+ p*
As fa] =[b],
=11=5+ p°
= p>=6

Sincep<0,p:—\/5

(i) Let & denote angle AOB.
aeb

cosf =——
[af[b

3) |6
()

3-3/6

11

@ =cos™ [%} =2.79569 rad or 160.18126 degrees

Area of minor sector OAB

1, (0 (2
1 160.18126
=—(11)(2.79569 OR = —— |(11x
! (11)(279509) [(F022 Jarn
=15.4 units® =15.4 units?
:(2.79569J(”r2)
27
OR =(2.79569](11ﬂ)
2r
=15.4 units®
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Qn Solution

2 Complex Numbers

(@ |UsingGC, z,=3, z, =-1+2i, z, =—1-2i.

A lm
2
-2
2
3
Y —> Re
(-1,0) 0 Z
=2
Zy

The locus of points given by |z+1| =2 passes through the roots represented by z,
and zsince |z, +1] =|-1+2i +1 = |2i| = 2 and |z, +1| =|-1- 2i +1| =|-2i| = 2.

(b) _ o 0 0
(i) 1+e%=e2|e 2+ezj
5 0 .. 0 0 .. 0
=e 2| cosS——isin—+CcoS—+isin—
2 2 2 2
0 0
=g? 2cosgj:2e2cosg
2 2
(i) e
w= r
1+¢"

.0
262 cos? 2c0s?
2 2

0 .. 0
COS— +isin— 0
=2—9=—+—itan—
2C0S— 2 2 2
2
1.6
o Im(w) = =tan—
(w) >N
Qn Solution
3 Differential Equations
do - -
g =~k (0—a),kis a positive constant
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do
& =—k(0-a),k>0

1 [

|57 d0=[-kd

In(6—a)=—kt+csince 0> a
G—aze_kHc

O—a=Ae™ 4=¢°
0=0+A4e™ (shown)

(i)

Whent=0,0 =9«

9 a=a+4 .. A=8cx
Whent=T,0 =5«

5 = a +8ae ™

kT =In2
_In2
T

k

-2,
O=a+8ae T

e,
0=ap+%T j

When 6 =2«
zin2,
2a=a@+%r J

—-In2
et =t
8

—In—zt:—ln8
T

t:In—8T=3T
In2

(i)

—-In2

—t
For large valuesof t, e ' — 0,0 - «,

6 decreases and approaches to «.

6 A
02&@+&T[
9o
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Qn Solution

4 APGP + Summation

(a) 1* row: number of matches = 3
2" row: number of matches = 6
3" row: number of matches = 9
n™ row: number of matches = 3+ (n—1)(3) = 3n
1 row: total number of matches = 3
2 rows: total number of matches=3 + 6
3 rows: total number of matches=3+6 +9
n rows: total number of matches
=2(3+3n) =2[2(3)+(n-1)(3)]

(sl OR 4 e
= M (ShOWﬂ) — M (ShOWﬂ)
M < 2000
Using GC,
3 1
when n=36. 21 _ 1908 < 2000
3n(n +1)
When n = 37, T =2109 > 2000
Maximum number of complete rows = 36.
b
(b) Let » :2
a

4 —a+2b
1-r
i =1+2r
1-r
1=1+r-2¢°
2r —r=0
7 (2r —1) =0

r =0 (rejected 27&0) or r:l
a 2

. common ratio =

N| =

MJC/2016 JC2 Prelim Examination Marking Scheme/H2 Math (9740/02)/Math Dept
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=2a| N -

Qn Solution

5 Sampling Methods

(i) Systematic sampling is a sampling method in which the entire population is listed
in some order. The population is divided into sampling intervals of k members.
After obtaining a random starting point from the first k members, every k™
member is chosen from the list until the required number is achieved.

(i) Possible Advantages:

e Itis easy to conduct the survey as the members of the sample are easily
accessible.

e Itiseasy to conduct as the surveyor does not need the list of all the residents in
the neighbourhood.

Possible Disadvantages:

e Itisa biased sample as only residents who visit the bakery during the evening
rush hour is surveyed. Hence the sample may not be representative.

e Itisabiased sample as some people may visit the bakery multiple times during
the evening rush hours increasing their chances to be selected.

e It may not be easy to get residents to visit the bakery in sequence so selection
of every k™ resident in this case may be difficult.
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Qn Solution

6 | Binomial Distribution

Let X be the number of red balls drawn, out of » balls.

X ~B(np)
Player wins
P{X <1
(x<1) Player wins
P(X=0)
P{X=2
( ) Player draws
another n
balls P(X >0) Player loses
P(X >2)
Player loses
P =P(player wins)

P(X <1)+P(X =2)P(X =0)
P(X =0)+P(X =1)+P(X =2)P(X =0)

(oj @(0.2)1 (0.8)"+ H’;J(o.z)z (0.8)’7‘2M8](o.2)° (0.8)"}

=(0.8)" +n(0.2)(0.8)"" H’;j(o.z)z (0.8)"2}(0.8)"

. RQC)™ +@(0.2)2(0.8)2“

(Shown)

0 P=(0.8+0.2n)(0.8)”1+@(o.2) (0.8)"* <0.1

Using G.C.,

When n =18, P=0.10218>0.1
When n =19, P=0.08509 <0.1

s least n =19

(ii) | Let Y be the number of games won, out of 100 games played.
Y ~ B(100,0.3).
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Required probability = P(Y > 40)
=1-P(Y <39)
=0.020988
~0.0210 (3 s.f.)

Qn Solution

7 Hypothesis Testing

Let X denote the number of hours of sleep each child gets at night.
Let x denote the population mean hours of sleep each child gets at night.

- 2
Assumption: X ~N(u,0%) = X ~ N[ﬂ,a_j.
n

Ho: u= 6.5
Hi: wu<65

Teststatistic: 7' = % ~t
2
Level of Significance: 8%
Reject Hy if p-value < 0.08
Under Hy, using GC, p-value = 0.0998

Since p-value = 0.0998 > 0.08, we do not reject Hy and conclude that there is
insufficient evidence at 8% level of significance, that supports Ms Patricia’s claim.

s =§(0.849) =0.90964 (5 s.f)

Level of Significance: 8%
Reject H, if +-value < -1.48389
xX-6.5
\/0.9096%
N

X <6.13458
. set of values required 0<x <6.13

<-1.48389

Qn Solution

8 Normal Distribution

(i) Let X be the mass of a randomly chosen bar of body soap in grams.

Let X be the sample mean mass of 20 randomly chosen bars of body soaps in
grams.

X~ N(110,1.52)
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P(|X,-X,|<05)=P(-05< X, - X, <05)

=0.708(3s.f.)
(i) Let W be the mass of a portion of liquefied soap. W = X+ X +)i3 XXy
5)(11 5)(1.5°
W~N[< )(110) G)(1 )J
4 4
W N(&ﬁj
2 64
P(W >140)=0.00143(3 s.f.)
(iii) _
Unbiased estimate of population mean, u :& = % =106
n

2

u
Unbiased estimate of population variance, s* %[Zuz —@
n— n

1 2
- & 169046—(5L0)
15-1

_36.1(3sf) OR @
Qn | Solution
9 | Probability
(ai) Since P(4'| B) :%: P(4"), A" and B are independent events = 4 and B are

independent events

P(AuUB)=P(4)+P(B)-P(4ANB)
=P(4)+P(B)—-P(4) P(B) (Since 4 and B are independent)

21,111
4 02 42
_°
- _8
(i) P(C|A):P(CGA)—2
P(4) 3
:>P(AmC)=§P(A)
221 1
34 6
(bi)

: 3! 5
Required number of ways = 4! Xo1% Cy~=_
. Choose 2 out of 5 slots to put “Y’s

=720 Arrang \l/ \l/ \l/ \l/
vowels. @ VRD
l—Y—J

Group vowels together, and arrange these 4 groups.
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(II) Required number of ways = 4C2 x21x 41 K& The 4 remaining letters can

permute themselves within the 4
=288 remaining blanks.

Vo o

1. Choose 2 out of the 1* 4 blanks 2. Correspondingly, the remaining
toputE & Y. 2! Because E & E & Y would take their respective
Y can switch positions. positions in the next 4 blanks.

Qn Solution

10 Poisson Distribution

(i) The average number of tins sold per week is constant.

The sale of one tin is independent of another throughout the week.

(ii) | Let X be the number of tins for chocolate cookies sold in a week. X ~Po(2.4)
Let Y be the number of tins for raisin cookies sold in a week. ¥ ~Po(1.8)

X +Y ~Po(4.2)

P(X+Y>9)=1-P(X+Y <9)=00111 (3s.f)

(iii) | Let » be the total number of tins sold in 4 weeks. W ~P0(16.8)

Since 1=16.8>10, .. [J N(16.8,16.8) approximately.

P(15<W <25)=P(14.5<W < 25.5) after continuity correction
= 0.69576 = 0.696 (3 s..)

(iv) | The mean number of tins sold per week might not be constant from one week to
another because of seasonal fluctuations such as sales and holidays.

Qn Solution

11 Correlation and Regression

(i) Using GC,
»=10.30667 —0.99939x

=10.307—0.999x

(ii) Using GC, > (y—Y) =6.3689=6.37 (to 3 s.f.)

[In GC, define L3=10.30667 — 0.99939L1 and L4 = (L2 — L3)? and use 1-var Stat
to find the summation]

) >(y-1) 2637
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y a
10.8 ==
L
o,
:
| -
: +
1 +
I .
[ t o
14 dembmmme e ——————— y A
! L L 1 1 1 1 1 ' »
1
v) Forxand y, » = — 0.9635
For x and Iny, » =—0.9999
(vi) Since the scatter diagram shows that the population decreases at a decreasing rate
as the years pass and the » value for the model Iny =c+dx is closer to -1 than that
of y=a+bx, Iny=c+dx is the better model.
(vir) Using GC, when x=20,In y = 189587 = y = 0.150187 .
The population in 20" year will be 150.
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2

A local café, Toast Rox, sells its coffee in three sizes (regular, medium and large). Toast Rox
customers get a 12.5% discount on their total bill if they buy at least 12 cups of coffee,
regardless of size. The number of cups of coffee bought by three particular customers and the
total amount they paid are shown in the following table.

Customer Regular Medium Large Amount paid
A 5 3 2 $20.90
B 3 4 1 $17.10
C 2 8 4 $28.00
Find the original price of each of the 3 sizes of coffee drink. [3]
(i) By using an algebraic method, solve the inequality
2
3x°+14 - 4]
(x+1)(x+2)
(i)  Hence, showing all your working clearly, solve the inequality
3x* +14
[2]

(H-(x-2) "

Referred to the origin O, points A and B have position vectors a and b respectively. Point C
lies on the line segment AB, such that AC: CB =2 : 1. Find, in terms of a and b, the position
vector of C. [1]

If the angle between a and b is 60°, show that the length of projection of OC on OAis

1
5 [al-+pD): 4]

(@) Two complex numbers z and w are such that
2W—z=6i and wz =§.

Find w and z, giving each answer in the form a + bi, where a and b are real numbers. [4]

(b) The points P and Q represent the fixed complex numbers p and q respectively. It is

given that 0 < arg p <argq <%, |p|=1, |q|=2, and argq=2arg p.

In a single Argand diagram, sketch and label the points P, Q, and the points R and S
representing g and q" +2p” respectively, showing clearly any geometrical relationships.

Identify the shape of the quadrilateral OQSR, where O is the origin. [4]
Need a home tutor? Visit smiletutor.sg
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5 [It is given that volume of pyramid = %x base area x height .]

A model of a house is made up of the following parts.
o The roof is modelled by a pyramid with a square base of sides x cm and height % cm.
For each triangular side of the prism, the length of the perpendicular from the vertex to

X
the base is — cm.
V2

. The walls are modelled by rectangles with sides x cm and h cm as shown in the diagram.
o The base is a square with sides x cm.

All the parts are joined together as shown in the diagram. The model is made of material of
negligible thickness. It is given that the volume of the model is a fixed value V cm® and the
external surface area is at a minimum value, A cm?. Use differentiation to find

(i) X, inthe form pV%, and

(i) A, inthe form gV,
leaving the values of p and g correct to 3 decimal places. [6]

6 A curve C has parametric equations
x=t'—kt, y=3(t"-k),

where k is a positive constant and t is a real parameter.

(i)  Sketch C, labelling clearly the coordinates of any points of intersection with the axes.[2]

(i) Find &y in terms of t and k. [2]
dx

k
(iti) Find, in terms of k, the exact equation of the tangent to C at the point where t = —\E :

[3]
iv) Given that the tangent found in part (iii) intersects C again at the point 3k, k |, find
(iv) g P g P 3

the value of k. [2]
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(i)

(i)

(iii)

. d’y d’y [dyj
Given that y=In(secx), show that — =2 2 1. 2
y ( ) dx® [dsz dx [2]

Hence, by further differentiation, find the first two non-zero terms in the Maclaurin’s
series fory. [3]

.1 "
The equation Ex2+ln(sec X)=c0s2x has a positive root & close to zero. Use the

result in part (ii) and the first three terms of the Maclaurin series for cos2x to obtain an
approximation to «, leaving your answer in surd form. [3]

The diagram below shows the curve with equation y=f(x). The curve passes through the
origin O, crosses the x-axis at the points A and B, and has a turning point at C. The

coordinates of A, B and C are (-4, 0), (4,0) and (a, —%) respectively, where a and b are

positive constants such that a > 1. The curve also has asymptotes x=-2 and y =c, where

c>1.

On separate diagrams, sketch the following curves, labelling clearly any asymptotes, axial
intercepts and turning points in terms of a, b and ¢ whenever necessary.

(@)
(b)

y=f(1-2x) [3]

y? =f(x) [3]
1

y ZW [4]
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10

11

The gradient of a curve at the point (x, y) is given by the differential equation

(i)

(i)

(@)

(b)

(@)

(b)

y dx

1dy 1- x—2_
y

By using the substitution y = z—x, find the equation of the curve such that it has a
minimum point at (1, 1). [6]

Sketch the curve, indicating clearly the axial intercept(s) and the minimum point. [2]

2 f—
Using partial fractions, find X 2X2+ ! dx [6]
(1- x)(2x + 3)
(i) Differentiate sin(e™) with respect to x. [1]
(if)  Obtain a formula for .fon g cos(e’x)dx in terms of n, where n > 0. [3]
(iii) Hence find J'Owe‘zxcos(e‘x)dx exactly. [2]
Prove by the method of mathematical induction that
1°x3° 2°x4° n“(n+2)° 16 4(n+1)* 4(n+2)? [5]
i . an+5 . . .
(i) By expressing in partial fractions, show that
n(n+1
Nl 4n+5( 1 b
Z o || Tat N+l
=1 n(n+)\5 (N +1)5
for some real constants a and b to be determined exactly. [3]
(if)  State the sum to infinity of the series in part (b)(i). [1]
. N2 4n+1 (2 .
(iii)  Use your answer to part (b)(i) to find z — || interms of N. [2]
~|n(n-1)\5"
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12 The curves C, and C, have equations x*+16(y-1)°=16 and x*-16(y-1)°=16
respectively.

(i)  Verify that the point (4,1) lies on both C, and C,. [1]

(i) Sketch C, and C, on the same diagram, labelling clearly any points of intersection with
the axes and the equations of any asymptotes. [4]

(iif) The region R is bounded by the two curves C,,C, and the positive x-axis. Find the
numerical value of the volume of revolution formed when R is rotated completely about
the x-axis. [3]

S is the region bounded by C,.

(iv) Using the substitution y=1+coséd, where —z <6<, evaluate j:\/l—(y—l)zdy
exactly. [4]

(v) Hence find the exact area of S. [2]

— END OF PAPER -
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2
Section A: Pure Mathematics [40 marks]

1 (@) Kenny took a loan of $9600 from a friend, and arranged to pay his loan fully in a period
of exactly 48 months. To fulfil this arrangement, he paid $a on the last day of the first
month, and on the last day of each subsequent month, he paid $d more than in the
previous month. However, due to financial difficulties, Kenny stopped his payments
after his 40™ payment, and as a result he still had exactly $2400 left unpaid.

In which month did Kenny first pay at least $130 on the last day of that month? [5]

(b) (i) Explain why the series 1+e7* +e™** +... converges for any positive real number X,
and express the sum to infinity in terms of x. [2]

(i) Given that x = 10, find the least value of n such that S—S_ < S(10™*), where S
and S, represent the sum to infinity and the sum of the first n terms of the series

respectively. [3]
2 The functions f and g are defined by
f:ix—> x*—4x+3,for x<a and

g:x> tan"(2x+1), for x> -2,

where a is a constant.

(@) If a=2, solve the equation f(x) = x exactly. [2]
(b) Ifa=3,
(i) give areason why f has no inverse. [2]

(i)  Prove that the composite function gf exists and state the rule, domain and exact
range of the composite function. [6]

3 The point A has coordinates (2q, 0, 2), where q is a constant, and the planes p,, p, have
equations x+y =4 and 3x+2y—5z =7 respectively.

(i) Find the coordinates of the foot of perpendicular from A to p,. Express your answer in

terms of q. [3]
(if) The point B is the mirror image of A in p,. If B liesin p,, find the value of q. [4]
(iii) p, and p, intersect in a line I. Find a vector equation of I. [1]

Another plane p, has equation Ax+z = u, where A and 4 are constants.

(iv) Given that the three planes have no point in common, what can be said about the values
of 1 and u? [2]
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The complex number z satisfies the relation |z —3|=5.

(i)  Hlustrate this relation in an Argand diagram. [2]

(if)  Find the largest possible value of arg(z +3-3i). [3]
It is further given that z also satisfies the relation |z —4i|=|z -6+ 4i|.

(iii) Hlustrate this relation in the same diagram as your sketch in part (i). Find the possible
values of z exactly. [5]

Section B: Statistics [60 marks]

A school comprises a large number of students. A sample comprising 2% of the student
population is to be selected to take part in a survey on their opinions about the school
facilities.

(a) Describe briefly how this sample can be obtained via systematic sampling. [2]

(b) Give one advantage and one disadvantage of quota sampling in this context. [2]

The continuous random variable X has the distribution N(z, o%). It is known that
P(X <17.7)=0.15 and P(X >21.9)=0.2. Calculate the values of  and o . [4]

A group of 15 student councillors comprises 6 from the House Committee, 5 from the Liaison
Committee and 4 from the Welfare Committee. Two particular student councillors, Louis and
Lionel, are from the House Committee and the Liaison Committee respectively.

The group stand in a circle to have a meeting. Find the number of possible arrangements if
(i)  no two student councillors from the House Committee stand next to each other. [2]

(if)  student councillors from the same committee must stand next to one another and Louis
and Lionel must stand next to each other. [2]

The group is to form a Task Force of 10 student councillors to organise a school activity. Find
the number of possible ways the Task Force may be formed if the Task Force must include at
least 1 student councillor from each of the 3 committees. [3]
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The table below shows the ages of teak trees, x years, with trunk diameters, y inches. It can be
assumed that the diameters of teak trees depend on their ages.

Age x (years) 11| 15 |28 45| 52 |57 75 | 81 | 88 97

Diameter y (inches) | 7.5 | 11.5 |16 | 19 | 20.5 | 21 | 21.5 | 21.9 | 22.2 | 22.22

(i)
(i)

(iii)

Draw a scatter diagram for these values, labelling the axes. [2]

It is desired to predict the diameters of very old trees (of over hundred years old).
Explain why, in this context, neither a linear nor a quadratic model is likely to be
appropriate. [2]

. b .
Fit a model of the form y = a—— to the data, and calculate the least squares estimates
X

of a and b. Find the product moment correlation coefficient for this model. Use the
equation that you have obtained to estimate the diameter of a 40 year-old teak tree, and
comment on the reliability of your answer. [4]

It has been estimated that only 8% of the world’s population has blue eyes. A group of 60
people are randomly selected from all over the world. The number of people in this group
who have blue eyes is the random variable Y.

(i)

State, in the context of this question, one assumption needed to model Y by a binomial
distribution. [1]

Assume now that Y indeed follows a binomial distribution.

(i)

(iii)

Find the probability that at least 5 but less than 21 people in the group will have blue
eyes. [2]

Use a suitable approximation to find the probability that more than 9 people in the
group have blue eyes. You should state the parameters of the distribution you have used.

3]
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5
(i)  Suppose a fair die is tossed twice. Calculate the probabilities that

(a) the sum of the scores of the two tosses is at least 8, and [1]
(b) the absolute difference between the scores of the two tosses is at least 4. [1]

In one round of a game, a player is to draw a ball, without replacement, from a box that
contains 3 red balls and 4 white balls. If a red ball is drawn, the player will add the scores
obtained from tossing a fair die twice. If a white ball is drawn, the player will take the
absolute difference of the scores obtained from tossing a die twice.

The game ends if the sum of the scores is at least 8 or the absolute difference of the scores is
at least 4. Else, the player will proceed to the second round of the game where the process of
picking a ball from the box and tossing the die twice repeats.

(i) Find the probability that the game ends at the first round. [2]
(iii) Suppose the game ends at the first round. Find the probability that a red ball is drawn.[2]

(iv) Find the probability that there are a total of 3 rounds of game played and exactly 2 white
balls are selected. [3]

An accountant believes that the figures provided by a particular company for the amount of
loans borrowed by its clients, $x, are too low. He carries out an online survey for clients of
this company. The responses from a random sample of 20 clients are summarised by

> x=21350, 3" (x—X)* = 345900

(i) Calculate unbiased estimates of the population mean and variance of the amount of
loans borrowed by each client, correct to 1 decimal place. [2]

The company claims that its clients will borrow $1000 on average.

(if) Stating a necessary assumption, carry out a test at the 5% level of significance to
determine whether the company has understated the mean amount of loans received by
its clients. [5]

(iii) Explain, in the context of the question, the meaning of ‘at the 5% level of significance’.

[1]

The responses from another random sample of n clients are collected. The sample mean value
for this sample is the same as the sample mean value for the previously collected sample.

(iv) Given that the standard deviation of X is 250, and that the assumption you have made in
part (ii) holds, calculate the range of values of n for which the null hypothesis would not
be rejected at the 5% level of significance. [3]
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Cars join an immigration checkpoint queue in a 1-hour period, such that no two cars join the
gueue at the same instant in time.

(i)

State, in the context of this question, an assumption needed for the number of cars

joining an immigration checkpoint queue in a 1-hour period to be well modelled by a

Poisson distribution. [1]

Assume now that the number of cars joining an immigration checkpoint queue in a 1-hour
period is a random variable with the distribution Po(23). It is further given that the number of
cars leaving the same immigration checkpoint queue in a 1-hour period is a random variable
with the distribution Po(27).

(i)

(iii)

(iv)

It is given that in a period of n minutes, the probability that at least one car leaves the
queue exceeds 0.9. Write down an inequality in n. Hence find the least integer value of
n. [4]

At 0900 on a certain morning there are 19 cars in the queue. Use appropriate
approximations to find the probability that by 1100 there are at most 12 cars in the
queue, stating the parameters of any distributions that you use. (You may assume that
the queue does not become empty during this period.) [5]
Explain why a Poisson model for the number of cars joining an immigration checkpoint
gueue would probably not be valid if applied to a time period of several hours. [1]

— END OF PAPER -
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1 The nth term of a sequence is given by u, = 4—”, for n>1.
(n+1)(n+2)

The sum of the first n terms is denoted by S,,. Use the method of mathematical induction

n-1)( 4"} 2 L
to show thatS, =| — +— for all positive integers n. [5]
n+2 3 3

217x2+23x+12d
, (3X+4)(X* +4)

X, leaving your answer in exact form.

[6]

2 Using partial fractions, find J

3 A curve C has parametric equations

x=£(sintcost+t), yzit—lsinZt, for — X <t<0.
2 2 4 2

The tangent to the curve at the point P has gradient 1. Find the equation of the normal at P.
The region bounded by this normal, the curve C and the x-axis is rotated through 2z radians
about the x-axis. Find, to 5 decimal places, the volume of the solid obtained.

What can be said about the tangents to the curve as t approaches 0? [7]

4 Referred to the origin, the points A and B have position vectors a and b respectively. A
point C is such that OACB forms a parallelogram. Given that M is the mid-point of AC, find
the position vector of point N if M lies on ON produced such that OM :ON is in the ratio
3:2. Hence show that A, B and N are collinear. [4]

Point P is on AB is such that MP is perpendicular to AB. Given that angle AOB is 60° :

|a| = 2and |b| =3, find the position vector of P in terms of a and b. [4]
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A particle P moves along the curve with equation x* +y* =r*, where x>0,y >0, and r is a

1Y

constant. By letting m = tan (sm
r

) find an expression for z—m interms of y and .
y

Given that the rate of change of y with respect to time t is 0.1% of r, show that

3
am_\__ r
dt {10r2-y? |

State the geometrical meaning of Z—T \ [7]
. r’+r-1_A B C
6 0] Show that ——=—+ + , Where A, B and C are constants
(r+2)! rt (r+1)t (r+2)!
to be determined. [2]

. r?+r— .
(i) Hence find Z in terms of n. (There is no need to express your answer

(r+2)!
as a single algebraic function.) [3]
2o 1
i) Explain wh <= 2
(i) Explainwhy > —=<2 2]
r=1
. r’> —3r+1
(iv)  Use your answer to part (ii) to find ZT in terms of n. [3]
r=4 ’
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A 10 feet tall statue is mounted on a 12 feet tall pedestal. A boy is standing x feet away from
the pedestal. His eyes are 5 feet above ground level, and the angle subtended by the statue
from the boy’s eyes is € radians (see diagram).

Prove that

10x
119+ x°

Hence, or otherwise, find the exact value of x for which & is maximum and justify that this

tan@ =

value of x gives the maximum value of 4.

Deduce, to the nearest degree, the maximum angle subtended by the statue from the boy’s

eyes. []

8 (1) Find the fourth roots of —1++/3i, giving the roots in the form re'’ , where r >0 and
-T<O<r. [3]

(i) Hence, or otherwise, write down the roots of the equation (1+ z)4 +1-iv/3=0 and
show the roots Z,, 1=1,2,3,4 on an Argand diagram. [3]

(iii) Illustrate, using the same Argand diagram, the locus of a point Q representing the

complex number v, where ‘v +1- 43— 4i ‘ =2.

Hence find the exact greatest and least possible values of ZQ . [4]
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9 Two biologists are investigating the growth of a certain bacteria of size x hundred thousand at

time t days. It is known that the number of bacteria initially is 20% of a, where a is a positive

constant.
(1) One biologist believes that x and t are related by the differential equation
%:x(a—x). Given that the number of bacteria increases to 50% of a when
t = In2 days, show that X = — [7]
- ys 4 41
(i) Another biologist believes that x and t are related by the differential equation
2
(;T;(:lO—Qtz. Find the general solution of this differential equation and sketch
three members of the family of solution curves. [5]
10 (a) (i) Express sinx++/3cos x in the form Rsin(x+a) where R and
are exact positive constants to be found. [1]

The function f is defined by f: x> sin X ++/3CoSs X, %s X <K.

(i) Find the largest exact value of k such that f has an inverse. Hence define

f in similar form and write down the set of values of x for which

ff(x) =f 7 (). [5]
(b)  The function g is defined by g: x> 2— 5"2 xeR.
1+x
(i)  Use an algebraic method to find the range of g. [3]

(if)  State a sequence of transformations which transform the graph of y=g(x) to

the graph of y = 10X2 . [3]
4+ X
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11  The line I; passes through the point A with coordinates (1, 2, 1) and is parallel to the

vector i +aj +2k, where a€ R . The line I, has equation x—3 :X:ZT_S. It is given
that 1; and |, intersect at point B.

(1) Find the value of a. [4]
(i) The plane p, contains the point A and is perpendicular to l,. Find the exact

shortest distance from point B to p,. Hence find the acute angle between I,
and p,. [5]
(iii) Find a cartesian equation of plane p, that is perpendicular to p, and contains

l;. [3]

(iv) Find the acute angle between p, and the xy-plane. [2]
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Section A: Pure Mathematics [40 marks]

1 The first four terms of a sequence of numbers are 10, 6, 5 and 7. S,