ANDERSON JUNIOR COLLEGE
2016 Preliminary Examination
HI Mathematics Paper 1 (9740/01)
Duration: 3 hours

[

Poh Kee and Mong work for GO! taxa firm. The firm pays them different rates for
different periods of time in a day. Dunng off-peak periods, the firm pays $a for each
km driven. For peak and super-peak periods, the firm pays $& and $m more per km
respectively. The table below shows the distance (m km) covered by Poh, Kee and
Mong dunng the three different penods, together with the amoumt they were paid. on a
particular day.

Off-peak Peak Super-peak Total
Poh 63 26 10 $165.10
Eee 59 34 11 $176.15
Mong 31 52 28 $205.70

Wnte down and selve equations to find the values of a, k and m.

Without using the calculator, solve the mequality %E‘ 2 :
x X

(i) Prove by mdoction that ir{i’j =%+%: n-1)3"".
Fal!

(ii) Hence, find i{}r—lj_:!-' - Give your answer m simphified form.

Given that f{r) = l . Where r 15 a posifive infeger, express f(r)—f(r+1jasa
F
single fraction.
1 1 1 1 1 1

Hence, find the sum of the series ~ 4~ +——+—+-— __+—
FHEE. O ey T 6 T 12 20 307" In(2n+1)

Dieduce that the sum to 2n terms of the senes i,—i+i—i—i 15 less than 1.

2?37 45 e

[4]

[4]

[4]

[4]

[7]
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(-a,0) 0 (a,0)

The diagram shows the curve C, with equation y =f(x), where C, is symmetrical

about the y-axis and passes through the points (-a,0), (a,0) and (0,5).

The curve C,has equation given by y = ! .
f(x)
(i)  Sketch the curve C,, showing clearly all the features of the curve.

(i) Write down the range of values of 5 such that C; and C, do not intersect.

Itis given that C;is part of an ellipse with centre (0, 0).

(iii) Sketch, on a different diagram, the curve with equation y:f’(x), showing

clearly all the features of the curve.

(iv) State a sequence of transformations that will transform C, into a curve with

equation (x+b)2+y2 =b*, y<0.

Do not use a calculator in answering this question.

The complex number w is such that w*+8=0.

(i) Find exactly the possible values of w, giving your answers in the form re"
where »r>0 and -7 <0<r.

(i) Hence, solve the equation %+§ :%-F 24, where z#0.
z z z

[2]
[1]

[2]

[3]

[3]
[4]
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The function f is defined by fix>e

(i)

=
,x<a.

State the greatest value of a for which the function f ™ exists.

Use this value of a for the rest of this question.

(i)
(iii)

Define the inverse function f in a similar form.

Solve the inequality ff (|x[)>1.

The function g is defined by g:x>b++3-x, x<3.

(iv)
(v)

(@)

(b)

Find the smallest value of 4 for the composite function f™g to exist.

If »=2,find the range of f g in exact form.

Given that In(2+ »°) = x, show that 3y° (;l_y =2+
X

By further differentiation of this result, find the series expansion of y in
ascending powers of x up to and including the term in x°.

In a parallelogram ABCD, AB = J2, BC=1and ZDAB :%—H. Show that the

length of the diagonal AC is \/ 3+2cosd+2sind. Given that 4 is small, show
that AC = \/5 (1+ a9+b6’2), where constants ¢ and b are to be determined.

(@) The curve Cy has parametric equations x=¢+tan'¢, y=t*, wherer>0.

Given that C; meets the line y:Z—(

exact area of the finite region bounded by C, , the line y =2 —(4 4

+7

+7

x-axis.

(b) The curve C, has parametric equations x=2¢>, y=t°.

(i) Find the equation of the tangent to C; at point P(2p°, p°).

(if) This tangent meets the y-axis at the point 4. The point Q on the line segment
AP is such that AQ: QP =1:3. Find the cartesian equation of the locus of O

as p varies.

jx at the point where =1, find the

J x and the

[1]

[3]
[3]

[2]
[2]

[4]

[6]

[5]

[2]

[4]
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(i) Using the sul [21

S

vl 1,_-3-}
The diagram sh 100
bounded by the ¢
(ii) Find the exa is.  [3]

(iii) By differentiating y* =sin” x cos’ x with respect to x, show that the x-coordinate
of the maximum point of the above curve is tan™ v/2 , and find the exact
y-coordinate of the maximum point, expressing your answer in the form 2°-3°,
where a and b are rational mumbers to be determined. (You do not need to show
that 1t 15 3 maximum point._) [3]

With reference to the ongin O, the point R has posiion vector 2i+ j+6k. The
plane p; has vector equation r=02+21+5wi+{1+21— ) j+(6+A-5u)k,
where A ue
The pomnt {, which 15 on OR produced, 15 such that R0 =20R and p: 15 the plane
through () which 1s parallel to p .
(i} Show that Rliesm p1. [1]
(ii) Find a cartesian equation of p, . [3]
(iii) Find the position vector of the point L in p, such that OL is perpendicular to p,.  [3]
(iv) The pomt M 15 on the hine segment RQ. Given that h 15 the perpendicular

distance from M to the line passing through R and L, show that

RM = RL
h= =T 2]
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[It is given that the volume of a circular cone with base radius » and height % is

17zr2h ]
3

Figure 1 shows a frustum (a truncated cone) with radii 2 cm and 10 cm and height

20 cm. A conical flask (Figure 2) is made up of the frustum and a cylinder. The
cylinder has radius 2 cm and height 6 cm. Water is poured into the empty flask at a
constant rate of z cm’™. At time ¢ seconds, the depth of the water is /# cm and the
radius of the water surface is » cm.

Figure 1

Figure 2
(i) For0<h<20,
(&) by using similar triangles, find  in terms of #;
(b) show that the volume of water in the flask is V = 25007[—4;—7;(25—}1)3.

Hence, find 3—? in terms of A.
(i) Find ?j—il for 20<h<26.

(i) Sketch a graph to illustrate how 3—? varies with z for 0< /2 <26.

End of paper

[3]

[4]

[2]

[2]
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ANDERSON JUNIOR COLLEGE
2016 Preliminary Examination
H2 Mathematics Paper 2 (9740/02)

Duration: 3 hours

Section A: Pure Mathematics [40 marks]

1 With reference to the origin O, the points A, B, C have position vectors a, b, ¢
respectively. The mid-points of OA and BC are S and T respectively.
(i) Find OS and OT intermsof a,band c.

OABC is a tetrahedron where angle OBA and angle OCA are right angles.
(i) Showthat allb=Dblb and allc=clc.

(iii) By considering BCIBC , show that BC? =|b|* +|c[* ~2blk.

Hence show that ST = %\/OA2 —BC? .

2 Anson is closing down his chicken farm and he decides to sell exactly k chickens in the
market at the end of every week, where k is a divisor of 1000. Anson has 1000 chickens

and the cost of rearing each chicken per week is $0.50. Show that, when he has sold all

his chickens, the total cost of rearing the chickens is $ %(1000 +k).

At the end of the first week, Anson sells each chicken at a price of $12. At the end of
every subsequent week, he sells the chickens at a price of 5% less than that of the
previous week.

Find the smallest value of k in order for Anson to make a profit when he has sold all his
chickens.

[2]

[2]

[4]

[3]

[6]
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The population of fish in a pond 15 n thousand at ttime £ vears. It 15 known that n and
t are related by the differential equation

dn 1 2\
Er=g{k—n+:r'J|_

where 0= n i% and k 15 a constant. When ¢ =0, the population size 15 1250.

It 15 also known that %=—1}.15 when the population size 15 1000.

(i) Show that k= —i.

(ii) Find the populafion size at whach the population 15 shnnking at the highest rate.
(iii) Find an expression for » n terms of £.

(iv) Find the exact value of f when the fish populahion size reaches zeto.

(v) Sketch the part of the solution curve whach 15 relevant m thas context.

The complex number z satisfies the equation || =

z+6-23 1|.
(D On an Argand diagram sketch the locus of z. Find the exact values of the
axial mtercepts of the locus.

The complex mumber = also satisfies the equation |:+1|:=a:w]1e1'e a=0.

(1)  Find the range of values of a such that there are two possible values of = .

Another complex number w satisfies the relations
z|w+6-231 . pw+] <49 and Im(w)>0.

()  [ustrate the remon i whach the pomt representing w can he.

(v)  Given that arg{w—41) =& where —r < # = x. State, in exact form. the
range of values of &.
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Section B: Statistics [60 marks]

5 The management of ABC Country Club would like to conduct a survey to determine if
members are satisfied with the recreational facilities in the club. The club has 10 000
members, where more than 60% are below 30 years old and less than 10% are above
60 years old.

(i)  Describe how a sample of 100 members can be chosen using systematic
sampling.

(i)  State a possible disadvantage of using this sampling method in this context.

6 An experiment is carried out with three coins. Two of the coins are fair. The third
coin is biased such that the probability of obtaining a head is = The three coins are

tossed. A is the event: All the three coins show the same result.

B is the event: The biased coin shows a tail.

Find () P(AUB),

(i) P(B'|A).

7 A group of ten friends, comprising six women and four men, wishes to go out to a
restaurant for lunch. Two of the men own a car each. They decide to go to the
restaurant in two cars driven by their respective owners, with the same number of
passengers in each car.

(1) Find the number of ways in which the remaining eight people may be
allocated to the two cars if two of the women, Helen and Karen, must take the

same car. [The arrangement of people within a particular car is not relevant.]

At the restaurant, the group sits at a round table. Find the number of ways of
arranging the ten people if
(i) no two men are seated together,

(iii)  neither Helen nor Karen is seated beside a driver.

[2]
[1]

[3]
[3]

[2]

[2]
[4]
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A large number of participants take part in a shooting contest. Each participant is
given 10 attempts at hitting a target. The probability that a participant hits the target
in an attempt is 0.32. It is assumed that the outcome of an attempt is independent of
the outcome of any other attempts.
(1) Find the probability that a participant hits the target more than half of the
time. [2]
(i) A random sample of 50 participants is taken. Using a suitable approximation,
find the probability that not more than 44 participants hit the target at most 5 ”

times each.

A secretary types letters onto sheets of paper 30 cm long and folds the letters as

shown.

Envelope .
Unfolded sheet Folding of sheet

>

_

A

<

v
'Ar_""""

Y o

L )

A
v

«—>
30cm 11cm

The first fold is X cm from one edge. The second fold, Y cm from the other edge, is
exactly in the middle of the remaining part of the paper, so that Y = %(30— X).

The length X cm is normally distributed with mean 10.2 cm and standard deviation
1.2 cm. The letters have to fit into envelopes 11 cm wide.

(i)  Find P(11<Y <15) . [2]
(i) Find the probability that a randomly chosen letter will fit into the envelope. [3]
(iii) By expressing X —Y in terms of X, verify that

Var(X —Y)=#Var(X)+Var(Y) .

Explain why the rule Var(aX +bY)=a*Var(X)+b*Var(Y) does not apply
[4]

in this case.
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10 Travellers ammve at a rallway station, to catch a tramn, either mdividually or m groups.
On a Saturday mommg, the mmber of travellers who amve mdividually dunng a
one-mumute mterval may be modelled by a Poisson distnbution with mean 7.5, The

number of groups who amve durmg a one-mumte mterval may be modelled by an
mdependent Poisson distnbution with mean 2.0

(i)

(i)

(i}

The probability that no more than one traveller amves mdiviidually dunng a
penod of ¢ seconds 1s less than 0.1. Wnte down an inequality m terms of ¢ to
represent this mformation. and hence find the range of values of 7, giving your
answer comect to one decimal place.

Find the probability that at most 4 groups amve dunng the time interval from
0945 to 0950 with at least 3 of the groups amving within the first 3 munutes .
Using a smtable approximation, find the probability that, from 1043 to 1033,
the mmmber of travellers amving mdividually exceeds three times the number of
groups amving by more than &

11 A study of the relationship between the amount of advertising time (in nunutes) on
radio for a product and the quantity of the product sold (in thousands) was camed out.
The results of the study are given below:

Advertising time 2 4 6 2 10 | 12 | 14 | 16
(muimutes),
Quantity of the
product sold 1.11 | 1.62 k 191 | 211 (215 (220 | 223
(thousands). 5

(i) Given that the regression line of 5 on f 15 5=0.0699407+12718, find k

(i)

(i)

commect to 2 decomal places. Hence find the product moment comelation
coefficient between 5 and .

It 15 thought that the relahonship between 5 and 7 can also be modelled by
S=a+blnt where a and b are constants. Find the least squares estimates of a
and b and the product moment correlation coefficient r for this new model.

Use the regression line for the better model to estimate the quantity of the
product sold when the adverising time 15 9 nunutes, mving your answer fo the
nearest nteger.

Give two reasons why this estimate 15 reliable.

[2]

[3]

[4]

[2]

[2]

[2]
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Bank A claims that the average monthly salary of a fresh graduate working in the
banking industry is $3000. However, a human resource manager from another bank
suspects that this is not the correct average monthly salary. A random sample of 50
fresh graduates is surveyed. The monthly salaries, $x, of these 50 fresh graduates are

summarised by
> (x~-3000) = -505 > (x-3000)° = 100580

(i) Calculate the unbiased estimates of the mean and variance of the monthly
salary of a fresh graduate, giving your answers to 2 decimal places.
(if) Test at 10% significance level whether the manager’s suspicion is supported.

The manager believes that the average monthly salary of a fresh Mathematics
graduate in the banking industry is more than $3000. He decides to conduct
investigations into this by surveying a random sample of 15 fresh Mathematics
graduates and the mean of this sample is found to be $3050 and the sample variance
is k2. Find the range of values for k? (to the nearest integer) if it is found that, at 5%
level, there is sufficient evidence to justify his belief. State an assumption necessary

to carry out the test.

End of Paper

[2]
[4]

[4]
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2016 Prelim H2 Mathematics Paper 1 Solution

63a+26(a+k)+10(a+m)=165.10
59a+34(a+k)+11(a+m)=176.15
3la+52(a+k)+28(a+m)=205.70

Simplifying,
99a+26k +10m=165.10
104a+34k +11m=176.15
111a+52k +28m =205.70
Solving,
a=3%1.50, k=%$0.35, m=$0.75
2 X250 x#0-1
X+1 X
2X—(X=2)(x+1) >0
X(x+1) - + - + -
X% +3x+2 | | I I
A 1
X(X+1) 3-J17 O 34417
2 2
_(X_E)Z +£
2 4 <
X(X+1)
—1<x£3_\/ﬁ 0<x§3+\/ﬁ
2 2
C r 3 1 n+l
Let P, be the statement ' r(3) =—+Z(2n—1)3 , n>1.
r=1
1
When n =1, LHS=>'r(3)" =1(3)=3
r=1
RHS = —Jrl(1)32 =3
4 4
Since LHS = RHS, P, is true
k
Assume P, is true forsome ke ", ie >'r(3) 4 (2k —1)3!
r=1
To prove that P, | is true,
: k. 31 e 301 ka2
ie. toprove: Y r(3) ==+—(2(k+1)-1)3“""==4+—(2k +1)3*
= 4 4 4 4
k+1 k
LHS =>"r3)" =>r(3)" +(k+1)3""
r=1 r=1
3.1 k+1 k+1 3.1 k+1
=—+—2k-1)3" +(k+1)3 =—+—03)" (2k-1+4k +4)
4 4 4
1

3
4

Since P, is true,
allneZ",n>1.

—+Z(3)<k+“+1 (2k +1) =RHS.

P, is true = P"Ne}%érg%ome tutor? Visit smiletutor.sg

and P, is true implies P, rasitriee, by Mathematical Induction, P, is true for




() T r-D¥ =Y 2 -3 F
r .I.l-3 1 .1_...'- 9 ot
TG =| 3+3@1-D3" |-6=-3+5(n-D3 '
= 93T -1 9.
E_ﬁ ——3_1 —E[_ﬁ -1)
3 Qr-D3 =—+102 —1]3-"'—?(3*‘-—1]
' 1 9o
?': In-1)3" j{—" I}
N 1] o
OR =3 _EI:"-'H D-3| =3"(n-1)
T 17 _9 97 ni
OF =3 E{"-'n ljl—E =37 (9n-0)
1 T 1 1
FF)—E(r+1)= ————= |
(r)—tlr+1) r r+l rir+l)
1t 1 1 1 1 1 o 21
-t —+—. = = f(r)—f(r+1
S VABTEE s Terrsy AP I ML
+ 5T = (21 ]
— f()—£Cn+1)
1
1_
n+1
1 1 1 1
—t—=t—+=+ 2
ST 6 @)™ term §{+1j
. 1 1 1
C dE'I = = <
T G+~ e+l rr<D
In '1 In 1
= e 5y
Z (r+1) Z r(r+1)
In '1 '1
- .:' 1_
:Z (r+1) 2n+1
. Im 1
S 50, _ < 1 (shown)
e 1 L ey © 1 Ghown

Fags I of 189
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! Ay X
1 1
| 1
: Ca i
1 1
1 1
| 1
1 I
1 1
1 L}
| 1
1 1
: (0, 1/b)
: : |-
X=-a 1 0 | X=a X
\ I
1 1
1 L}
| 1
| 1
1 1
1 I
| 1
(11) O0<b<l1
(iii) | 4 ;
Y=y
. |
! 1
I 1
I }
I 1
! 1
| 1 »
1 | »
I 1
! 1
: ' X
X=+a 0 | X=a
I :
I }
I 1
I 1
(iv)  The sequence is:
(1) Scale parallel to the x-axis by a factor of b .
a
(2) Translate by b units in the negative x-direction
(3) Reflect about the x-axis
Or
(1) Reflect about the x-axis
(2) Scale parallel to the x-axis by a factor of b .
a
(3) Translate by b units in the negative x-direction
Or
(1) Translate by a units in the negative X-direction
(2) Scale parallel to the x-axis by a factor of b
a
(3) Reflect about the x-axis.
@)
w =-8
— 8eiﬂ.ei2k” — 8e17r(1+2k)
iZ(1+2k)
w=2e? ,k=0,1,-1
W= zeig, 2eii§, 2¢'” Need a home tutor? Visit smiletutor.sg
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Replace w = 1 from part (i)
Z

1 i iz -
—=2e3,2¢",2¢ 3 or

—=3
z z
1 -1 .1 i 1
Z=—e },—e",—e"’ or z=—
2 2 2 3
Z=l€ﬂ§, L ) —e? or z:l
2 3
(1) For the function f™' to exist, f must be one-one,

Greatest value of a = 4.

(i)  Lety=e"™
Since x<4, y=e*"*
Iny=4-x
X=4-Iny
fl:Xx>4-Inx,x>1

(i) ff(x)=x, x<4
£ x[) = x|, |x|<4
For f'f (|X|)>1,

—4<xXx<-1or 1<x<4

(iv)  For the composite function f™' g to exist,

g
Least value of b= 1.

(v) Given R, =[2,0)
f'(2)=4-1n2
Rf,lg =(—0,4—1n2]

R,cD. , that is [b, 00) c[1, ).

(3.0)
» X

Need a home tutor? Visit smiletutor.sg
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(a) In2+yH)=x --(1)
Differentiate w.r.t. X,

3y’ dy
24y’ dx
» dy 3
= 3y d—=2+y (shown) ---(2)
X
Differentiate again w.r.t. X,
d’y dyT dy
3y —+6y| —=| =3y*-=> -3
Y dx? y(dx Y dx )
When x =0, In2+y)=0= y=-1, [from (1)]
dy dy 1
3()2L=2-1=>-2==, [from(2
()dx =3 [from (2)]
d’y 1Y (lj d’y 5
371 +6(-)|=1| =3()| = |= =—. |[fi 3
()dx2 ()(J ()3 FVERS [from (3)]

y:—1+lx+ix2+...
3 1

(b) For a parallelogram, /DAB+ Z/ABC=7x. So ZABC =7—- (% - HJ = 37” +0.

Using cosine rule, AC? =2+1-2+/2(1)cos (37”+ 9]
= 3—2ﬁ[cos%cosﬁ—sin%sin9}

1 1
=3—2\/5[——c050——sin6’
V2 V2 }

=3+2cosf+2sinf
AC =~/3+2cos@+2sind (shown)

Given that @ is small, cos@ ~ 1—102 and sin @ ~ 6.

1

AC z(3+2—92+29); =(5+(20-6")"
:\/§[1+(2H;92 Dz

B 1(260-6) 1(-D(260-6Y
=5 1+2( s ]+ > ( s }+J

2
[ Lo Lo Y2 e)

5 10 8\5

25 Need a home tutor? Visit smiletutor.sg

Page 5 of 10




(a) When t=1 I=%—1aﬂd_}'=1

. . T
Line cuts x — axis at x=%+]

Area under graph
Fs
~{_
LAY
~
x
—+2
2
Area of region

& —

= Area of mangle + l Ld,l

N PRV S L 17
_x 1 o, 0 1)
T e
=£—l+ £+r—tan z_l
8 2 |3
r 1z s U
8§ 2 4 3 6 B8
®@  S-sramd P3¢
Yy _& dt 3
dr dt dr 4
Equation of Tangent:
:I__Pi=%[x_zp‘::l
3 L
‘|=TPI—EP +p
_3p,_1

1

(1) Ony—axis, x=0, }'=—%p'

A

D_—%p" | and P(2p*, p' ) and O divide AP in a ratio of 1:3

Fagai & of 18

Nesd a home tutor? Visit smiletutor =g



Rum
Stamp


2p°
I N B R e
__ 30A+0P | P P P
00 = -
4 4 1,

Alternative Method

X — coordinate of Q

P(27%, 7°)

y — coordinate of Q

3

3 3
_ _p_+1[ps+p_j: o
2 4 2 8

. L 1
The parametric equation is X = 5 p

Ly=+ 1 o 21 s

T2 8

10

: . du
(i) U=sinX = —=cos X
dx
jsiné Xcos® X dx =J’sin6 X(1—sin” X)cos X dx
:jué(l—uz) du
= I(ué —ug) du (shown)

(i) When x=0, u=0. When x=17, u=L.
Volume of revolution = ﬁjj sin® X cos® X dx

(6 8
—nj'o(u u’)du

uouw
e
7 91

2 . 3
=—7 units
63

(iii) y* =sin® Xxcos’ X

dy

= 2yd—:6sin5 Xcos X-cos’ X +sin’ X-3cos” X-(—sin x)
X

= 6sin’ Xcos* X —3sin’ xcos® X

When dy_ 0, 3sin’ xcos” X(2cos® Xx—sin” X) =0 o
dx Need a home tutor? Visit smiletutor.sg
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=sinX=0 or cosXx=0 or sin’X=2cos’X
X=0 or X=1r7 or tan’x=2
From the sketch of the curve, maximum point does not occur at Xx=0 or X=17.
tan® X =2 = tan X =~/2 (since 0 < X <L7)
— x=tan"'\/2 (shown)

y-coordinate = sin’ X+/cos’ X J2 3
3 3 X[
3 NG . \F
sinx= [~
3 3

22
=== osx=—1
32 34 J_

39

At @k bed

11

Dr=Q+2A+50)i+(1+24-p) j+(6+A1-51)k

2 2 5
r=|1|+A4|2+ul-1|, Auel
6 1 -5
2
When A=0and z=0, r=|1|=OR ,henceR lies inp; .
6
i1) Cartesian equation of p;:
6 2 5 -9 3
OQ=30R=| 3 |; 2 (x| -1]=| 15 |, n=|-5
18 1 -5 -12 4
3 6 3
r-5|=| 3 []-5|=75, hence p,: 3x-5y+4z=75
4] (18] 4
3
iii) Method 1 Let OL=e| -5 |;
4

since point L liesin p,, 3Ba)-5(-5a)+4(4a)=75 = « :%
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2
3 2
:o_'L:E 5| = _
2 2
4 6
1 3 3 :
Method 2 OL =|OL| (i -5 -5
T REIN
= ‘W‘sin@ sine ratio
= ‘W‘ %ﬂ_ Def. of cross product
R {RE
RM x RL
R
OR From definition:
RV R [ [RW [RLsin (1 MRL)
~ L JRM[RL)
2R
7
>h="*——F—
=
12 Solutions
@ a)
X _x+20
210 x|, 25-h
10X =2x+40
X=3 20 '
h
.. Height of cone is 25. 10 10
25 _25-h
10 r
r= IO—Eh
5
b) For 0<h<20,
Volume of water in flask, V = 10 (25)—Z r (25 - h)
3 Need a home tutar? Visit smiletutor.sg |
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DiffVw.rt.t, —= 0—3[4—ﬂ(25—h)2}(_d_hj
dt dt

_ %(102 (25)—(10—§hj2 (25—h)]

_ 207 37 )5 hY (Shown)
375

75

dv
L
dt 4z
25
(i) For 20<h<26, \Y
dv dv, dv,
->—=—x
d dt dt
dh_~ _1
dt 4r 4
(iii) When h=0, d_h:L
dt 100
— (cms™)
A

1 (;;): 25
(25-h)p  4(25-h)

= Vfrustum +ch|inder

d 2 dh

=0+—(7(2) (h-20))=d47r—

0+dt(7r( ) (h-20)) e
i | > h
20 26 (cm)
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2016 Preliminary Examination H2 Mathematics Paper 2 (9740/02) Solutions

) OS=

—_—

0d=

Pt | bt
h.:|||—l-

— 1,
By Rafio Theorsm, GT=;I_|J+-::|

i} OBLAE = heb-a)=0 = ash=heh
OCLAC = cefc—a)=0 = asc=cec

i) BC*=BCsBC=(c-b)s(c-h)

=|b| +[e| —2b
— _ e —= 1
T=E{h—c'—a} T-ST=I[h—r—n}-[h+r—ﬂ}
|ST| beb+bec—beatceb+cec—cea—|ash+a=c— n-ﬂ]}

——||.1| +2bec—|bf —|c| |=— {r_u -BCY)

::\»51'——-.|'G'.-I -BC*

| B ]

{(a) Number of weeks needed to sell off all the chackens n= 1{:}3

Total cost = cD*‘|[{IDDD}—{IDDD—k‘|+:lcﬂh}—lk]+---—{k:|:|
o [110007
={EI_‘=}.L1I > J.[IE'E'E"*-'*']?

-
- $'%}{mnu+ k) (shown)

.\ o,
(b) Total earnings =11k[1+[1}.953+[1}.ﬂﬁ]‘+ —4095}T']

1-(095) %
1-085 |

=12k

MNeed a home tutor? Visit smiletutor sg
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1000

= 240k[1—(0.95)k

J

For Anson to make a profit,

Total earnings > Total cost
1000) 250

240k[1—(0.95)k > 201000+ £)
2 1000
24k )—1000—k>0

5 (1—(0.95)k

2 1000

24; (1—(0.95)x

Plot the graph of y =

From GC, k£ >38.2
If k is a positive integer and 1000 is divisible by £,

Smallest £ = 40.

j—lOOO—x.

Y1=(24/25)K2%K(1-0.957(1000/X))-10..

Zero
X=38.277624 ¥=8.7E-11

(i) Since % ~0.15 when n=1,

1 3
-0.15=—(k-1+1*) = k=-= (shown
ol ) 7, (shown)

(73t

. . 1
dn is the most negative when n = >

1

5

... dn
(i1) v

dt
.. Population is shrinking at the highest rate whe

\/ g
population size is 500.
dn 1 1Y
111 —=—||n——=| -1
(i11) dt SH 2) }
J‘ 12 dnzjldt
TRV E
1
~1)-1
lln(n 2) =—t+c
2 |(n-1)+1
1 %—n 1 ; 3 3 3 3
—In =—t+c  [Given: 0<n<i=n-2<0.80 [n—-3=-(n-12).]
2 (n+l) 5
3 2142¢ 2
275 =Ae’, where A=¢*
n+4
1 &
——n—(n-i——)Aes
2

Page 2 of 9
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é—lAe% :n(1+Ae§t)
2 2

n 3—Ae’
- 2
2(1+Ae5)
Whent=0,n=@—§.80 S 3-4 A—l
1000 4 4 201+4) 7
3 16% 2
- _ a5
h 7 21-e

(iv) When n=0, 21-¢% =0

:>gt=1n21 :>t=§1n21
5 2
(N OV . € __ (22 o AN\ 4 ou.
S [
—In21
2
TSNS
|4| —_ |4 _\_U T LN Jl}l
[B1] — Identifying the 2
points (0, 0) and(_6,2\/§ )
with the correct line. Re
To fin es:
M1: Finding Cartesian equation
Need a home tutor? Visit smiletutor.sg
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JX Y = J(x+ E:l:+|::_1'—2-.‘|"§ ]:
y=3x+43

Sub x =0 and y = 0 to find the intersection with axes.
Intersection with x-axis = (-4, 0}
Intersection with y-axis = (0, 44/3)

M2: Using Midpoint
Midpoint = (—3.+/3)

L _N3
Gradient between (0,0) and (-6, 243 )= ¢

e}
3
) 3
Gradient of locus = =af3
33 J—

Intersection with x-axiz = (-4, 0}
%:ﬁ _ .]'I =4-“|r§

Intersection with y-axis = (0, 4/3)
(i |z+lf=a = |z+l=a

For only one value of z,  locus in (1) = tangent of the circle.

To find radins /@ -
M1 using gradient of perpendicular bisactor = 3 H=ta.11"ﬁ=§
Slﬂ£=£
3 3
x_ 3
J_ 3 2
M2 A

NE 2 NS
Grngl:.tmgledm:mgle.tanﬁ'=T / ..~.1].1:lE=—l

Using another right angled friangle, SN & = % & -JE
Sl.ﬂﬂ:g:% :}JE:S{ET Hl'a 3

Y7
.-:I='_—J for one value of z.

YT
=0

. for 2values of z. @a>=—

Need a home tutor? Visit smiletutor =g
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(ii1) Identifying |w+ l| <7 as the area inside a circle with centre (-1, 0) and radius 7

Shade the correct region

(iv) angle from (0, 4) to (-4, 0) = —z +tan"' % :_37”

RY/4

hence <O0<rm or —7[<9<—T

(S

Section B: Statistics [60 marks]

(1) Number the members in alphabetical order from 1 to 10, 000.
10 000 100

Randomly select a member from the first interval of

eg 5" member was randomly selected. Select every 100™ member from every subsequent
interval of 100, ie .lOSth, 205" ete.. until a sample of 100 members have been selected.

(i1)) A possible disadvantage is that members of the age group above 60 years (or below 30
years) may be under (or over) represented and thus the results of the survey may not
truly reflect the opinions of the members of the Club.

(a) P(4UB)=P(4)+P(B)-P(4ANB)

P(4)= P(all heads) + P(all tails) = GJZ Gj N GJZ Gj :%
1

P(A B)=P(all tails) = sz (%) -

P(AuB)==l+f—1=0.85 (or ﬂ)
455 20

P(A'NB')
P(B'|A) =——
®) P(B14) ==
17
_1—P(AuB)_1 20 1
1-P(4) 1 5
4
Alternative:
P(ANB") P(THH)x2+P(TTH)

P(4)  P(ITH)+P(THH)x2+P(THT)x2+P(HHT)
Qe oz
’ ’ 2 2 15
U0 5
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(1)

(i)

Case 1:

Case 2

Case 3

Case 4

Total number of ways of allocating the remaining 8 people in the 2 cars driven by

its driver with Helen and Karen in the same car

- °C,x *'C, x2 =30

Comments: H & K have 2 choices of which car to join and there are 6C2 ways of
selecting people to join them

No of ways of arranging the 10 people if the men must be separated

= (6-1)! x °P, =43200

Comments: To separate the men, the easiest way is to arrange the women first then

slot the men into the gaps between the women.

O E ) @) + b others (y)

No of arrangements = (6-1)!x °P, =43200 \ X /
@OO s X ¥
—7
No of arrangements = (6—1)!x °P, x 2 = 28800 Y X

B O~ boten &

No of arrangements = (6—1)!x °P, x 2 = 28800

: @@4—6»«««5

No of arrangements = (6—1)!x °P, x2x2 =14400

Total no of arrangements = 43200 + 28800 + 28800 + 14400

= 115200

(1)

(if)

Let X = number of attempts that hit the target out of 10.
X ~B(10,0.32)
P(X>5)=1-P(X <5)
=1-0.93628 =0.063715=0.0637 (to 3 sig. figs)

Let Y= number of participants who hit the target more than 5 times, out of 50
participants. Then Y ~B(50,0.063715)

Since n =50 and np =50x0.063715=3.18575<5

Therefore Y ~ Po(3.18575) approximately

P(not more than 44 participants fire at most 5 successful rounds)
= P(Y>6) =1-P(¥<5)=0.10379..=0.104

Need a home tutor? Visit smiletutor.sg
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(1) X~ ;"'-."l{ 10.2,1.2%)
P(11<¥ <15)=P{ 11 <2(30-X) <15

=P(0< X <8) =0.03376 =0.0334(10 3 sf)

Alternative Method:

'l ; xli :
F-N| %{30—14}.2 )| % | 1.2° ‘:. T ~ N(9.9,0.36)
| = L
P(11<¥<15)=003376=0.0334 (to 3 sf)

(i)  Piletter will fit into envelope)
=P|:.T-::11 and ¥ <11}

e . 1

X =11 and 3

=P (30-X)<11]

LS

=P(8< X <11)
=0.714
@{i) X-F=X-—(30-X)=2X-15

far( X - )= Var| 3x-1s
2 }

Fa

3y 9
3 | Var(X)=2(12) =324

"

Var( X )+ Var(F)=12° + Var

R
-xlj_ijxt

=1.2° +|'%t Var[X) =18

Therefore Var( X —1)= Var(.X)+Var(T)

The mle does not hold since X and ¥ are not independent.

10

(1)  Let.Y=number of travellers amving mdividually in { seconds.
(7.5 -
X ~Po| —1|= X ~Po(0.125)
60 ) :

P(X=1)<01 =& (1+0.125r) <01

From GC, t=31.118 = (=312

(i) Let5=number of groups amving mn the first Iommutes

Let T'= number of groups amving n the last 2 numuates -

5~Po(6) and I~Po(4)

Requred probability = P(§ 23n5+T = 4)
=P(5=3)P(T=1)+P(5=4)P(T=0)
=0.089235:x0 091578 + 0.13385=0.018316
=0.0106 (to 3 sig. figs)

f;riTl:l?H Tl
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(iii) Let Y= number of travellers arriving individually in 10 minutes ¥ ~ Po(75)
Since A = 75> 10, Y ~ N(75,75)approximately
Let W= number of groups arriving in 10 minutes. W ~ Po(20)
Since A =20 > 10, W ~ N(20,20) approximately

Y =3 ~ N(75-3(20),75 + 37 (20)) =Y =30 ~ N(15,255)
P(Y -3W >8)—=“—»P(Y -3W >8.5) =0.658

11 ) T_9 ;=13.33+k
8
S =0.069940¢ +1.1319
w =0.069940(9)+1.2718
k=1.88008 =1.88
r=0.903
(ii) From the G.C., using the formula S =a+bInt , we get
§=0.82848+0.53141Int , » =0.98479=0.985.
Thus a=0.828, 5=0.531
(iii))  Whent=9,
‘ S$=0.531411n9+0.82848 =1.9961
(iv) Quantity of the product = 1996 ( to nearest integer).
This estimate for S is reliable because:
(1) t = 9 1s within the data range of 2 to 16, and
(2) the r value between S and In ¢ is closer to 1 than the » value between S and ¢,
hence there is a stronger relationship between S and In ¢ .
12 (1) unbiased estimate of the mean monthly salary

3000 -
_ 2 (x=3000) o= 7505 2000 = 298990
50 50

Unbiased estimate of the variance of monthly salary, s

. (Z(x—3000))2

1
= — x-3000
49 Z( ) 50
2
_ L 100580 — 20571 _ 954795 1948.56
49 50

(i) Let u_ be the mean monthly salary
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H, : ¢ =3000

H,:u #3000
Since population variance is unknown but sample size (= 50) is large, use a two-tailed Z-test at
10% level, ie reject Hy if p-value < 0.1

Under H, , test statistic, Z = X ~3000 ~N(0,1) .
1948.56
50
From GC, p-value = 0.106 > 0.1, we do not reject Hy .
There is insufficient evidence at 10% level to support the manager’s suspicion.
(or There is insufficient evidence at 10% level to conclude that the average monthly salary of
a fresh graduate is not $3000).

Let Y be the r.v. denoting the monthly salary of a fresh Mathematics graduate and £, be the

mean monthly salary.

H, : p, =3000

H, : x, >3000
Since population variance 1s unknown but sample size (=15) is small, use a one-tailed 7-test at
5% level, ie reject Hy if p-value < 0.05
2 _ 1_5k2

Given y=3050, n=15, s, ”

. Y—u,
Test statistic 7 = A [ t(14)

/ 5%
V15 J
>z

17613

Since Hy is rejected, ¢,
3050-3000

2
[15k
15

= 39 17613

k2

14

> tcrit

al

>1.7613

2
o 30 < 1128240 = 0<k><11282
14 17613

Assumption: The monthly salary of a fresh Mathematics graduate follows a Normal

distribution.
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