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. . . 2W
1 Without the use of a calculator, solve the inequality 7

2>0. 2]

(2]y|-5)sinx
y* -3

. 3
Hence solve <0, giventhat 7 <x< 77[ [3]

2 The equation of the curve C is given by y=Inx. The line ¢ with the equation y:5 IS
e

tangential to the curve C at the point (e,1) . The region R is bounded by the curve C, the

line 7 and the x-axis. The solid S is formed by rotating the region R through 27 radians

about the x-axis. Find the exact volume of the solid S in terms of 7 and e. [5]

3 (i) Every year Warren Gate’s net worth increases by 100% of the previous year. His net
worth was estimated to be $1 000 000 on 31st December 1993. In what year will his

fortune first surpass 2.5 billion dollars (1 billion = 10°). [3]

(i)  On 1st January 2005, Warren Gates deposits $100 000 in an investment account and
receives an interest of $1000 on 31st December 2005. After that the amount of interest

earned at the end of the year is 1.5 times the amount of interest earned in the previous

year. Taking year 2005 as the first year, find the amount of savings that Warren Gates

has in his account at the end of the 15th year giving your answer to the nearest integer.

[2]
1
4 (@) It is given that g(x)= where x is sufficiently small for x*and
COS(% + X) cos(% — X)
higher powers of x to be neglected.
Show that g(x) ~ 2+ ax+bx*, where a and b are constants. [3]

Comment on the value of m for this expression Jg(x) dx = '[ (2+ax+bx*) dx to be

-m -m

valid. [1]

1
(b) Find the first four non-zero terms of the expansion of (1—x2) 2 in ascending powers of

x where || <1. [2]

Hence find the first four non-zero terms of the Maclaurin’s series for cos™x in
ascending powers of x. [3]

[Turn Over

Anglo-Chinese Junior College
. H2 Mathematics 9740: 2016 JC 2 Preliminary Examination Paper 1
ACJC P1 Questions Page2 of 5



5 A sequence Uu;, U,, U, ... IS given by

u, =1 and i(ﬂ—ur]:Zr forall r>1.
I3

Use the method of differences to prove that u,,, =3" (3n? +3n+1) forall n>1. [4]

6 An investor deposits $K in a bank account. The bank offers an annual interest rate of 5%
compounded continuously. No further deposits are made. The amount of money in the
account at time t years is denoted by M. Both M and t are taken to be continuous variables.

Money is withdrawn at a continuous rate of $4000 per year. Set up a differential equation and

show that for t > 0, dd—l\t/l =aM +b, where a and b are constants to be determined. [1]
Fort>0, find M in terms of t and K. [4]
On a single clearly labelled diagram, show the graph of M against t for
(i) K >80000, [1]
(ii) K <80 000. [1]
Hence state the condition for which the money deposited initially will be completely
withdrawn in a finite period of time. [1]
7 (i)  Use the substitution x =5siné to find J'\/ 25— x%dx. [5]

(i) The circle with equation x*+(y—b)* =25 where 0<b <5, cuts the positive x-axis at

A(a, 0). The region R is bounded by the x and y axes, and the part of the circle lying in
the fourth quadrant as shown in )}he diagram below.

N7t

Use your result in (i) to find the area of the region R in terms of a. [3]
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8 The complex number z is given by z =k +i where k is a non-zero real number.
(i)  Find the possible values of k if z=k +i satisfies the equation z° —iz* -2z-4i=0. [3]
(if)  For the complex number z found in part (i) for which k >0, find the smallest integer

Zn

value of n such that (z"|>100 and z" is real. [3]

9 Use the method of mathematical induction to prove that

n 3r+1 n(7n+9
3 __n(7n+9)

= , forall n>1. 5
=r(r+1)(r+2) 4(n+1)(n+2) 2
n+9
i) showthat - "9 T 2]
4(n+1)(n+2) 4
n
(ii) Hence show that)_ 3 - L [2]
r:]_(r +l) 4
. X —4k* . .
10  The curve C has equation y =f(x), where f(x) = . It is given that k is a constant and
X =K.
Find the set of possible values that y can take. [3]

For the case k > 1,
(i)  Sketch the graph of C, stating in terms of k, the coordinates of any points of intersection

with the axes and equations of any asymptotes. [3]
(i) Hence find flf (|x|)dx in terms of k. 3]

(iii) The graph of curve C is transformed by a scaling of factor 2 parallel to the x-axis,
followed by a translation of 2k units in the negative x-direction. Find the equation of the

new curve. You need not simplify your answer. [2]

11 Referred to the origin O, the position vectors of the points A, B and C are a, b and ¢

respectively. Given that axb =4axc, where b # 4c and a is a hon-zero vector,

(i) show that b—4c =aa wherea is a scalar. [1]
(i)  Hence evaluate |b X c| , given that the area of triangle OAB is+/126 and a=3. [2]
(i) Give the geometrical meaning of |bxc]. [1]

It is also given that b is a unit vector, |a|=5, |c|=2and b—4c= J3a.
(iv) By considering (b—4c)-(b—4c), find the angle between b and c. [3]
[Turn Over
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12 (i) Solve the equation z°—i=0, giving the roots in the form re'’, where r>0 and
-7 <@ <x. Show the roots z,, z,, z,, z, and z; on an Argand diagram where

-z <argy(z) <arg(z,) <arg(z,) <arg(z,) <arg(z,)< . [5]

(i) Find the exact cartesian equation of the locus of all points z such that |z—z,|=|z -z,

and sketch this locus on an Argand diagram. Find the least possible value of |z - zl| . [4]

(iif) Sketch on the same Argand diagram in (ii), the locus arg(z —z,) = arg(z,) . [1]

(iv) Find the complex number z that satisfy the 2 equations |z-z,|=|z—z,| and

arg(z—z,) =arg(z,), giving your answer in the form a+ib. [2]

13

The diagram shows the cross-section of a container. It is in the shape of a semicircle of fixed

radius 4k metres with a hole in the shape of a trapezium ABCD.

0] If BC =2x metres, show that the area S of the trapezium ABCD is given by
S = (x+4k)16k? - x* . [2]
(i) Use differentiation to show that the area of the trapezium is maximum when
x = 2k metres. [4]

It is given that x = 2k metres and the length of the container is given as 3 metres. This
container is filled with water at a constant rate of 0.2 m%s. At time t seconds the depth of

water in the container is h metres as shown.

(iii) Show that the volume V of water in the container is given by V = 3h (4k + lj . [2]

NG

(iv) Find, in terms of k, the rate at which the depth is increasing at the instant when the

depth is k~/3 metres. [3]

- End of Paper -
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2016 ACJC JC2 H2 Mathematics 9740

Preliminary Examination Paper 1 Markers Report

Qn Solution
1 2w-5
> >0
w™ -3
- OR /
- + +
& D ©
RN N AN
2 5 2
—V3 <W<\/§ or W>E
(2|y|—5)sinx <0,
y* -3
2|v| =
Since sin X <0 for 7r<X£3—7r, |Z| 520
2 y -3
From above, —V/3 <|y|<J§ or |y|2%
05|Y|<\/§ or |y|2§
- 3<y<J§ or yz% or yg—%
2
Method 1 - Integration Method 2 — Volume of Cone
Volume of solid S Volume of solid S
2 e
= ﬂjj(é} dx—njle(ln x)2 dx = Vol OfCOIle—ﬂ'L (In x)2 dx
(e e 1 e
= e_zjo xzdx—nj1 (In x)2 dx = 57[(1)2(8)—72']-] (In x)2 dx
T X3 ) e P .
=e—2{gl ~ 7, (Inx)" dx zéﬂe_ﬂjl (Inx)" dx
T 63 e 2
Ze—2|:?:|—7fj.l (Inx)" dx
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e(lnx)zdx

: u =(1nx)2 dv,
__ 27 e 1 =1
—_x(lnx) ! —2]1 In x dx dx
:_x(lnx)z—e—2([xlnx J.ldx) &, (lnx)(l) V, = X

L 1
:_x(lnx)Z_ —2[x1nx]le+2fleldx u, =Inx dv, _
—:X(lnx)z—e—2[elne—lnl]e+2[x]e du, 1 dx
L . T T T T
= x(lnx)2 —2[elne-In1]+2[e-1]
=e-2e+2e-2
—e-2

Hence, volume of solid S

1
=—me—rn(e-2
3 (e-2)
1
=—gme—me+2x
3
:27z—g7re
3

=§7z(3—e)

3 ()

2500 000 000 < 1000 000(2)™"
21> 2500
1n2500

In2

n=>12.2877

His net worth will first exceed 2.5 billion when n = 13

The year 1993 + (13 -1)(1) =2005 or 1993 + 13 — 1 = 2005

n-1> =11.2877

(i)

100 000 + 1000 + 1000(1.5) + 1000(1.5%) + .......(15 terms) =
1000(1.515 —1)
1.5-1

100 000 + = $973 787.7808 = § 973 788

()

1 1

900 =7 -

——COSX ——— ! sin X ! COSX +—— ! sin X [ICOSZX—ISin2 Xj
RN A W A 2%
1 =2 ~ 2 = 2 = 2(1_2)(2)—1
Lcos2 x—sin2x)  cos2x 202, 1-2x2
2 -5

~2(1+2x2)=2 + 4%’

m must be sufficiently small for g(x) ~2 + ax + bx* to be used
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(b)

When x=0, cos—10=§zc

-1 1 3 3 5 T
cosS (X)=—(X+—X+—X)+—
0= 6 40 ) 2

3n+1

Unyy 1

3n+1 3

Uni1 =3n+l[n(n+1)+§)=3”(3n2 +3n+1)

=n(n+1)

Rate of change = rate of growth — rate of decrease
Rate of change = rate of earning interest — rate of withdrawal

am =0.05M —4000

dt

1
jmdl\ﬁ=j1dt

L1n|o.05|v| —4000|=t+C

0.05

In[0.05M —4000| LIS
20 20
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0.05M —4000| = e¥*%

0.05M — 4000= Ae¥where A=+e®

M = 80000 +20Ae*
Whent=0, M=K
K = 80000 + 20A
20A = K — 80000

Hence M =80000+ (K —80000)e®

M A‘/ K > 80000

- 80000~~~

v

t
K< 80000

Money is completely withdrawn if K < 80000

7(@) | Let Xx=5sind

%:5c039
do

jx/ﬂdx
= j\/%—(STH)Z(SCOSH)de
= jm@cose)d@
= .[\/25(1——sir129)(50056’)d<9
=.[\/m(50059)d9
= [(5cos0)’do
= 25J.cos2 0de
=£I1+cos29dt9

2

:é 0+lsin20 +C X
2 2

0 [

=§(0+sin90059)+c [ ]

o5 (5

:%sin‘1§+%xv25—x2 +C

25-x°

Let X =5siné

sin¢9=£
5

cosf = 25— x?

73i) | x> +(y—b)* =25
(y=b)y*=25-x°
Sincey <0, y—-b<0,
y—bz—\/ﬂ
y=b—25-x>

ACJC P1 Solutions




Area of region R

- _[Oab —V25-x° dx‘ Substituting X = a

ppa ey v

= [bx]z —{? sin”' §+% Xv25—X* }

—lab—Esin- E—la\/25—a2
2 5 2

= %a\/ﬂ—z—;sinl% 25 int 2

a

x> +(y—b)* =25,

0 we have

a’ +(0—b)’ =25

b=+25-a’

8 (i)

(i)

=—sin ——la 25-a’.
5 2
Z=K+i

2
22 = (k +i)2 = k2 + 2(K)(i) + (I)? = (k* 1) + (2K)i
2’ =(k+i)’ =k’ +3(k)*(i) + 3(k)(i)* + (i)’
= (k* =3K) + (3k> = D)

7’ —iz° -27-4i=0
[(k* =3K) + (3K = Di]=i[(k> = 1)+ (2K)i]= 2[K +i]—4i =0
[(k* =3K) + 2k — 2k]+i[(3K> 1) — (k> = 1)~ 2—-4] =0

(k> =3K)+i(2k> = 6) =0
k(k*—3)=0 and 2k’ -6=0
(k=0 0rk=i\/§) and k =+/3
Hence, k=43

7=-/3+i (" k>0)
|z|=«/mzz

arg(2) =%

Method 1: By Polar Form & Trigonometry

, T .. T

7 =2e"° =2| cos=+isin—

6 6
; nt .. N«
7" =2"e"% = 2"| cos—— +isin—
6 6

. /4
z" is real <:>sm?=0

<:>n—ﬂ=k7z, where Kk e Z

< n=6k, wherek e Z
Hence, n=0, £6, £12, +18, ...
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Method 2: By Properties of arg(z)

arg(z") = narg(z) :n?”

z" is real, the point representing z" on the Argand diagram is on
the x-axis.

Thus, arg(z")= n?ﬁ =k, where k € Z

..n=6k, wherek e Z
ie.nN=0, 6, +12, +18, ...
>100.

Given |z"

= |Z|n = 2n

Hence, 2" >100

But n is a multiple of 6. We then have
2°=64<100

22 =4096 > 100
The least value of nis 12.

Zn

n n(7n+9
Let P, be the statement Z S+ = ( ) for

r(r+1)(r+2) 4(n+1)(n+2)

r=1

all integers n > 1.

1
Whenn=1, LHS=Y e aVa TNE T
= r(r+1)(r+2) 1(2)3) 3
=759 _2Z_HS P s true,
42)(3) 3
Assume that P, is true for some positive integer k, k > 1,
£ 3r+l k(7k+9)

ie. z r(r+1)(r+2) - 4(k+1)(k+2)

r=1

Need to prove P,,, is true,

Lo % 3r+1  (k+1)(7k+16)
" r(r+1)(r+2)  4k+2)(k+3)

r=1

k+1
LHSof P, = > — 1

“U S (r+1)(r+2)
: 3r+1 3(k+1)+1
zrzzllr(r+l)(r+2) +(k+1)((k+2))(k+3)
_ k(7k +9) N 3k+4
4k+1)(k+2) (K+D)(k+2)k+3)
_ 7K’ +30k* +39k +16
4k +1)(k+2)(k+3)

ACJC P1 Solutions
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(7K> + 23K +16)(K +1)
Ak +1)(k +2)(k +3)

(k+1)(7k +16) _
4k+2)(k+3)

. P 1strue = P, 1strue.

Since P, is true, and P, is true= P, , is true, by the Principle of

n
Mathematical Induction, Z - ( - f ;)‘;i o - (: S_ 71r; z—n9_2 5 is
r=1

true for all integers N> 1

9 (i)

n(7n+9) 7 6n+7

a(n+1)(n+2) 4 2(n+1)(n+2)

Since n is a positive integer, on+7 >
2(n+1)(n+2)

Z”: 3r¢1  n(7n+9) 7 6n+7 7

=r(r+1)(r+2) 4(n+1)(n+2) 4 2(n+1)(n+2) 4

(i)

(r+1° =r’+3r> +3r+1
rr+1)(r+2)=r>+3r2+2r .. (r+1)’>r(r+1(r+2)
1 1
<
(r+1)° r(r+1)(r+2)

D 3r : n 3r+1 7
;( 3<Zr(r+1)(r+2 Zr(r+1)(r+2)<Z'

10

r+1) n
2 2
_X 4kk where K is a constant such that k # 0
X —
xy —ky = x> —4k*

x> —xy +(ky—4k*)=0
X is real = discriminant >0
y* —4(ky—4k*)20
y* —4ky +16k> >0
(y—2k)" +12k* >0
This inequality is true for all values of'y.
Therefore y can take the set of all real numbers.
Alternative Method:
dy x> -2xk+4k* _ (x=k)’+3k’
dx (x—k)’ (x—k)*

y is increasing, so y € R.

>0
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10 2 2 2
(i) =X —4k x4k — 3k
X —k Xx—k

Asymptotes: y=x+k and x=k

Points of intercept with axes: (0,4k), (-2k,0), (2k,0)

A

y

4k

2k

N
e N L

v

10

. 1 1 1 3k?
(i) jqqu)dx=2hf(xﬁx:2hx+k—-

Xx—k
1

dx

X2
:2{7+ kx — 3k? ln|x—k|}

0

=2B+k—3k2 1n|1—k|+3k21n|—k|}

=1+2k+6k21nkL.
10 )
(iii) XY g2
x> -4k’ (2) :
y= K —>y=x—(scahng)
5
2
X+ 2k 2_4 ) i
(x+2K)" —16k?

translation — y = =

(x+2kj_k 2X
2

ACJC P1 Solutions
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11
)

axb=4axc
(axb)—(4axc)=0
(axb)—(ax4c)=0
ax(b—4c)=0
= a=0or(b—4c)=0or ais parallel to b — 4c
But we are given b # 4c and a#0, henceb—4c= @ a

(i)

Slaxb| =126
%|4axc|=x/ﬁ
V126

- 322
5}
(bx¢)~(4exc)

(e =7

126

2

B3
2

cxe=0

(iii)

Area of parallelogram with adjacent sides OB and OC.

(iv)

(b—4c). (b—4c)=3|a]
Ib? —8b.c+ 16|c|* =3|a]
b.c=—&
8
_1o

cosf = b.c 3

Ibllc| 1(2)
6=128.7°

12

2—i=0

/2 i(2k7r+%)
z’=e""=¢ , where kK e Z

Tr. 3z. . . 97

—1 —l —I —I —l
Putting n=-2,-1,0,1,2, z=¢e 10 e 10 !0 g2 g!0

Given —r <arg(z,) <arg(z,) <arg(z,)<arg(z,) <arg(z;)<r.

Tr. 3. V4 V4 9.

. —i —i —i =i —i
le.z,=e " ,z,=¢ " ,z2,=0",z,=0€%,2,=6"

Let the points P;, P, P3, P4 and Ps on the Argand diagram
represent the complex numbers z,, z,, z;, Z,, and Z, .

ACJC P1 Solutions
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_-"P,

- -

a1

(i)

The locus |Z — Zz| = |Z — Z3| is a perpendicular bisector of the line
segment PoP; where P, =7, and P, =7,.

Since OP,Ps is an isosceles triangle, the perpendicular cuts
through the origin and bisect the angle P,OPs.

Thus the perpendicular bisector is inclined at angle % radian
below the positive x-axis.

Cartesian equation of locus |Z — Zz| = |Z — Z3| 1sy= —Xtan(E) .

ACJC P1 Solutions
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arg(z —z,) = arg(z,) Y

(i) | z=0P
z, =0P,
7-7,=0P-OP ie. z-7=PP
The least value of |Z - Zl| is the shortest distance from P; to the
perpendicular bisector (line OPs).
N
P
P 5 - 41& O
BN .37 10
OR, 10
PN = OP sin 2% = sin 2% = 0.951
10 5
Py
(iii) | The locus arg(z —z,) = arg(z,) is a half-line with its initial point
at P; and above and excluding P, parallel to the y-axis. (Refer to
diagram.)
12 | The intersection point between the 2 loci has the same x-
(iv) coordinates as the point Py, i.e. X = cos_7—7Z =—c s% .

Substituting X = —cos 3z into equation of the perpendicular
: V4
bisector y =-X tan(ﬁ), we have
y= —(—cos3—7[) tan 2 = cos3—”tan£ =0.191
0 10 10 10

X= —cos3—ﬁ =—(0.588
10

Coordinates of the intersection point are (—0.588,0.191) .
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13
(i)

>
m
O

B F x C

Let E be the centre of the circle and F be the foot of
perpendicular from the point E to BC.
Since EC and ED are both radii of the circle, ED = EC =4Kk.
Let H be the length of EF, which is the height of the trapezium.
By Pythagora’s theorem,

H? +x* = (4k)’

H?>=16k>-x’

H =+/16k* - x*

S :%H(BC+AD):%H(2X+8k)

= (X+4k)V16k* — x* (shown)

(i)

3—i=\/16k2— 2 —(x+4k)x(16k2—x2)_;
_2xP—4kx+16k*
ek -t
X* +2kx—8k* =0
(x—2k)(x+4k)=0
= x=2k or x=—-4k (N.A,x>0)
dS  —2x% —4kx+16k>  —2(x* +2kx—8k?)

0

dx Jieki—-x ek —x?

ds m(“”k)—(xz+2kx—8k2);(16k2‘Xz)% (-2x)
-2

dx? 16k> — X

=-2(16k>—x*)¥? [Z(X +k)(16k* —x*) + x(x* + 2kx —8k2)]
=—2(16k* = x*) V[ 2(=x" — ki +16k*x +16k*) + (X + 2k =8k ) |
=-2(16k* = x*) V*[ =X + 24k x + 32K’ |

when x =2k
d?s . 2(72k%)

=-2(16k? —4k>)¥?| —8k> + 48k> +32k> | =— =-12<0
dx? ( ) [ ] 12412k*

Area of trapezium is maximum when x=2K.
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(iii)

2k 2k 2k 2k
MDDt

Ih

y 2k 2k Y

H =+16k% —x2 = \J16k* — (2k)?
=16k> —4k> =/12k> = 243k

Using similar triangles:
y h

2k H
h h
g [2\/§k] NG

V =area of trapezium x length of container

:%(h)(4k+(4k+2y))(3)

=§(h)(gk+zy)
=3(h)(4k+y)

=3h (4k + %) (shown)

2k

Given X = 2K and from (i) we have H =+/16k*> —x* .

@iv)

dv h 1
—=|4k+—=|3+3h| —
dh ( \Ej (ﬁj
=12k+ﬂ

3

When h = 3k, Vs

dh

dv. dv dh

= —X—
dt dh dt
dh

0.2=18kx—
dt
dh 1

=——m/sS

dt 90k
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Section A: Pure Mathematics [40 marks]

A triangular region R is drawn on a large sheet of graphing paper marked in 1Imm squares.

The region R is bounded by the x-axis, the line y = 2—10x and the line y :—%x+40. The

scales on both the axes are such that 1 mm represents 1 unit.
By using the table below or otherwise, find the number of complete 1mm squares which lie

inside region R. [3]

Range of x Number of complete 1 mm squares which lies inside region R

20<x<40

40<x<60

60<x<80

The parametric equations of curve C are
x=acos’t, y=asin’t for 0<t<r,
where a is a positive constant.
Q) Find the coordinates of the points on the curve where the tangent is parallel to the
x-axis and the coordinates of the points at which the tangent is parallel to the y-axis. [5]
(i)  Hence sketch the curve C. [1]
(iii)  If the cartesian equation of curve C is y =f(x), use the curve in part (ii) to sketch the
graphs of
@ y=705° () y=F'(x).
stating in each case, the equations of any asymptotes and the coordinates of any points
of intersection with the axes. [4]
(iv)  The point P on the curve has parameter p. Show that the equation of tangent at P is
Xsin p+ycosp=asinpcosp. [2]

(v)  The tangent at P is perpendicular to the tangent at another point Q, on the curve.

If p= % find the value of the parameter t at point Q. [2]

[Turn Over
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The functions h and g are defined by

hox o el

{Zx for0< x
g:X >

+1, xeR, x<k,

<x<i,
2-2x for 1<x<L

(i)  Given that the function h has an inverse, state the greatest value of k. Find h‘l(x) and

write down the domain of h*. [4]
(i)  Explain why the composite function gg exist. [1]
(iii) Sketch the graph of y =gg(x). [2]

|2x+1|

(iv) Giventhat f:x — e +1, xeR, find the range of fg exactly. [1]

The equations of three planes p;, p,, p; are

2x+3y—-6z =10,
—-2Xx—-3y+6z=a,
X+ y+bz=5,

respectively, where a, b are constants.

The planes p, and p, intersect in the line | with cartesian equation 5_TX:—: Z.

(i) Show that b=-1. [2]
(i) The point S lies on p, and the point R has coordinates (—2, 4, 1). Given that RS is

perpendicular to p;, find the coordinates of S. [4]
The planes p, and p, are gunits apart.

(iii) Given that a <0, find the possible values of a. [4]
(iv) The point P with coordinates (5, 2, c) lieson p,. Find the value of c. [1]
(v) The point F is the foot of the perpendicular from P to the line I. The point Q is the

reflection of F in the plane p,. Find the distance PF and hence find the area of

triangle FPQ. [4]
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Section B: Statistics [60 marks]

Florida fitness club wants to carry out a survey to find out from their members the facilities

that the club can improve on. The club has a list of all the 15000 members’ names.

(i) Describe how to obtain a systematic sample of 500 members from the list to take part in
the survey. [2]

(if)  State one disadvantage of using a systematic sample in this context. [1]

A factory manufactures rectangular glass panels. The length and breadth of each panel, in cm,
are modelled as having independent normal distributions with means and standard deviations

as shown in the table.

Glass Panel Mean (cm) Standard Deviation (cm)
Length 300 0.5
Breadth 150 0.2

The probability that the total perimeter of 2 randomly selected glass panels exceeds the mean
length of n randomly selected glass panels by more than 1501cm is less than 0.2576. Find the

least value of n. [5]

The mean number of guests checking into a hotel in an hour is 3.6 and can be modelled by a
Poisson distribution.
(i)  Find the probability that not more than 4 guests checked into the hotel in a given hour.[1]
(i) Given that three non-overlapping one-hour blocks are chosen at random, find the
probability that one of the blocks has not more than 4 guests checking into the hotel and
the remaining two blocks have no guests checking into the hotel. [2]
(iii) Given that each day consists of 24 non-overlapping one-hour blocks. Use a suitable
approximation, to find the probability that between 85 and 90 guests checked into the
hotel in a particular day. State the parameters of the distribution that you use. [3]
(iv) The probability of at least n one-hour blocks in a day of 24 non-overlapping one-hour
blocks has not more than 4 guests checking into the hotel is less than 0.124. Find the
least value of n. [3]
(v) Explain why the Poisson distribution may not be a good model for the number of guests

checking into the hotel in a year. [1]
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8 Tandao Café has an outlet at North Vista and another outlet at South Parc. On weekdays, the

waiting time during lunch periods in each outlet follows a normal distribution with mean

minutes.

(i)

(ii)
9
(a)
ACJC P2 Questions

Hono has lunch regularly at the North Vista outlet. On 10 randomly selected weekdays,
his waiting times per visit were recorded, in minutes, as follows:
49, 38, 43, 70, 45, 51, 57, 85, 39, 44

Test, at the 10% significance level, whether the mean waiting time is less than one
hour. [4]
Lulu has lunch regularly at the South Parc outlet. On 56 randomly selected weekdays,
her waiting times per visit were recorded, in minutes. It was found that the sample mean
waiting time is T minutes and the sample variance is 69.8 minutes®. A test is to be
carried out at the 5% level of significance to determine whether the average waiting
time at the South Parc outlet is not one hour.

Find the range of values of t for which the result of the test would be that the null
hypothesis is rejected, leaving your answers in 2 decimal places. (Answers obtained by

trial and improvement from a calculator will obtain no marks.) [4]

=448
T

50505
betetels
L
bits!

s

LI
3525
3555

&
SIS
sy
&
&
&
&
55
i
S5
&
jelatats

o
%
i
%
o
oy
ey
KR
P

The diagram above shows a goalkeeper and a front view of a goal post labelled A on
one side and B on the other side. Aaron is a goalkeeper in a football club. Based on his
past experiences as a goalkeeper in penalty shoot-outs, the probability that he dives to
side B is 0.72. In a particular match, Aaron’s team went into a penalty shoot-out. The
probability that a penalty kicker kicks the ball to side B is p, where 0< p <1. Assume
that Aaron's choice of direction to dive is independent of the penalty kicker’s choice of
direction to kick the ball.
(1)  Show that the probability Aaron dives in the same direction as the ball is kicked is
0.44p+0.28. [1]

(i) If Aaron dives in the same direction as the ball is kicked, the probability that he
saves the ball is 0.4. Find, in terms of p, the probability that Aaron fails to save
the ball. [3]

Hence find the values between which this probability must lie. [1]
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(b)

(©)

10 (i)

In any football match, the expected number of saves made by Aaron is 4.8, with a
standard deviation of 1.2. Find the probability that in 50 matches, the average number of
saves per match made by Aaron is less than 5. [2]
Aaron can either be a goalkeeper or a forward in a match, depending on the strategy that
the team uses. In the team, there is another goalkeeper, 6 defenders, 5 midfielders and 5
forwards. Altogether, there are 18 members in the team.

(1)  Find the number of ways to select 4 defenders, 4 midfielders, 2 forwards and a

goalkeeper from the team, given that Aaron is selected. [3]

After a match, the team stands in a straight line to take a photo.

(i)  Find the number of ways such that all the defenders are standing alternately with
all the midfielders. [2]

The team is then asked to sit in a circle for a debrief.

(iii) Find the probability that the two goalkeepers sit opposite each other given that
a group consisting of 2 particular midfielders and 6 defenders are seated together.

[3]

Sketch a scatter diagram that might be expected when h and s are related approximately
as given in each of the models (A) and (B) below. In each model, your diagram should
include 6 points, approximately equally spaced with respect to h, and all h- and s-
values positive. The letters a, b, ¢ and d represent constants.

(A) s=a+bInh, where a is negative and b is positive.

(B) s=c +% , Where c is positive and d is negative. [2]

A company recently launched a new product in Singapore and wanted to know more about

the relationship between the number of promoters, h, and the product’s monthly sales, s, in

Singapore dollars. They collected data for the past 9 months and the results are given in the

table.

h 50 60 70 80 90 100 110 120 130

s | 40000 | 47000 | 52000 | 55000 | 57800 | 60000 | 61500 | 62500 | 63000
(i) Draw a scatter diagram for these values, labelling the axes. [1]
(ili) Comment on whether a linear model would be appropriate, referring to both the scatter

ACJC P2 Questions

diagram and the context of the question. [2]
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11

(iv) Itis required to estimate the number of promoters needed to achieve a monthly sales of
$75,000. Using an appropriate model in part (i) to find the equation of the suitable
regression line, correct to 3 decimal places. Use your equation to find the required
estimate, correct to the nearest integer. [2]

(v) Comment on the reliability of your estimate. [1]

(vi) Given that 1 US dollar = 1.34 Singapore dollars, re-write your equation from part (iv),
correct to 3 decimal places, so that it can be used to estimate the number of promotors

when the product’s monthly sales is given in US dollars. [1]

The manager of a car show room wants to study the number of cars sold by the 2 car salesman
under his charge. The number of potential car-buyers that they meet in a particular week and
the average probabilities that each salesman is successful in closing a deal with each customer

is given in the table below.

Salesman Number of potential car-buyers Probability of closing a deal
X 60 0.2
Y 50 0.3

(i) It is assumed that the deals closed are independent of one another. State, in context,
another assumption needed for the number of deals closed by a car salesman to be well
modelled by a binomial distribution. [1]

(i)  Explain why the assumption that the deals closed are independent of one another may
not hold in this context. [1]

Assume now that the assumptions stated in part (i) do in fact hold and the deals closed by

salesman X is independent of the deals closed by salesman Y.

(iii) Use suitable approximations to find the probability that both salesmen collectively
closed a total of more than 20 deals in a particular week. State the parameters of the
distributions that you use. [4]

A new salesman joined the company. During his probation week, he met 60 potential car-

buyers. The number of car deals he closed during his probation week is denoted by C with the

distribution B(60, p).

(iv) Given that P(C =30)=0.03014. Find an equation for p. Hence find the value of p,
correct to 1 decimal place, given that p <0.5. [2]

(v) Given that p=0.05, use a suitable approximation, which should be stated, to find the

probability that he sold more than 4 cars. [2]
- End of Paper -
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Qn Solutions Remarks
1 A
y=o5%
P il et L .
e T n
20 40 -
Number of squares for 20 < x <40 is 20
Column Range of x Number of squares
1 20<x <40 20
2 40<x <60 40
3 60 < x <80 60
n 380<x<400
380
Number of columns = n :2—: 19 for 0<x<400
OR 380 =20 + (n-1)(20)=n =19
OR 400 =40 + (n-1)(20)=>n =19
AP sequence : 20, 40, 60, ........ 19 terms
Number of complete squares in region R for 0 < x <400 is
%[2(20) +18(20)] = 3800
Region R is symmetrical about the line x = 400.
Total number of squares in region R = 3800 x 2 = 7600
2(i)

x=acos’t, y=asin’t for 0<t<z

Y
ﬂ_ﬂxﬂ_ 3asin” tcost _ _tant

dx dt dx -3acos’tsint
Let ﬂ:o
dx

—tant=0=>t=0,~
Points on curve where tangent is parallel to x-axis are (a,0) and (—a,0)
Let %:0: ! —0=>t=2

dy —tant 2

Point on curve where tangent is parallel to y-axis are (0,a)

MicrosoftWord- ACJC_JC2 _H2 Math 2016 Prelim_P2_Solutions

26



Anglo-Chinese Junior College
H2 Mathematics 9740
2016 JC 2 Pelim Paper 2 Solutions

2
(i) "
(0.2)
> X
(-a0) O (a,0)
2
(i) Yt |
@ E e
! I T
i 0,1/a) !
i @) ! X
X= -a x=a
2 y
(iii) 4
(b)
y=f"(x)
(a,0)
(a0) O .
(i%) Equation of tangent at point P with parameter p:
y—asin® p = —tan p(x—acos® p)
ycos p—asin® pcos p =—sin p(x—acos® p)
xsin p+ycos p =(asin pcos p)(cos® p+sin® p)
Xsin p+ycos p=asin pcos p (shown)
2
v) Given p :%,gradient of tangent at P is —tan % =3
1
.. gradient of tangentat Q =—
g g Q NG
Value of parmeter at Q : —tant —i: t _>7
. N 5
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(1) Sketch y=f(x)

4<

h(x) has an inverse if x<—

N

Greatest value of k is —

2
y_l - e‘2X+1‘
In(y—-1) = [2x+1]
2Xx+ 1= xIn(y-1)
X=-%+2In(y-1)
-_1_1 _ i _1
X=-3 2In(y 1) since x < >

h(x) = —%—%In(x ~1)
h(-3) =2
Domain of h™(x) = Range of h(x) = [2,x)

A

(i) !

Mo
A

Composite function exist because
Rg=[0.1] =Dy =[0,1]

(i) [0.41—p0, 41— {01
1

M=

[.21—502 02504
1379
[2’4] L

(2 0—500,41—25(0y

N[~

11—

N[~
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(V) [01]—901]— —[e+1, €3 +1]

Rig = [e+1, 3 +1]

T

-3+4+b=0
b=-1

Alternatively,

SR
& (3]

Equating k component,
k=1.

Equating i component,

—6-3b=-3k
~—=3b=-3(1)+6
b =-1 (Shown)

4 —2 1
(i) | LineRS: r={ 4 |[+4| 1|, 1R
1 -1

Substitute this line to py,

—2+A 2
4+2 |.|3 |=10

1-2 )| 4
,=8
11
_14
- 11
. [—2+
OS=| 4+41 |= 52
1-1 11
3
11
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4 2
(iii) 3
—6 10
7
2
3
\6)_-a
77
distance between two planes : §:w or §:(—a)_—10
7 7 7 7
a=-2 or a=-18
4 5)( 2
(iv) p: |2l 3|=10
c)\-6
10+6-6¢=10
c=1
4 Let point A be (5, 0, 0) which is a point on line I.
\") _
v) B 3 2
ﬁx[ 4] 2 |x i‘ -3
1 1 6
PF = = =
-3 -3 -3
4 4 4
1 1 1
7
=—=1.3728
J26
8) 16
F=2|2|==
o =2f7)-5
1 16
Area PFQ = 5(1.3728) 7 =1.5689 =1.57
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Alternative method:

|
iy

-94+8-164+1-1=0

P
26
9 27
3)| — £l
( )(ZEJ 26
‘@‘: 2_(4)(1} |2 =1.3728
AIE
9 =0
1‘(@5) 26
8) 16
F=2|=|==
o 23]

Area PFQ = %(1.3728) (?j =1.5689 =1.57

5 (i)

Number the club members in order from 1 to 15000
according to the name list.
(Alphabetical order)

15000

Since k = =30, select a member randomly from the

name list.

Thereafter, select every 30" member cycling to the start of
the list if the end of list is reached until we form a sample of
500 members.

5ii)

The list is not representative since we have selected a group
of all same gender or same age group who may have same
request on the facilities.

Let the random variable L be the length of a randomly
chosen glass panel.

Let the random variable B be the breadth of a randomly
chosen glass panel.
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Let X =21, +2B,+2L, +2B,
. X ~N(1800,2.32)

Let [ = L+L+L+..+L,
n

2
~L~N [300, 05 j

n

2
X-L~N (1500, 2.32+ 0.5 ]
n

P(x -C >1501) <0.2576

1501-1500
> _—

0.5°
n

Ze
,{2.32+O'5
n

__r > 0.6507622042

2
,/2.32+£
n
0.5°
2.32+ <1.536659618
n

0.5°
n

Pl Z <0.2576

2.32+

>0.7424

2.32+ <2.361322781

0.5°
n
n>6.049931679

Leastn=7.

<0.0413227807

7 | Let the random variable X be the number of guests
(1) | checking into the hotel in a given hour.

P(X <4)=0.7064384499 = 0.706 (3s.f)
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(i)

. - 2 3l
Required probability =[ P(X <4) [x[P(X =0)] =
=0.0015822508
—0.00158 (3s.f)

(iii)

Let the random variable Y be the number of guests
checking into the hotel in a day.

Y ~ P, (86.4)
Since 1 >10,
Y ~ N (86.4,86.4)approx.

P(85< X <90)~ P(85.5< X <89.5)=0.169 (3s.f)

(iv)

Let the random variable W be the number of one-hour
blocks in a day, which has not more than 4 guests
checking into the hotel.

W ~ B(24,0.7064384499)
P(W >n)<0.124
P(W <n-1)>0.876

Using G.C,
P(W <19)-0.876 > -2.797x10™

P(W < 20) —-0.876 >0.7534
..n=1=20
Least n=21.

v)

This is because the mean number of guests checking
into the hotel per hour is unlikely to be constant
throughout the year. The number of guests checking
into the hotel is likely to vary across different months
in a year due to seasonal fluctuations caused by
factors such as the holiday seasons, etc. Hence a
Poisson distribution may not be a good model.

8 (i)

Let random variable X be a randomly chosen Hono’s
lunch waiting time at North Vista outlet.

Totest H,: u=60

Against H,: x<60 at 10% level of significance.

Under H,, T =2 =% _(n-1),

s/</n

X -60

s/\/l_O

ie. T=

~1(9)
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. X—u
Value of test statistic: t = —=
s//n
= 221700 _ 4 6720507
14.9328/~/10
p-value = =0.064332<0.1
.. Reject H, and conclude that there is sufficient
evidence at 10% level of significance that the average
waiting time during lunch periods at North Vista is less
than one hour.
8 | Unbiased estimate of population variance is
(ii)
) n . 56
s =[—1](sample variance) = (%) (69.8) =71.06909
Totest H,: =60
Against H,: x##60  at 5% level of significance.
T-60
Under H,, Z = ~ N(0,1)approx.,
° s/+/56 (0.8)app
- t-60 t-60
Value of test statistic: z = =
\/71.06909 /+/56 1.12654
Since the null hypothesis is rejected,
L 60 _ 1950064 or =20 1050064
1.12654 1.12654
t <57.792 or t >62.208
9
(@)
(i) |p(0.72) + (1 -p) (0.28) =0.44p +0.28
(ii)
(0.44p+0.28)(0.6) + 1-(0.44p+0.28)
= 0.888 -0.176p
Since 0< p<1, 0>-0.176p >-0.176
0.888>0.888—-0.176p > 0.888—0.176
0.888>0.888—0.176p >0.712
.0.712<0.888—0.176 p < 0.888
ACJC P2 Solutions
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(b) | Since nis large, by Central Limit Theorem,

1.44
~N| 4.8, —— | approx.
(48 22 o

Required probability = P(Y < 5) = 0.8807035 = 0.881 (3s.f)

(¢) | If Aaron is the goalkeeper: °C,°C,°C, =750

If Aaron is the forward: ~ °C,°C,°C, =375

Number of ways required = 1125

(cii) | Number of ways required = 5!618! = 3483648000

(ciii) | Required probability
_ P(goalkeepers are opposite & defenders with 2 particular midfielders are together)
B P(defenders with 2 particular midfielders are together)

o8Il 21 1
(11-1)18! 10x9 45

10
(i) Model A

Model B

T.,....

ACJC P2 Solutions
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10
(i)

(130,[Y

o © © WALUE])

(so,[y ®
VALUE])

h
0 10 20 30 40 50 60 70 80 90 100110120130140

10
(iii)

A Linear model will not be approriate.

This is because the scatter diagram indicates that as h
increases, s is increasing at a decreasing rate which is
not a linear realtionship.

Furthermore, a linear model will mean that the
product’s monthly sales in Singapore will increase
indefinitely with the increase of the number of
promoters. This is not realistic in the context of the
question as the product’s monthly sales will likely
slow down and perhaps decrease due to market
stauration.

10
(iv)

Correlation coefficent of s on In(h) = 0.981
Correlation coefficent of s on 1/h =-0.998

Since correlation coefficent of s on 1/h is stronger,
hence use least square regression line of s on 1/h.

Least square regression line of s on 1/h:

s =78531.62777 _ 1896285284

o= 7os9 029 L2 55

when s = 75000,

75000 = 78531.62777 _ 189285284

h =536.9437001 ~ 537 (nearest integer).

10
v)

The estimate is not reliable as s=75000 does not lie
within 40000 < s <63000. Hence, we are
extrapolating.

ACJC P2 Solutions
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10
(vi)

s = 7853162777 - 2090282284

S _ 78531.62777 1896285.284
1.34 1.34 1.34h

ﬁ _ 58605.692365671— 1415138.2716417

= u =58605.692—m (3dp)

: . S
where u = monthly sales in US dollars (i.e. u =m)

11
(i)

The probability that each salesman is successful in
closing a deal is assumed to be constant.

11
(i)

Assumption: Deals closed are independent of one
another

Deals closed may not be independent of one another as
customers may collaborate to buy cars as a group for
better bargaining power.

11
(iii)

X ~ B(60,0.2)

Since np=12>5 and nq =48> 5,
X ~N(12,9.6)approx.

Y ~ B(50,0.3)

Since np=15>5and nq =35> 5,
Y ~ N(15,10.5)approx.

X +Y ~ N(27,20.1)approx.

P(X +Y >20)~P(X +Y >20.5) = 0.926(3s.f)

11
(iv)

P(C =30) =0.03014

0C, x PP x(1-p)” =0.03014
p? — p+0.2399991029 = 0

. p=0.6 or0.3999955

Since p < 0.5,

p=0.4 (1d.p)

11
v)

C ~ B(60,0.05)
Since n =60 >50 such that np =3<5,

C ~ P, (3)approx. P(C >4)=0.185 (3s.f)

ACJC P2 Solutions
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ANDERSON JUNIOR COLLEGE
2016 Preliminary Examination
H2 Mathematics Paper 1 (9740/01)
Duration: 3 hours

1  Poh, Kee and Mong work for GO! taxi firm. The firm pays them different rates for
different periods of time in a day. During off-peak periods, the firm pays $a for each
km driven. For peak and super-peak periods, the firm pays $4 and $m more per km
respectively. The table below shows the distance (in km) covered by Poh, Kee and
Mong during the three different periods, together with the amount they were paid, on a
particular day.

Off-peak Peak Super-peak Total
Poh 63 26 10 $165.10
Kee 59 34 11 $176.15
Mong 31 52 28 $205.70

Write down and solve equations to find the values of a, k and m.

. . . . 2 -2
2  Without using the calculator, solve the inequality —12 al .
X+ X

3 (i) Prove by induction that ir(?) :%+%(2n—1)3”*1.
r=1

(i1) Hence, find Z(Zr —1)3". Give your answer in simplified form.
r=2

4 Given that f(r) = 1 where 7 is a positive integer, express f(»)—f(r+1) as a
r

single fraction.

Hence, find the sum of the serie51+1+i+i+i ..... P S
2 6 12 20 30 2n(2n+1)
1.1 1 1 1 .
Deduce that the sum to 2n terms of the series — +—+—+—+—... is less than 1.
2° 3 4 5 6
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A (01[))

\ 4

(-a,0) 0 (a,0)

The diagram shows the curve C, with equation y =f(x), where C, is symmetrical

about the y-axis and passes through the points (-a,0), (a,0) and (0,5).

The curve C,has equation given by y = f(l ) .

X
(i)  Sketch the curve C,, showing clearly all the features of the curve. [2]
(i)  Write down the range of values of 5 such that C, and C, do not intersect. [1]

Itis given that C;is part of an ellipse with centre (0, 0).

(iii) Sketch, on a different diagram, the curve with equation y:f’(x), showing

clearly all the features of the curve. [2]
(iv) State a sequence of transformations that will transform C, into a curve with

equation (x+b) +y?=b%, y<0. [3]

6 Do not use a calculator in answering this question.

The complex number w is such that w*+8=0.

(i) Find exactly the possible values of w, giving your answers in the form re"
where r >0 and -z <0< r. [3]

(ii) Hence, solve the equation Z—l4+§ :2—33+ 24, where z#0. [4]

Page 2 of 5
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4=

7 The function f is defined by f:x—>e ,x<a.
Q) State the greatest value of a for which the function f ™ exists. [1]
Use this value of a for the rest of this question.
(i)  Define the inverse function f* in a similar form. [3]
(iii)  Solve the inequality f*f (|x|)>1. 3]

The function g is defined by g:x—>b++3-x, x<3.

(iv)  Find the smallest value of b for the composite function fg to exist. [2]

(v) If »=2,find the range of f g in exact form. [2]

g (@ Giventhat In(2+ y*) = x, show that 3yzj—y:2+y3.
X

By further differentiation of this result, find the series expansion of y in
ascending powers of x up to and including the term in x°. [4]

(b) Inaparallelogram ABCD, AB = J2, BC=1and ZDAB :%—H. Show that the

length of the diagonal AC is \/ 3+2co0sd+2sind. Given that 4 is small, show
that AC ~/5 (1+ a9+b6’2), where constants a and b are to be determined. [6]

g (a) The curve C; has parametric equations  x =¢t+tan't, y=t*, wherer>0.

Given that C, meets the line y:Z—(
+7

jx at the point where =1, find the

exact area of the finite region bounded by C, , the line y = 2—(4 4 Jx and the
+ 7
x-axis. [5]
(b) The curve C, has parametric equations x=2¢>, y=t°.
(i) Find the equation of the tangent to C; at pointP(2p2,p3). [2]

(if) This tangent meets the y-axis at the point 4. The point Q on the line segment
AP is such that AQ: QP =1:3. Find the cartesian equation of the locus of O

as p varies. [4]

Page 3 of 5
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10 (i) Using the sut [2]

y
N -
O| .l.,r X
2
The diagram shc ion
bounded by the ¢
(i1) Find the exa das. [3]

(iii) By differentiating »° =sin® x cos® x with respect to x, show that the x-coordinate

of the maximum point of the above curve is tan+/2, and find the exact

y-coordinate of the maximum point, expressing your answer in the form 2-3",
where a and b are rational numbers to be determined. (You do not need to show
that it is a maximum point.) [5]

11 With reference to the origin O, the point R has position vector 2i+ j+6k. The
plane p; has vector equation r=(2+2A+5u)i+1+24—u)j+(6+A-5u)k,
where A, uell .

The point Q, which is on OR produced, is such that RQ = 20R and p, is the plane
through Q which is parallel to p; .
(i) Show that R liesin p; . [1]
(i) Find a cartesian equation of p, . [3]
(iii) Find the position vector of the point L in p, such that OL is perpendicular to py. [3]
(iv) The point M is on the line segment RQ. Given that # is the perpendicular

distance from M to the line passing through R and L, show that

R <
TR &
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12 [It is given that the volume of a circular cone with base radius » and height 74 is

17zr2h ]
3

Figure 1 shows a frustum (a truncated cone) with radii 2 cm and 10 cm and height

20 cm. A conical flask (Figure 2) is made up of the frustum and a cylinder. The
cylinder has radius 2 cm and height 6 cm. Water is poured into the empty flask at a
constant rate of z cm’™. At time ¢ seconds, the depth of the water is /# cm and the
radius of the water surface is » cm.

Figure 1

Figure 2
(i) For0<h<20,
(&) by using similar triangles, find  in terms of #;
(b) show that the volume of water in the flask is V = 25007[—4;—7;(25—}1)3.

Hence, find Z—IZ in terms of A.

(i) Find ?j—il for 20<h < 26.

(i) Sketch a graph to illustrate how 3—? varies with z for 0<h < 26.

End of paper
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2016 Prelim H2 Mathematics Paper 1 Solution

1 63a+26(a+k)+10(a+m)=165.10
59a+34(a+k)+11(a+m)=176.15
3la+52(a+k)+28(a+m)=205.70

Simplifying,
99a+26k +10m=165.10
104a+34k +11m=176.15
111a+52k +28m =205.70
Solving,
a=3%1.50, k=%$0.35, m=$0.75
2 2 X250 x20-1
X+1 X
2X—(X=2)(x+1) 50
X(x+1) - + - + -
—X* +3x+2 | | I I
> -1
X(X+1) 3-J17 O 34417
2 2
_(X_E)Z +£
2 4
X(X+1)
—1<XS3_\/ﬁ or 0<x< 3e317
2 2
3 C r 3 1 n+l
Let P, be the statement ' r(3) =Z+Z(2n_l)3 , n>1.
r=1
1
When n =1, LHS=>'r(3)" =1(3)=3
r=1
RHS = —Jrl(1)32 =3
4 4
Since LHS = RHS, P, is true
k
Assume P, is true forsome ke ", ie >'r(3) 4 (2k —1)3!
r=1
To prove that P, | is true,
: S r 3 1 (k+1)+1 3 1 k+2
ie. toprove: Y r3) ==+—(2(k+1)-1)3 ==+—(2k+1)3
p 4 4 4 4
k+1 k
LHS =>'r(3)" =>r(3)" +(k+1)3""
r=1 r=1
=3+l(2k—1)3k+1 +(k+1)3*"! =3+1(3)k+‘(2k—1+4k +4)
4 4 4 4
= %%(3)(“““ (2k+1) =RHS. P, istrue= P, is true
Since P, is true, and P, is true implies P, rasitrue, by Mathematical Induction, P, is true for
MicrosoftV\alltﬂrﬂ-AiC ZR]>61H2 Math prelim P1 solution
eZ nzl.
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(i) Zn:(zr—mr = Zn“zr(3)r —Zn‘;'

D 301 9 1
2r(3) =| Z+=@2n-13"" |-6=—=+—(2n-1)3""
; 3) (2 2( ) j 5 2( )

93" =D 9.,
;3 :%:—(3 1—1)

2
o 9 1 9
2r-13" =—=+—(2n-1)3" -=(3"" -1
D 2r=D3 ==+ (n-D3 S -
1 9

==(@2n-1)3"" -2 3"
2( ) 2( )

1 1
OR =3""—@n-1D)-—=| =3""(n-1
Sen-n-2| =3n-)

1] 9 9 -
OR =3 {5(2n—l)—ﬂ =3""(9n-9)

4 f(r)—f(r+1)=l—L= ! .
rr+l r(r+1)

2n

I 1 1 1 1 1 1 2n
—t—t—F—F+— i — = = f(r)y—f(r+1
2 6 12 20 30 2n(2n+1) rzzl: r(r+1) rZZI:[ (r)—1( )]

=[ f(1) -1

+ M
+..
+(/);n)
+

2~ f(2n+1) |

=f(1)-f(2n+1)

=1- 1
2n+1
L Ll o tem = 5|
27 3% 4 57 6T = (r+1)°
Consider ! - = ! < !
(r+1) (r+h)(r+1) r(r+1)
i 1 i 1
= <
= (r+1)? = r(r+1
2n 1 1
= - < 1-
o (r+1) 2n+1
. 1 2 1
Since >0, z > < 1(shown)
2n+1 = (r+1)

Page 2 of 10
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5 (@ ! Ay X
1 1
1 1
: Ca i
1 1
1 1
1 1
| 1
| 1
1 1
1 1
1 1
: (0, 1/b)
: : |-
X=-a 1 0 | X=a X
\ I
1 1
1 1
1 1
| 1
| 1
1 1
1 1
(11) O0<b<l1
(i) . 4 :
Y=y
. |
! 1
I 1
| 1
| 1
! 1
| 1 »
1 | »
I 1
| 1
! 1
X=+a 0 | X=a
I :
! 1
! 1
| 1
(iv)  The sequence is:
(1) Scale parallel to the x-axis by a factor of b .
a
(2) Translate by b units in the negative x-direction
(3) Reflect about the x-axis
Or
(1) Reflect about the x-axis
(2) Scale parallel to the x-axis by a factor of b .
a
(3) Translate by b units in the negative x-direction
Or
(1) Translate by a units in the negative X-direction
(2) Scale parallel to the x-axis by a factor of b
a
(3) Reflect about the x-axis.
6 @)
w =-8
— 8eiﬂ.ei2k” — 8e17r(1+2k)
iZ(1+2k)
w=2e3 ,k=0,1,-1
w= Zeig , 26713, 2e”

AJCP1 Solutions
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Replace w = 1 from part (i)
z

1_ 2ei§, 2ei”,2efig or 1_ 3
z z

1 -1 . 1 i 1
z=—e },—e¢",—e"’ or z=—

2 2 2 3
gt L LS or =L

2 3
7
(1) For the function f™' to exist, f must be one-one,
Greatest value of a =4. X

(i)  Lety=e™
Since x<4, y=¢""
Iny=4-x
X=4-Iny

fl:Xx>4-Inx,x>1

(i) f'f(x)=x, x<4 4
£E(Ix)) =l x|, |x]<4

For f'f (|X|)>1, \

—4<x<-1 or 1<x<4 AN

(iv)  For the composite function f™' g to exist,

R,cD. , that is [b, 00) c[1, ).

Least value of b= 1. (3,b)
» X

(v) Given R, =[2,0)
f'(2)=4-1n2
R, =(-o0,4—In2]

Page 4 of 10
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8 (a) In2+yH)=x --(1)
Differentiate w.r.t. X,
3y* dy _
24y’ dx

= 3y’ % =2+Yy’ (shown) ---(2)
X

Differentiate again w.r.t. X,

, d%y dy ) dy
3 16 Y 3
y’ v y(d) y dx 3)
When x = 0, In2+y)=0= y=-1, [from (1)]
dy dy 1
3 Y =2 1=Y 2 [fom 2
()dx 3 [from (2)]

Y o L) =3[ L)s Y 5
5+ 1)(3) _3(1)(3):(1)(2 =5+ [from (3)]

1 5,
y=—1+=—X+—X +...
3 18

Using cosine rule, AC? =2+1-2+/2(1)cos (37” + 9]
=3 —2ﬁ[cos%cose—sin%sin 6}

=3- 2\/_[ \/_cosﬁ—%smﬁ}

=3+2cosf+2sinf
AC =~/3+2cos@+2sind (shown)

Given that @ is small, cos@ ~ 1—%02 and siné = 6.

1

ACz(3+2—6’2+29);=(5+(2<9—<92))2
:\/§(1+(26_92D2
5
~ 1(260-6°) 1(-D(260-6Y
=5 1+2( s ]+ > ( s }+J

2
[ Lo Lo Y2 ej

5 10 8\5

(b) For a parallelogram, /DAB+ ZABC =7. So ZABC =7—- (Z - HJ = T+ 0.

Page 5 of 10
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(a) When t =1, x:%+1andy:1

) ) T
Line cuts X — axis at X :5+2

Area under graph
y A

"H

Area of region

= Area of triangle + J.i ydx
0

1
zl(l)(—+lj+ t2(1+ lzjdt
2 0 1+
1
=£+1+I 2 al-— |t
8 2 Jo +1°
3 1
2 't
8§ 2 |3 .
z 1 =~ 4 11 =«
8 2 4 3 6 8
. dx dy )
b) (i — =4t and — =3t
(®) () " it
&y _dy de 3,
dx dt dx 4
Equation of Tangent:
3
y-p == (x-2p")
3p 3 3 3
=—=X-=—p’+
y 4 2p Y
3p I
=—X——
y 4 2p

(ii) Ony —axis, Xx=0, y:—%p3

A(O,—% p3j and P(2p’, p’) and Q divide AP in a ratio of 1:3

Page 6 of 10
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Alternative Method

X — coordinate of Q

y — coordinate of Q

3

3 3
_ _p_+1[ps+p_j: o
2 4 2 8

. . 1
The parametric equation is X = 5 p

Ly=+ 1 o 21 s

T2 8

. . du
(i) U=sinX = —=cos X
10 dx
jsiné Xcos® X dx =J’sin6 X(1—sin” X)cos X dx
= [u*(1-u*) du

= I(ué —u8) du (shown)

(i) When x=0, u=0. When x=17, u=L.
Volume of revolution = ﬁjj sin® X cos® X dx

(6 8
—nj'o(u u’)du

uouw |
e
7 91

2 .3
=—7 units
63

(iii) y* =sin® Xxcos’ X

dy

= 2yd—:6sin5 Xcos X-cos’ X +sin’® X-3cos” X-(—sin x)
X

= 6sin’ Xcos* X —3sin’ xcos® X

When % =0, 3sin’ Xcos” X(2cos> X—sin”X)=0
X

Page 7 of 10
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—=sinx=0 or cosx=0 or sin’x=2cos’X
Xx=0 or X=17m or tan® X =2

From the sketch of the curve, maximum point does not occur at Xx=0 or X=17.

tan® X =2 = tanX =~/2 (since 0 < X <L 7)
— x=tan"'\/2 (shown)

y-coordinate = sin’ X+/cos’ X J2 3
3 3 X[
ok ‘
3) W3 , JE
sinx=,]—
3 3
221 1
== — osx=—1
e e
39
At ek bed

11

Dr=Q+2A+50)i+(1+24-p) j+(6+A1-51)k

2 2 5
r=|1|+A4|2+ul-1|, Auel
6 1 -5
2
When A=0and =0, r=|1 -OR , hence R lies in p; .
6
i1) Cartesian equation of p;:
6 2 5 -9 3
OQ=30R=| 3 |; 2%/ =1|=| 15 |, n=|-5
18 1 -5 —-12 4
3 6\(3
r-5|=| 3 []-5|=75, hence p,: 3x-5y+4z=75
4 18) 4
3
iii) Method 1 Let OL=e| -5 |;
4

since point L liesin p,, 3Ba)-5(-5a)+4(4a)=75 = « :%

Page 8 of 10
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2
3 2
:>ﬁ:§ 5| = _
2 2
4 6
| 3 3 3
Method 2 OL =|oL|n -5 -5
Method 2 o =75 |
= ‘W‘sin@ sine ratio
= ‘W‘ %ﬂ_ Def. of cross product
RMRC]
‘W x RL
-
OR From definition:
RV R [ [RW [RLsin (1 MRL)
~ L IrMRL)
R
g < L
>h="——
L
12 Solutions
(i) a)
X _x+20
210 x|, 25-h
10X =2x+40
X=3 20 '
h
.. Height of cone is 25. 10 10
25 _25-h
10 r
r= IO—Eh
5
b) For 0<h<20,
Volume of water in flask, V = %102 (25)—% r (25 - h)

Page 9 of 10
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_ %(102 (25)—(10—§hj2 (25—h)]

_ 2007 —4—”(25 - h)3 (Shown)
3 75

DiffVwurt.t, —= 0—3[4—ﬂ(25—h)2}(_d_hj
dt dt

75

dv

- an_
dt 4z
25
(i) For 20<h<26, V
v dv, dv,

= — =—+4
dt  dt  dt

dh_~»_1

dt 4r 4
(iii) When h=o, N __L
dt 100

— (cms™)
A

1 (”): 25
(25-h)p  4(25-h)
= Vfrustum +ch|inder

d 2 dh

=0+—(x(2)" (h-20)|=47r—

0+dt(7r( ) ( 0)) ﬁdt
i | > h
20 26 (em)

AJCP1 Solutions
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ANDERSON JUNIOR COLLEGE
2016 Preliminary Examination
H2 Mathematics Paper 2 (9740/02)

Duration: 3 hours

Section A: Pure Mathematics [40 marks]

1 With reference to the origin O, the points A, B, C have position vectors a, b, ¢
respectively. The mid-points of OA and BC are S and T respectively.
(i) Find OS and OT intermsof a,band c.

OABC is a tetrahedron where angle OBA and angle OCA are right angles.
(i) Showthat allb=Dblb and allc=clc.

(iii) By considering BCIBC , show that BC? =|b|* +|c[* ~2blk.

Hence show that ST = %\/OA2 —BC? .

2  Anson is closing down his chicken farm and he decides to sell exactly k chickens in the
market at the end of every week, where k is a divisor of 1000. Anson has 1000 chickens
and the cost of rearing each chicken per week is $0.50. Show that, when he has sold all

his chickens, the total cost of rearing the chickens is $ %(1000 +k).

At the end of the first week, Anson sells each chicken at a price of $12. At the end of
every subsequent week, he sells the chickens at a price of 5% less than that of the
previous week.

Find the smallest value of k in order for Anson to make a profit when he has sold all his
chickens.

Page 1 of 6
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The population of fish in a pond is n thousand at time t years. It is known that n and
t are related by the differential equation
dn 1

E:g(k—n'Fnz),

where 0<n S% and k is a constant. When t =0, the population size is 1250.

It is also known that % =-0.15 when the population size is 1000.

(i) Show that k = -%.

(if) Find the population size at which the population is shrinking at the highest rate.

(iii) Find an expression for n in terms of t.
(iv) Find the exact value of t when the fish population size reaches zero.

(v) Sketch the part of the solution curve which is relevant in this context.

The complex number z satisfies the equation |z| = ‘z +6-243 i‘.

(1) On an Argand diagram sketch the locus of z. Find the exact values of the
axial intercepts of the locus.

The complex number z also satisfies the equation |z +1| *=a,where a>0.

(i) Find the range of values of a such that there are two possible values of z.

Another complex number w satisfies the relations
|W|2‘W+6—2\/§ i‘ , [w+1°<49 and Im(w)>0.
(iii)  Hlustrate the region in which the point representing w can lie.
(iv)  Given that arg(w—4i) =6 where —z < 8 < x . State, in exact form, the

range of values of 6.
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Section B: Statistics [60 marks]

5 The management of ABC Country Club would like to conduct a survey to determine if
members are satisfied with the recreational facilities in the club. The club has 10 000
members, where more than 60% are below 30 years old and less than 10% are above
60 years old.

(i)  Describe how a sample of 100 members can be chosen using systematic
sampling.

(i)  State a possible disadvantage of using this sampling method in this context.

6 An experiment is carried out with three coins. Two of the coins are fair. The third
coin is biased such that the probability of obtaining a head is 3 The three coins are

tossed. A is the event: All the three coins show the same result.

B is the event: The biased coin shows a tail.

Find () P(AUB),

(i) P(B'|A).

7 A group of ten friends, comprising six women and four men, wishes to go out to a
restaurant for lunch. Two of the men own a car each. They decide to go to the
restaurant in two cars driven by their respective owners, with the same number of
passengers in each car.

(1) Find the number of ways in which the remaining eight people may be
allocated to the two cars if two of the women, Helen and Karen, must take the

same car. [The arrangement of people within a particular car is not relevant.]

At the restaurant, the group sits at a round table. Find the number of ways of
arranging the ten people if
(i) no two men are seated together,

(iii)  neither Helen nor Karen is seated beside a driver.
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A large number of participants take part in a shooting contest. Each participant is
given 10 attempts at hitting a target. The probability that a participant hits the target
in an attempt is 0.32. It is assumed that the outcome of an attempt is independent of
the outcome of any other attempts.
(1) Find the probability that a participant hits the target more than half of the
time. [2]
(i) A random sample of 50 participants is taken. Using a suitable approximation,

find the probability that not more than 44 participants hit the target at most 5

: 4
times each. [4]
A secretary types letters onto sheets of paper 30 cm long and folds the letters as
shown.
Envelope .
Unfolded sheet Folding of sheet
| |
| 1
1 |
1 I
| 1
| 1
X yeY s Y
> > <
< » —>
30cm 11 cm
The first fold is X cm from one edge. The second fold, Y cm from the other edge, is
exactly in the middle of the remaining part of the paper, so that Y = %(30— X )
The length X cm is normally distributed with mean 10.2 cm and standard deviation
1.2 cm. The letters have to fit into envelopes 11 cm wide.
(i)  Find P(11<Y <15) . [2]
(i) Find the probability that a randomly chosen letter will fit into the envelope. [3]
(iii) By expressing X —Y in terms of X, verify that
Var(X —Y)=#Var(X)+Var(Y) .
Explain why the rule Var(aX +bY)=a*Var(X)+b*Var(Y) does not apply
s 4
in this case. 14]
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10  Travellers arrive at a railway station, to catch a train, either individually or in groups.

On a Saturday morning, the number of travellers who arrive individually during a

one-minute interval may be modelled by a Poisson distribution with mean 7.5. The

number of groups who arrive during a one-minute interval may be modelled by an

independent Poisson distribution with mean 2.0.

(i)

(i)

(iii)

The probability that no more than one traveller arrives individually during a
period of t seconds is less than 0.1. Write down an inequality in terms of t to
represent this information, and hence find the range of values of t, giving your
answer correct to one decimal place.

Find the probability that at most 4 groups arrive during the time interval from
0945 to 0950 with at least 3 of the groups arriving within the first 3 minutes.
Using a suitable approximation, find the probability that, from 1045 to 1055,
the number of travellers arriving individually exceeds three times the number of

groups arriving by more than 8.

11 A study of the relationship between the amount of advertising time (in minutes) on

radio for a product and the quantity of the product sold (in thousands) was carried out.

The results of the study are given below:

Advertising time ) 4 6 8 10 12 14 16
(minutes), t

Quantity of the

product sold 1.11 | 1.62 k 191 | 211 | 215 | 2.20 | 2.23
(thousands), S

(i) Given that the regression line of S on t is S=0.069940t+1.2718, find K,
correct to 2 decimal places. Hence find the product moment correlation
coefficient between S and t.

(if) It is thought that the relationship between S and t can also be modelled by
S=a-+blInt where aand b are constants. Find the least squares estimates of a
and b and the product moment correlation coefficient r for this new model.

(iii) Use the regression line for the better model to estimate the quantity of the
product sold when the advertising time is 9 minutes, giving your answer to the
nearest integer.

Give two reasons why this estimate is reliable.
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12

Bank A claims that the average monthly salary of a fresh graduate working in the
banking industry is $3000. However, a human resource manager from another bank
suspects that this is not the correct average monthly salary. A random sample of 50
fresh graduates is surveyed. The monthly salaries, $x, of these 50 fresh graduates are
summarised by

x —3000) = —505 x —3000)° = 100580
2. ) 2.( )

(i) Calculate the unbiased estimates of the mean and variance of the monthly
salary of a fresh graduate, giving your answers to 2 decimal places.
(if) Test at 10% significance level whether the manager’s suspicion is supported.

The manager believes that the average monthly salary of a fresh Mathematics
graduate in the banking industry is more than $3000. He decides to conduct
investigations into this by surveying a random sample of 15 fresh Mathematics
graduates and the mean of this sample is found to be $3050 and the sample variance
is k2. Find the range of values for k? (to the nearest integer) if it is found that, at 5%
level, there is sufficient evidence to justify his belief. State an assumption necessary

to carry out the test.

End of Paper
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2016 Preliminary Examination H2 Mathematics Paper 2 (9740/02) Solutions

— 1
By Ratio Theorem, OT = E(b +¢)

iiy OBLAB = be(b—a)=0 = aeb=beb
OCLAC = ce(c—a)=0 = aeC=CeC
iiiy BC?=BCeBC=(c-b)e(c-b)

=o|" +|c[" - 2blc

ﬁz%(b%—&) ; S—ToS—T:%(b+c—a)-(b+c—a)

:‘ﬁr :%(bob+boc—boa+c~b+c-c—c-a—(aob+aoc—aoa))
1
:Z(zboc+|a|2—|b|2—|c|2)

_ gl s 2bec—|bl —|c[*) = L(04? - BC*
o 2becpf i)

:>ST=%\/OA2—BC2

2 (a) Number of weeks needed to sell off all the chickens n = %

Total cost = (0.5)[ (1000)+ (1000 —k)+ (1000 -2k )+ +(k)]

- (o.s){%(%}[looow]}

= $%(1000+k) (shown)

1000
(b) Total earnings = 12/{1+(0.95)+(o.95)2 +--~+(o.95)k‘}

1000
) 12]{1-(0.95) k }
1-0.95
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1000
= 240/{1—(0.95) G j

For Anson to make a profit
p ’ Y1=(2Y4/25)KX2%(1-0.95"(1000/X))-10.

Total earnings > Total cost
10007 250
2401{1_(0.95) k j>7(1000+k)

2 1000
24k (1—(0.95)k)—1000—k >0

24x 1000
Plot the graph of y = Y (l—(0.95) x j—lOOO—x.

From GC, k£ >38.2
If k is a positive integer and 1000 is divisible by £,

Smallest £ = 40.

Zero
X=38.277624 ¥=8.7E-11

(i) Since % —~0.15 when n =1,

1 3
-0.15=—(k-1+1*) = k=-= (shown
S ) 7, (shown)

(i1) %zl(rf—n—ijzl“n—lj —1:|
de 5 4) 5 2

. . 1
% is the most negative when n = >
t

.. Population is shrinking at the highest rate whe

.

population size is 500.

j;zdnzjldt

(-1 )
_1)_

lln(n 2) 1——t+c

2 |(n-1)+1

N | —
—_
=

VR

S eolw

+ | |

S

jz%t+c [Given: 0<n<3=n-3<0.S0 |n-2|=—(n-2)]

3 2 2
i n §[+20 gt 2e
=e =Ade’, whered=¢e
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2 2
é—lACSt :n(1+Ae5t)
2 2
L 3-de”
- 2
2<1+Ae5 )
Whent=0,n=@—§.80 S 3-4 A:l
1000 4 4 20+4) 7
3 1 %t 2
5 21-¢°
n =
1 % ;
2(1+e5 j 14 +2e3
N
(iv) When n=0, 21-e° =0
:>gt=1n21 :>t=§1n21
5 2
(N OV . € __ (22 . AN\ 4 ou.
S [
—In21
2
TSNS
|4| —|4_\_UTLVJ1}|
[B1] — Identifying the 2
points (0, 0) and(_6,2\/§ )
with the correct line. Re
To fin es:
M1: Finding Cartesian equation
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\/mz\/(x+6)2 +(y—2\/§)2
y:\/§x+4\/§

Sub x =0 and y = 0 to find the intersection with axes.
Intersection with x-axis = (—4, 0)

Intersection with y-axis = (0, 4x/§)

M2: Using Midpoint
Midpoint = (=3,4/3)

S

Gradient between (0,0) and (-6, 23 3)= 2 3

Gradient of locus = —=+/3

\/_

Intersection with x-axis = (—4, 0)
==3 = y= 43

Intersection with y-axis = (0, 43 )

(i) |z+=a = |z+1=Va

To find radius \/; :

Vis /
. . V3 2 ¥
Or right angled triangle , tan @ = ER

Va
3

Using another right angled triangle, sin @ =
sin@ =

a= %T7 for one value of z,

.. for 2 values of z, a > %

M1 using gradient of perpendicular bisector = \/g , O=tan

For only one value of z, locus in (i) = tangent of the circle.

1 —Z
\/__3
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(ii1) Identifying |w+ 1| <7 as the area inside a circle with centre (-1, 0) and radius 7

Shade the correct region

(iv) angle from (0, 4) to (-4, 0) = —z +tan"' % :_37”

RY/4

hence <O0<rm or —7[<9<—T

(S

Section B: Statistics [60 marks]

(1) Number the members in alphabetical order from 1 to 10, 000.

Randomly select a member from the first interval of 10 000

=100,

eg 5" member was randomly selected. Select every 100™ member from every subsequent
interval of 100, ie .IOSth, 205" etc.. until a sample of 100 members have been selected.

(i1)) A possible disadvantage is that members of the age group above 60 years (or below 30
years) may be under (or over) represented and thus the results of the survey may not
truly reflect the opinions of the members of the Club.

(a) P(4UB)=P(4)+P(B)-P(4ANB)

P(4)= P(all heads) + P(all tails) = GT Gj N GJZ Gj :%
1

P(A B)=P(all tails) = GT (ﬂj -

5
P(AuB)==l+f—1=0.85 (or ﬂ)
455 20

P(A'NB')
P(B'|A) =——
O) 2B 4) ==
17
_1—P(AuB)_1 20 1
C1-P(4) 15
4
Alternative:
P(ANB") P(THH)x2+P(TTH)

P(4)  P(ITH)+P(THH)x2+P(THT)x2+P(HHT)
Qe oz
’ ’ 2 2 15
)G GG GGG »°
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(i)

Case 2

Case 3

Case 4

Case 1:

Total number of ways of allocating the remaining 8 people in the 2 cars driven by

its driver with Helen and Karen in the same car
- °C,x 'C,x2 =30
Comments: H & K have 2 choices of which car to join and there are 6C2 ways of

selecting people to join them

No of ways of arranging the 10 people if the men must be separated
= (6-1)! x °P, =43200
Comments: To separate the men, the easiest way is to arrange the women first then

slot the men into the gaps between the women.

O E ) @) + b others (y)

No of arrangements = (6-1)!x °P, =43200 \ X /

i@@@‘\’éoﬁ/\m /:( X

No of arrangements = (6—1)!x °P, x 2 = 28800 Y X

@ @O+ b ot i

No of arrangements = (6—1)!x °P, x 2 = 28800

@@4—6»«««5

No of arrangements = (6—1)!x °P, x2x2 =14400

Total no of arrangements = 43200 + 28800 + 28800 + 14400

= 115200

8 ()

(if)

Let X = number of attempts that hit the target out of 10.
X ~B(10,0.32)
P(X>5)=1-P(X <5)
=1-0.93628 =0.063715=0.0637 (to 3 sig. figs)

Let Y= number of participants who hit the target more than 5 times, out of 50
participants. Then Y ~B(50,0.063715)

Since n =50 and np =50x0.063715=3.18575<5

Therefore Y ~ Po(3.18575) approximately

P(not more than 44 participants fire at most 5 successful rounds)
= P(Y>6) =1-P(¥<5)=0.10379..=0.104

AJCP2 Solutions
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(i)

(iii)

X~N(10.2,1.22)
P(ll<Y<15)=P(11<%(30—X)<15j

=P(0< X <8) =0.03376 = 0.0334(to 3 sf)

Alternative Method:

2
Y ~ N(%(30—10.2),(%} 1.22J =Y ~ N (9.9,0.36)
P(11<Y <15)=0.03376=0.0334 (to 3 sf)

P(letter will fit into envelope)
=P(X <11 and Y <11)

=P(X<11 and %(30—X)<11j

=P(8< X <11)
=0.714
3

X—Y=X—l(30—X)=—X—15
2 2
Var(X—Y)zVar(%X—lS)

3

_ (5)2 Var(X)= %(1.2)2 =3.24

Var(X)+Var(Y)=1.2%+ Var(lS —%X)

2
=1.2? +(%) Var(X) =1.8

Therefore Var(X —Y)# Var(X)+ Var(Y)

The rule does not hold since X and Y are not independent.

10 | G)

(i)

=P(S

X ~

P(X<1)<0.1 = e 1 (1+0.125¢) <0.1

From GC, ¢t>31.118 = ¢>31.2

Let X = number of travellers arriving individually in z seconds.

Po(Etj = X ~ Po(0.125¢)
60

Let S = number of groups arriving in the first 3minutes
Let 7= number of groups arriving in the last 2 minutes
S~Po(6) and T ~Po(4)

HORHAL FLOAT AUTO REAL RADIAN HP
CALC ZERD

Yize~(-0.125X)(1+0.125%)-0.1

Zero
X=31.117761 =0

0

Required probability = P(S>3nS+7<4)

=3)P(T<1)+P(S=4)P(T=0)

=0.089235%0.091578 + 0.13385x0.018316
=0.0106 (to 3 sig. figs)

AJCP2 Solutions
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(iii) Let Y= number of travellers arriving individually in 10 minutes ¥ ~ Po(75)
Since A = 75> 10, Y ~ N(75,75)approximately
Let W= number of groups arriving in 10 minutes. W ~ Po(20)
Since A =20 > 10, W ~ N(20,20) approximately

Y =3 ~ N(75-3(20),75 +37(20)) =Y =30 ~ N(15,255)
P(Y -3W >8)—=“—»P(Y -3W >8.5) =0.658

11

(1) )_C=9 ;=13.33+k
8
S =0.0699407+1.1319

13334k _ .069940(9)+1.2718

k =1.88008 =1.88
r=0.903

(i)  From the G.C., using the formula S =a+bInt , we get
S=0.82848+0.53141In¢ , r=0.98479=0.985.
Thus a =0.828, b=0.531

(i) Whent=9,
‘ S =0.53141In9+0.82848 =1.9961
(iv) Quantity of the product = 1996 ( to nearest integer).

This estimate for S is reliable because:
(1) t = 9 is within the data range of 2 to 16, and
(2) the r value between S and In ¢ is closer to 1 than the » value between S and ¢,
hence there is a stronger relationship between S and In ¢ .

12

(1) unbiased estimate of the mean monthly salary
—-3000 -
= L +3000 = =05 +3000 =2989.90
50 50

Unbiased estimate of the variance of monthly salary, s’

2
| )
= — —3000)" —
49 Z(x ) 50
2
~ 1 100580-2% J=95479'5 =1948.56
49 50

(i) Let u_ be the mean monthly salary
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H, : ¢, =3000

H,:u #3000
Since population variance is unknown but sample size (= 50) is large, use a two-tailed Z-test at
10% level, ie reject Hy if p-value < 0.1

Under H, , test statistic, Z = A ~3000 ~N(0,1) .
1948.56
50
From GC, p-value = 0.106 > 0.1, we do not reject H .
There is insufficient evidence at 10% level to support the manager’s suspicion.
(or There is insufficient evidence at 10% level to conclude that the average monthly salary of
a fresh graduate is not $3000).

Let Y be the r.v. denoting the monthly salary of a fresh Mathematics graduate and £, be the

mean monthly salary.

H, :p, =3000

H, : u, >3000
Since population variance 1s unknown but sample size (=15) is small, use a one-tailed 7-test at
5% level, ie reject Hy if p-value < 0.05
2 _ 1_5k2

Given y=3050, n=15, s, ”

. Y—u,
Test statistic 7' = A [ t(14)

/ 5%
V15 J
>z

17613

Since Hy is rejected, ¢,
3050-3000

2
[15k
15

= 39 17613

k2

14

> tcrit

al

>1.7613

2
o 30 k< 1128240 = 0<k><11282
14 17613

Assumption: The monthly salary of a fresh Mathematics graduate follows a Normal

distribution.
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1 [In this question, sketches of the given graphs are not drawn to scale]
The graphs of y =|f (x)|and y? = (x)are given below.

Y A

N

1~

\ 2™

1 3 's 3 :

y=[f (x) y*=1(x)
On separate diagrams, draw sketches of the graphs of
@ y>=f(-2x), [2]
(b) y=Ff(x), [3]

stating the equations of any asymptotes and the coordinates of any points of intersection
with the axes.

2 The vectors aand b are given by
a=4i+6pj—8k and b=2i-3j+4pk, where p>0.

It is given that [a] = 2|b|.

(1) Find p. [2]
(i) Give a geometrical interpretation of |—;||b 3. [1]
(iii)  Using the value of p found in part (i), find the exact value of ﬁ|b-a| . [2]

3 The cubic equation x*+ax® +bx+c=0, where a, b and ¢ are constants, has roots 3 + i and 2.

(i) One JC2 student remarked that the third root is 3 — i. State a necessary assumption the
student made in order that the remark is true. [1]

(i)  Given that the assumption in part (i) holds, find the values of a, b and c. [4]
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4 A closed container is made up of a cylinder of base radius r cm and height h cm, and a
hemispherical top with the same radius r.

It is inscribed within a fixed right circular cone of base radius 5 cm and height 12 cm, as
shown in the diagram below.

A

12¢cm

S5em

(1) By using similar triangles, show that h =12—% r.

Determine the exact range of possible values of length r.

(i) Find the total volume V of the closed container in terms of r.

By differentiation, find the exact value of r that produces the maximum container
volume V, as r varies.

4
[Volume of a sphere with radius R is §nR3 ]

L : n
5 Assequence U;,U,,Us,... satisfies the recurrence relation u, :Wun_l, forn>2.
n_

(@ 2n

Given that u, =2, use the method of mathematical induction to prove that u, = (D!
n-1)!

, forn>1.
(b)  Given that u, =a, where a is any constant. Write down u,,u, and u, in terms of a.

Hence or otherwise, find u, in terms of a.
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6 ()
(i)
(i)
7 (i)
(i)
(iii)
(iv)

Given that 1—2r = A(r +1) + Br, find the constants A and B.
1- 2r

Use the method of differences to find Z

r=1

Hence find the value of z 2- 2r

Giventhat y= «/1+ In(L+ x) , find the exact range of values of x for y to be well defined.
Show that 2y gy ad

Hence, find the Maclaurin’s series for {1+ In(1+X), up to and including the term ~in

X,

Verify that the same result is obtained using the standard series expansions given in the
List of Formulae (MF15).

8 Do not use a calculator in answering this question.

(i)

(i)
(iii)

(i)

It is given that complex numbers z; and z, are the roots of the equation z°> —6z+36=0

such that arg(zi) > arg(zz). Find exact expressions of z; and z; in the form re'? , where

r>O0and —n<f<m.
4
Z,
Find the complex number — in exact polar form.
iz,

Find the smallest positive integer n such that z," is a positive real number.

By using the substitution u=+/x+1, find "X+
¢x+1

The region R is bounded by the curve y = and the linesx =8 andy = 1.

x-1
Find

(@) the exact area of R, simplifying your answer in the form A—\/ﬁln(

B2
B+ »\/5
where A and B are integers to be determined,

(b) the volume of the solid generated when R is rotated 27 radians about the x-axis,
giving your answer correct to 2 decimal places.
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10

11

The plane p passes through the points A, B and C with coordinates (0, 1,1), (2,-1,4) and
(—2,-1,0) respectively.

(i) Show that a cartesian equation of the plane p is 2x —y — 2z =-3.

2 1
The line | has equation r=| -1+ 4| 0 [,Ael .
4 -2

(if)  Find the acute angle between | and p.

The point Q has position vector 5i—j—2k.
(iii)  Show that Q lies on the line I.

(iv) Itis given that a variable point R lies on the plane p and is at a distance of «/E from

the point Q. Find the foot of perpendicular from the point Q to the plane p and hence
describe geometrically the locus of R.

(v) Find a vector equation of the line which is a reflection of the line I in plane p.

The function f is defined by

2x+k
X—2

f:x— Xxel, Xx#2,

where Kk is a positive constant.

(i) Sketch the graph of y=f(x) , stating the equations of any asymptotes and the

coordinates of any points where the curve crosses the x and y axes.
.. : . : 1
(i) Describe fully a sequence of transformations which would transform the curve y = <
onto y="(x).

(iii) Find 7 in a similar form and write down the range of .
(iv) Hence or otherwise, find f°.

Find the value of 2 [%) leaving your answer in terms of k.

The function g is defined by
g:X|—>a+\/x—3, Xxell, x>3,
where a is a real constant.

v)

Given that fg exists, write down an inequality for a and explain why gf does not exist.

— THEEND —
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1 Topic: Trans

Solution

Region @
Shape. tend towards
horizontal asymptotes

[B1]

Region @

Shape. turning
point, tend
towards VA
& below HA

[B1]

Region @

Shape, x-intercept,
tend towards
asymptotes [B1]

[

CJCP1 Solutions
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2 Topic: Vectors

Solution

(i)

[al=2]b]

\16+36p” +64 = 2,/4+9+16p
80+36p” = 4(13+16p°)

28p*> =28
p=1orp=-1(Reject " p>0)
Lp=1

(i)

Length of projection ofaon b

(iii)

2 4
-31|:| 6
-8

|2 +42 _\/_

||b =

CJCP1 Solutions
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IE Topic: Complex Numbers

Solution

(i)  The assumption is that a, b and c are all real.

W Let X +ax +bx+c = (x-B+))(x-@-))(x-2)
= (X —6x+10)(x—2)
= X -8¢+2%-20

By comparing coefficients,
we have a =-8, b =22 and ¢ = -20.

CJCP1 Solutions
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\ 4 Topic: Application of Differentiation

Solution

(i)

Using the diagram provided,
A

A
4

Identify that AABC is similar to AADE .
. AE _ AC

' DE~ BC
Since AC =+/5° +12° =13, BC=5, DE=r,

AE _ 13 —13
=T = AE_5r

h=AB-AE=12-2r

Since r and h are lengths,

r>0and h>0 (ie. 12-2r>0, r<2).

60
< <
O_r_l3

CJCP1 Solutions

(i)

Volume of inscribed container,
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\ 4 Topic: Application of Differentiation

Solution

CJCP1 Solutions

V =zr?h +%(%m’3)
=ﬂr2(12—§r)+3ﬂr3
5 3
_ 2 29 .3
=127r" —onr

Differentiating this
=247nr ——m‘

Consider 9-=0.

i.e. 24rr ——ﬂr =0,

71'!‘(24——!‘) =0,

r=0(rejected asr = 0) or r=42.

(Check that these stationary pomts are within
the admissible range 0 <r <23).

First derivative test
=24nr —%m‘z

r _ - — 120 _ +
r=% =" r=4
_ 119 _ 121
e.g. r =99 e.g. r =99
av. 119 0 121
dr 7>0 -——x<0
145 145

Maximum volume at r = 1225

Second derivative test
=247xr ——m‘

Page 6 of 26
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4

Topic: Application of Differentiation

Solution

=-247 <0 (maximum volume)

Alternative:

Graphical method

Upon finding the stationary points,

inspect the graph of V against r, where 0<r <.
14

-

\ 4 >
0 4.1379...

60/13 = 4.6153...
Note that the maximum is attained at the stationary point

where r = % =4.1379...

CJCP1 Solutions
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BE

Mathematical Induction

Solution

2n

Y forneZ", n>1.
n-1)"

Let P, be the statement that y_ =

When n=1, LHS= U =2 (given)

RHS- 2 _5 = LHS,
(0)!

~.P, is true.

Assume that P, is true for some k, where keZs ,k21 ie.

2k
u, =
(k=1)!

To prove By, isalso true ,ie., u, , = z(kle)

LHS = U, =k—+luk
+1 (k)z
3 k+1 2k
(k) (k-D)!
_2(k+))
k(k=1)!
_2(k+1)
k!

=RHS

Since P, istrue, and B, istrue=PR,,, istrue, by
Mathematical Induction, P, istrue forall neZ".

CJCP1 Solutions
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BE Mathematical Induction

Solution
(b) 2 2 2
U,=-——SU=—a=2a=—-a
@ 1 1
3 3 3

U=—U=—s2a=—a=
@ @ 2
4 4 3 4 4

u, 2U3 ——Z—a: a=
@ " @ Bx2 3

“Hence” approach

u = (n—l)!a by observation from part (ii)

“Otherwise” approach
n

Uy =77 U
(n-1)
n n-1
= u
(n-1)° (n-2)> ™*
N n-1 n-2 U
(=17 (n-2)° (n-3)* "
__n n-1 n—2“_3 2u
(n-17° (n-2> (n-3)° (2 ©°

CJCP1 Solutions

= n l l cee l i a
(n-" (n-2) (3" (2)' ¥
(n=1)!
Page 9 of 26
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6

Sigma Notation

Solution

(i) 1-2r=A(r+1)+Br
=(A+B)r+A
~.A=1B=-3

(i) &1-2r & (r+1)-3r

CJCP1 Solutions
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6 Sigma Notation

Solution

(iil)

2-2r &
z 3r _; 3r

CJCP1 Solutions

(1-2 -
S5
r=1 3r r=1 3r
1
_ n+1 3
le( g ‘1) 1
3
:—1+l
2
_ 1
2
Page 11 of 26




7 Topic: Maclaurin’s Series

Solution

(i)

For y =/1+In(1+x) to be well-defined,
1+x>0and 1+In(1+x) >0
In(1+x)>-1
x>-1and 1+x>e™
x>e -1
sox>et-1

(i)

By Implicit Differentiation,

y=41+In(1+x)
y* =1+In(1+x)
=In(l+x)=y*-1
=1+x=e""
Differentiate implicitly with respect to x,
dy 1
2y—L=——_
ydx 1+x
1

= eyz—l

=e™" (shown)

(iil)

Differentiate the above results implicitly with respect to x,

dy (dyY d 2 1y
g o) -abv)e

When x=0,

y=v1+In1=1,

dy 1

dx 2

CJCP1 Solutions
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7 Topic: Maclaurin’s Series

Solution
d’y 3
dx?2 4’

y=1+1x+—4x2 +...
2 2!

142k 3y
2 8

(iv) y=(1+In(1+ x))%

:1+Ex_lxz_i X_X_
2 4 8 2
_eixole_le
2 4 8
1

CJCP1 Solutions
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E Topic: Complex Numbers
Solution

(i) +.[36—4(1
zz—6z+36:0:>z:6_ 362 (D) —3+33i

T

i %
Thus, z, =6e® andz, =6e *

oot o)

(iif) 7 (o)
z,=6e 3= z,"=6"¢ \ 3
Since 22” eR", —%”szﬂ for some integer k.

n=-6k.
n=..,12, 6, 0, -6, -12, ...

Smallest positive integer n = 6.

Page 14 of 26
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\ 9 Topic: Techniques of Integration / Definite Integrals
Solution

(i)

du 1

X 2Jx+1

1

2u

J.mdx=

x-1

'[ u 5 .2udu

u?—

:2](1+ ;)

u- f

=2u+ —In

(
- 2JXT14+Z1n

\/ﬁf

X+1

(i)

(@)

Area of R

X+

=5- |:2\/F+\/_Inm+\/,}

3-2 22
=5- {2+\/§In[ [] x/zln(er\/E]}

B 3-v2 2442
_3_[ﬁln[3+ﬁ'2—ﬁn

CJCP1 Solutions
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9

Topic: Techniques of Integration / Definite Integrals
Solution

(s

:S—ﬁln[_él_\/z]

—4++2

(i) Vol. generated
O r@)s-x[ XL

S (x—l)2

=9.52830
=9.53 units®

CJCP1 Solutions
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10 Topic: Vectors

CJCP1 Solutions

Solution
(i) 2) (0 2
AB=| -1 —{1 = —2J
4 1 3
-2 0 -2
AC=|-1|-|1]|= —2}
0 1 -1
2 -2 8 2
ABxAC =| -2 |x| -2 |=| -4 |=4] -1
3 -1 -8 -2
2
Choose normal vector n, for plane p = | -1
-2
2 0)(2
p: r|-1|=|1}|-1{=-3
-2 1)(-2
A cartesian equation of the plane p is 2x—y—-2z=-3
(if)  Let the acute angle between | and p be 6.

The angle between the normal vector n, (for plane p) and
the direction vector m, (for line l),

2 1
1110
-2 -2
o =cost 7 —cost 6 _ 26.565°
2\ 1 35
-1 0
-2 I\ =2

Page 17 of 26
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10 Topic: Vectors

Solution

©.6 =90°—26.565° = 63.4°(t0 1d.p.) or 1.11 rad

Alternative :
Let the acute angle between | and p be 6.
2 1
-1/ 0
-2) (-2 6
sin@ =
2V |1 35
-1 0
-2 ) [\ -2
. 6
0 =sin"' —==63.4°(to 1d.p.) or 1.11 rad (3 s.f.
NG (to1d.p.) (3s.f)
(iii) Assume Q lies on the line I,
5 2 1 5=2+1 A=3
-1j=|-1|+4| 0 |=>¢ -1=-1 =
-2 4 -2 —2=4-22 A=3

Since A =3 is consistent throughout, Q lies on the line .

Alternative 1:

CJCP1 Solutions
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10 Topic: Vectors

Solution
5 2 3
Since OQ=|-1|=|-1|+| 0
-2 4 )
2 1
=-1/+3/ 0
4 -2

Q lies on the line |.

Alternative 2:
|- Xx-2 7-4

1 -2
Q=(5,-1-2), i.e.x=5,y=-1, z=4.

’ y:_l

=2 _5-2 o 2-4_-2-4

1 1 -2 -2
Hence, Q lies on the line I.

CJCP1 Solutions

(iv)

Let F be the foot of perpendicular from the point Q to the
plane p.

5 2
log : r=|-1|+u| -1|,uck
-2 -2
5 2
Since F lieson |, OF =| -1 +u| -1|, forsome ueR.
-2 -2
Page 19 of 26
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10

Topic: Vectors

CJCP1 Solutions

Solution
2
Since F also lies on plane p, OF -| -1 |=-3 .
-2
5 2 2
1 |+u|l-1|||-1|=-3
-2 -2 -2

2(5+2,u)—(—l—,u)—2(—2—2,u) =-3
1549u=-3=u=-2

5 2 1
SOF =| -1|=2| -1]=|1
) —2) |2

The foot of perpendicular from the point Q to the plane p is
(1L1,2).

Alternative :

QF =(QA-A) i, where n is a normal vector of p

5) (2] (2
=l 2 15| 5
3) (-2 )

Page 20 of 26
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10

Topic: Vectors

Solution
5 2 1
~OF =0Q+QF =| -1|-2| -1|=|1
-2 —2) (2

The foot of perpendicular from the point Q to the plane p is

(1LL12).

1y (5) (-4
QF =[1|-|-1|=| 2
2] |=2) | 4

‘(?‘:\/(—4)2+22+42 =6
RF =/45-36 =3

The locus of R is a circle that lies in plane p with centre
(1,1,2) and radius 3.

CJCP1 Solutions

(V)

Let Q' be the image of Q in plane p.

OF =3(0Q +0Q)

OQ' =20F -0Q
1) (5) (-3
=2/ 1|-|-1]=| 3
2) (-2) |8

Equivalent Methods

0Q = OF +QF

0Q'~0G+QQ
=0Q+2QF

Page 21 of 26
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10

Topic: Vectors

Solution
BQ'=0Q'-0B
-3 2 -5
=l 3 |-|-1|=| 4
6 4 2
Alternative:
BQ'=BQ+QQ
5 2 -4 -5
=||-1|-|-1||+2| 2 =| 4
-2 4 4 2

A vector equation of the line which is a reflection of the line
I 'inplane p is
2 -5

r=|-1(+y| 4 |,yeR

CJCP1 Solutions
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ing Techniques & Functions

Solution
(1 :2x+k:2+(k+4)
X—2 X—2

Vertical Asymptote: X =2
Horizontal Asymptote: y =2

X-intercept: x = —g

y-intercept: y = —g

CJCP1 Solutions
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Topic: Graphing Techniques & Functions

Solution

1
f(X—Z):E

(k+4)

2+(k+4)f (x-2)=2+ -

A: Translation in the positive x direction by 2 units

B: Scaling parallel to the x direction (// to y-axis) by a factor
of (k+4)

C: Translate in the positive y direction by 2 units

(iii)

_2x+Kk

Let y >
X_

y(x—2)=2x+k
YX—2y=2X+K
YX—2X=2y+K
x(y-2)=2y+k

CJCP1 Solutions

X:2y+k
y-2

] 2y +k
7 (y)= yy_+2

Page 24 of 26
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Topic: Graphing Techniques & Functions
Solution

_ 2x+k
f l(x): o

X—2

CJCP1 Solutions
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ing Techniques & Functions

For gf (X)to exist, R, = D

Ry =(—0,2)U(2,)

D, :(3’ OO)

Since R & D, gf(x)does not exist.

Page 26 of 26
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Section A: Pure Mathematics [40 marks]

1 () prove that the substitution u=x*+Yy® reduces the differential equation

y%+x:«/x2+y2 to
du —2\/G.

o
. . . . d
Hence, show that the general solution of the differential equation yd—i+ X=X +y?

is given by w/x2 +y? =x+D, where D is an arbitrary constant. [4]

(1) The result in part (i) represents a family of curves. On a single diagram, sketch a non-
linear member of the family which passes through the point (-2, O) :

You should state the equation of the graph and axial intercepts clearly on the diagram. 3]

(iii)  State an equation of the line of symmetry for the curve in part (ii). [1]

2 The three distinct roots of the equation x°*—1=0 are denoted by 1, and &°.

(@ Without first finding @ explicitly, show that 1+ o+ @* =0. [2]

(b) Given now that 0<arg(w) < 7, sketch, on a single Argand diagram, the loci given by

() |z-0| = |o| and 3]
(ii) arg(z+1) = 7 +arg(e’) . [2]
Hence, find the complex number that satisfies both loci, expressing your answer

exactly in the form a + ib, where a and b are real numbers. [2]

9740/02/Prelims/2016
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3 The diagram shows the graph of curve C represented by y =f(x), with oblique asymptotes

y=X and y=—X.

,
. ;
< |-
S
.

B

(@ On aseparate diagram, sketch a graph of y =f'(x), clearly indicating the equation(s)
of the asymptote(s) and axial-intercept(s).

(b) The above curve C is represented by the parametric equations

(i)

(i)

(iii)

CJC P2 Questions

x=tan@, y=secé, where —%<¢9<%.

Show that the normal to the curve at point P, with coordinates (tan&, sec®),

for O<6’<%, is given by y =—x cosecd + 2secé.

The normal to the curve at point P intersects the x-axis at point N.
Find the coordinates of the mid-point M of PN, in terms of &4 .
Hence find a cartesian equation of the locus of M, as @ varies.

Taking O as the origin, show that the area of triangle OPN is tan&secé .

Point P moves along the curve such that the rate of change of its parameter &

déo .
with respect to time t is given by m =C0S 6 . Find the exact rate of change of

the area of triangle OPN when 0 = %

9740/02/Prelims/2016
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4 Adam and Gregory signed up for a marathon. In preparation for this marathon, Adam and Gregory
each planned a 15-week personalised training programme. Adam runs 2.4 km on the first day of
Week 1, and on the first day of each subsequent week, the distance covered is increased by 20% of
the previous week. Gregory also runs 2.4 km on the first day of Week 1, but on the first day of each
subsequent week, the distance covered is increased by d km, where d is a constant. Assume Adam
and Gregory only run on the first day of each week.

() Find, in terms of d, the total distance covered by Gregory in these 15 weeks. [2]

(i) Adam targets to cover a total distance of 170 km in these 15 weeks. Can Adam achieve 2]
this target? You must show sufficient working to justify your answer.
(iii) It is given that Adam covers a longer distance than Gregory on the first day of the 15™
week. Find the maximum value of d, correct to 2 decimal places.
Using this value of d, show that the difference in the distance covered by Adam and
Gregory for their 15" week training is 0.134 km correct to 3 significant figures. [4]
(iv) Due to unforeseen circumstances, Adam has to end his training programme early. In
order for Adam to cover a total distance of 170 km by the end of the 13 weeks, the
distance covered has to be increased by x % of the previous week on each subsequent
week from Week 1. Find x. [3]

Section B: Statistics [60 marks]

5 A bag contains four red and eight blue balls of which two of the red balls and six of the blue balls
have the number “0” printed on them. The remaining balls have the number “1” printed on them.
Three balls are randomly drawn from the bag without replacement.

54
(i)  Show that the probability that at least one blue ball is drawn is o5 [1]
Find the probability that
(if) at least one ball of each colour is drawn, [2]
(iii)  the sum of the numbers on the balls drawn is at least two. [3]

6 Packets of a particular brand of potato chips are delivered to a supermarket in boxes of 60. On
average, 1.8 packets in a box are underweight. The number of underweight packets from a randomly
chosen box is the random variable X.

Assume that X has a binomial distribution.

(i) Use asuitable approximation to find the probability that two randomly chosen boxes of
potato chips contain more than 6 packets of underweight potato chips. State the
parameter(s) of the distribution that you use. [4]

A batch of 50 boxes of potato chips is delivered to the supermarket.
(i) Use a suitable approximation to find the probability that the mean number of [3]
underweight packets per box is more than 2.

9740/02/Prelims/2016
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7 A group of 9 friends, including Albert and Ben, are having dinner at Albert’s house. They sit in
two groups: a row of 4 on a couch and a group of 5 at a round dining table with 5 identical seats.

8

Find the number of ways they can sit if
(i) there are no restrictions,
(i)  Albert and Ben sit beside each other,

(iii)  Albert and Ben both sit on the couch or both sit at the round table, but they do not sit
beside each other.

[2]
[3]

[3]

A factory manufactures a certain product for sale. The following table gives the quantity of
product manufactured, x units in thousands, and its corresponding cost of production, y dollars in

thousands. The data is recorded during different months of a certain year.

Quantity of 50 | 24| 30 | 38 | 48 | 60 | 72 | 82 | 94
product, X
Costof |10 19| 35 | 47 | 58 | 35 | 78 | 80 | e1
production, y

(i) Draw a scatter diagram for the data.

One of the values of y appears to be incorrect.
(it) Indicate the corresponding point in your diagram by labelling it P.

Remove P from the set of data.
(iii) By using the scatter diagram for the remaining points, explain whether y = a + bx or
y =a+bInx isthe better model for the relationship between x and y.

(iv) Using the better model chosen in part (iii), find the product moment correlation
coefficient and the equation of a suitable regression line.
Explain what happens to the product moment correlation coefficient and the equation
of the regression line if the factory decides to include a fixed cost of M thousand dollars
for purchasing a packing machine to the cost of production, y.

(v) Use the regression line found in part (iv) to estimate the cost of production when the
quantity produced is 6000 units and comment on its reliability.

9740/02/Prelims/2016
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9 The finishing times in a 10km race with a large number of runners follow a normal distribution.
After 40 minutes, 10% of the runners have completed the race. After one hour, 35% of the runners
have yet to complete the race. The first 20% of runners who finish the race receive a medal.

(1) Show that, correct to 1 decimal place, the runners have running times with mean 55.4  [2]
minutes and standard deviation 12.0 minutes.
(if)  Find the maximum time a runner can take to finish the race in order to receive amedal.  [2]

A random sample of 12 runners is selected.

(iii)  Find the probability that more than four runners receive a medal. [2]
(iv) Given that none of the runners receives a medal, find the probability that the slowest
runner completes the race in under one hour. [3]

10 (a) A Physical Education teacher wants to plan a volleyball training programme for all students
in a secondary school, where each student has exactly one CCA. In order to check on the
current fitness level of students in the school, he selects a sample of students by choosing
the Captains of every sports team and the Presidents of every Club and Society in the school.

(1)  Explain briefly why this may not provide a representative random sample of the
student population.

(i) Name a more appropriate sampling method which would provide a
representative random sample and explain how it can be carried out in this [3]
context.

[1]

(b)  The vertical jJump heights of players from a volleyball team are normally distributed with
mean 40 cm. The coach claims that a particular training regime is effective in improving the
players’ jump heights. After the regime is implemented for a period of time, a random
sample of 7 players is taken and their jump heights are recorded.

The sample mean is 42.1 cm and the sample standard deviation is k cm.
A test is to be carried out at the 10% level of significance to determine whether the training
regime has been effective.

() State appropriate hypotheses for the test. [1]

(i) Find the set of values of k for which the result of the test would be to reject the (3]
null hypothesis.

(iii)  State the conclusion of the test in the case where the sample variance is 15. [2]
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11 The average number of calls per hour received by telephone operators at the Call Centre of bank
ECBC is being reviewed.
(i)  State, in context, two assumptions that need to be made for the number of calls
received by a telephone operator to be well modelled by a Poisson distribution. [2]

The Call Centre has only three telephone operators at any point in time. One handles calls

pertaining to credit card queries, another handles calls pertaining to business banking queries while

the last operator handles calls pertaining to personal banking queries, with the numbers of calls

received in one hour assumed to have the independent distributions Po(w), Po(6) and Po(7)

respectively.

(i) It is given that the probability of receiving two calls pertaining to credit card queries
within an hour is eight times that of receiving two calls pertaining to credit card
queries within four hours.

. . . a
Find the exact value of u, expressing your answer in the form b In 2 where aand b

are two positive integers to be found. [3]
(iii)  On acertain day, the Call Centre receives more than 50 calls from 1200 to 1400 hours.

Find the probability that there are no calls pertaining to credit card queries during this

period. [3]
(iv)  Usingsuitable approximations, find the probability that there are more calls pertaining

to business banking queries than personal banking queries within a two-hour period. [3]

— THEEND —
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Section A: Pure Mathematics [40 marks]

Topic: Differential Equations
Solution

(i)  Givenu=x*+y?, differentiate with respect to x:

d_u_ 2X+ Zyd—y
dx dx

ey Ll
dx 2dx

Substitute (1) & u=x"+y*and into D.E:

1 du \/—

——=4u:

2 dx

au =2Ju (shown)
X

Hence,

1du_,

Ju dx

u 24U =2
dx

Integrate both sides with respect to x:
I u i dx j 2 dx

—1+1

= 2x+C, where C is an arbitrary constant
-—+1
2

Page 1 of 25
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ic: Differential Equations

Solution

1

2u2 =2x+C

C
U=X+—
2

X2 +y> =x+D, whereD:%

(i) \/m:x+D
X’ +y° :(x+D)2
vy’ +x* = x*+2Dx + D?
y*> =2Dx + D?

y =+y2Dx+D?

When x=-2,y=0
0=-4D+D?
D(D-4)=0
D=0(rej) orD=4
y’ =8x+16

\ C,:y*=8x+16
y

(‘Z’O)Q

X
(o,—4\

(iii) The equation of line of symmetryis y=0 .
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Topic: Complex Numbers
Solution
Using Geometric series,
0’ -1
l+o+0’ = =0 (as @’=1)
-1
Or
®°-1=0

Since @ isarootof xX*-1=0, (0-1) (0’ +w+1)=0
Since w #1,0* +w+1=0

Or
Any acceptable method
Im
- M (pt. of
(i) intersection)
(i)
w
35
-1 O Re

Using Pythagoras Theorem, OM =+/22 12 =/3.
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Topic: Co

plex Numbers
Solution

. The complex number is /3i.

CJC P2 Solutions
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ic: Application of Differentiation

Solution
(a) V A
“““““ T ]
X
"""""" p=—1 -
EF;) Given x=tan®, y =secd, where —Z <6 <Z.
i
dX _ cpp2 dy _
4y =Sec” 0, qy=secftano,
dy _ dy [dx
dx  d@/ de
_ secftanf __ tanf __ «j
—W—E—SIHQ
At point P, gradient of normal = ——-.
Equation of the normal to the curve at P :
y —secl = —==(x—tan0),
1 1 1
Y~ %056 = X5ing T cose
y =—X cosecd +2sech . (shown)
Page 5 of 25
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ic: Application of Differentiation
Solution

(b) ~ v 4
iy O

O\ Curve C: y = f(x)

P’()/ai;G: sech)

-\ Locus of M

Sz
4 B
ol
N
/
i .
.

X
Normal to C at P

x-intercept of the normal at P :
0=-—x cosecd + 2secd,

X =2-%¢%_ _2tang .
cosecé

~. Point N is (2tan @, 0).
Mid-point of PN is M

Xp+tXny  YptYn | _ (3 1
(T’ _ )_(Ztane, 2sec@).

Locus of point M is given by the parametric
equations
_3 _1
x=3tand, y=3sect, where -7 <0 <7Z.

Since sec’6 —tan?6 =1,
and that secd =2y, tan6 = £x,
2y)? - (¢x)% =1, a cartesian equation
for the locus of M.
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ic: Application of Differentiation
Solution

CJC P2 Solutions

(b) v A
(iii)

Curve C:y=1x)
P/(iéh&_. secH)
AOPN N(2tané, 9)

al
N
,/ . X
8

Normal to C at P

A, area of AOPN =1 (ON) (9% %8

= 2(2tan0) (seco) = tan fsecd
(ON = 2tan@, from (b)(ii)
assuming 6 >0.)

Q= (sec2 9)sec¢9 +tan6(secOtand)

—sec® 0 +secHtan? o

Rate of change of area of AOPN ,

dA _dA . do
dt do ~ dt

= (sec® 0 + sec@tan? 9) x cos O

=sec’ 0 + tan’ 0

Alternatively,
Differentiating A=tan&secd implicitly with

respect to time t,
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ic: Application of Differentiation
Solution

dA _ [(sec2 9)sec9 +tan@(sechtan 9)} x 40

= (sec®6 + secHtan® 0) x cosH
=sec’@ +tan’6

A _

2 2p_4,1_5
4 = Sec 0 + tan 0_3+

373
rate of change of the
area of AOPN when 0 = £.

CJC P2 Solutions

Page 8 of 25

114




4 APGP

Solution
O s, of B=§(2(2.4)+14d)
=36+105d
(i) 24((12)°-1)
S;; of A=
1.2-1
=172.88
>170
Yes, Adam can achieve his target.
(iii) U, of A>U, of B

Ug,of A-— U, of B>0
2.4(1.2)" —(2.4+14d) >0
d <2.02957
max d = 2.02(2dp)
2.4(1.2)"* - (2.4+14(2.02)) = 0.134 (shown)

(iv) ( r 13 ]
24|11+ —| -1
( 100)

New S, of A= (

From GC,

Page 9 of 25
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4 APGP

Solution

Y2=170

"
H+++—++++r+++

Intersection
¥=25.424112 ¥Y=170

X =25.4%
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Section B: Statistics [60 marks]

5 Topic: Probability

Solution

(i)

P(at least one blue ball)
=1 - P(no blue balls)
=1 -P(3 red balls)
]
=1- 2,

4

=1-220

4
= a (Shown)
55

Alternative Method
P(at least one blue ball)
=1 -P(3 red balls)

4 3 2

12 11 10
4
=5— (Shown)
55

Alternative Method (Direct Method)

P(at least one blue ball)

= P(1 blue and 2 red) + P(2 blue and 1 red) + P(3
blue)

8 4 8 4 8
e L

CS C3 C3
48 112 56

= + +
220 220 220
4
= a (Shown)
55
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5 Topic: Probability

Solution

Alternative Method
P(at least one blue ball)
= P(1 blue and 2 red) + P(2 blue and 1 red) + P(3
blue)
(8 4 3 3!)(8 7 4 3!)(8 7 6
= —X—X—X—|+| —X—X—X— |[+]| — X —X—
12 11 10 2') (12 11 10 2!) (12 11 10
_ 48 112 56

= + +
220 220 220
4
= >4 (Shown)
55

)

(if)  P(at least one of each colour drawn)
=1-P(3red) — P(3 blue)
‘Cs  8Cs
_,_ 4 56
T 220 220
= % or~0.727

Alternative Method
P(at least one of each colour drawn)
= P(1 blue and 2 red) + P(2 blue and 1 red)

’C,x'C, °C,x'C,
= 120 + 120
3 3
48 112
=— 4 —
220 220

8
=11 or~0.727

(iil)

There are 8 balls with “0” and 4 balls with “1”
P(sum is at least two)
=P(1,1,0)+P(1,1,1)
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5 Topic: Probability

Solution

4C2 X8 Cl 4(:3
T BT,
C, C,

48 4
=— 4 —
220 220

13
=pg Or~ 0.236

Alternative Method
P(sum is at least two)
=P(1,1,0) +P(1, 1, 1)

4 3 8 3
=] —X—X—X— [+
(12 1110 2!} [
13
= £ 0r~0236

4

12

3

11

2
X —
)

CJC P2 Solutions
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Topic: Binomial Distribution
Solution

(i)

X ~ B(60,0.03)

Since n=60>50 is large, p =0.03<0.1 is
small and np =1.8 <5,

X ~Po(1.8) approximately
X,+ X, ~Po(3.6) approximately
P(X,+X, >6)=1-P(X,+X, <6)

~0.073273
=0.0733(3s.f.)

(i)

Since sample size = 50 is large,
_ 1.74 i
X~ N(1.8, ?GJ approximately by Central

Limit Theorem
P()? > 2) ~ 0.14225
=0.142 (3s.f)
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Topic: Permutation and Combination

(i)

No. of ways with no restriction

= (no. of ways to separate 9 people into a group of 4
and a group of 5)

x (no. of ways to arrange the row of 4 people)

x (no. of ways to arrange the circle of 5 people)
=9%C4 x 4! x 5C5 x (5 - 1)!

=72576

Alternative Method

No. of ways with no restriction

= (no. of ways to separate 9 people into a group of 5
and a group of 4)

x (no. of ways to arrange the circle of 5 people)

x (no. of ways to arrange the row of 4 people)

=9Cs5 x (5 —1)! x *Cq x 4! [Note: °C4 = °Cs]
=72576

(i)

No. of ways if Albert and Berta sit together
= (Albert and Berta in the row)
+ (Albert and Berta in the circle)
= (no. of ways to pick 2 remaining people for the
row
x arrange row people x A and B swap x arrange
circle people)
+ (no. of ways to pick 3 remaining people for the
circle x arrange circle people x A and B swap %
arrange row people)
=(Cox3Ix2x(B-1!)+("Cax (4-1) x 21 x
41)

= 6048 + 10080
=16128

(iil)

No. of ways if Albert and Berta both sit on the
couch or both sit at the table

CJC P2 Solutions
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Topic: Permutation and Combination

= (Albert and Berta in the row) + (Albert and Berta

in the circle)

= (no. of ways to pick 2 remaining people for the

row x arrange row people x arrange circle people)
+ (no. of ways to pick 3 remaining people for the

circle x arrange row people x arrange circle people)

((Cox4lx(5-1)1)+("Cs3x 4! x (5-1)))

= 32256

No. of ways if Albert and Berta sit separately

= 32256 — 16128

=16128

Alternative Method

No. of ways if Albert and Berta sit separately

= (Albert and Berta in the row) + (Albert and Berta
in the circle)

= (no. of ways to pick 2 remaining people for the
row x arrangement in row X arrangement in circle)

+ (no. of ways to pick 3 remaining people for the
circle x arrangement in circle x arrangement in
row)
= (no. of ways to pick 2 remaining people for the
row x [arrange remaining 2 people in row x slot in
Albert and Berta] x arrangement in circle)

+ (no. of ways to pick 3 remaining people for the
circle x [arrange remaining 3 people in circle x slot
in Albert and Bert] x arrangement in row)
=("Cox[21x3C,x211x(5-11)+('Csx[(3-
1)!'x3C, x21) x 41)

= 10080 + 6048
=16128
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Solution

(i) GC screenshot :

NORH&L FLOAT AUTO REAL DEGREE MP |

Yy, Cost of
production /
$1,000

Scatter diagram of y against x

sitemae s .- ®

[
[
-

10 +-@ .
‘ » X, Quantity
2.0 9.4 produced
/1.000

(i) P =(6.0, 35).

(iii) The better model isy = a + b In x since the set of
data points in the scatter diagram exhibits a non-
linear trend in which y increases at a decreasing rate

as x increases, rather than a linear trend in which y
increases at a constant rate with x.
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Topic: Correlation and Regression

Solution

(iv)

2 69315 | S —
2.4 19 87547

3 35 1.0986

3.8 4y? 1.335

4.8 58 1.5686

2.2 78 1.9741

8.2 80 2.10M41

9.4 81 2.2407

L=, 69314718055994

NORHﬁL FLOAT AUTO REAL DEGREE MP |

g=ax+b

a=47.73168413
b=-19.93984362
r2=,9828579537
r=.9913919274

Finx,y =0.991 .
Line of regression y on In x.

y = (47.73168413...) In x + (-19.93984362...)
=y=47.7Inx-19.9

If a fixed cost is included iny, the value of
Finx,y = 0-991 is unchanged, as there is no change

in the strength of the linear relationship between (In
X) and y, under translation.

However, as a constant value M is added to the y
value of each data point, the regression line would
be also translated in the direction of the positive y-
axis by M units,

i.e. with resultant regression line equation being

CJC P2 Solutions
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Topic: Correlation and Regression

Solution

y=477Inx-199+M
or

y-M=477Inx-19.9

(V)

When x = 6,
y =(47.73168413...) In(6) — 19.93984362...
=65.5838534...
~ 65.6

Hence, the
estimated cost of production is $ 65,600 (to 3 s.f).

This value is reliable, since r = 0.991 is close to 1
indicating a strong positive linear relationship
between y and In x, and estimating y at x = 6 is an
interpolation as x = 6 is within the range of values
of x in the data used to construct the regression line
(ile. 2.0<x<94).
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Solution

Let X minutes be the random variable denoting the
finishing time of a randomly selected runner in the
race.

X ~ N(u,az) .

P(X <40)=01= P(Z < 40_“):0.1
(o)

20— o816
O

— 1 -1.28160 =40 (1)

P(X >60)=0.35= P(Z < 6O_“j:o.fss
(o3

:>60—y

=0.38532
(o)
= u+0.385320 =60

Solving (1) and (2), u ~55.377 = 55.4(3s.f) and
o ~11.998 =12.0(3s.f.)

(i) For P(X <a)=0.2= a~45.300=45.3(3s.f)

Maximal timing is 45.3 minutes.
[Accept a =~ 45.279 for 5s.f. intermediate ]

(iii) Let Y be the number of runners, out of 12, who

receive a medal.
Y ~ B(12, 0.2)

P(Y >4)=1-P(Y <4)~0.072555=0.0726

(iv) P(slowest runner finishes within 1 hour | all do not res
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Topic: Normal Distribution

Solution
P (slowest runner finishes within 1 hour and all do not

P (all do not receive medal)

B P (aII runners finish within 1 hour and do not receiv
(1-0.2)"

_ P(45.279< X, <60 and 45.279 < X, <60 and ... and 45.
(1-0.2)"

_[0.65-0.2]
~ (08)"

_(o.45j”
0.8
~0.0010034 = 0.00100(3s. f .)

Method 2:

Let A be the r.v. denoting the number of runners who
finish in an hour and do not receive medal, out of 12.

A~B(12,0.65-0.2)
A~ B(12,0.45)

P(A=12)
P(Y =0)

Required probability =

Page 21 of 25
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Topic: Sampling Methods Hypothesis Testing

Solution

a(i)

This method is quota sampling and is not
representative of the student population as there is
no consideration of the size of each sports team
and each club and society relative to the student
population, and the student from each group is
selected non-randomly i.e. only Captains and
Presidents selected.

a(ii)

Stratified sampling.

Divide school population by year/level (strata),

calculate the proportion of each strata relative to
the population and select the respective number
randomly.

b(i)

Let X cm be the vertical jump height of a
randomly selected volleyball player.
Hy:u=40 vs H :u>40

b(ii)

X—u
s/</n

Where u=40,Xx=42.1n=7,s" =%k2

Under H,, test statistics: T = ~t(n-1)

To reject H,, p-value <0.1
= P(T>t)<0.1

= P(T >—42'1_40 ]< 0.1

V716 05/\/7
:P(TS 2.1 ]>0.9

k/+/6

>1.4398

2.1

k//6

=
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Topic: Sampling Methods Hypothesis Testing

Solution

216

1.4398
Required set is {k e R:0<k <357} or (0,3.57)

b(iii) | Since k? =15 = k =+/15 > 3.57, we do not reject
Ho at 10% level of significance and conclude that
there is insufficient evidence to support the claim
that the training regime is effective.

=k« ~3.5728

Page 23 of 25
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Topic: Poisson Distribution

Solution
(i) | Any two of the following 4 assumptions:
(1) The calls are made independently of each other.

(2) The probability of receiving two or more calls
within a very short interval of time is negligible.
OR Calls are received one at a time.

(3) The average number of calls received over any
time interval of the same duration within the day
IS constant.

(4) The calls received occur randomly.

(i) | Let W,X and Y, be the random variables

denoting the number of calls received in n hours
pertaining to credit card queries, business banking
queries and personal banking queries respectively.

Then W, ~ Po(nu), X, ~Po(6n)
and Y, ~Po(7n)
8P (W, =2) = P(W, =2) where W, ~ Po(x) and \
4 2 _
B (4u) =E i — e =128
2! 2!
= y:%lanB:%an

(i) | since W, X,, and Y, are independent,
P(W,=0and W, 4
P(W,+X,+
P(W,=0and X, +
1-P(W,+ X, +Y,

P(W, =0|W, + X, +Y, >50) =

Page 24 of 25
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Topic: Poisson Distribution
Solution

14
where W, ~ PO(Eln 2) and

W, + X, +Y, ~ Po(%ln 2+26j,
X, +Y, ~Po(26)

P(W,=0)-[1-P( X,+Y,<50)]
1-P(W,+ X, +Y,<50)
~0.0022359
=0.00224 (3s.f.)

(iv)

X, ~Po(12) and Y, ~ Po(14).
Since 4 =12>10 and 4,=14>10,
X, ~N(12,12) approximately
and Y, ~ N(14,14) approximately

Since X, and Y, are independent,

X, =Y, ~ N(-2,26) approximately

P(X,>Y,)=P(X,-Y,>0)
~P(X,-Y,>0.5) by continuity

correction
~0.31196
=0.312(3s.f.)
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o , 0 o [FO0]™ . .
1 (i) Given thatjf (X)[f(x)] dX——1+C where C is an arbitrary constant and n=—1,
n+

find j x V(4 - x2) dx. 2]

(i) Hence find the exact volume of revolution when the region bounded by the curve
3 I

y= x2 (4-x? )Z, the lines x=0, X =2 and y =3, is rotated completely about the x-axis. [4]

2  The complex number W is such that kw? + kww* +iw—iw* —1=0, where W* is the complex
conjugate of w and K is a real and non-zero constant.

(i) For w=a+bi where a and b are real numbers, obtain an expression for b in terms
of a and k. Explain why Wis either purely real or purely imaginary. [4]

(i) Using your result in part (i), or otherwise, find the real roots of the equation

W2 + 2wWwW* +iw—iw* —1=0. [2]
3 (i) Without using a calculator, find the exact solution of the inequality
4-x>—2 [4]
X+2

(if) Hence solve 5 —|X| > .
X +1

[3]

To travel along the River Nile, an adventurer decides to use a log with a semi-circular
cross-section of constant diameter ¢ metres to build a boat. The log is trimmed such that the
uniform cross-section of the boat is an isosceles trapezium with base width w metres and
PS = QR, as shown in the diagram above.

() Show that the cross-sectional area of the boat A metres” is given by

Nol—

A=Lc+w)(c—w). 2]

(if) Find the value of w, in terms of C, that gives the stationary value of A. Hence determine
whether this stationary value is a maximum or a minimum. [5]
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5  Given that y = In(1 + tan X),

2

2
d y{g} 20-nY o, [3]
dx dx

X2

(i) show that

(i) find the Maclaurin series for y up to and including the term in x°, given that the value of
3

y .
—= when x=0 is 4. 2
o (2]

. . . sec” X
Hence find the first three terms in the series expansion of - . [3]
—tan X
6 (@) Use the substitution x =¢' to find j - ! —dt. [3]
2e +e
(b) (i) Express _4Fx in partial fractions [2]
P 0@y P '

.. " . , f
(if) Evaluate J- sz dx, giving your answer in the form 1ln (n) = |,
2 (1-x)(4+Xx7) 8(n—1)
where f(n) is a function of n. [2]
4+X

The curve C has equation Yy = . The diagram below shows the part of C for

(1= x)(4+x%)
which x>1.

Xx=1
Find the exact value of the area of the region between C and the positive x-axis for x> 2.

[2]
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7 A curve C has parametric equations
0 -
X=———, y=sin" 0, for —1<f<1.
V(1-67)
(i) Show that % =1-6°. What can be said about the tangents to C as & — +1? [4]
X
(if) Sketch C, showing clearly its axial intercept and asymptotes. [2]

(ili) Find the equation of the tangent at the point where C has maximum gradient.
By considering the intersection between C and an appropriate graph, find the set of positive

k
X >—=0 has at most one real root. [4]

values of k for which the equation sin™' X —————
VA-x7)

8 A sequence of real numbers Uy, U;, U,, ... satisfy the recurrence relation

forn>1 and U, =2.
(i) Use the method of mathematical induction to prove that U, =2—In(n+1) for n>0. [4]

(if) By considering U, —U,_,, show how the result for u, in part (i) can be obtained using the

method of differences. [4]
N
(ili) Show that Z u, > (N +1)(2—In(N +1)). [2]
n=0

DHS 2016 Year 6 H2 Mathematics Preliminary Examination Paper 1

DHS P1 Questions 135



5

9 Joseph started a marathon race. After a while, his trainer, Sarah, starts to collect data on
Joseph’s speed and she realises that the rate of change of Joseph’s speed is proportional to the
difference between his speed and a constant a. If the speed of Joseph at time t hours after the

start of collection of data is u kilometres per hour, it is found that d—l: =1 when U =14.5 and

d—u=2 when U =14.
dt
. du
(i) Show that Gt —2(u-15). [3]
(if) Find the general solution of the equation in part (i), expressing U in terms of t. [3]
(iii) Deduce the steady speed of Joseph eventually. [1]
The distance covered by Joseph, S kilometres, at time t hours after the start of collection of data
can be modelled by
ds
—=u.
dt
(iv) Find s in terms of't. [2]

(v) The result in part (iv) can be represented by a family of solution curves. Sketch an
appropriate non-linear member of the family of curves that has a linear asymptote that
passes through the origin. [2]

x> =5

10 A curve C has equation y =————.
(X+1)"—12

(i) Determine the equations of the three asymptotes of C, giving each answer in an exact form.

[2]

(ii) Prove algebraically that there are no values of X for which <y <2. [3]

For parts (iii) and (iv), you do not need to label the point where the graph cuts the y-axis.
(iii) Sketch C. [3]

(x+1)* 12

(iv) Sketch the graph of y = 7 s
X —

[3]

(v) Describe a sequence of two transformations which transform C to the graph of
(x=1*=5
= [2]

y_(x—2)2—12'
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6

11 The diagram below shows a tetrahedron ABCD. The equation of the plane ABD is
4x+y+2z=16.

D

C A

(i) Given that A is on the X-axis, find the coordinates of A. [1]

The equation of the plane CBD is 7x—-11y -5z = -23.

(if) Find a vector equation of the line that passes through B and D. [2]

(iii) Given that B is on the Xy-plane, find the coordinates of B. [2]
. . . . 4-x 'y z

The cartesian equation of the line that passes through A and D is =5 3

(iv) Find the coordinates of D. [3]

The coordinates of C are (—1, 1, 1).

(v) By considering the area of triangle ABC, find the exact volume of the tetrahedron ABCD.
[5]

[Volume of tetrahedron = 4 xarea of base x perpendicular height ]
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2016 Year 6 Prelim Paper 1 Suggested Solutions

Qn | Suggested Solution
10) IxV(4—x2)dx:—%j (=2X)V (4= x) dx
1|2 3
=—Z|Z(4-x*? |+C
2oy |
1 e
=—=(4-x%)?2+C
3( )
yA
o) X
Volume required
2( 3 1Y
:n(32)(2)—n'[ (x2(4—x2)4J dx
0]
2 1 2 ﬂ_ _ 2%
:187t—7tj X3(4 = x2)2dx u=xt o =X(4-x9)
0 d—u—2x 1 z
2 L] dx  v=-Z(4-x%)?
:18n—nJ‘ x?| x(4-x?)2 |dx 3
0 |
=18n
1 37 p2 1 3
-7 {—xz—(4—x2)2} —| —=(4-x»2(2x)dx
3 Jo 3
0
a2 5T (0]
=18 +—| = (4-x%)? - "dx =
ol 5 )l use [*()[f()]" dx e
n_ 2 2
=181+ =| —=(4)2
2|t
:18n—6—47t
15
206
=—T
15
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Qn

Suggested Solution

2(3)

kw? + kww +iw—iw —1=0
kw(w+w ) +i(w—w")—-1=0
k(a +bi)(2a) +i(2bi) —1=0
(2ka2 - 2b)+ 2abki =1— — — ()

Real part

2_
oka? —2b=1—p= 2 1

(1)

Im part
ab=0 -k=0

=b=0 or a=0
ie, w is either purely real or imaginary.

b(ii)

Hence
Since wis real, b =0.

Usingk=2andb=0
From part (i):

2(2)a’ -1
==

4a* :1:>a:i\F
4

. 1 1
ie, w=—>=o0r w==
2

0

Otherwise
Sincew isreal,b=0, ie, w=a

Usingk=2andw=a
eqn becomes:
2a° +2a’*+ia—ia-1=0

4a? :1:>a:i\/I
4

. 1 1
ie, w=—=o0r w==
2
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Qn | Suggested Solution
3 (i) Aex> 4
X+2
4 x_4<0
X+2
4+(X+2)(X_4)£O
X+2
2
X _ZX_4§O
X+2
(x—1)2—5<0 [ a’ —b® =(a+b)(a-b) ]
(x+2)  _——
(x—[l—\ls])(x—[1+\/5])go
X+2
- 0O+ - +
Y
-2 1-+5 1++5
SX<=2 or 1-V5< x<1++5
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(ii)

4—x2i
X+2
4
4—(|x|—1)2m Since 2—+/5 <0, || is
(| | ) always greater than
5—|x|> |x|4 : 25 for all real x
_l’_

Hence, replace x with (|x|—1) in earlier sol:

sx|-1<-2 or 1-V5< |x|-1<1+V5
=  |¥<-1 or 2-V5< |x|<2+V5
No solution as |x| >0 2-V5< |x| and [x|<2+V5
for all real x xeRas x>0 and —(2+V5)<x<2++5
i.e. —2-V5< x<2+45
y
T y= Y
\\ /=245
: : > X
2-45 O] 2445 v=2-5
y=-1
Qn | Suggested Solution
4(i) 7
X g /
N /
<, ;“' I:'|
— ~
Height of cross-section of boat = /2 c? — 3w’
A=1Jic?—tw? (c+w)
=4c2 W’ (c+w)
=+ J(c+w)(c—w)(c+w)
1 1
:%(c+w)2(c—w)2(c+w)
1 3 1
:Z(c+w)2(c—w)2 (shown)
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(ii)

B _13)crmie-w?-1(3)c+wie-w?
_ 3(C+W)? (C—W)—(C+W)?

8(c —w)?

_ c+w)BE-w) - (c+w)]
8(c —W)%

_(c+w)i[c—2w]
4(c —W)%

For stationary A= aA =0
dw

L(c+w)?(c-2w) =0

w=—c (reject as w > 0) OI’W:%C

Alternative
A2 =L crw)c-w)
16

ZAS—VA\; =4[ 3(c+w)*(c—w)-(c+w)*]

=& (c+w)*(Bc—3w-c—w)
=4 (c+w)*(2c—4w)
dA
dw

For stationary A= A =0
dw

=4 (c+w)*(c—2w)

w=—cC (reject as w>0) 0I’W=%C

W 1c say Lc 1c" say
0.4c 0.6c
dA
— +ve 0 +ve
dw
Tangent / — \

-.When W=%, A is maximum.
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Qn

Suggested Solution

5(i)

Method 1

y =In(l+tan x)

e =1l+tanx = ————- @

Differentiate wrt x,

e’ dy _ sec’x = ————- (2)
dx

Differentiate wrt X,
dy ,(dyY

dx? X

2 2
o dx dx dx
d?y (dy)" . dy
—+ == | +2-=(1-¢’)=0 (e’ =0 shown
:dxz+(dxj+dx( ) (¢’ #0)  (shown)
Method 2 (Discouraged)
y =In(1+tan x)

dy  sec’x

dx  1+tanx

d’y  (1+tanx)2sec’x tan x — (sec” x)(sec” x)
dx> (1+ tan x)°

2
_ 2sec’x tanx ( sec” X ]

1+tanx 1+tanx
2
= Z(Q)tan x—(d—yJ
dx dx
2 2
= d_32/ = 2(d_yj (e’ -1 _(d_y] [-e’ =1+tanx]
dx dx dx

2 2
= d_¥+(d_yJ + z(ﬂj(l—ey) =0 (shown)
dx dx dx

e —+¢’ (d—j =2secx (sec xtan x) [from (1), tanx=¢’ -1]

(i)

Whenx=0, y=In(l+tan0) =0
e°d—y:sec20:>d—y:1
dx dx
d’y 2 0 d’y
S @ +2)(-€%)=0= —2 =1
G+ 200 =0 2
3
Given that d_z/ =4,
dx
X2 X 1 2
=X+ (1) =+ @) =+..=x—=X"+=x>+...
y ( )2! ()3! 2
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iIn(1+tan X) :i(x—lx2 +3x3+...)
dx dx 2 3

sec? x
1+tan x

=1—X+2X° +...

Replace x with (-x),

2 —
S0 g () 2(cxP o
1+tan(=x)

2
L(X):l+x+2x2 +...
1-tan(x)

(. tan(—x) =—tan x and cos(—x) = cos(x))

Alternative
Replace x with (-x),

In(1—tan x) = In(L+ tan(—x))
1 2.2,
=—x—5(—x) +§(—x) +...

:—x—lx2—2x3+...
2 3

iIn(1—tanx):i(—x—lxz—gx%...)
dx dx 2 3
2
e X o x—2x%+..
1-tanx
2
S6C X x+2% 4.,
1-tanx
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Qn

Suggested Solution

6(a)

1
I 2e' +e" dt
1

2x+ = X
X

:J. 3 dx

2x°+1

()
X+ —

V2
:L:tanl(V 2x)+C

:\/—Zztanl(\/ 2¢')+C

(b)

4+X A Bx+C
N + >
A-x)(4+x°) 1-x 4+x
Then
A4+ x*)+(Bx+C)(L—x)=4+Xx
x=1:A=1
x>:A-B=0..B=1
constant: 4A+C=4..C=0
4+ X 1 X
o= + 5
A-x)(4+x°) 1-x 4+x

Let

J‘“ 4+ X

———dx

2 (1-x)(4+x%)

=Jn(i+ X jdx
2\1-x 4+x?

_ 1 2

_[—Inll—x|+zln(4+x )}

=—In|1—n|+lln(4+n2)—lln8
2 2

n

2

=—£In|1—n|2 +1In(4+ nz)—llnS
2 2 2

1 ( 44n? J
==In
2 (8(n-1)?
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-l

3

=—In2
2
Alternative
= [lim —lln
n—w| 2
= [lim —lln
now| 2
8
=§In2
2

. 1
=lim|-=In
n—ow| 2
- lim —lm(
nN—oo 2
lim —lln

The required area A

4+n?
8(n—1)2

4+n°
8(n%? —2n+1)

4
n2

+1

2)

n

[ since landi2 —0asn— ]
n n

The required area A

4+n?
8(n—1)2
4

—+1
n2

8a—1f
n

[ since landi2 —0asn— ]
n n
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Suggested Solution

7(i)

0
N
dx _ (1-0°)' -0(3)(-20)1-0°) "}
do 1-6?)
_@-6Y)[(-6%)+6%]
1-6%)
- (1-6%)*
y=sin"@g
o1
o r1-¢*
dy (1-6%)*
=1-6*> (shown)

X =

=(1-6%)"

AS 49—>i1,d—y—>0.
dx

The tangents becomes parallel to the x-axis as 8 — +1.

(i)

‘Py y:%]‘[

v X

Note: as @ >+1, x >+ooandy > +3m.

(iil)

Since 6° >0, g—yzl—ez is maximum at @ =0.
X

Alternative
dy
Letg(d)=—=1-6".
dx
Set g () =-20=0, so =0.

Then g () =-2 <0, and thus g—yzl—ez is maximum at € =0.

X

At 6=0, ﬂzl, x=y=0.
dx
Equation of tangent at (0, 0): y=x.

Replacing x with @, and rearranging the given equation, we get
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LZ), Since the curve C is described by

Ji-o

sinto=k

_ 6

S N@-6?)
the number of real roots of the given equation is equal to the number of intersection
points between the line y =kx and the curve C.

C:x , y=sin"o,

Since the maximum gradient value of C is 1, which is attained at O, thus the required
set of positive constants k is given by {k e R* :k =1}, in order for the given equation
to have at most(exactly) one real root.

Qn | Suggested Solution
8(i) | Let P(n) be the proposition u, =2—In(n+1) for n>0.

When n =0,

LHS of P(0) =u, =2 (given)

RHS of P(0) =2—-1In(0+1) =2=LHS of P(0)
.. P(0) is true.

Assuming that P(k) is true for some k >0 i.e. u, =2—-In(k +1), To show that P(k + 1)
istrueie. u.,=2-In(k+2).

LHS of P(k +1)

= uk+l

k+1
=u,+In
k+2

:2—nuk+n+n{f+lj

k+2
=2-In(k+2) +In(k +1) - In(k +2)
=2-In(k+2)
=RHS

o P(k) istrue = P(k+1) is true.

Since P(0) is true, and P(Kk) is true = P(k +1) is true, hence by mathematical
induction, P(n) is true for all n>0.

11
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(i) Consider

Lh—mlsz£1=MU)—MU+D

n n

D (u =) =D ( In(r)=In(r+1))

r=1 r=1

[u-u, = [IW)

+ -\, +1 —In(3)

+ uiguz +Iue>—/lnf4)

+ Uy, U, +In(n—-1) =In(n)
+ un\}t%_l] +In()—=In(n+1)]
u, —U, =In(M) —In(n+1)
u,=2-In(n+1)

Alternative for RHS

3 )

1 2 3 n
=h=+Inh=+In—=+...4+In—
2 3

n+1
_ n(&z% L)
234 n+1

() ZN:un :ZN:[Z —In(n+1)]

=(N+2)(2)—-[In1+In2+...+In(N +1)]
>(N+D(2)—[In(N +1) +In(N +1) +...+In(N +1)]
=(N+1)(2)—(N+1)In(N +1)

=(N+D[2-In(N +1)]

12
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Qn

Suggested Solution

9i)

(;—l: =k(u—a) , where k is a constant.

Given ((jj—l:zl when u=14.5 and (le—l:: 2 when u =14,

1=k(@4.5-a)----- (1)
2=k@4-a) ------ (2
From GC,

k =-2 and ak =-30
s.a=15

:I_ltj =-2(u-15) (shown)

v(ii)

ju_115 du = 2] dt

Inju-15|=-2t+C
| u _15 |: e—2t+C
u=15+ Ae™ where A = +e°

(iil)

Ast—o, €2 =0, u—>15
Joseph will eventually reach a steady speed of 15 km/h.

Alternatively, at steady speed, 2—1: —>0,u—15

(iv)

S :J'u dt
=[5+ Ae™) dt

:15t—§e_2t +D

9(v)

For graph to tends towards an asymptote that passes through the origin, D = 0.

l.e. s =15t —ée’2t
2

ForA=-1, s :15t+%ezt
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Qn

Suggested Solution

10(i)

(x+1)?-12=0=x=-1+12
Asymptotes are: y =1 x =-1-+12, x=-1++/12

(i)

. x*-5  x*-5
= (x+1)?-12 x*+2x-11
y(x* +2x-11) = x* -5

(y=1)x*+2yx+5-11y =0

For no values of x, there are no real solutions for the above quadratic equation.

Discriminant = 4y? +4(y —-1)(11y -5) <0
12y* -16y+5<0

(6y-5)(2y-1)<0

S.3<y<2 (shown)

(iil)

At turning points of C,
When y=2, x=1,

When y=2, X=5.
Coordinates of turning points (1 1) and (5,32).

N1

oo

(iv)
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(v)

_ (@-x*-5 (x-1)?-5
(A-x)+1D)?-12 (x—2)*-12°
Therefore x is replaced with 1 — x.

y=f(xX) > y=f(x+) > y=Ff((-x)+1) =f(1—x)
Sequence of transformation:
C is translated by 1 unit in the negative x-direction and then reflected in the y-axis

OR y=f(x) > y=f(—x) > y=f(—(x-1))=f(1—x)
C is reflected in the y-axis and then translated 1 unit in the positive x-direction.

Qn

Suggested Solution

11(7)

Plane ABD: 4x+Yy+2z=16

When A is on the x-axis, y =z =0.
4dx=16=>x=4

A(4,0,0)

(i)

Plane CBD: 7x—11y -5z =-23

Line BD is the line of intersection between planes ABD and CBD.
From GC,

i
S Wy

wlpw|-

(i)

0
Equation of xy-plane : r-[OJ =0=12z=0
1

0 -3

=

B(3, 4, 0)

. (3 1
UsingOB:£4]+/1[2}:3/1=0:>/1=0

Alternative
B is the point of intersection between planes ABD, CBD and xy-plane
Ax+y+22=16

7x—-11ly—-5z=-23
z=0

Using GC, B(3, 4, 0)

(iv)

=efg)ol ]

D is the point of intersection between Ixp and plane CBD :
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{A )

28+ u(-51) =23

u=1
o 4 -2 2
OD=|0|+| 2 |=|2
0 3 3
D(2, 2, 3)
Alternative

D is the point of intersection between lxp and Igp.

EAE-E)(3)

A+2u=1
2A-2u=-4
-31-3u=0=>A=-u
sou=1

v)

R e |
AB:OB—OA=£4J
0

. . . (-5
AC=OC—OA=[1]
1
Area of triangle ABC =
o1y (5
1|ABxACl=2| 4 || 1
2lo) (1

Distance from D to plane ABC

L) B0
H

4
1
19
Alternative

4
.. Plane ABC:r-| 1 |=16
19

1

1)

51

H
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Distance from D to plane ABC =

Volume of tetrahedron OABC =

2\ (4
16|21 1
3)\19)] h6-67 51
4 4 4
1 1 1
19 19 19
1 1 4) 51 51 17 .
“x=| 1 ||=—="=—units’
3 2|19 2
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2

Section A: Pure Mathematics [40 marks]

1 The function f'is defined by
f:XHnsin(%X), xeR,0<x<a,
where a is a positive constant.

(i) State the largest exact value of a for which the function ' exists. [1]
For the rest of the question, use the value of a found in part (i).

(i) Write down the equation of the line in which the graph of y=f(x) must be reflected in
order to obtain the graph of y=f"'(X) and hence verify that 0 and © are solutions to the
equation f(X)=f"(x). [2]

(iii) Find the area of the region bounded by the graphs of fand f', giving your answer in terms
of m. [3]

The function g is defined by

g:x—|x=1, xeR
(iv) Find the exact range of the composite function gf. [2]
2 The angle between two unit vectors a and b is cos_li. Relative to the origin O, the position

vector of a point P on a line | is given by OP = a+A(a+2b), A € Rand the point C has position

vector a—b.

(i) By considering scalar product, show that CP* =61% +2 1 +1. [4]

(if) Deduce the exact shortest distance of C to | and write down the position vector of the point
F, the foot of the perpendicular from C to |, in terms of a and b.

[3]

(iii) Find the equation of the plane that contains | and is perpendicular to CF in the form r.n=d
where n is expressed in terms of @ and b and d is a constant. [2]
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3

3 The number of bacteria (in millions) in Pond A at the start of the nth week, before any chemical

treatment, is given by U,. Pond A is treated at the start of each week with Chemical A, which

kills 70% of all bacteria instantly. At the end of each week, 6 million new bacteria is reproduced.

(i) Write down a recurrence relation of the form u,,, =au, +b, where a and b are constants to
be determined. [1]

(i) Show that u, =0.3""u, +2(1-0.3""). [2]

The number of bacteria (in millions) in Pond B at the start of the nth week, before any chemical
treatment, is given by V,. Pond B is treated at the start of each week with Chemical B. It is

known that v, follows the recurrence relation
V.., =0.01v,’ +6.

It is given that if the sequence V,,V,,V;,... converges to a limit, it converges to either & or g,
where o < f.

(i) Find a and . Explain whether V, necessarily converges to & or f. [3]

(iv) If u, =V, =30, determine which chemical would be more effective in killing the bacteria in
the long run. (2]

Pond C is treated with Chemical C. To account for the bacteria’s increasing resistance to the
chemical, the dosage of Chemical C is increased by 5 ml each week. The first dose is 20 ml.

(v) How many weeks does it take to finish the first 3 litres of chemical in the treatment of
Pond C? [3]

4 Do not use a graphic calculator in answering this question.
(&) On a single Argand diagram, sketch the locus of z satisfying both inequalities |Z +1- 2i| <2

and %n <arg(z+1)< %n. Hence find the range of arg(z). [5]

(b) Solve the equation
w® =64,

giving the roots in the form re'’, where r >0and -t <@ <. [2]

(i) Hence write down the roots of the equation (z—1-iV3)° =64 in the form a-+re',

where a is a complex number in cartesian form, r >0 and —n < & < 7. Show the roots
on an Argand diagram. [3]

(if) Of the roots found in part (b)(i), find in cartesian form the root with the largest
modulus. [2]
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4
Section B: Statistics [60 marks]

5  The Land Transport Authority (LTA) wishes to gather feedback on the quality of train services at
a new train station.

(1) The LTA decides to station a team of surveyors at the gantries to survey the first 100
commuters passing through the train station. State, with a reason, whether the method
described is quota sampling. [1]

(i) The LTA decides to obtain a random sample instead to survey 5% of the commuters on a

particular day. Describe how a systematic sample can be carried out in this context. [2]

6 John plays for his school’s soccer team. There is a probability of 0.15 that he scores in a game
and a probability of 0.3 that his parents are present at a game. When he scores in a game, there is
a probability of 0.2 that his parents are present.
(i) Show that the probability that he scores in a game when his parents are present is 0.1 (2]

(i) State, with justification, whether his parents’ presence at a game will affect his chances of
scoring in the game. [1]

Games are equally likely to be home or away games. In a home game, there is a probability of
0.24 that John does not score and his parents are present.

(iii) Find the least and greatest values of the probability that a game is a home game and his

parents are not present at the game. [3]

7 A committee decides to meet on four days in a span of four weeks. Find the probability that the
committee meets on two Tuesdays and two Saturdays if

(i) committee meetings are equally likely to be held on any day in the four weeks, [2]

(if) committee meetings are held once a week. The probability of holding a meeting on any day
from Monday to Friday is § and the probability of holding a meeting on either Saturday or

Sunday is 3. [2]
The committee of ten sits in a circle at a meeting.

(iii) Find the probability that the two committee vice-heads are seated together and they are not
seated next to the committee head. [3]
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5

8 A research is being conducted to study the growth of car population over time. The data below
shows the population of the car, y millions after x years of study from the start of the research:

Years (X) 5 7 9 14 18 23 27
Car Population (y millions) 72 | 105 | 11.6 | 13.0 | 145 | 15.5 | 15.7

(i) Draw a scatter diagram for the data, labelling the axes. [1]

(if) State, with a reason, which of the following models is appropriate:
A:y=a+bx’, B:y=a+blnx,

where b is positive. [2]

Based on the appropriate model chosen in part (ii),

(iii) calculate the value of the product moment correlation coefficient. State, with a reason,
whether this value would be different if'y is recorded in thousands instead. [2]

(iv) calculate the least square estimates of @ and b and write down the corresponding regression
line. Obtain the value of the car population after 20 years of study. [3]

(v) give an interpretation of the value of a in the context of the question. Comment on the
reliability of the value of a. [2]

9 In this question you should state clearly all distributions that you use, together with the values of
the appropriate parameters.

(@) The queuing time, in minutes, for flight passengers at the Economy and Business class
check-in counters have independent normal distributions with means and standard
deviations as shown in the table.

Check-in Counter Mean queuing time | Standard deviation
Economy class 11.6 4.2
Business class 3.2 0.9

(i) Find the probability that the queucing time of a randomly chosen Economy class
passenger is within 5 minutes of the total queueing time of 2 randomly chosen
Business class passengers. [4]

(i) The queueing time of 8 randomly chosen Business class passengers are taken.
Find the probability that the shortest queuing time among all 8 passengers is no less
than 2 minutes. [2]

(b) The probability that a passenger books a flight and does not turn up is 0.05. The airline
decides to allow for over-booking by selling more tickets than the number of seats
available.

For a particular flight with 350 available seats, n tickets were sold, where n>350. By
using a suitable approximation, show that if the flight is to have no more than 1% chance
of having insufficient seats, the number of tickets sold must satisfy the approximate
inequality
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350.5-0.95n>2.3263~(0.0475n). (4]

10 A manufacturer claims that ropes with a certain diameter produced by his factory have mean
breaking strength of at least 169.7 kN. Recently, a new material is used to produce the ropes. A
random sample of 8 coils of the rope made with the new material is taken and the breaking
strength of each coil of rope, X kN, is measured as follows.

171.3 168.5 166.5 164.4 170.0 165.1 170.1 167.2

(i) Find the unbiased estimates of the population mean and variance. [2]

(if) Stating a necessary assumption, test at the 5% significance level whether the manufacturer’s
claim is valid after the change in material. [5]

Instead of using the new material, the manufacturer decides to change the weaving process of the
ropes. The manufacturer claims that the mean breaking strength is now z, kN. The population

variance is found to be 29.16 (kN)*. A random sample of 50 coils of the rope made using the
new process is taken and the mean breaking strength, Y kN, is found to be 171 kN.

(iif) Find the set of values of 44, for which the mean breaking strength does not differ from the
claim when tested at the 1% significance level. [4]

iv) Explain, in the context of the question, the meaning of ‘at the 1% significance level’. 1
p q g g

11 (a) A restaurant has 15 tables consisting of 6 rectangular tables and 9 round tables. During the
restaurant’s opening hours, the rectangular tables are occupied, on average 80 percent of
the time, and the round tables are occupied, on average 65 percent of the time. You may
assume that the tables in the restaurant are occupied independently of each other.

(i) If a customer walks into the restaurant at a randomly selected time, what is the
probability that 4 rectangular tables and 7 round tables are occupied? [2]

(if) Give a reason in context why the assumption made above may not be valid. [1]

(b) A café sells both coffee and tea. The number of cups of coffee and tea sold in a randomly
chosen 20-minute period have independent Poisson distributions with means 5 and 3.5
respectively.

(i) In a particular 20-minute period, at least 7 cups of beverages are sold. Find the
probability that at least 6 cups of tea are sold during the 20-minute period. (4]

(i) Let p, denote the probability that k cups of coffee are sold in a 20-minute period.

Show that Pkt % and deduce that p,,, > p,, when k <4. (3]
P« +

Hence find the most probable number(s) of cups of coffee sold in a 20-minute period.[2]
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2016 Year 6 H2 Math Prelim Exam Paper 2 Solutions

Qn | Suggested Solution
1(i) | Largesta= = Ya
n -

(i) | The lineis y=X.

) =17"(x)

Since the points of intersection lieson y = x,
f(x) =x

msin (4 X) = x

When x =0 : LHS = ztsin (0) =0 = RHS
Whenx=m: LHS=nsin(%n)=n=RHS

.0 and & are solutions to the equation f(x) = f (x)

(iii) Ya Ly=x
tly=fg
AL hy=TK)
2B/
C
Ol I >
. T m X

Required area = A + B = 2A (by symmetry)

Areaof B+ C = %nz (area of triangle)

Areaof A+B+C = J: f(x) dx
= jnnsin(l Xj dx
0 2

)

=2n
. Area bounded by the graphs of f and f

=2(2n—%n2j=4n—n2
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Alternative
Required area = 2 Ionf(x) —x dx

:Zjnnsin(lxj—x dx
0 2

2 ™
= 2| —2mcos (l Xj X
2 2 0

2
:2(2n—n—j:4n—n2
2

(iv)

y=9(x)

v

0 1 }[ X

[0,1]——[0,n] —2—[0,n—1]
Ry =[0m—1]

Qn

Suggested Solution

2(i)

CP=a+A(a+2b)—(a—b)=b+i(a+2b)

CP? =[b+ A(a+2b)].[b+ A(a+2b)]
=bb + 2%(a+2b).(a+2b) + 2.1b.(a + 2b)
=bb+1%(aa+4ab+4b.b)+24(ba+2b.b)

=1+12ﬂ+1+4)+22(%+ZJasaa:bb:lamj&b=%

=612+ %/Hl (shown)

(i)

CP2=6[12+21}+1

2 2
=6 /1+§j +1—%:6(/1+§J +i
8 64 8 32

2
CP= 6(/1+§] +i
8 32

The perpendicular distance from C to | occurs when P is nearest to I, that is when CP is

least or A =—§.
8

Least CP is@. P is F in this case.

oE:a_§@+zby:%@a_am
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Alternative to find minimum CP:

CP is minimum when CP? is minimum:
i(CPZ) :12}L+g
dx 2

When i(CPZ) =0,121 P2 0
dx 2

aa=-3
8
Since CP? is quadratic and coefficient of A% >0,

CP? isminimum at A = _3

.. perpendicular distance from C to | occur when 4= —g.

(iii)

CF == (5a-6b) - (a-b) = (-3a+2b)

Equation of plane

r.(-3a+2b)=a(-3a+2b)=-3+ % = —g

Qn

Suggested Solution

3(i)

u,,=0.3u +6

(i)

u,=0.3u,,+6
~0.3(0.3u, ,+6)+6
=0.3%u_, +0.3(6) +6
=0.3%(0.3u, , +6)+0.3(6)+6
=0.3%u, ,+0.3°(6) +0.3(6) + 6

=0.3""u, +0.3"%(6) +0.3"°(6) +...+0.3(6) + 6
6(1-0.3"Y)

1-0.3
= 03"y, + 2 (1-0.3")

=0.3""u, +

Alternative

u,=0.3u,+6

u, =0.3u, +6
=0.3(0.3u, +6) +6
=0.3°u, +0.3(6) + 6

u, =0.3""u, +0.3"%(6) +0.3"°(6) +...+0.3(6) + 6
6(1-0.3"%)

1-0.3
= 0.3y, + 2 (1-0.3")

=0.3""u, +
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(iil)

Asn—ow, v ,—>Landv, > L.

n+1
- L=0.01"+6

0.01L°-L+6=0

From G.C., L =6.4110 or 93.588

Sa=6.41 =936 (3s.f)

v, may not necessarily converge to a limit as we do not know what is the value of its
starting term v, (or initial number of bacteria).

(iv)

As N — oo,

u, —>0u, +2(1-0)=8.57 (3s.f.)

v1 =30, v, =0.0lv* +6=15,v, =0.01v,” +6=8.25,v, =0.01v,” + 6 =6.68,
v, =0.01v,” +6=6.446,..

FromGC, v, »>6.41(3s.f)

Thus, Chemical B is more effective in the long run.

(v)

The amount of Chemical C used per week is an Arithmetic Progression with first term
a =20, common difference d =5.

Want: S, > 3000
2[2(20) +(n-1)(5)] = 3000

n’+7n-1200>0

From G.C,,
n n° +7n—-1200
31 —22
32 48
33 120

. it takes 32 weeks

Alternative: From GC, n>31.3(to 3s.f.) = It takes 32 wks

Qn

Suggested Solution

4(a)

A m

Locus of z

|z+1-2i| =]z - (-1+2i)|
ie, |z (-1+2i)|<2

Min arg (z) occurs at A :tanl%: tan~' 2

Max arg (z) occurs at B

Hence, tan™2< arg (z) <=
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(b) | we=2°
= WG — 26e2kni
Sk
~w=203, k=0,1142,3
0) .
z=1+iv3+2e 3, k=0,£1,42,3
Im
M'\‘." a::,'
R
2 (04 K
rxfg
0 Ta ................................... . > Re
(i) | |z]is maximum at Q, where Q is the point representing the root when k = 1 and OQ is
the diameter of the circle
7 =1+iV3+2e3
=1+iV3+ Z(COSE—H sin Ej
3 3
=1+iV3+1+iv3
=2+i23

Qn | Suggested Solution

5(1) | No, the people are surveyed without consideration of the stratum e.g. age group they
belong to.

(if) | To obtain a systematic sample of 5%, we can first randomly select the first commuter
from the first 20 commuters entering the train station by stationing the surveyors at the
gantries and thereafter select every 20th commuter thereafter entering the train station
from the start to the end of that particular day.
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Qn | Suggested Solution

6(i) | Let A denote the event that John scores in a game.

Let B denote the event that John’s parents are present at a game.
Given that P(A) =0.15,P(B) =0.3,P(B| A) =0.2,

P(A|B)

_ P(ANB)

~ P(B)

_ P(B|A)xP(A)
G

_ 0.2x0.15 0.03
03 03
=0.1 (shown)

(i) | Since P(A|B)=0.1#P(A)=0.15 his parent’s presence in a game will affect his chances
of scoring in the game.

Alternative
Since P(B| A) =0.2 = P(B) =0.3 his parent’s presence in a game will affect his

chances of scoring in the game.

(iii) | Let C denote the event that the game is a home game.
P(ANBNC)=P((A'NB)|C)xP(C)=0.24x0.5=0.12

Least P(B'NC)
=0.5-0.03-0.12
=0.35

Max P(B'NC)
=0.5-0.12
=0.38
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Qn

Suggested Solution

7(i)

Required probability
4 2
(C.)
28C4
4
2275

(i)

Required probability

(5]
== x| = | x—
9 9 2121
8
2187

(iil)

No. of ways to seat the remaining members

=(7-1)!

=720

No. of ways to slot in the committee head and the 2 vice-heads as a pair
7

='P, =42

No. of ways to arrange the 2 vice-heads = 2

Required probability

_120x42x2 1
(0-1! 6
Alternative
No. of ways in which the vice-heads are seated together
=(9-1)!x 2!
=80640

No of ways in which the vice-heads are seated together and the head is seated next to
one of them
=(8-1)k2x2

=20160
Required probability
_ 80640 — 20160 _ 1

(10—1)! 6

Alternative
No. of ways in which the vice-heads are seated together with the rest of the committee
excluding the committee head
=(B8-1!x2!
No. of ways to slot in the committee head
= °C,
Required probability
- (B-DY)) _1
(10-1)! 6
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Qn

Suggested Solution

8(i)

YA

15.7 o o

a4

5 27

(i)

Model B: y=a-+blnx is appropriate but not Model A.

From the scatter diagram, as x increases, y increases at a decreasing rate, which is
consistent with Model B but not Model A which predicts an increasing rate of
increase fory.

(iil)

Screenshot for reference:

J=a+bx

3=.534453053
b=4.756802661
rz=.9613202953
.r‘=. 280469426

r=0.98047 (5s.f)
~0.980 (3s.f)

The value of r would not be different as it is unaffected when data is scaled

(iv)

a=0.534 , b=4.76

y =0.53445+4.7568Inx (5s.1.)
(ory=0.534+4.76Inx)

When x=20,
y =0.53445+ 4.7568In(20)

=14.785

=14.8 (3s.f)
Car population is 14.8 millions

(v)

Value of a represents the predicted car population after 1 year of study.

[If wrong model chosen:
Value of a represents the predicted car population at the start of the study. ]

The value of a is unreliable (invalid) as it is an extrapolation (outside the data range
Year 5to Year 27) and the linear relationship may not hold.
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Qn

Suggested Solution

9(a)
(i)

Let A and B denote the queuing times of a randomly chosen passenger at Economy
and Business class counters respectively.

A~ N(11.6,4.2%) B~ N(3.2,0.9%)
Find P(|A—(B, +B,)|<5)

A—(B,+B,)~ N(11.6—-2x3.2, 4.2°+2x0.9%)
i.e. A—(B,+B,) ~ N(5.2, 19.26)
~.P(|A-(B,+B,)|<5)=P(-5< A~ (B, +B,) <5)
~0.47177
=0.472 (3s.f)

(i)

Required probability

=P(B, 22)xP(B, 22)x...xP(B; > 2)
=[P(B>2)]

~ 0.46526

=0.465 (3s.f.)

(b)

Let X denote the number of passengers who turned up for their flight, out of n
passengers who bought the n tickets.
X ~B(n,0.95)

Since n > 350 is sufficiently large such that
np = 0.95n > 5 and nq = 0.05n > 5,
X ~N(0.95n, 0.0475n) approximately

P(Flight is overbooked) < 0.01

= P(X >350)<0.01

= P(X >350.5)<0.01 (continuity correction)

— P(X <350.5)>0.99
P[z _ 350.5-0.95n

1/0.0475n

350.5-0.95n
: ——

1/0.0475n

= 350.5-0.95n > 2.3263+/0.0475n (shown)

Jz 0.99

>2.3263
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Alternative to show approx inequality:

Let X denote the number of passengers who did not turn up for their flight, out of n
passengers who bought the n tickets.

X ~ B (n,0.05)

Since n > 350 is sufficiently large such that
np =0.05n > 5 and nq = 0.95n > 5,

X ~N(0.05n, 0.0475n) approximately

P (Flight is overbooked) < 0.01

= P(X <n-350)<0.01

= P(X <n-351)<0.01

= P(X <n-350.5)<0.01 (continuity correction)
n—-350.5-0.05n

1/0.0475n

0.95n-350.5
=

1/0.0475n

= 0.95n—350.5 < —2.3263/0.0475n

:P(Z< JS0.0l

<-2.3263

= 350.5-0.95n > 2.3263+/0.0475n (shown)

Qn | Suggested Solution
10(i) | Unbiased estimate of population mean, X =167.89 =168 (3 s.f.)
Unbiased estimate of population variance,
s*=2.4988* =6.24 (3s.f)
(if) | Assume that the breaking strength of each coil of rope is normally distributed.

H, 1 =169.7
H,:u<169.7

Perform 1-tail test at 5% significance level.

X -169.7
2
V8
Using t-test, p-value =0.039673.

Since p-value <0.05, we reject H, and conclude that there is sufficient evidence at

the 5% significance level that the mean breaking strength is less than 169.7 kg, i.e. the
manufacturer’s claim is not valid.

Under H,, ~t(8-1).
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(iil)

Hota =y
Hytu# 1

Under H,, Y ~ N(yo,%) approximately by Central Limit Theorem.

-2.57.58 0 2.5758

Given y =171 and H,is not rejected,
- 171—
29.16
\fﬁ
=169.03 < u, <172.97
.. set of values of g, is: {y, e R:169 < u, <173}

<2.5758

(iv) | Testing at the 1% significance level means that there is a probability of 0.01 of
concluding that the mean breaking strength differs from the claim when it is actually
unchanged.

Qn | Suggested Solution

11(a) | Let X and Y be the number of rectangular tables and round tables that are occupied.

Q) X ~B(6,0.8) Y ~B(9,0.65)

Required probability = P(X =4) P(Y =7)

=0.24576x0.21619

=0.0531 (3s.f.)

(if) | e Customers may arrive as a big group that requires them to be split into two

separate tables next to each other.
OR

e The restaurant may choose to seat the customers at tables in a particular section
first.

(b) | Let Cand T be the number of cups of coffee and tea sold in 20 minutes, respectively.

Q) C~P,(55 T~P,(35)

C+T ~P,(85)
>
P(T 26|C+T 27) = LT 2OHCHT27h)
P(C+T 27)
11
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_P(T=6)P(C>1)+P(T >7)P(C 20)

P(C+T >7)

_ P(T =6)[1-P(C =0)]+[1-P(T <6)]

1-P(C+T <6)
~0.077098(0.99326) +0.065288
0.74382

=0.191 (3s.f)

~0.14187
0.74382

(i)

k
Using p, =e‘% for 1 =5,

5k+1
s
I k1
P _ (k+kl). _ k5 k! _5 (shown)
Py 55 5¢(k+1)! k+1
ki
Whenk <4, k+1<5,
pk+1

:>L>1:—>1:> P> P
k+1 pk k+1 k*

Whenk <4, i.e.k=0,1,2,3

Peia > P = Py > P> Py > P> Py

Whenk >4, i.e. k=5,6,7,...
Pea <Py = Ps>Pg>P;e
Whenk =4, ps=P.= P, = Ps.

Fromabove, p,<p, << P,=Ps>Pg>P; > Pg >

(Thus py is greatest when k = 4 and 5)

The most probable number of cups of coffee sold (i.e. the mode) are 4 and 5.
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1. Asequence follows the recurrence relation

(2n+1)x . «x

U,,-U, =2cos smE , U, =sinx forn=123,....

Prove by mathematical induction that U, =sin(nx) for all positive integer n. [4]
: : 2
2. Solve the inequality ————>1. [2]
4(x+1)°+1
V32 2
Hence find _[ 2 1-———5— dx, leaving your answer in exact form. [3]
-1 4(x+1)° +1

3. Referred to the origin O, the points A and B are such that OA=a and OB =b with a not
parallel to b. The point P is on AB produced with AP : AB =3:1 and the position vector of
point Q is 2a.

(@) Find the position vector of the point of intersection of lines OB and PQ, giving your
answer in terms of b. [4]

(b) It is given that axb=2i—4j+2k and the point C(O, 3, 4) does not lie on the
plane OAB. Find the foot of the perpendicular from C to the plane OAB. [4]

4.  Prove that 2n+1 =n® +2n —n* -1. [2]

Jn? +2n +4/n? -1

2n+1

N
Hence find . [3]
ng'\/n2 +2n +4/n% -1
3 2n-1
@ Deduce the value of . [3]
n; n? —2n ++/n? -1
No2n+1 5
(b)  Show that 1 >+/N“+2N . [1]
n=1 n-
[Turn over
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5. Sketch on a single Argand diagram, the loci defined by —%<arg(z +1+2i)$% and
(2+i)w+5 <5, [4]
0] Find the minimum value of arg(w). [2]
(i)  Find the minimum value of |z —w]. [2]
(i)  Giventhat arg(z—w)<#6, —7 <8<, state the minimum value of 6. [1]

6. A group of boys want to set up a camping tent. They lay down a rectangular tarp OABC on
the horizontal ground with OA = 3 m and AB = 1.5 m and secure the points D and E
vertically above O and B respectively, such that OD =BE =2 m..

< 3m

Assume that the tent takes the shape as shown above with 6 triangular surfaces and a
rectangular base. The point O is taken as the origin and the unit vectors i, j and k are taken

to be in the direction of OA, OC and OD respectively.

0] Show that the line DE can be expressed as r =2k + 2(2i+]j), 1€ R. [2]
(i) Find the Cartesian equation of the plane ADE. [3]
(iti)  Determine the acute angle between the planes ADE and OABC. Hence, or otherwise,

find the acute angle between the planes ADE and CDE. [4]

7. The curve C has equation y :ﬁ , Where k >1.

X"+ X—
(M Find the equation of the tangent at the point A where C cuts the y-axis. [2]
(i)  Sketch C, giving the equations of asymptotes, the coordinates of turning points and
axial intercepts in terms of k , if any. [4]
(iii)  Find the equation of the normal at the point B where C cuts the x-axis. Leave your
answer in terms of k . [2]

(iv)  Hence show that the value of the area bounded by the tangent at A, the normal at B

and both the x- and y-axes is more than % square units. [2]
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8. The curve C (as shown in the diagram below) has equation y = x*sinx, —z < X< 7.
y4
> X
- Vs
(i) Calculate the exact area of the region R enclosed by C and the x-axis. [4]
(ii) Sketch the curve with equation (y+1)>—4(x+2)>=1, showing clearly the
coordinates of the turning points and the equation(s) of any asymptote(s). [2]
(iii) Hence find the volume of the solid generated when the region bounded by the 2
curves is rotated through 4 right angles about the x-axis. [4]

9. A manufacturer produces cylindrical containers using sheet metal of negligible thickness.
The cylindrical container has an open top, and a base and curved sides made up of the sheet
metal.

(@)

(b)

HCI P1 Questions

(i) Itis given that the volume of the cylindrical container is fixed at k cm®. Show
that when the amount of sheet metal used for the cylindrical container is a
minimum, the ratio of its height to its radius is 1:1. [5]

(i) A product designer proposed a new design where the height of the cylindrical
container is always 2.5 times that of its radius. Given that the radius of a
cylindrical container produced using the new design equals the radius of the
container produced in part (a)(i) with minimum sheet metal. Find the ratio of
the amount of sheet metal used in this new design to the minimum amount of
sheet metal used in part (a)(i). [2]

To reduce cost, plastic with negligible thickness, instead of sheet metal is used to
manufacture the new design cylindrical containers in part (a)(ii) using injection
blow moulding technology. In the injection blow moulding process, it is assumed
that the cylindrical containers increase in size proportionately with the height to
radius ratio remaining constant at 5:2 throughout the process. If the volume of the
cylindrical container increases at a rate of 80 cm® per second, find the rate of
change of the surface area of the cylindrical container when its height is 50 cm. [4]

[Turn over
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10.

In the triangle ABC, AB=x, BC=y, AC=%, angle ABC=% radians and angle

ACB = 0 radians (see diagram).

@ () Showthat X=—25N9

. 3
y cose+\@sin6’ 3]

(if) Given that 4 is sufficiently small, express X as a cubic polynomial in €. [3]
y

(b) (i) Showthat @=sin""(3x). [1]

(i) Find the Maclaurin series for @, up to and including the term in x®. [5]

11. The functions f and g are defined by
f:xr—>1e1‘xz, xeR, x<1and

g:x—>+1-Inx, xeR, O0<x<e.
Q) Show that gf exists, and find the range of gf. [4]

(i) Justify, with a reason, whether f™ exists. [2]

(i) The domain of f is restricted to (—o, b] such that b is the largest value for which the

inverse function f* exists. State the value of b and define £ clearly. [4]
(iv)  The graph of y=h(x) is obtained by transforming the graph of y=g(x)in the

following 2 steps.
Step 1: Scale parallel to the x-axis by a factor of 2.
Step 2: Reflect in the x-axis.

Define h in a similar form. [3]

End of Paper
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2016 HCI Prelim Paper 1 Solutions

Qn | Solution

1 * Let P, be statement U, =sin(nx) forallneZ".

* Assume Py is true for some k e Z*, i.e. U, =sin(kx) .

Want to prove that Py 1 is true, i.e. U,,, =sin(k +1)x.

LHS
=Ua
2k+1)x .
=U, + 2COSMSIHE
2 2

=sin (kx) + ZCOS(Zk; 1jxsin (%)x

=sin (kx) +sin (k +1) x —sin (kx)
=sin(k+1)x =RHS

When n=1, LHS=U, =sinx, RHS =sinx ..P, istrue.

*Since Py is true, Py is true implies Py . 1 is true, by MI P, istrue foralln e Z" .

2 2

—>1

4(x+1)° +1

2i+D@2e+3)
4(x+1)°+1

Since 4(x+1)*+1>0 for all x,

(2x+1)(2x+3) <0

Som—=<Xx<—-=
2 2

2
A+ 1)? 41

a2 Y72
1 4(x+1)%*+1 - A(x+1)% +1

;
=[—x+tan"(2x+ 2)]_% +[x—tan(2x + 2)]_2:1

2

= 1+tan‘11—l + ﬁ—l—tan‘lx/g+1+tan‘11
2 2 2
3

T
6 2

-1

Microsoft Word - 2016 HCI JC2 Prelim Paper 1 (Solution)
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(@)

OP=a+34B=a+3(b-a)=3b-2a
PQ=00-0P =2a~(3b~2a)=4a-3b
Ipg :1:=2g+ﬂ,(4c~1—312), AeR
logir=pub, ek

At point of intersection, 2a+ A (4a—3b) = b

Comparing coefficients of ¢ and b, A= —%, u= 2

.. position vector of the point of intersection = glg

(b)

2 1 1
axb=| -4 |=2| -2 |=n=|-2
2 1 1

Let F be the foot of perpendicular.

Method 1
0 1 1
locir=|3|+s| 2|, seR I, ,:r-|-2|=0
4 1 1
0 1 1
3|+s|-2||-|-2]=0
4 1 1

—6+4+s5s(1+4+1)=0

1
§ ==
3
0 1 0+1 1
OF =| 3|+ 2]=19-2 |- 7
3 3 3
4 1 12+1 13

w|
w|~

=
w6
N—

HCI P1 Solutions
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Method 2

FC=(0C-i)a
1 1
2| |]-2
1 1
=3 £ |2
1 1
4
20l -2
1 1
1
-2
_—6+41
J6 6
. 1
=—=| -2
3
1
OF =0C +CF
0 1 0+1

1
- 3|+3 2|5 9-2 |3 7

4 3 1 3 12+1 13

ol

11
'3'3

Wl

Method 1
2n+1 2n+1 Jn? +2n ++n% -1

\/n2 +2n +\/n2 -1 ) \/n2 +2n +\/n2 -1 " \/n2 +2n +\/n2 -1
(2n+1)(\/n2 +2n —\/n2 —1)

B (n2 +2n)—(n2 —1)

:\/n2 +2n —\/n2 -1
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Method 2
(\/n2 +2n —\/n2 —1)(\/112 +2n +\/n2 —1)
=(n2 +2n—(n2 —1))

=2n+1
2n+1

”\/n2+2n +\/n2—1

=\/n2 +2n —\/n2 -1

ul 2n+1
n=1 \/n2 +2n +\/n2 -1

:i(\/nz +2n —\/n2 —1)
! NG _

B +\7g\
| +/N? +m2 ~1]

=JN2+2N

(@)

Replace n by n+1,

o 2n -1
;Z:z:\/n2 —1+\/n(n—2)

RS 2n+1
el \/n2 +2n +\/n2 -1
= J(N-1) +2(N -1

=JN? -1

(b)

Notice that \n? + 2n > n and
2
(Vn?=1) ~(n-1)" =2n-220.

=n-1>n-1
:>\/n2+2n +\/n2—1>2n—1
1 1
= <
n? +2n ++n® -1 2n-1

...i2n+1 i 2n+1 _JNZ1oN

>
n=12n_1 n=l\/l’l2+2n +\/”l2_1
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S |(2+i)w+5|£\/§
2+ w+i_ <5
2+1
|w+2—i|<1=> circle centre (-2, 1), radius 1
Im
|(2+i)“’+_5_|5_\’g —%<arg(z+1+2i)s%
N
19) /f i Re
(-1 -2)
\{
{
|
{
()
Re
. 1 .
a=sin" ———==sin"—=
(-2) +12 V5
minarg(w) = 7 —2a = 2.2143 = 2.21(3sf )

HCI P1 Solutions
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(i)

min|z—w|:2x/§—1

(iii)

NG

HCI P1 Solutions
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Angle =180°— 2005 S ~67.7° (1d.p.)

V29

6 0 3
0 | 6p5=|0 ,55: 15
DE=|15|-|0|=|15|=15|1
2
0
=0+ , AeR
2
(ii) 0 -3
AD=|0|-|0|=| 0
2 0 2
2 -3 2 2
DExAD =151 X{O =154 |=>n=|-4
0 2 3 3
2 0 2
M,,:r|-4|=|0||-4|=6
3 2 3
“2x—-4y+3z=6
(iii) 0 2
Roase =| 0|, e =| —4
1 3
angle between planes
0 2
0| -4
=cos™ L :cos‘lL
0 Ja16+9
0|l -4
1 3
—cost = 56.1°(1dp)
J29
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dy  (k® +x-2)—(x—-2)(2kx+1) = —hx® +4kx

0 | (ko + x— 2)? T (ko +x—2)?
Whenxzo,d—yz 02=0andy:_—2:l
dc (-2) 2

Hence required equation of tangentis y=1.

(i) | For axial intercepts, when y =0, x=2.
when x=0, y=1.

For vertical asymptotes, kx* +x—-2=0

_ —1+V1+8k
2k
For turning points d—y—O
gp '
—k? +4kx =0
—kx(x—4)=0
~x=0o0r x=4
_- Ji N Fov 1
(4’ &kl+1J
y=0 A(cixl)/./\‘
X » X
B(2,0)
_ x—2
B +x-2
(iii) At x=2, dy —4k+8k: 4k _ 1

de  (4k)°  16k° 4k
. gradient of normal = -

Hence required equation of normal is y —0 = —4k(x - 2)
y = —4kx +8k
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(iv)

When y =1, 1=—-4kx+8k = x=812—;l

.. required area = 1(%+ 2)(1)
2\ 4k

>2—% (since k >1)

(i)

Area=2]0nxzsinxdx

=2 [—xz cos x]z + jon 2x COSxde

P 2([xsinx]; —Ionsin xdx)}

—2[n2+ 2[c05x]ﬂ
=2(n* —4) units®

(i)

y:2x5\ /,/'—~y:2x+3

(2,0
(-229)

4
4 \
4 \
4 \ T
4 \
’ AY
’ \

\
\
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(iil)

y=Xx"sinx

v

Coordinates of the points of intersections of the 2 curves are (—1.5374,-2.3623) and
(—2.7626,—2.8238) .

Volume of solid generated

U PR = LU oo L,
—“_[_2'7626 (x"sinx)” dx 71_[_2'7626( 1-1+4(x+2)*)?dx = 26.8 units

(i)

Let 4 cm? be the surface area of the cylindrical container.
Let »cmand 4 cm be the radius and height of the cylindrical container respectively.

Volume= 712k = k Y

Soh= i
7r? ;
A=2xrh+7r’ h
:272'1’( k2]+ﬂ'r2 J
& S
2k 2 N
=—+7xr- < v
r
dA ok Can also express r in terms of
Hence —=——+2nr h and find 4 in terms of 7,
r r
d4 then let d—A =0 to obtain 4
When — =0, dh
dr and subsequently 7 .
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——2+27Z'7":0
r
ok
T
k
]/':3_
T
h: k = k :3£

2 12
nr ”[(%)i} T
Henceh:r=3£:§/E=1:l (shown)
T T

2
3—‘3:%+2n>0 sincep>0and k>0
r r

) .. /k
Hence 4 is a minimum when » = 3/—
T

(i) From (i), A:r=1:1
Hence 4 =2zrh+zr? =2xr(r)+zr? =3zr?
For new design, A:r=5:2
Hence new A =2zrh+ zr? = 27zr(grj+7zr2 =671’
. required ratio is 6z7° :37r° =2:1
(b) Method 1

Let ¥ cm® be the volume of the cylindrical container.

V=rnr’h= 7rr2(§r) = E7zr3
2 2

A=2rxrh+xr? =2xr (grj +r? =67r?

o 5. o
o 2 T ¥F——_ | canalso find - and -
d—A=127zr and use
3:1 a4 dr qp |- dh dV
Lo = d dndv dr
d¢e dr dV dt

=127rx 2 2><80:@

157zr 7’

When /=50, r=§(50)=20

Hence a4 _128 _ 6.4 cm?/s
d 20

HCI P1 Solutions
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Method 2

A=6xr’ .'.r_,/ (rejectr_—,/ smcer>0)
67

Hence V = zr’h = ﬂr( szmf
2 2
3
5 A
=—7T R
2 ( 67:]
547
2(6)' 7
dv 154
d4 4(6)%7r%
When /=50, r=§(50)=20
.. A =67(20)? = 24007
d4 d4 dv
Hence — = —x—
de dV dr
4(6) 7t <80
15A2
3 4(6) 7?2
15(24007)*
=6.4 cm?/s
10 ) T
sinfz——-0
@ | sing (” 6 j
(i) . 3
X _ sin@
Y sin(“rw—ej
6
X _ sin @
Y sin>" cos @ —sin G cos %
6 6
X _ sin 0 N 2sind (shown)
Y 1cose+£sin9 COSQJ”@S”]Q
2 2
(<_’:1_) x 2sin@
(i) Yy cos@++/3sind
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EY P
Y 2(9 3J +%(ﬁ 02]2

3 2
*eolo-2|[1-a0+ L 130
y 3! 2
X 220-230° + 2o
y 3
(b) Using sine rule,
® sin”*
SN0 _~ 6_3 - p=sin3x
1
6
(b) Method 1
(i) sin@ =3x
cos Hd—0:3 ---(2)
dx
2 2
cosed—f—sin e(d—ej =0--(2
dx dx
3 2 2
cosé?d—f—sin ed—ed—f—ZSin ed—ed—f—
dx dx dx dx dx
-0-—-(3
When x=0,
2 3
6=0, d—'9=3, d—H:O, d—:27

dx dx? dx®

9=3x+£x3+...=3x+gx3+...
3! 2
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0 =sin™ (3x)

1
d___3 =3(1-9x") 2
dxr  1-9x°

&o_ (—%) (1-9x° )'g (~18x) = 27x (1-9x° )'g

39 _5 _3
—— =——x(-18x)(1-9x%) 2 +27(1-9x%) 2

=729x* (1-9x° )—2 +27(1-9x%) 2

11
(i)

|
: Ry =[Vin2,e0)

HCI P1 Solutions

191



(i)

Since a horizontal line y = 1 cuts the graph of y = f(x) twice, f is not a one-to-one function and

f ! does not exist.

(iil)

b=0

In(2y) =1-x°

x==%1-In(2y)
Since x<0, x= —4/1—|n(2y)

flix>— 1—|n(2x), xeR, 0<x$%e

(iv)

y=+l-Inx 2215 1—In(§]

y= 1—|n(%)ﬂ>y:— 1—In(§]

X
0<x£e—>0<§§e

S0<x<2e

h:ix— - 1—In(§], xeR, O0<x<2e
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Section A: Pure Mathematics [40 marks]

1. On the first day of last month, the temperature of a machine in a manufacturing plant was
found to be 90 °C and was deemed as too hot by the supervisor. On each day waste heat

was produced by the machine as a by-product and caused the temperature of the machine to
increase by2°C. In an attempt to make it cooler, the supervisor decided to adjust the

thermostat and decreased the temperature by 3% at the end of each day.

(i)
(i)

(i)

(b)

(i)

HCI P2 Questions

Show that the temperature of the machine was 87.8 °C at the end of the 3" day. [2]
At the end of which day would the temperature of the machine first dropped below

70°C? [3]
Will the temperature continue to drop indefinitely? Justify your answer. If not, what
is the long term temperature of the machine? [3]

Given that z, = _IE is a root of the equation 2z°+(i—8)z’ +az+13i=0, find the

complex number a and solve the equation, giving your answer in Cartesian form
X +1y. [4]
Hence, find in Cartesian form the roots of the equation

2w +(1+8i) w” —aw—13=0. [2]
Solve the equation z°+729=0, expressing your answers in the form re'’, where
r>0and -r<8<mr. [2]

Given that z, is a root of the above equation and 0 < arg z, < %

n

If X~ is a positive real number, find the smallest positive integer n. [2]
Zl

Use the substitution x =3sin@d+1, 0< @ [4]

—tfd
< 0|nJ‘\/T

A curve has parametric equations
1

Jo-(t-1)°

(a) Sketch the curve, indicating the end point and the equation of the asymptote.

X = y=t?, O<t<4.

[3]
(b) Using the result in part (i), find the exact area of the region bounded by the
curve, the lines y =1,y = ? and X = g [4]
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4.  In harvesting of renewable natural resources, it is desirable that policies are formulated to
allow maximal harvest of the natural resources, and yet not deplete the resources below a
sustainable level. A simple harvesting model devised for the rate of change of the
population of wild salmon in a particular region in the Pacific Ocean is given by

dP
——=P(4-P)-h,
g~ P(4-P)

where P is the population of wild salmon in millions at time t years and h is the constant

harvest rate in millions.

(1 Sketch a graph of Z_T against P, expressing the turning point in terms of h. [2]

(i)  The Maximum Sustainable Yield (MSY) is the largest harvest rate h that allows for a
sustainable harvest of wild salmon without long-term depletion. State the MSY for
the wild salmon. [1]
(iii) It is given that the population of wild salmon in that region was 3.2 million in 2015
and the constant harvest rate is 3 million. Find an expression for P at any time t. [5]
Hence find the population of the wild salmon in that region in 2016. [2]

(iv)  State one assumption you made in your calculation. [1]

Section B: Statistics [60 marks]

5. In the last election, there were speculations from unofficial sources before the counting of
votes is completed. For the current election, to prevent unnecessary speculations, the
election office of Sunny Island will be conducting a sample count in each electoral division
after voting is done. Each electoral division has a different number of registered voters and

a sample of 400 votes will to be sampled from each electoral division.
(i) Identify and describe an appropriate method to obtain the sample. [3]

(i)  State an advantage and a disadvantage of the sampling method used in part (i).  [2]

[Turn over
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6.  The random variable X has a binomial distribution B(n, p), where 0< p <1, and n is an

integer. Show that P(X=r) :(n—r+1j P_| [3]
P(X =r-1) r 1-p

Hence find a condition relating n and p such that X has two values for its mode, and

determine these two values, giving your answer in terms of n and p. [3]

7. A group of ten people consists of four single women, two single men and 2 couples. The

ten people are arranged randomly in a circle.
(i)  Find the probability that the four single women are all separated. [2]

(if)  Find the probability that either the four single women are next to one another or the

two single men are next to each other but not both. [3]

One of the ten people left the group and the remaining nine decided to sit at a round table
with ten identical chairs equally spaced around the table. The chairs are decorated such that
every alternate chair is tied with an identical chair sash. Given that the nine people have no

preference to which seat to take, find the number of possible seating arrangements. [2]

8. In an examination, the score, X , for paper 1 of a student is found to follow a normal
distribution with mean 62 and standard deviation o, and the score, Y, for paper 2 of a
student is found to follow a normal distribution with mean 71 and standard deviation 8.
The final score of a student for the examination is the average score of the 2 papers and it

is assumed that X and Y are independent random variables.

(i)  Find the probability that for two randomly selected students A and B taking the

examination for paper 2, A has at most 2 marks less than the marks of B. [2]
(if)  Given that 15% of the students have at least a final score of 75, find o . [4]

(iii) Using the value of o found in part (ii), find the probability that a randomly selected
student performs better in her Paper 1 than in her Paper 2.

(iv) Comment on the validity of the answer obtained in part (ii) and (iii). [3]
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9.  To reduce the number of speeding incidents on the road, traffic police in Country S set up
traffic cameras at 3 busy traffic Junctions A, B and C to monitor the speeds of vehicles
passing through these junctions. The average number of speeding vehicles caught by the
camera at Junctions A, B and C are 2 in every 3 hours, 5 in every 4 hours and A in every
hour respectively. It is assumed that the number of speeding vehicles caught by the
cameras at the three junctions followed Poisson distributions.

(a) Find the probability that there are at least 2 speeding vehicles caught at Junctions A
and B inan hour. [2]

(b) Given that there are 2 speeding vehicles caught at the three junctions in an hour, find
the probability that at least one speeding vehicle caught is at Junction C. Leave your
answer in terms of 4. [3]

(c) Given that the traffic cameras are in operation 24 hours in a day, using a suitable
approximation, find the probability that there will be more speeding vehicles caught
at Junction A than at Junction B in a day. State an assumption for the calculation to
be valid. [5]

10. A nutritionist claims that the mean number of calories in an energy bar is 350 cal. The
nutritionist collected and measured the number of calories of a random sample of 15
energy bars. The mean and variance of the sample was 347.2 cal and 20.74 cal®
respectively.

(i) The nutritionist wishes to carry out a hypothesis test on his claim. Explain why t -test
instead of z -test is to be used. State an assumption for the test to be valid. [2]

(if)  Test at 5% level of significance, whether the mean number of calories in an energy
bar is 350 cal, defining any symbols that you use. [4]

(iii) Suppose the nutritionist uses a different test in part (ii). Without further calculation,
explain and state whether the conclusion will be different. [2]

The manufacturer of the energy bar refines the manufacturing process and the new energy
bars follow a normal distribution with mean x cal and variance 20.74 cal®. The

manufacturer then provides the nutritionist with another sample of 15 energy bars.

[Turn over
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(iv) Find the range of mean number of calories, X, of the second sample of 15 energy bar
so that the null hypothesis in part (ii) is not rejected at 5% level of significance.
Leave your answer correct to one decimal place. [3]

11. A group of scientists is interested to find out the correlation between the number of species
and the size of the natural habitat. The scientists sampled non-overlapping lands of
different areas ( x ) in square kilometres, and noted the corresponding number of

species (y ) found. The results are shown in the table below.

Area (X) 300 | 400 | 500 | 600 | 700 | 800 | 900 | 1000 | 1100 | 1200

Number of
species 12 15 18 21 k 25 26 27 27 28
(y)

(i)  Given that the equation of the regression line is y =0.01758x+9.018, show that the

value of k to the nearest whole number is 23. [3]
Take k to be 23.
(i)  Draw the scatter diagram for the given data, labelling the axes clearly. [2]

(iii) Calculate the product moment correlation coefficient r. With reference to both the

scatter diagram and r, explain why a linear model is not appropriate. [2]

(iv) The following models are suggested for the data.
(A) y=a+bx?, (B) y=ax", wherea>0 and O<b<1.

Use a graphical approach to determine which model is more appropriate. [2]

(v)  Use the more appropriate model to estimate the area of the natural habitat when the

number of species found is 24. Comment on the reliability of your estimation. [3]

End of Paper
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2016 Prelim Paper 2 Solutions

Qn
1

Solution

(i)

1% day: 0.97(92)

2" day: 0.97(0.97(92) +2)

3" day: 0.97(0.97(0.97(92) +2) + 2)
=0.97°(92) +0.972 (2) +0.97(2)

—87.788
~87.8°C (3s.f)

(i)

n"day: =0.97" (92)+0.97""(2) +...+0.97(2)
0.97 (1—0.97"1)]

=0.97" (92)+2[
1-0.97

Method 1

re
o}
QY \

N

[

{

(

{

{ »
I

»

51.b o\o\ﬁs

Method 2

Using GC,

When n =51, temperature = 70.025°C

When n =52, temperature =69.865°C ... 52 days

(i)

No, temperature will not drop infinitely since r =0.97 <1.

As n — oo, temperature approaches 0 + 2x0.97

- = 64.7 °C in the long run.

(@)

R E R

Livo L@ 5 g
4 4 2

a=26-4i

27° +(i—8)2* + (26— 4i)z +13i = (2z +1)(z* + bz +13)

Comparing the coefficient of z?,
i—8=2b+i
S b=-4

(27+i) (22 -42+13)=0 .. z:—% or z=2+3i.
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Replace z with iw,

2(iw)*® + (i —8)(iw)* +a(iw) +13i=0
—2iw® +(8—i)w’ +aiw+13i=0
Dividing throughout by —i,

2w’ + (1+8i)w* —aw—13=0.

iW:—L or iw=2=3i.
2

.'.Wz—% or w==+3-2i

(b)

=—729 =729 = 729e**2k")

r 2km).
7= 3457)' K=0,+1+2 -3

57zi 5.

ORz=3 © ,C%e?',3e7i,3e5i,?>e_€i,3egi

arg(zl*jz nargz, +argz, =(n +1)%

Zl
Positive real number (n +1)% =2k
T
S(n+l)—=2x
(n+1) 5

Minimum n=11.

(i)

Xx=3sin@+1

% =3c0s0

do

[
J9-(x=1)?

I 3sinfd+1

{9 - (3sin )?
=j(3sm9+1) do
=-3c0sf+60+C

=—/9—(x-1)° +sin‘lXT_1+C

(3cosd) do
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4(1)

(i)
(a) VA
0 © ”x
1
2.2
(ii)
(k) | y4

2./

25
Area= —L“ xdy+(%—1jx§

> 2t

22 _dt+6
J.l [9_(t_1)2

) 5
2| —Jo—(t-1) +sin"! %}2

+6

1

fr 1 -
:—2_(— S *sin E)—(—\/§+sm 0)}+6
T
-33-3

dP
— =P(4-P)-h
™ (4-P)

——P?+4P-h
=—(P2—4P)—h
=—(P-2)*+4-h

4k
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(i)

From graph in (i),
when h=4,

P (p-2-0atP=2. 0
dt

-. largest h =4 where the population P remains

constantat P =2.

Hence MSY =4 million

(i)

4
d_P:p(4_p)_3:—[(P2—4P)+3]=—[(P—2)2—1]
dt
Method 1
1

———dP=—|1dt

I(F>—2)2—1 j
1,P=2-1 . -

2 [(P-2)+1
E:ie’z”zc = Ae? where A=+e*

P-1

In 2015, let t =0, P=3.2; hence A:l_ll

1
s P-3=—e*(P-1
11 (P-1)
11P —33=Pe ' —¢*
33— 33"-1

Hence P =
11-e* 11e* -1

Method 2
dpP 2
T o1-(P-2
pm (P-2)

1
——— dP=|1dt
j1—(P—2)2 I
1| P=2)|
2 [1-(P-2)
i _Ii =+e?"%¢ = Ae® where A=1e*

+C

In 2015, lett=0, P=3.2; hence A=-11
P-1=-11e*(3-P)
P-1=-33e% +11Pe?
1-33e* 332 -1
P =— 0o P=—u—
1-11e 11ec -1
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Method 3
1
1
_I—(P—3)(P—1) dP = [1dt

1 1 ) ) )
— dP + dP = |1 dt (using partial fractions
Jop 5 P+l gpgyP =]t (wsingp )

E =t+C
P

In

1
2
P-1 _ 4420 _ ppt

P-3
In 2015, let t =0, P=3.2; hence A=11
P-1=11e*(P-3)
P-1=11Pe* -33¢*
_ 2t 2t
le 33e2t or P:33e2t 1
1-11e 1le” -1

In 2016, t =1
2 —
Hence P = 3382 1 =3.02
1lec -1

", the population of wild salmon is 3.02 million in 2016.

(iv)

There are no external factors such as marine pollution or climate change that
drastically affect the population of wild salmon in that region.

(i)

Simple Random Sampling:
Using a random number generator to generate 400 numbers and use select the voting
slips corresponding to these 400 numbers

Systematic Sampling: Consider N registered voter in the electoral division such that
the sampling interval% is an integer. Using a random number generator, select a

number from 1 to k and take every kth number thereafter until a sample of 400 is
obtained. Choose the voting slips corresponding to the numbers.

Stratified Sampling:

Use each polling station as the stratum. The number of votes in each stratum is
no. of voters polling at the station

total number of voters in the electoral division

obtained from each stratum using simple random sampling.

calculated by x 400 . The votes is then

(i)

Simple random sampling:

Advantage:

The sample obtained is free from bias

The sampling procedures are easy to follow

Disadvantage

The sample obtained might not be a good representation of the electoral division
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Systematic Sampling:

Advantage:

It is easy execute because only the first number needs to be chosen

The electoral division will be evenly sampled as the voting slips is chosen at regular
intervals

Disadvantage:

If there is a periodic trend like every kth voters are of the same gender, systematic
sampling may produce a biased sample

Stratified Sampling:

Advantage:

Stratified sampling will provide a sample of voter that is representative of electoral
division

The results in each polling station can be analysed separately.

Easy to conduct as the sampling frame (registered voters) is known.

Disadvantage:

It is time consuming to carry out stratified sampling

P(X=r-1)=P(X =)

[ n J pr—l(l_ p)n—r+l — [n] pr(l_ p)n—r
r-1 r

n! n! .

(r=-Dl(n—r+1! (r)!(n—r)!p

rin-r)! _ p'@d-p"’
(r=Din-r+1)! pta-p)"™

ro __»p
n-r+l 1-p
P(X=r) (n-r+1) p
P(X:r—l)_( ]1
rd—p)=p(n-r+1)
r—pr=np—pr+p
r=(n+1)p

n-r+l

p-p) =

1-p™

(shown)

X will have two modes when (n+1) p is a positive integer.
r=(n+)p, r=(n+)p-1

(i)

No of ways that the single women are all separated
= °C, x4! x(6-1)! =43200

Probability = @ -2 _0119

(i)

Probability that the single women are next to one another

= p(s)zw_i

9! 21
Probability that the single men are next to each other
—11I |
_ P(B):(g Dl x 2.:2

9! 9
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Probability that the single women are next to one another and the single men are next

to each other
Y | I
_ P(SmB)=(6 D! x 2! x 4.=i
9! 63
2 2 5

.. 1
Therefore probability = P(S)+P(B)-2P(SnB)=—+———=—=0.238
p y = P(S)+P(B) ( ) 2179 83" 21

No of ways = 9x 21=725760

(i)

A B~ N(71,8%)
A-B ~ N(0,128)
P(0< A-B<2)=0.0702(3.s.f)

(i)

X ~N(62,6%), Y ~ N(71,8)

2 2
X+Y N(66.5, o +8

P(M >75)=0.15
P(M <75)=0.85
P(Z < w) =0.85
o’ +64
4

Let M =

)

8.5
o’ +64
4
o =14.319
o0=14.3

=1.03643338

(i)

X —Y ~ N(-9, 269.0389)
P(X >Y)=P(X =Y >0)
=0.292 (3s.f)

(iv)

Not valid because X and Y are not be independent for the same student.

9(a)

Let X be the total number of speeding incidents caught at Junctions A and B in an
hour.

23
X ~Po(==
)
P(X >2)=1-P(X <1)=0.571

(b)

A+B+C ~~ Po(§+ﬂj
12

Required Probability =P(C >1| A+ B+C =2)
P(A+B=1)P(C=1)+P(A+B=0)P(C=2)
P(A+B+C=2)

3ol
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B,
12
¢ (23 A+ )
2 6
=—% )
12
€ §+ A
2 \12
A
E(23+ 64)
"1
T(23+12/1)
24/1(23+ 64)
(23+121)
(© Let A be the number of speeding incidents caught at Junctions A, and B be the
number of speeding incidents caught at Junction B in a day
A~ Po(16), B ~ Po(30)
Since both 16 and 30 are greater than 10,
A~ N(16,16) and B ~ N(30,30) approximately
= A-B ~ N(-14,46)
P(A-B>0)—<—>P(A-B>0.5) =0.0163
The occurrence of speeding incidents caught at Junction A and Junction B are
independent of each other.
10 Since n is small and population variance unknown, the nutritionist should use t-test. It
(i) is assumed that the calories count of the energy bar follows a normal distribution.
DRI ii (20.74) = 22.221
Let H, be the null hypothesis, H, be the alternative hypothesis. Let « be the
population mean number of calories in an energy bar and X be the sample mean.
H,:x =350
H,: u#350
Under H,, Test statistic, T = X350 t,
22.221
15
p value = 0.0373 < 0.05
Since the p — value < 0.05, reject H,. There is sufficient evidence at 5% level of
significance to conclude that the mean number of calories in an energy bar is not 350.
(iii) | Since H, is rejected for t-test, p, <0.05 and since p, < p, <0.05. Therefore H,
will be rejected under z test. So the conclusion will not be different.
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Alternative method

test stat

Ho is rejected under t test

= test statistic is inside critical region for t-test
= test statistic is inside critical region for Z-test
= Ho is rejected under Z test

The conclusion would be the same.

(iv)

Since H, is not rejected,
X —350

V1.3827

= —1.95996 <

‘ <1.95996

X —350

\1.3827
-2.3047 < X -350 < 2.3047
347.7 <X <352.3

<1.95996

11(3i)

X =750
¥ = 0.01758(750) +9.018

=22.203
22.203(10) =k +199

. k=23.03~23

(i)

28 |

12 @

1200
x/

(i)

r =0.958. Though r is close to 1, the shape of the scatter plot is curvilinear therefore
a linear model is not appropriate
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(iv)

y=a+bx’

V<

Model B is a more appropriate model as graph concave downwards like the scatter
diagram

Iny=-0.96684+0.617221n x
Iny =-0.967+0.617In x

In(24) =-0.96684 +0.61722In x

0.61722In x =In(24)+0.96684

X =825

Since r =0.982 is close to 1 and y = 24 is within the data range, the prediction is

appropriate
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A theme park sells tickets at different prices according to the age of the customer. The
age categories are senior citizen (ages 60 and above), adult (ages 13 to 59) and child (ages
4 to 12). Four tour groups visited the theme park on the same day. The numbers in each
category for three of the groups, together with the total cost of the tickets for each of these

groups, are given in the following table.

Group | Senior Citizen Adult Child Total cost
A 2 19 9 $1982
B 0 10 3 $908
C 1 7 4 $778

1JC/2016/JC2

Find the total cost of the tickets for Tour Group D, which consists of four senior citizens,

five adults and one child. [4]

t
I
1o | =

° ‘4(“’0)\/B<b,o> X

C(e,-1)

The diagram shows the curve y =f(x). The curve passes through the point A(a,O) and

the point B(b,0), has a turning point at C(c,—1) and asymptotes y=% and x=0.
Sketch, on separate diagrams, the graphs of

@ y=3-[f(x)|, 3]

2

(b) yzﬁ.

[3]

Label the graph in each case clearly and indicate the equations of the asymptotes and the

coordinates of the points corresponding to A, B and C.

9740/01/Aug/16
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3 In the triangle ABC, AB = 1, BC = 4 and angle ABC = # radians. Given that 6 is a

sufficiently small angle, show that

AC z(9+492); ~a+b6? ,

for constants a and b to be determined. [5]

4 [It is given that the volume of a pyramid is %x (base area) x (height) .]
A right pyramid of vertical height h m has a square base with side of length 2x m
and volume g md,

(i) Express h in terms of x. [1]

(i)  Show that the surface area S m? of the pyramid is given by

sz4x{1+ J5) } 3l

(i) Use differentiation to find the value of X, correct to 2 decimal places, that gives a

stationary value of S. [3]

—> —>
5 Referred to the origin O, the points A and B are such that OA=a and OB =b. The point

ConOAissuch OC : OA=1:3.The line | passes through the points A and B. It is given
that angle BOA =60" and |a| =3|b|.

(i) By considering (b—a)-(b—a), or otherwise, express |b—a| in the form k|b|,

where k is a constant to be found in exact form. [3]
(i)  Find, in terms of |b|, the shortest distance from C to . [5]
1JC/2016/JC2 9740/01/Aug/16 [Turn over
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6  Acurve has parametric equations
X = c0s? 6, y=sin26, for Too<Z
2 2
(i) Sketch the curve. [2]

The region enclosed by the curve is denoted by R. The part of R above the x-axis is rotated

through 27 radians about the x-axis.

(i) Show that the volume of the solid formed is given by

b
ﬂj sin® 20 do,

a
for limits a and b to be determined. [3]

Use the substitution u=cos26 to find this volume, leaving your answer in exact
form. [4]

7 The equation of a curve C is given by

3y® —8y* +10y =4 —5xX.

(i) Find the equation of the tangent at the point where x =% : [5]
(i)  Find the Maclaurin series for y, up to and including the term in x. [4]
(iif)  State the equation of the tangent to the curve C at the point where x=0. [1]

8 (@) The complex number w is given by (\/3)+ ki, where k <0.

Given that w® is real, find the possible values of k in the form k :(\/3)tan(n7r),

where n is a constant to be determined. [4]

(b) (i) If z=cos@+isind, where OSHS% , show that

1-2z% =2sin@(sin@—icos0). [2]
(i) Hence find [L-2z*| and arg(1-z°) in terms of 6. [3]
1JC/2016/3C2 9740/01/Aug/16
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9 The function f is defined by

f:xn—>%+2, xeR, x#-2, x#3.
X" —X—6

(i) Explain why the function f™* does not exist.
(i)  Find, algebraically, the set of values of x for which f is decreasing.

In the rest of the question, the domain of f is further restricted to x s% :

The function g is defined by

g:X—>2-X%, xelR

1

(ili)  Find an expression for gf(x) and hence, or otherwise, find (gf )_l [Zj

10  Assequence uj,U,,Us,... issuch that u, :% and

n®+n-1

=u, ——— forall n>1.
n+1 n (n+2)l

u

(i) Use the method of mathematical induction to prove that u, =

N oY n?4n-1
H find  ——.
(i) Hence fin nZ:; (n=2)

o0

n?+n-1

(n+1)t°

[2]
[3]

3]

[5]

[3]

(i)  Explain why Z(—z)l IS a convergent series, and state the value of the sum to
= (n !

infinity.

1JC/2016/JC2 9740/01/Aug/16 [Turn over
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11

Cy

The diagram above shows the curve C; with equation y = In_2x , Where x>1.
X

(i) Show that the exact coordinates of the turning point on C, are (\/e %j [3]

(i)  The curve C, has equation (x—\/e)2 +(2ey)2 =1, wherey >0. Sketch C, and C,

on the same diagram, stating the exact coordinates of any points of intersection with
the axes. [3]

(iii)  Write down an integral that gives the area of the smaller region bounded by the two

curves, C, and C,, and the x-axis. Evaluate this integral numerically. [4]

12 (a) (i) Solve the equation

2° -2i=0,
giving the roots in the form re'?, where r >0 and -7 <0< r. [4]
(i) Show the roots on an Argand diagram. [2]

(i)  The points A, B, C, D, E and F represent the roots z, z,, z,, z,, z; and z

respectively in the Argand diagram. Find the perimeter of the polygon

ABCDEF, leaving your answer to 3 decimal places. [2]

(b) The complex number w satisfies the relations
|w+5-12i|<13 and 0 <arg(w+18-12i)< % :

() On an Argand diagram, sketch the region in which the points representing w
can lie. [4]

(if)  State the maximum and minimum possible values of |W+10| . [2]

1JC/2016/JC2 9740/01/Aug/16
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ANNEXB

ANNEX B

1JC H2 Preliminary Examination (Paper 1)

1 |System of linear equations $570
2 |Further Curve Sketching |
3 |Small angle approximation, 2 5 2
Binomial expansion AC ~3+ §‘9 , Wherea=3and b= 3
4 |Application of differentiation N = 2
(Stationary value) ()h= X_z
(i11) 0.89
5 |Vectors (scalar and cross-product) | |b — a| =7 |b|
(3
i ,.[=1|b
@20
6 |Application of Integration (Volume|, .. Vs
of revolution) (i)a=0, b= 5
372' units®
3
7  |Application of differentiation N1 2
(Tangent & Normal), (i) y= oXtT
Maclaurin Series 3 2 3 27,
(i) y==—=X+—X"+...
3 2 2
2 3
i) y==——=xX
(i) y =53
8 |Complex numbers
P (a)k :ﬁtan(—%j or kzﬁtan(—zfj
(b)(ii) 2sin &; 9—%
9  |Functions (i) {xel: x=05, x =3}
1 1
iigf(x)=————, x<=; -1
(i of (x) N 2
10 |Mathematical Induction, o1 N +1
Sequence & Series (M.0.D.) (ir) 2 (N +2)!
L@n?en-1 1 .. -
i —— _—_ = which is a constant,
(i) nz=]:. +2)! 72
hence it is a convergent series.
5 -1
2
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11

Application of differentiation
(Stationary point),

Curve Sketching,

Application of Integration (Area)

(|||)I J ( )d _J-J'Inx

0.0543

12

Complex numbers (including Loci)

@)

1 . -1ix 1 -In 1 -7 1 .7 1 .57 1 3r
(@)(iii) 6.735
(b)(ii) Maximum |w+10|=26;
Minimum |w+10|=12

ZEGIT’ zgeli ’ 26 eIT’ zgelﬁ’ zgelﬁ’ delj
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Innova Junior College
H2 Mathematics
JC2 Preliminary Examinations Paper 1
Solutions

Solution

Let $x, $y and $z be the cost of a ticket for a senior citizen, adult and child
respectively.

2x+19y+9z =1982
10y +3z =908
X+ 7y +4z=778

Using GC,
X =36
y=74
z=56

Thus, the cost of a ticket for a senior citizen is $36, for an adult is $74 and for a child is
$56.

4(36) + 5(74) + 1(56) =570
Therefore, the total cost for Group D = $570

IJC P1 Solutions

217



2 Solution
(a‘) yAx:O

(b)

IJC P1 Solutions 218



3 Solution

Using cosine rule,
AC? =1% + 4% —2(1)(4) cos6
=1+16-8cosf
=17-8cos6

2
z17—8(1.—9—]
2
=9+ 462
1
Acz(9+49ﬂ2 (- AC>0)

Acz(9+49ﬂ;

1 1
=92@+502T
9
=3 1+£(£92]+...
2\ 9

~ 3(1+292]
9

31 2¢2
3

Therefore,a=3 and b = %

IJC P1 Solutions 219



Solution

(i)

2X =]

A 2X B

<
=k
c
3
)
o
—ry
~—+
=
)
o]
<
=
QD
3.
o
I
w |

2
3h=—2

(i)

In triangle VBC, height = VN = vh? +x2
Area of the triangle VBC :%(ZX)\/I’IZ + x?

4
=X,|—7+X =x XZ[—+1]
=x%/1+4x7°

Hence total surface area of the pyramid,
S = base area + 4 x area of triangle VBC

_ (2x)2+4(x2\/m)

S =4x? {1+ \/(1+ ieﬂ (shown)
X

(iil)

S =4x2 [1+\/ 1+ 4X_6):|

t;_i: 4x2 [%(Hﬂrxﬁ );(24x7)J+(8x)[1+\/(1+ 4x_6)}

= 48x (1+ 4x76 )_; +8x[1+ V(@A+ 4x_6)J
= s{ax6 (1+ax78 )_; ~1-V(1+ 4X6)}

At the stationary value of S, 3—8 =0.
X
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1
—8x 6x_6(1+4x_6) 2_1-V(@1+4x78) [=0

By G.C,,
X =0.89090 = 0.89 (to 2dp)
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5 Solution
M| (b-a)-(b—a)=|o[ +[a]" ~2ab
= |b|2 + 9|b|2 —2al|b|cos 60°
2 2 1
o2 =10}5f ~2(3}) i
[b—a| =7 o]
Therefore, k = \/7
(i) c :la
3
CA-Za
Shortest distance of Cto | =
gax(b—a)
b-a|
ga><b—ga><a
13 3
b-a|
2|a>< b|
= ‘raxa=0
3lb-a
~ 2|al|b|sin 60°
~ 3b-4
olb? ¥
_ 2
3J7b|
_3b
\/?
3
- |2
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Solution

(i)

X=C0s° 6, y=sin26, for —%<9§£.

yh

14

~

2

(i)

X = C0s2 0
dx =-2cos@sin6 do
When y =0, sin20=0
20=0,7

0=02x
2

When 0= 0, x=1: When 6= % x =0

Volume of the solid formed
1, y
=7 X
oy
)

= x| (sin26)*(~2cosHsin0do)

Ll
o NN

(sin26)° (-sin 20 d6)

Il
3
(2
o I\J\N I\J\N

=x| *sin320do (shown)

. a=0, ==
2

Let u = cos26.
s.du=-2sin20 do
When 0= 0, u=1;

When 6= % u=-1

Volume of the solid formed

= ﬂJ.Ozsin3 20d6
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IR

; sin?20(2sin20)do

NIE

(1—c05229 )(25“129d9)

o1

- -1
u3
_ L u__}

(1—u2)(—du)

1
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7 Solution
(i) 3y® -8y? +10y =4-5x
Differentiate wrt X,

dy
(9y* —16y+10)&— 5

dy _ -5
dx 9y*-16y+10

When x = % . 3y°—8y?+10y =0,

~y=0 and d_y:_ll
dx 2

1 4
Eqgn of tangent : y—-0= ——(x——],

2 5
ie y——1x+E
2 5
(i) 2 dy
9y? ~16y+10)~Y = -5
( d y )dx
Differentiate wrt X (9y2 -16y +10)ﬂ+(18y—16)(gj2 =0
’ dx? dx '
2dy 3 dzy_27
When x=0, y_3’dx_ 2 e 10
2 3 27,
y=———x+—x*+
3 2 20
(iii) 2
==X
y 3
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8 Solution

(@) arg(ws):5arg(w):0,4_r7z,4_r27z...
T 7T 2 27
zoa_a__a_a_a
arg(w) 5 5 5 5
Since k <0,
27
arg(w)=—-=or 5

K _ tan (—zj or K _ tan (—2—”)
3 5 J3 5

k = \/§tan (—%) or k= \/§tan (—z—ﬂj
1 2
n=—=o0r ——
5 5
(bi) Method 1

1-22=1—(cosO +isin )’
:1—(cos2 6 +2icos@sin 6+ (isin 9)2)
=1-(1-sin?@ + 2isin O cos —sin’ 0)
=1-1+2sin*@ - 2isin 6 cos &
= 2sin® 0 —2isinHcos
=2sind(sin@—icoso)

Method 2

1-2% =1—(cos@ +isin 9)2
=1—(c0s20 +isin 20)
=1-c0s260 —isin260
=1-(1-2sin*)-2isin O coso
=2sin?0 —2isinHcosO
=2sinf(sin@—icoso)

(bii) Method 1

‘1— 22‘ =[2sin@(sin 0 —icos )

=2sin6+/sin® 0 +cos? 6

=2siné

Giventhat 0 <9 s%
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arg(1-2*)=arg[ 2sin6(sin6 —icos o) |

=arg(2sin@)+arg(sinf®—icoso)

sin@

ol )

Method 2

1-2*=2sin@(sind—icoso)
=2sin(—i)(cosO +isin o)
=(-2ising)e"
‘1—22‘ :‘(—Zisin 0)e"”
=2sin6
arg(1-2°) =arg((-2isin6)e")
—arg(-2isin6)+arg(e" )

=20
2

Method 3
1-27° = 2sinf(sinf—icos0)

5] (-0
oo 5 -5

‘1— 22‘ =2sing

T
arg(1-2°) =0-2
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Solution

(i)

From graph, the horizontal line y = 3 cuts the graph at two points. Hence f is not a
one-one function, hence ™ does not exist.

(i)

1
)= e s

f'(x)=—(x’ —x—6)72(2x—1)
1-2x
(x* —x—6)2
For the function to be decreasing, f'(X)<0.
1-2x<0
1<2x

Xx=>0.5
{xeR x>05, x3}

(iil)

1
f(x)=2——"7-—-—--2
o (x) X —Xx—6
1 1
=—————, X<
X“—=X-6 2

a1
£y =
") @
of (x)
1 .
X>—x—6 4
X>—x—6=-4
X*—x-2=0
(x—-2)(x+1)=0
X =2 (rejected) or x=-1
Xx=-1

X

= =
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10

(i)

Solution
n
Let P, be the statement U, = fornez".
(n+1)!
Pi ince U, = 1 1
) is true since U, = TR

Assume that P, is true for some k e Z*,
Le. U Zm
Consider B ;:
k+1

€ Uk+1=m
Lok Kirk-l

LT (k+1)t (k+2)!
k(k+2)-(k*+k-1)

(k+2)!
k?+2k—k?-k+1
(k+2)!
k+1

- (k+2)!

Thus, B, istrue = B _; istrue.

Since P, istrue, and B, istrue = B, is true, by mathematical induction, P, is true

forallne? .

(i)
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(iil) N +1

As N >0, ———— >0

(N +2)!
z n®+n- 1 L whichisa constant, hence it is a convergent series.
r] n + 2 2
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Solution

(i)

In x
y:_2’ XZl
X

1
x2-=—Inx-2x
dy " «x

dx x*
_ Xx=2xInx

X4

When g_yz 0 and since x =0,
X

1-2Inx=0
2Inx=1

Inx==

2

Hence the coordinates of A is (\/E , Zij
e

(i)

B(1,0), D(ve-1,0) and E (e +1,0)

ya A

Ci
C

bB Je E

(iil)

Area

Je \[1_()(_*/6)2 dX—JM/E In X

~Jea 2e 1ox dx
=0.14446942 - 0.09020401
=0.05426541

=0.0543 (correct to 3 s.f.)

IJC P1 Solutions

231



12 Solution
(ai) 2°-2i=0
2% =2i
6 {% kﬂj
z° =2e , k=0,£1,+2,-3
1 i—llﬂ' 1 i—7ﬂ' 1 i 1 iz 1 i57r 1 i37r
Z:Zﬁeﬁ’26ei’26e7’26eﬁ’26e5’26e7
(aii) A m
1 .37 1z
e N
Il .\‘ } if
I ’f|26e12 Re
q : >
1 ;*”"‘x !
26e 12 ,
‘\'\ 'X.l 57
1 .7;;\"\_,_.—-", A
2o L2
(aiii) Since ABCDEF is a regular hexagon, the triangles OAB, OBC ... are equilateral
triangles.
Perimeter of the polygon
1
=6x26
=6.735(to 3d.p.)
(bi)
(-18,12)
Re
1) | Minimum |w-+10/=12
Maximum |w+10{ =26 (diameter of circle)
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Section A: Pure Mathematics [40 marks]

1 Without using a calculator, solve the inequality

3 X 5]
4x+3 X+1

Hence, or otherwise, solve the inequality

3 eX
- > — ) [2]
4e” +3 e” +1

2 Analysts estimate that when a viral video is posted online, the video attracts comments
in such a way that at the end of every hour, the number of comments added for the video
is thrice the number of comments at the start of that hour.

In a particular instance, a viral video was posted online and there was one comment
immediately after the video was posted. Using the above model proposed by analysts,
there will be 3 additional comments by the end of the first hour, 12 additional comments
by the end of the second hour, and so on.

(1)  Find the number of complete hours for the total number of comments posted online
to exceed 200 000. [3]

When the number of these comments posted online reaches 200 000 exactly, Software X
Is immediately activated to remove the comments. Software X works in such a way that
it removes x comments at the start of each day. Once Software X is activated, it is also
known that the number of comments at the end of the day is 2% more than the number of
comments at the start of the day.

(i)  Show that the number of comments at the end of day n is
1.02" (200 000) -51x(1.02" -1,
where day 1 is the day that the number of comments is exactly 200 000. [3]

(iif)  Hence find the range of values of x such that all comments are removed by the end
of day 30. Leave your answer to the nearest integer. [2]

Software Y is able to remove comments at the following rate.
e Day 1: 15 000 comments removed
e Subsequent Day: 90% of the number of comments removed on the preceding

day
Without using Software X, explain whether Software Y alone is able to remove all
200 000 comments eventually. [2]
1JC/2016/JC2 9740/02/Aug/2016
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3 A team of naturalists is studying the change in population of wild boars on an island. It
is suggested that the population of wild boars, x hundred, at time t years, can be modelled
by the differential equation

dx 1

—=—X(5-Xx).

dt 10 ( )
(1) Find an expression for x in terms of t, given that x =1 when t =0. [7]
(if)  Find the exact time taken for the population of wild boars to reach 200. [2]

(iii)  Explain in simple terms what will eventually happen to the population of wild
boars on the island using this model. [1]

4 The line | has equation x_—21 =y= Z%[ and the plane p has equation x—z=2.

(i) Find the acute angle between | and p. [3]
(i)  Find the coordinates of the point at which | intersects p. [3]
(iii)  The perpendicular to p from the point with coordinates (1,0,—7) meets p at the
point N. Find the position vector of N. [4]

(iv)  Find a vector equation of the line which is a reflection of I in p. [3]

Section B: Statistics [60 marks]

5 A company wants to find out the transportation habits of their employees. On one
particular workday, the interviewer selects a sample of employees to interview from those
walking into the company building by

e standing at the entrance of building and choosing at random one of the first 10
employees who walks into the building,
e then choosing every 10th employee after the first employee is chosen.

(1)  What is this type of sampling method called? [1]
(i)  State, in this context, a disadvantage of the sampling method stated in part (i). [1]

(iii)  Explain briefly how the interviewer could select a sample of 30 employees using
quota sampling. [2]

6 Historical data shows that the number of goals scored per match at European Football
Championships has a mean of 1.93 and a variance of 1.4. A large random sample of n
matches is taken. Find the least value of n such that the probability that the average
number of goals scored per match exceeds 2 goals is less than 0.24. [5]

1JC/2016/JC2 9740/02/Aug/2016 [Turn over
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7 A class of twenty four pupils consists of 11 girls and 13 boys. To form the class
committee, four of the pupils are chosen at random as “Chairperson”, “Vice Chairperson”,
“Treasurer” and “Secretary”.

(i) Find the probability that the committee will consist of at least one girl and at least
one boy. [3]

(i)  Find the probability that the “Treasurer” and “Secretary” are both girls. [3]

8 Under normal continuous use, the average battery life of a PI-99 calculator is claimed to
be k hours . A random sample of 13 calculators were obtained, and the battery
life, x hours, of each calculator was measured. The results are summarised by

>'x=573.39 and > (x-X) =42.22.
(1) Find unbiased estimates of the population mean and variance. [2]

A test is to be carried out at the 5% level of significance to determine if the claim made
is valid.

(if)  State a necessary assumption to carry out the test. [1]

(iii)  State the appropriate hypotheses for the test, defining any symbols that
yOu Use. [2]

(iv)  Find the set of values of k for which the result of the test would be that the null
hypothesis is not rejected. Leave all numerical answers in 2 decimal places.  [3]

9 A roller-coaster ride has two separate safety systems to detect faults on the track and on
the roller-coaster train itself. Over a long period of time, it is found that the average
number of faults detected per day by the systems are 0.25 for the track and 0.15 for the
train. Assume that the faults detected on the track are independent of those detected on
the train.

(i) State, in this context, a condition that must be met for a Poisson distribution to be
a suitable model for the number of faults occurring on a randomly chosen day. [1]

(if)  Find the probability that a total of at most 4 faults is detected by the two systems
in a period of 10 days. [2]

(ilf)  Find the smallest number of days for which the probability that no fault is detected
by the two systems is less than 0.05. [2]

(iv)  Find the probability that, in a randomly chosen period of 10 days, there are at least
3 faults detected on the track, given that there are a total of at most 4 faults detected
by the two systems. [3]

1JC/2016/3C2 9740/02/Aug/2016
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10  Alex and Ben play with each other a set of ten games at table tennis and for each game,
the probability that Ben loses is 0.7.

(i) State, in this context, an assumption needed to use a binomial distribution to model
the number of games that Ben loses. [1]

Assume that the assumption made in part (i) holds.

(i)  Find the probability that Ben loses more than half of the games. [2]

In order to improve his skills at table tennis, Ben attends an intensive training programme.
After completing the training, Ben decides to play another set of n games with Alex.
Assume that the number of games Ben loses, out of these n games, has the distribution
B(n,0.3).

(ifi)  Find the greatest value of n such that the probability that Ben loses more than 8
games is at most 0.01. [3]

(iv) Given that n=50, use a suitable approximation to find the probability that the
number of games Ben loses is between 10 and 20 inclusive. State the parameters
of the distribution that you use. [3]

11  Research is being carried out into how the concentration of a drug in the bloodstream
varies with time, measured from when the drug is given. Observations at successive times
give the data shown in the following table.

Time (t minutes) 20 | 40 | 70 | 100 | 130 | 190 | 250
Concentration (m micrograms per litre) | 85 | 62 | 51 | 33 | 29 | 14 | 6

(i) Draw a scatter diagram of these values, labelling the axes. Explain how you know
from your diagram that the relationship between m and t should not be modelled
by an equation of the form m=a+bt. [2]

It is thought that the concentration of the drug in the bloodstream at different times can
be modelled by one of the formulae

m=ct?+d or m=elnt+f
where ¢, d, e and f are constants.

(i)  Find, correct to 4 decimal places, the product moment correlation coefficient

between
(@) t2 and m,
(b) Intand m. [2]

(iii) Explain which of m=ct? +d or m=elnt+f is the better model and find the
equation of a suitable regression line for this model. [3]

(iv)  Use the equation of your regression line to estimate the concentration of the drug
in the bloodstream when t =150, correct to 2 decimal places. Comment on the
reliability of the estimate obtained. [2]
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12 Min Ho has just learnt how to use two different methods to mow a piece of lawn in his
house garden.

Method A: This is a two-stage process that involves cutting the grass with a strimmer
and then collecting the grass by raking it up. The time, X minutes, taken to cut the grass

has the distribution N(30,4.8°). Once the grass is cut, the time, Y minutes, taken to
collect the grass has the distribution N(20,3.1%) .

Method B: This method uses a mower with a rechargeable battery that will cut and
collect the grass at the same time. The time, S minutes, taken to do this has the distribution

N(38,2.6%). In addition to this, the battery has to be recharged once before the cut, and
this time is fixed at 15 minutes.

()  Find the probability that Min Ho takes more than 45 minutes to mow the lawn using
Method A. [3]

(i)  Find the probability that using Method A to mow the lawn is faster than using
Method B by more than 5 minutes. [4]

Assume that Min Ho mows the piece of lawn in his house garden on a weekly basis. Over
a particular period of ten consecutive weeks, Min Ho uses Method A for the first four
weeks and Method B for the next six weeks. Find the probability the average time taken
to mow the lawn in a week is greater than 50 minutes. [4]

1JC/2016/3C2 9740/02/Aug/2016
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ANNEX B

1JC H2 Preliminary Examination (Paper 2)

1

3

Inequalities

X < In{£]
2

AP and GP

(09

(i) x > 8755

(last part) Software Y is unable to remove
all the comments because eventually it is
only able to remove 150 000 comments.

Differential Equations

(i) The population of wild boars will
increase and stabilise at 500 eventually.

Vectors (Lines and Planes)

(i) 6=67.8°
(i) (-1,1,-3)
-2
(i) | O
-4
-1 4
vy r=|1 |+a| 1 [ael
-3 -2

Sampling Methods

(i) Systematic sampling

(i)(slower, more difficult to collect)
Systematic sampling is a more tedious
process to select the employees, whereas
quota sampling is quick and easy.

Sampling distribution
(Central Limit Theorem)

143

Probability

(i) 0.902
(ii) 0.199

Hypothesis Testing

(i)44.1; 3.52
(i) The battery life of a PI-99 calculator is
assumed to be normally distributed.
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Hyo: u=Kk
Giiy 0 H
H: u=Kk
(iv) {kel1:42.97 < k < 4524}

Poisson Distribution

(i) The average number of faults detected by
each system (for the track and the train) is
constant from one day to another.

(i1) 0.629

(iii) 8

(iv) 0.237

10

Binomial Distribution

(i) Ben’s performance (i.e. whether he loses
or wins) in a game is independent of any
other games that he plays with Alex.

(i1) 0.850

(iii) 14

(iv) 0.910

11

Correlation & Regression

(i)(a) —0.8454

(i1)(b) —0.9961

(iii) mand Int is the better model,
m=179-31.2Int

(iv) 22.61 micrograms per litre;

The estimate obtained is reliable, because the
given value of t = 150 lies within the given
sample data range for t and the product
moment correlation coefficient between m
and Int is very close to —1 , hence indicating
a strong negative linear correlation between
the variables m and Int .

12

Normal Distribution

(i) 0.809
(i) 0.375
(last part) 0.916

1JC P2 Solutions B
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Innova Junior College
H2 Mathematics
JC2 Preliminary Examinations Paper 2

Solutions
1 Solution
3 < X
4x+3  x+1
3 X .
4x+3 x+1
3x+3—4x2—3x <
(4x+3)(x+1) -
A3 o
(4x+3)(x+1)_
2
4x° -3 >0
(4x+3)(x+1)
(Zx—\/g)(2x+\/§)
>0
(4x+3)(x+1)
BAD- N A NS .
N4 H e l
1 3 J3
2 T4 TN
Hence x<-1 or —££x<—E or xzﬂ
2 4 2
3 eX ) .
For > , making use of the result in above part,
4% +3 e*+1
—1<eX<—£ or —§<ex<£
2 4 2
(no solns since e* is always positive)
Hence, eX<£ = x<In ﬁ
2 2
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2 Solution
(i)
Hour | Start of hour End of hour
1 |1 1+3=4
2 |4 4+12=16
3 16 16 + 48 = 64
4
4(4)"" > 200000
(4)"" >50000
n—-1>7.80482
n > 8.80842
Number of complete hours =9
Alternative Solution
4(4)"" > 200000
n | Total
8 | 65536 < 200 000
9 | 262144 > 200 000
10 | 11048576 > 200 000
Number of complete hours =9
(i)
Day | Start of day End of day
1| 200000-x 1.02(200000 - x)
2 1.02[1.02(200000 - x)
1.02(200000 - x) —X]
—X =1.02(200000)
~1.02x—-1.02°x
3
At the end of day n, the number comments
=1.02"(200000) - (1.02x +1.02° X +...+1.02"X) - (*¥)
IJC P2 Solutions

242



1.02(1.02" -1
]“02”(200000)—-x[————ﬁ———————)]

0.02
=1.02" (200000) -51x(1.02" ~1)

(iil)

1.02% (200 000) ~51(1.02 ~1) < 0

1.02% (200 000)
51(1.02% -1)
X > 8755 (to nearest integer)

X>

Day 1: no. of comments removed =15000
Day 2: no. of comments removed =15000(0.9)

Day 3: no. of comments removed =15000(O.9)2

As n— o0, no. of comments removed

_ 15000 =150 000

1-0.9

Software Y is unable to remove all the comments because eventually it is only

able to remove 150 000 comments.
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Solution

(i)

Method 1:
j ! dx:ji dt ——— ()
X(5—x) 10

Doing partial fractions
1 A B
=— 4+ —
X(5-x) x 5-x
_A(G-x)+B(x)

X(5-=x)

- dp:jidt
5x 5(5-x) 10

1 1
g[In|x|—|n|5—x|] :EHC

In

5-x

1
=—t+cC
2

X 4 c
——=Ae?2 |, where A=+e
5-x

Given x =1 when t=0, ﬁ:Ae0 = A=

1 1

—t —t

X:EeZ _lxez
4 4

1 1
X(4+e2 )=5e2

5zt
- 4+

1
4
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(i)

Method 2:

JAx(sl—x) dxzj% at ===

I;dx = Ii dt
B_(x-3) 10

4

5, (x_5
15 In|§ ( é):it+c
2(3) ‘5—(x—2) 10
Iniziuc
5—-x| 2
X 4
—==Ae?2 , where A=¢*°
5-x
. 1 0 1
Given x=1whent=0, —=Ae" = A==
1 1
=t =t
X:Ee2 —lxe2
4 4
1 1

x(4+e? ) =5e?

X= Se or x= >
4+ef 4e7 +1
(i) 2t
When x = 2, Se m =2
4+e?
L 1
8+2e2 =bhe?
1
3e?2 =8
8
3
t=2In (gj
3
8
Ittakes t=2In 3 years.
(iii) Ast— o, x—5. .. The population of wild boars will increase and stabilise at
500 eventually.
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4 Solution
(i) -2
I: r={ 0 [+A| 1 |,where A isareal parameter.
—7 4
1
p: re| 0 |=2
-1
-2 1
1l |el O
. 4) (-1 6
sin@ = =
2\ V212
1 0
4 I\ -1
.0 =67.8°(1decpl)
(i) For the point of intersection between | and p,
1-21 1
A ] 0]=2
—7+41) -1
1-2A+7-41=2
A=1
1 -2 -1
The position vector of point of intersectionis | 0 |+| 1 |=| 1
-7 4 -3
Coordinates of point of intersection are (-1,1,-3).
(iii) The line perpendicular to p passing through (1,0,-7) is
1 1
r=| 0 |[+ul 0|, ueR
-7 -1
1+ u 1
0 01=2
—1-n)l-1
1+ u+7+pu=2
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2u=-6

u=-3
N 1-3 -2
ON=| 0 |=|0
-7+3 —4
(iv) Method 1:
Let the coordinates of A be (1,0,-7).
Let A’ be the reflected point of A in p.
- -
% 1
Using ratio theorem, ON :M
> > o (21 -
= OA'=20N-0OA=2/ 0 |-| 0O |=| O
-4) (-7) |11
The reflected line contains the point A’ and point of intersection between | and p.
-1\ (-5
The direction vector of the reflected lineis | 1 |-| 0 |=] 1
-3) |1 -2
-1 4
sr=l 1 |+al 1 |,aeR
-3 -2
(iv) Method 2:

Let the coordinates of A be (1,0,—7).Let A’ be the reflected point of A in p. Let
the coordinates of B be (-1,1,-3).

—> —>
SN :
BN:BA+BA
- —> =
BA'=2BN-BA
-2 -1 1 -1 -4
=2/ 0 -2/ 1 |- 0|+ 1]|=|-1
-4 -3 -7 -3 2
-1 -4
r=|1|+a|-1|,aeR
-3 2

IJC P2 Solutions

247



5 Solution
() Systematic sampling
(i) (slower, more difficult to collect) Systematic sampling is a more tedious process
to select the employees, whereas quota sampling is quick and easy.
Another possible reason: might miss out a certain group of people due to different
reporting times.
(iii) The interviewer could consider transport mode of the employees as the stratum. A
possible quota for each stratum is as follows:
By private By public .
yp yp By walking
transport transport
10 10 10
The interviewer can then stand at the entrance of the building and select the
sample until the above quota is met.
6 Solution

E(X)=1.93 Var(X)=1.4
Since n is large, by Central Limit Theorem,

X ~N (1.93,£] approximately.
n

Given that P(Y > 2) <0.24 - (%)

Method 1: Using GC to set up table

when n=142, P(X > 2) =0.24041 (>0.24)
when n=143, P(X > 2) =0.23964 (<0.24)

when n=144, P(X > 2) =0.23887 (<0.24)

. least nis 143.

Method 2: Using algebraic method via standardization
P (Y < 2) >0.76

2-1.93

M

PlZ< >0.76
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From GC,
2-1.93

1.4
4
dn> 0-(7)00673"@

Jn >11.939
n>142.53

>0.70630 ———(**)

. least nis 143.
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Solution

(i)

Method 1:

Required probability

13 11
C, C, e
=1- Z - e, =0.902 (3 sig fig)

Method 2:

Required probability
1 13x12x11x10 B 11x10x9x8 ~0.902 (3 sig fig)
24x23x22x21 24x23x22x21

Method 3:

Required probability
11(:1 x 13C3 + 1102 % 13C2 + 1103 % 1301
- 24c
4

~0.902 (3 sig fig)

(i)

Method 1:

Required probability
B 11C2 x 21x 22C2 x 2!

24C, x 4!

=0.199 (3 sig fig)

Method 2:

Required probability

_ 11x10x22x21 ~0.199 (3 sig fig)
24x23x22x21
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Solution

(i)

Unbiased estimate of the population mean

- 573.39
X =

=44.10692308 = 44.1(3 s.f))

Unbiased estimate of the population variance

s’ = 42.22 =3.518333333=3.52 (3s.f)

(i)

The battery life of a P1-99 calculator is assumed to be normally distributed.

(iil)

Let u be the population mean battery life of the P1-99 calculators.
Hy: p=Kk
H: u=Kk

where H, is the null hypothesis and H, is the alternative hypothesis.

Let X be the r.v. denoting the battery life of a randomly chosen PI1-99 calculator.

(iv)

To test at 5% level of significance.

o X -k
Under H, , the test statistic is T =5 "t

Vi3
Since the null hypothesis is not rejected, t-value falls outside critical region.
. —2.178812 < t—value < 2.178812

X -k

b

S S
X—-2.178812| — | < k < X+2.178812| —
where X =44.10692 and s =+/3.51833

-2.178812 <

< 2.178812 - (%)

. 4297 < k < 45.24
The required set is {k e R:42.97 < k < 45.24}
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Solution

(i)

The average number of faults detected by each system (for the track and the train)
is constant from one day to another.

(i)

Let X be the r.v. denoting the total number of faults detected by the two systems in
a periods of 10 days.

X ~Po((0.25+0.15)x10), i.e. X ~Po(4)
©. P(X <4)=0.6288369 = 0.629 (3 sig fig)

(iil)

Let Y be the r.v. denoting the total number of faults detected by the two systems in
a period of n days.
Y ~Po(0.4n)

Given P(Y =0)<0.05,
Method 1: Algebraic method
e %" <005 (oe. (e‘O'ZS” )(e‘°'15” ) <0.05)

n>7.489
.. the smallest number of days required is 8.

Method 2: GC table
When n=7, P(Y = 0) =0.06081 (> 0.05)

When n=8, P(Y =0)=0.04076 (<0.05)
When n=9, P(Y =0)=0.02732 (<0.05)
.. the smallest number of days required is 8.

(iv)

Let W and V be the r.v. denoting the number of faults detected on the track and on
the track in a period of 10 days respectively.
W ~Po(2.5) and V ~ Po(1.5)
Required probability
=P(W 3|V +W <4)
~ P(W>3nV +W <4)
 P(V+W<4)
_P(W =3)P(V =0)+P(W =3)P(V =1)+P(W =4)P(V =0)
P(V+W <4)
_ P(W =3)P(V <1)+PW =4)P(V =0)
P(V +W < 4)
=0.237 (3 sig fig)
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10

Solution

(i)

Ben’s performance (i.e. whether he loses or wins) in a game is independent of any

other games that he plays with Alex.

(i)

Let X be the r.v. denoting the number of games that Ben loses out of 10 games.
X ~B(10,0.7)
P(X >5)=1-P(X <5)

=0.84973

~ 0.850 (3 sig fig)

(iil)

Let Y be the r.v. denoting the number of games that Ben loses out of n games.
Y ~B(n,0.3)
P(Y >8)<0.01
1-P(Y <£8)<0.01
Using GC,
When n=13, P(Y >8)=0.00403 (< 0.01)
When n=14, P(Y >8) =0.00829 (<0.01)
When n=15, P(Y >8)=0.01524 (>0.01)
.. the greatest value of n is 14.

(iv)

Let W be the r.v. denoting the number of games that Ben loses out of 50 games.

W ~ B(50,0.3)
Asn=50is large, np=15(>5) and nq=35(>5),
~.W ~N(15,10.5) approximately

P10<W <£20)=P(9.5<W <£20.5) ———(*)
=0.910 (3 sig fig)
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11

Solution

ma

85-1-

o

e e e e e - =

N
o
N
al
o

From the scatter diagram, a curvinlinear correlation is observed between m and t
(i.e. as t increases, m decreases at a decreasing rate), and hence a linear model
with equation of the form m=a+bt cannot be used to model the relationship
between m and t.

(i)
(@)

Product moment correlation coefficient between m and t2 = —0.8454 .

(b)

Product moment correlation coefficient between m and Int =-0.9961.

(iil)

Since the absolute value of the correlation coefficient between m and Int (i.e.
case (b)) is closer to 1, this indicates that the linear correlation between the
variables m and Intis stronger as compared to that between the variables for
case (a).

..case (b) is the better model for the relationship betweenm and t.

m=179.026 -31.2175Int
= m=179-31.2Int (3 sig fig)

(iv)

When t =150,
m=179.026 —31.2175In150 = 22.61 (2 dec pl)

The estimate obtained is reliable, because the given value of t = 150 lies within
the given sample data range for t and the product moment correlation coefficient
between m and Int is very close to —1 , hence indicating a strong negative linear
correlation between the variables m and Int .
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12

Solution

(i)

X +Y ~ N(50,32.65)
P(X +Y > 45)=0.809224 = 0.809 (3 sig fig)

(i)

E(X+Y-S)=12
Var(X +Y —S)=39.41
. X+Y-S~N(12,39.41)

P(method A is faster than method B by more than 5 mins)

=P(S+15—(X +Y)>5)
=P(X+Y -S<10)
=0.375020 = 0.375 (3 sig fig)

(iil)

Let A=X +Y and B=S+15.
A~N(50,32.65) and B ~ N(53,2.67

LetW:Al+A2+A3+A4+Bl+'"+BG

10
Ew)=20x4+53x6 5 g
10
2
2 Var(W):32.65><4(;r22.6 x6 _1 7116
1

W~ N(51.8,1.7116)
Required probability

=P(W >50)

=0.915566 = 0.916 (3 sig fig)
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1 In the finals of a General Knowledge Quiz, a team is required to answer 25 questions. Each
question that is correctly answered scores 5 points, while a question that is wrongly answered is
deducted 3 points. If the answer is partially correct, the team scores 2 points.

After 24 questions, the results are shown in the following table.

Number of Questions

Correct | Partially Correct | Wrong Points

a b c 79

If the team answers the last question wrongly, then the total number of questions answered
correctly and partially correct is four times the number of questions answered wrongly. By

forming a system of linear equations, find the values of a, b and c. [4]

) 1
2 A sequence Uj, Uy, Us,... is such that u, = 5 and

1

cu forallF21.
= T 2re)

(i)  Use the method of mathematical induction to prove thatu, = 1 [4]
n —
(i)  Hence prove that the sum of the first n terms of the series
1 1 1
+ + +
5x9 7x11 9xI13
n
s o *3 [3]
35 4(n+3)° -1

(ili) Give a reason why the series in part (ii) is convergent and state the sum to infinity. [2]

[Turn ove

JJC P1 Questions 257



12

3 The diagram shows the curve C with equation y = ————
(Bx+2)" +4

which has a turning point at

A
(—%,3} . The region R is bounded by C, the y-axis and the line y = 3.

y=3

v
>

(i) Find the exact area of R. [5]
(i) R is rotated through 27z radians about the y-axis. Find the volume of the solid of

revolution formed, giving your answer to 4 decimal places. [3]

4 Let y= tan[Z tan”™' X + %) .

(i)  Show that (1+ x> )% =2(1+y?). 2]
X
(i)  Hence find the Maclaurin series for y, up to and including the term in X [4]

Denote the answer to part (ii) of the Maclaurin series by g(X) and f(X)= tan(Z tan ' X + %) .

(iii) Find, for —0.4 < x < 0.4, the set of values of x for which the value of g(x) is within +0.5
of the value of f(X). [2]
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5 A curve C has parametric equations
x=2sin2f, y=cos2t, for0<t <=
(i)  Show that the equation of the normal to C at the point P with parameter &is
(2c0520)x—(sin 20) y = msin 260 cos 20
where m is an integer to be determined. [3]
(i) The normal to C at the point P cuts the X-axis and y-axis at points A and B respectively.
By finding the mid-point of AB, determine a cartesian equation of the locus of the mid-

point of AB as @ varies. [5]

6 A function f is said to be self-inverse if f(x) = £(x) for all X in the domain of .

The function g is defined by

xP ﬂ x>1
g: 21’
(i)  Sketch the curve y =g(X), stating the equations of the asymptotes clearly. [2]
(i) Define g™ in a similar form and show that g is self-inverse. [4]

(iii) Show that g (x) = x and that g*(x) = g(x). Hence find the values of x for which

- ()=[" @] 4

cos(12n X) dx.
X

7 @) Findj [4]

X—2

(b) Using the substitution U =+/X+3, find _[6
P XX +3

b c—JZ
a+$1n[mJ

where a, b, ¢ and d are constants to be determined. [6]

dx, giving your answer in the form
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5

8 The complex number z satisfies the following inequalities:

|z|[< 4 and —%Sarg(z+x/§—i)30

(i) On an Argand diagram, sketch the region R in which the point representing z can lie.

[4]
(i)  Find exactly the minimum and maximum possible values of |z —2i]. [3]

100 _~100
=2

(iii) Determine the number of roots of the equation z that lie in the region R. [3]

2
mz,where0<m<1.

9 It is given that f(X) = x+

(i)  Sketch the graph of y = f(X) , showing clearly the coordinates of the turning points
and the equation(s) of any asymptote(s). [5]

(i) By inserting a suitable graph to your sketch in (i), find the set of values of k, in terms of

m, for which the equation x> —(2+k)x + (m* + 2k)=0 has two distinct positive roots.

[4]
(iii) The curve y = f(x) undergoes the transformations A, B and C in succession:

A: A translation of -z units in the direction of X-axis,

B: A stretch parallel to the X-axis with scale factor of % ,and

C: A translation of —2 units in the direction of y-axis.

Given that the resulting curve is y = 2X + 8L , find the value of m. [2]
X
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4 2 1
10  The point A has position vector | —3 | and the line | has equation r = | =3 |+ 4| 1 |, where
0 1 -1
2eR
(i)  Find the position vector of the foot of the perpendicular from A to . [4]

(i)  Show that a cartesian equation of the plane 7z; which contains A and | is

x+y+2z=1_ [2]

The equation of the plane 7, is X + 7z = ¢, where C is a constant.
(ili) Given that 77 and 7 intersect in a line L, show that a vector equation of L is
c -7
r=[1-c|+y 5 | HER [2]
0 1
Another plane 73 has equation 2X —y + dz = 5, where d is a constant.
(iv) Find the values of ¢ and/or d if all three planes 7 , 7 and 7
(@) meet in the line L, [3]

(b) have only one point in common. [1]

11 At the beginning of May 2016, Sam borrowed $50 000 from a bank that charges him a special
rate of 0.2% interest at the end of every month. Sam pays back $1 000 for every instalment at
the beginning of every month, starting from June 2016.

(i) Show that the total amount with interest that Sam still owes the bank at the end of the

month after the nth instalment is paid is

$[ 50 000(1.002")—501 000(1.002" 1) | . 4]

(i)  Find the number of instalments required for Sam to settle all the amount owed. [2]
(iii) How much does he pay on his last instalment? [2]
(iv) If Sam wishes to settle all the amount owed after paying 19 instalments, what is the

minimum amount (to the nearest dollar) he should pay each month? [2]
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Qn | Solution

1 a+bh+c=24
5a+2b-3c=79

1 1

RHS = 4x1° -1 =3

LHS =u,,,
1
T2k —1)(2k +3)
k 1
(2k—1)(2k+1)  (2k—1)(2k +3)
k(2k +3)—(2k+1)
(2k —1)(2k +1)(2k +3)
2k +k—1
(2k—1)(2k +1)(2k +3)
(2k —1)(k+1)
(2k—1)(2k+1)(2k +3)
k+1
(2k+1)(2k +3)
k+1
4k* + 8k +3

b

atb=4(c+1)
a=17,b=3,c=4
2() o
Let P, be the statement that 4n* -1 forall neZ’
When 7 =1
|

u ==

LHS = 3 (given)

-1

Hence P, is true.
= k
+ e
Assume T is true for some K€Zs e, 4k -1,
- k+1
T e S
We want to prove that Pra Is true, i.e. 4(k+1)
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k+1

=—— - RHS
4k +1)° -1

P,

Hence "¢ is true = Pen is true.

P is true & P, is true = P,

induction, 7 istrue forall n€Z" .

Since +1 is true, by mathematical

(ii)

Sum of 1% n terms of
| 1 | |

+ + + --------- +
5x9  7x11 9x13 (2n+3)(2n+7)

n+2 1

:g(Zr—l)(2r+3)

_3__ nt3
35 4(n+3>)2 -1

(iil)

n+3

2

— 50
4(n+3)" -1

Hn—> 0,

As
N 1 3

Hence, the series is convergent and — (27 ~D(2r+3) 33
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3 0 12
O | pequired area (3m] &
Required Area : X
0
=] dx
(3r+2) +2?
{h > 3x+2]]
2 ~2
T
=0-2|— |-[-2-0
()20
2.7
2
(i) .
Bx+2)" +4 y
xZ—g x:—g+ 12-4y
Since 3, 3 3V vy
7f o dy
Required volume = *:
71'-[3 _2+l 12—4y dy
_ 3 3y
=0.5125
4(i)

y =tan [Ztan"x + %)

d—yzsec2 2tan”'x+ 2~ 2 _
dx 4 )1+ x"

(1 +X3)d_y = 2[1+tan2 [2tan'1x+£)]
dx 4

(1+x2)%=2(1+y2)

Alternative Method

4. T
tan~ y =2tan x+z

Differentiate with respect to x,
1 dy 2

1+yza_l+x2

= (1+27) 2 =2(1+5?)
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(i) | Differentiate with respect to x,
:>(1+x2)d_{+2x9=4y$
dx” dx dx

dly dy
=(1+x" ) —=+(2x—-4y)—=0
( )dx‘ ( y)dvc
pis
y=tan—=1
When x =0,
dy dy
1+40)—=2(1+1)=—=4
( )dx (I+1) ™
dgy
dx?

2
4 _16
dx..

+(0—-4)(4)=0=

(1+0)
y = tan {Etan'I x+£}
4

=1+4x+Ex2+ .....
21

=1+4x+8x” +....

yA

AN A
NIV

0359 o 02257 *
(iii)
Sketch y=[f(x)-g(x)] and 1 =0
For [T —g(X)[<0.5, -0359<x<0.225
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5(i)

x=2sin2t, y =cos2t, forO<t<rm.
E=40052t d—y:—2sin2l

dr dr

d_y _ sin 2t

dx 2cos?2t

Equation of normal at P, =0
2cos 20

sin 26
(sin20)y—cos20sin20 =(2cos20 ) x —4cos 20 sin 20

y—c0s20 = (x—2sin20)

(2c0s20)x—(sin26) y =3cos 20 sin 20 (shown)

ie. m=3

(ii)

At the x-axis, ¥ = 0

(2cos29)x=3sin2900528
xzésinZB ie. A Esi112|9, 0
2 2
At the y-axis, * =0

—(sin260) y =3sin 20 cos 20
y=-3cos20 ie. B(0, —3co0s20)

[3sin 29,—Ecos 29)
mid-point of AB: 2

x=§sin29 = sinzezix
4 3
y=—§cos29 = 00529=_gy
2 3

Cartesian equation of the locus of the mid-point of AB:
sin® 20 +cos” 20 =1
2 2
I6_x+ 4y =1
9 9 ie. 16x> +4y*=9
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| Qn

| Solution

6(i)

NORMAL FLOAT AUTO REAL RADIAN MP n

(i)

4 x2+2
=g xP = ,x>1
%=1

=D

-1
g is self-inverse as g(x)=g"(x) and D, =D,
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(iil) | g*(x)=gg(x)=gg ' (x)=x.

g3 (x) = ggz (x) = g(x). (shown)
It follows that g’ (x)=x and g*' (x) =g(x) ]

For 4-g* () =[g" (x)]

4_x=,:r2+2
Then x’=1’
(4-x)(x*=1)=x"+2, x>1
X' =3x*—x+6=0, x>1
(x=2)(x*—x-3)=0
1+/1+12

2

x>1

x=2 or x=

. 1+\/E
sincex>1, =x=2 or x= (ans)

Qn | Solution
7 dv 1
(@) | u=cos(Inx) dr X
du _ sin(Inx) v——l
dx X x
I cos(lzn X) A - cos(In x) J- sin(l:n X) dx
X = X + X
cos(In x) N sin(In x) _[ cos(ljn X) dx
=- X X _ x°
2-[ cos(In x) A sin(Inx)  cos(Inx)
® x’ = x - X
IM dx L[sin(ln x)—cos(Inx)]+c
4 X = 2x
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®) | u=vx+3 ® w=x+3
ZMd—Mr =1
Differentiating w.r.t. x,  dx

Whenx=1,u=2; Whenx=6,u=3

— 2_
r =2 g j’”ﬂ—s(zu du)
! 2 (u” =3)u

xVx+3 -3)
3 2
_ 2] (1—”3_3)@
2u-— 4 In ”_\/3: 3
_ 2\/?_, u+\/§ ,

~ 2 (3-3 2 (2-43
= 2(3)—Eln(mJ—2(2)+Eln(mJ

=2+%ln{3_ﬁ]
3 3+V3 ie.a=b=2,¢c=d=3

Qn | Solution

(8) |z|2 <4= |z| <2 y
i
—%Sarg(z+\/§—i)s0:>— Barg[z —(—/3 +1)]<0
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(i)

Minimum value of ‘Z_ 21‘
=AB
=1

Maximum value of |2-2i

=AC

= \/22 +2° — 2(2)(2)0052%.r

=23

(iil)

le’m — 21[’]0 — 21{)llei(}
{2t

— z=2¢ 100 k:{], il, i2, ey 149, 50

kT

—z=2e%
Roots are found in region R (along the minor arc CD) if

=>k=-8, -7, -6, ..., 8
- Number of roots found in region R=17

Qn

Solution

9(i)

2
m

f(x)=x

(x) A+x—2
a1 o

Let = (x-2)

(x—2)2—m2 =0

x=2+m
2
When x =2+m, f(x)=2+m+m—=2+2m
+m—
2
When x=2—-m, f(x)=2—m+m—=2—2m
2—-m-2

The stationary points are 2+, 2+2m) 3,4 (2—=m, 2—2m)
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(i) .¥(I—2)+J?‘12

2

whenx=0, f(x)= i

X =(2+k)x+(m*+2k)=0
x'=2x+m’ =k(x-2)

1112

x—2

=k

By inserting a horizontal line ¥ =% on the graph of C,
by observation, to have two distinct positive roots,

—&<k<2—2m or k>2+42m

then 2 (ans)

10
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(iii) m’

=f(x)=x+
y=f(x)=x+—
y=f(x+2)=x+2+ni
After A: X
y=f(2x+2)=2x+2+2
After B: 2x
2
y=f(2x+2)-2=2x+—
After C: 2x
2
2,\r+ﬂL=2x+L
Given that 2x 8x
m’ 1
2 8
:>m=l since 0<m <1

(ans)

Qn | Solution

10 | Let F be the foot of the perpendicular.

(i) 1
AFe| 1 |=0
-1
2 1 4 1
=3[+A] 1 |—-|-3]||*| 1 |=0
1 -1 0 -1
= -2+31-1=0
=>A1=1
3
OF =| -2
0

(i) LetBbe (2 =3, D,

1 2 1 1
BAx| 1 |=| 0 |x| 1 |=|1
1) l-1) (=1) (2

A cartesian equation of 71 js ¥tV +2z=1

11
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(iil)

1 1 7
n xn,=|1[x|0|=|-5
2) \7 -1

—7

A direction vector of L is
. x+y+2z=1

. x+T7z=c

Let 2=0 Then x=c¢ and ¥ =1-¢,

A pointon L is (¢ 1=¢, 0),
c -7
r=(l-c|+u| 5
A vector equation of L is 0 ! ,where H€ R,
(iv) | For the 3 planes to meet in the line L,
(@) 7Y (2 c 2
—5le|-1|=0and |1-c |e| -1|=5
1 d 0 d
=-14-5+d =0 gnd 2¢=1+c=5
=d=19 gnd c=2
(b) | For the 3 planes to have only one point in common,
7 2
—5|e| -1|#0.
1 d
=d+#19
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Qn

Solution

11
(i)

month

Instalment | Outstanding amount | Total amount with interest
at the beginning of owed at the end of month

50000 50000x1.002

1 50000x1.002-1000 | 50000%1.002* —1000x1.002

2 50000 x1.002>
—1000%1.002—-1000 | —1000x1.002

50000x1.002° —=1000x1.002>

Amount owed at the end of n instalments

=50000x1.002"" —=1000%1.002" —1000x1.002"" —...—1000x1.002

loooxl.oozx[l.ooz" —1]

1.002—1
=50000x1.002"" —=1000x501x(1.002" 1)
= 50000x1.002"" ~501000 (1.002" ~1) (h o)

50000%1.002"" —

(i)

50000x1.002"" —501000x (1.002" —1)< 0

By using G.C., least integer n =53
I.e. no of instalments required = 53

(i)

Amount paid at the 53th instalment
= Amount owed at the end of 52 instalments

=50000x1.002 -501000x(1 0027 - 1)

=733.12 (to2d.p)

(iv)

Let the amount need to be paid for each instalment be k.
Then from (*) in (i)
50000x1.002% — kx501[1.002" ~1] <0

S 50000x1.002*

- 501[1.002“’ —1] = 2084.53

Least value of k = 2685 (to the nearest dollars)
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1 (@)
(b)
2 (@)
(b)
JJC P2 Questions

Section A: Pure Mathematics [40 marks]

Given that X and y are related by % =sec’ y and thaty = 0 when X =1 , find X in
X

terms of Y. [4]

A medical researcher is investigating the rate of spread of a virus in a group of

people of size n at time t weeks. He suggests that n and t are related by the

2

. . . n -
differential equation prel —e "’

Q) Find the general solution of the differential equation, giving your answer in
the form n = f(t). [2]

(i) Explain why all solution curves of the differential equation are concave
upwards. [1]

(ili) Tt is given that initially, the number of people infected with the virus is 50.
Sketch on a single diagram, two distinct solution curves for the differential

equation to illustrate the following two cases for large values of't :

I. the population of infected people increases indefinitely,

II. the population of infected people stabilizes at a certain positive number.

[3]

A parallelogram has two adjacent sides defined by the vectors a and 2a + 3b. Given
that the magnitudes of a and b are 4 and 5 respectively and the angle between a and

b is 30°, find the area of the parallelogram. [4]
A point P has coordinates (2, —1, —2) and a line | has equationXT_1 =1-z,y=3.

Q) Find the perpendicular distance from P to I. (4]

(i) Find the acute angle between | and the line L that is parallel to the z-axis. [2]
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3 A box with volume 250 cm’ is made of cardboard of negligible thickness. It has a height of y
cm and an equilateral triangular base of side X cm. Its lid has depth ky cm, where 0 <k <1

(see diagram).

Box Lid
(1)  Show that the total external surface area of the box and lid can be expressed as

1000+/3(1+ k) +£Y3

x 2" [4]
(i) Use differentiation to find, in terms of Kk, the value of X that gives a minimum total
external surface area of the box and lid. [3]
(iii) Find the ratio Y in this case, in terms of k, simplifying your answer. [2]
X
(iv) Find the values for which Y must lie. [2]
X

4 The complex numbers a and b are given by a = ~(1+V3i)and b= %(1 —-1).

() Without using a calculator, find the value of a’b in the form x + iy . [2]

(i) By using the moduli and arguments of @ and b, find the modulus and argument of
a’h. [3]

Sr \/§+1

i Use your answers to parts (i) and (ii) to show that sin— = ) 2
(i) Usey parts (i) and (i) o 2]

(iv)  The diagram below shows an isosceles right triangle ABC, where the points A, B and

C represent the complex numbers @, b and ¢ respectively. Find the exact value of C.

2]

[Turn over
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Section B: Statistics [60 marks]

5 A group of 11 people consists of 6 men and 5 women, 3 of whom are sisters. A committee

consisting of six people is to be selected. Find the number of ways the committee can be

formed if
0] it consists of exactly two men, [1]
(i) itincludes at least one of the sisters. [2]

Given that the chosen committee consists of 2 sisters, Sue and Suzy, together with 3 other
men, Muthu, Mark, Michael and 1 other woman, Wina. They are seated at a round table
meant for six people. Find the number of possible arrangements if

(ili)  one of the men is to be seated between the two sisters, [2]

(iv)  the two sisters are sitting directly opposite each other. [2]
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6 The table below shows the number of male and female students studying Chemistry, Physics

and Biology at a private school.

Chemistry Physics Biology
Male 200 130 70
Female 250 300 50

One of the students is chosen at random. Events C, B and M are defined as follows:
C : The student chosen is studying Chemistry.
B : The student chosen is studying Biology.

M : The student chosen is a male.

Find

(i)  P(CM), [1]
(i)  PMVC), [1]
@iii) P(M')B". [1]
Determine whether C and M are independent. [2]

It is given that 20% of Chemistry students, 30% of Physics students and 5% of Biology
students are international students.

(iv)  One of the students selected at random is an international student. What is the

probability that this student studies Chemistry? [2]

(v) Three students are chosen at random. Find the probability that there is exactly one
international student who studies Physics. [2]

[Turn over
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7 In order to investigate whether there is a correlation between rainfall and crop yields, the
total rainfall, X mm, and the weights of a particular crop per square metre, y kg, were

recorded in a number of fields. The data are shown below.

X 36 72 44 74 64 50
y 22 | 84 | 1.8 | 74 | 43 | 22
Q) Draw a scatter diagram to illustrate the data. [2]

(i)  Calculate the value of the product moment correlation coefficient, and explain why

its value does not necessarily mean that the best model for the relationship between X

and y is y=a+tbx [2]

(i) By comparing the product moment correlation coefficients, explain whether

_ _ 2
y=atbx o y=c+dx g 4 petter model. [2]
(iv)  Using a suitable regression line, estimate the yield of crop per square metre when the

total rainfall is 55Smm. Comment on the reliability of your estimation. [3]

8 It 1s known that 8% of the population of a large city use a particular web browser called
Voyager. A researcher wishes to interview people from the city who use Voyager and

selects people at random, one at a time.

Q) Find the probability that the first person that he finds uses Voyager is the third person
selected. [2]

A random sample of n people is now selected.

(i) State two conditions needed for the number of people in the sample who use Voyager
to be well modelled by binomial distribution. [2]

(ili)  Given that n = 80 , use a suitable approximation to find the probability that, fewer
than 10 people use Voyager. [3]
(iv)  Find the least value of n such that the probability of at least 10 people use Voyager is
more than 0.2. [3]
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9 A supermarket sells boxes of a particular brand of biscuits in two flavours, chocolate and

strawberry. The mean number of boxes of chocolate biscuits sold in a day is 2.2.

(1) Find the probability that in a day, no boxes of chocolate biscuits were sold. [1]

(i)  Inaweek of 7 days, find the expected number of days that no boxes of chocolate
biscuits were sold. [2]

The mean number of boxes of strawberry biscuits sold in a day is denoted by A.

(ili)  Given that the probability of less than 2 boxes of strawberry biscuits sold in a day is
0.6, write down an equation for the value of 4, and find A numerically, correct to 1
decimal place. [3]

(iv)  Find the probability that in a week of 7 days, the total number of boxes of chocolate
and strawberry biscuits sold exceeds 25 boxes. [2]

(V) Use a suitable approximation to find the probability that, in a month of 30 days, the
number of boxes of chocolate biscuits sold is more than the number of boxes of

strawberry biscuits. [4]

10 A researcher is running a trial of a new variety of potato. A field contains 20 rows of the
new variety of potato plants, with 80 plants in each row. A researcher intends to dig up 8
plants and measure the mass of potatoes produced by each plant.

Q) Describe how he could choose a systematic sample of 8 plants from a single row of
80 plants and state the advantage of this sampling method. [3]

The researcher claims that the average mass of the new variety of potato is at least 150g.

The mass of a new variety of potato is denoted by X grams. The masses of a random sample

of 80 new variety potatoes are summarized by
> (x-150)=-160 > (x—150)" =5520

(i)  Calculate the unbiased estimates of the population mean and variance. [2]
(iii)  Test at the 1% significance level, whether the researcher’s claim is valid. [4]
(iv)  Explain what you understand by the phrase “at the 1% significance level” in the

context of this question. [1]
Another random sample of 8 potatoes was chosen with mean mass 148.5g and standard

deviation k g. Find the range of values that k can take such that at 1% level of significance,

this sample would indicate that the researcher’s claim is invalid. [3]
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‘. Jurong Junior College

‘U’ 2016 JC2 H2 Mathematics Prelim Paper 2 Solutions

Qn | Solution
1) Y _ sec? y
jcosgy dy =Il dx
cos2y+1
————dy=|1dx
J—— =]
1[sin2y J
— +yl=x+c
20 2
When =0, x=1= c=-1
1 . 1
Sox=—sin2y+—y+1
4 y 2)’
10) | atn
O | g7~
dﬁ:je'?dr =—5¢ 5 +C
dt
n=25¢ 5 +Ct+D
10) [ an
(i) | gz=¢">0
for all values of /.
Solution curves are concave upwards.

Microsoft Word - 2016 JJC H2 Math P2 Prelim_Solution
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1(b)
(iii) | When =0.7=50
C=150=25"+C(0)+D

D =25
C=0;

n=25¢5+Ct+25

t t
Ast—oo,n— 25

When C=1, n=25¢ S +1+25
Ast—oo,n— 0

NORHMAL FLOAT AUTO REAL RADIAN HP n
n

| e
e

Qn | Solution

2(a) | Area of parallelogram
= ‘a x(2a+ 3b)‘

=[2(axa)+3(axb)|
=3Jaxb|
= 3|a||b|sin 30°

|
=3(40G)5
=30
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(b) 1 2
) r={3|+4| 0
A vector equation of | is - .
Let A be the point @ 3D on.
2
Kﬁx 0
1
Perpendicular distance from P to |= 3
0
1
1 2
= L -4 (x| 0
Vs -3 -1
| 4
=—| -5
\/g 8
_ 105
V5 =21
(ii) | Acute angle between | and L=
2 0
0 (o0
L\ 1
cos
23\l 0
0 (llo
1|l 1
=cos”' L
J5
=63.4°
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Qn

Solution

3(i)

lx2 sin 60° = —3x2
Area of equilateral ® = 2 4

Given that the volume of the box is 250 ¢cm’

gxzy =250

{37)
Surface Area A = 3xy + 3kxy +
V3
—x

=3xy(1+k)+ 2

3x(1+k)@+£x2
= \/gx 2
1000\3(1+k) V3 ,
—_—t—x

R X 2 (shown)

(i)

For stationary points, dx X

x> =1000(1+ k)

1
x=10(1+k)3

2
d>4 =2000\/§(1+k)+\/§>0

2
dx” X

1

Thus, ¥ = 10(1+)? gives a minimum surface area.

d__1000330+8) | g
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(iil)

- 1000
Since V3

y 1000 1000
x B 3(1000)(1+k)

1
CB+k)

(iv)

Since 0<k<1

I1<1+k <2

1 1

1
25 Ban B

1
<_
3

==

1
—=<
1.€. 2\/§ ’

Qn

Solution

4(1)

b= %(1 ++/31)*(1-1)

=%(1+2\/§i—3)(1—i)

= (-1+/3i)(1-1)
=(B3-1)+ (3 +Di

(i)

‘agb‘ = |a|2 5]

()
=22

arg(a’bh) =2arg(a) + arg(b)

arg(a’h) = —119—;+ 2 = 5]—7;

(iil)

Considering the imaginary part of 4 b , we have
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2\/§sin?—“=-\/§+1

2

(iv)

Vector BA can be obtained by rotating vector BC through 90° in
the anticlockwise direction about B.
(c=b)=a-b
—c=—i(a—-b)+b
=—ia+b(1+1)

=i(l+\/§i)+%(2)
=(1-3)+i

(i)

°C,x°C, =175
2 ways

(i)

Number of ways if at least one of the sisters are included

= number of ways without restriction — number of ways if none of
the sisters is included

— 1 lcb _ 8cﬁ

=434

Alternative Method
3C x*C,+°C, x *C, +°C,x*C, =434

(iil)

Select a man to be between the 2 sisters and group the 3 of them as
one unit and arrange 4 units round a table

Number of ways = "G x31x2
=36

(iv)

First arrange the other 4 persons round the table. There are 4 ways

to insert the sisters.
= 3!1x4

=24

Number of way
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Qn

Solution

(i)

P(CAM)
P(CM)= PO)
200_1

— 400 2

(i)

P(MUC) = P(M)+P(C)—P(MC)
_ 400 450 200
1000 1000 1000
650 13
1000 20

(iil)

_250+300 11
P(M')B") 1000 20
9
P(C)=—
(©)=%
1
P(C|\M)=—#P(C
(clar)=5#P(C)

C and M are not independent.

(iv)

No. of international studens in the sample
:{).2(200 + 250) + 0.3(1 30+ 300) + 0.05(1 20) =225

P(C ninternational student)

P(C‘ international student) = _ -
P(international student)

(200+250)0.2

1000
225

1000
=04

v)

Number of international students studying Physics
_0.3(430)=129

129C 8?1C
—_ = &

73
=0.294

P(exactly one international student studying Physics)

Alternative method

129 871 870

Required Probability = 1000 999 998
=0.294
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OM

X
X

(i)

r=0.914099~0.914 (10 3 s.f)

Though the value of r shows a strong positive linear correlation,
from the scatter diagram, it is possible that X and y may have a
curvilinear relationship.

(iil)

For ¥ =¢+dx’ r=0.93986~0.940

= c+dx’

Since the value of r for ¥ is closer to the value of 1,

L 2
y=ctdx 1s a better model.

(iv)

y =-0.88934+0.0015441x>

When x — 55, ¥ = ~0-88934+0.0015441(55)”

y=3.7816~3.8 (to1d.p)

Since X =55 is within the range of data given and 7" = 0.940 g
close to 1, the estimation is reliable.
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Qn | Solution
8 | P(first person that uses Voyager is the third person selected)

(i)
=0.92x0.92x0.08
=0.067712
(i) 1. Whether a person uses Voyager is independent of another
person.

2. The probability that a person uses Voyager is constant for
every person in the sample.

(iii) | Let Y be the number of people who use Voyager out of 80 people.
Y ~ B(80,0.08)

Since " =80>50, np=6.4>5, ng=73.6>5

Y ~ N(6.4,5.888)appmx
P(Y <10)—<—P(Y¥ <9.5)

= 0.899295
=0.899 (to 3 s.f))

(iv) | LetV be the number of people who use Voyager out of n people.

V ~B(H,0.08)
P(V=10)>0.2

1-P(V<9)>0.2
P(V<9)<0.8
Using GC,

NORMAL FLOAT AUTO REAL RADIAN HMP
PRESS + FOR aTbl

Least value of n =92
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9 (i)

Let C be the number of boxes of chocolate biscuits sold in a day.

C~Po(22)
P(C=0)=0 11080
=0.111 (to 3 s.f)

(if)

Let D be the number of days that no boxes of chocolate biscuits
were sold out of 7 days.

D ~B(7,0.11080)
E(D)=7x0.11080

=0.77562
=0.776

(iil)

Let S be the number of boxes of strawberry biscuits sold in a day.

S ~Po(2)

Using GC,
HORHAL FLOAT AUTO REAL RADIAN HP
HORHAL FLOAT AUTO REAL RADIAN HP I] CALC 2ERD n

Plot1 Plot2 Plot3 YazetCENLXI.6
I\Y1E0 ¥ (1+X)-0.6

ENY 3=
INY4=
NYs=

\Ye=
NY?=

2ero
#=1.3764213 ¥=0

A=1.376
=1.4(to1d.p)
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(iv) | Let T be the total number of boxes of chocolate and strawberry
biscuits sold in 7 days.

T ~Po(7x2.2+7x1.376) = Po(25.032)
P(T >25)=1-P(T <£25)

= 0.44962

=0.450 (to 3 s.f)

(v) | Let X be number of boxes of chocolate biscuits sold in 30 days.
X ~Po(30x2.2) =Po(66)
Since & =066>10, X ~N(66,66)approx
LetY be number of boxes of strawberry biscuits sold in 30 days.
Y ~Po(30x1.376) = Po(41.28)
Since & =41.28>10, Y ~N(41.28,41.28)approx
X —Y ~N(24.72,107.28)approx
P(X-Y>0)—<“>P(X-Y>0.5)

=0.99032

=0.990 (to 3 s.f)

11
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10 Choose a plant randomly from the first 10 plants, say the 5" plant.
(i)

Choose every 10™ plant thereafter until 8 plants are selected
ie 5M 15M 251

The 8 plants selected will be evenly spread out across the row of
80 plants.

(ii) Unbiased estimate of the population mean, A
D (x-150)
==~ +150
80

=160 150
30

=148

Unbiased estimate of the population variance, S~

(3 (x-150))°
80

| )
= ~150)" -

= L[5520(_160)2]

79 80

5200
79

12
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(iil)

Hy:p =150
H, : <150

Under H, , since N =80 >50, by Central Limit Theorem,

X ~N {15{],&} approx.

79(80)

ZzﬂwN(O,l)

[ 5200
Test statistic ?9(80) approx.

From GC, p—value = 0.013731
=0.0137 (to 3 s.f.)

o =0.01

Since p-value =0.0137 > @ =0.01 e do not reject Ho 4t 1%
level of significance and conclude that there is insufficient
evidence that the researcher’s claim is invalid.

(iv)

It means that there is a probability of 0.01 of concluding that the
population mean mass of a new variety of potato is less than 150g
given that the population mean mass of a new variety of potato is
in fact 150g.

JJC P2 Solutions
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_§k2

Unbiased estimate of the population variance 7

Hy:pn =150
H,:pu <150

52
Under H, , test statistic 8
a =0.01

Researcher’s claim is invalid at 1% level of significance

= Hy isrejected i 1oy jeyel of significance

=1 <-2.9980
148.5-150
= —

’kZ
?

= k<1.3238

<-2.9980

L. k S 1 .32 (to 3 S'D

14
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1 Agraphic calculator is not to be used for this question.

Show algebraically that x? —2x +5 is always positive for x e[] , and solve the inequality

X < X+2 . [4]
x> —2x+5" x*—2x"+5x
H Ive the inequalit : e +2 2]
ence solve the inequali > .
Y i 26" 15~ ¢ _2¢? 4 5¢"
. . p
2 (a) Find, interms of p, L In(x) dx, where p > 1. [2]
(b)
Ya
=Y
I
G :
1
|
1] :
' 1 »
1 L X
0] 1 q

The diagram shows the curve with the equation y:x3. The area of the region
bounded by the curve, the lines x =1, X=Q and the x-axisis equal to the area of

the region bounded by the curve, y =1, y =8and the y-axis, where q >1. Find

1
the exact value of ¢ in the form a®, where a and b are integers. [4]

3 Prove by mathematical induction that

1 1 1 1 .
+ + ot =2|1-— |, neZ". [5]
1+2 1+2+3 1+2+3+...+n n+1

1 1 1
+ +..+ +
1+2 1+2+3 1+2+3+...+n

[1]

Hence state the value of the infinite series 1+

MJC/2016 JC2 Preliminary Examinations/9740/01
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4 Let f(x)=cos™ x,where ~1<x<1 and 0<f(x)<z. Show that

(1—x2)f”(x):xf'(x). [2]
By further differentiation of this result, or otherwise, find the first three non-zero terms

in the expansion of f(X) in ascending powers of Xx. [3]

The diagram shows a triangle ABC. Given that the lengths of AB and AC are 1 and x units

respectively, show that sin™* x +cos™ x = % [1]

A

1
X
.

B C
Hence find the series expansion of sin x in ascending powers of x, up to and including
the term in x°. [1]

5 [It is given that a sphere of radius r has surface area 4~r? and volume %7[!’3 ]

-———

A rice farmer wants to build a new grain silo to store his rice grains. The cylindrical
section has height h m and the hemispherical roof has radius r m. After building the grain
silo, the farmer will be painting its rooftop and the external curved surface. The time
needed to paint the grain silo will be 20 minutes per square metre for the curved surface
area of the cylinder and 35 minutes per square metre for the hemispherical roof. Given
that a total time of 60 000 minutes is taken to paint the grain silo, find, using

differentiation, the value of r which gives a grain silo of maximum volume. [8]

MJC/2016 JC2 Preliminary Examinations/9740/01 [Turn Over
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6  The diagram below shows the graph of y=2In(x-1)+4-x.

The two roots of the equation 2In(x—1)+4—X:0 are denoted by @ and g, where
a < .
yA

La ﬂ\=x

(i) Find the values of @ and s, correct to 3 decimal places. [2]

A sequence of real numbers X, X,, X;, ...where X, >1, satisfies the recurrence relation
X ,=In(x —1)°+4 for n>1.
(it) Prove algebraically that if the sequence converges, it must converge to either & or
. [2]
(iif) Use a calculator to determine the behaviour of the sequence for each of the cases

X =3, x =12, [2]

(iv) By considering X,,; — X, and the graph above, prove that

X, >X ifa<x <p,

n+l

X, <X If 1<x <aorx >p. [2]

n+1l

MJC/2016 JC2 Preliminary Examinations/9740/01
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7

The equations of three planes are

X+2y+z2=60
4x+5y+10z =180
2x+3y+4z=100

(i) Itis given that all three planes meet in the line I. Find a vector equation of . [2]

(i)  Find a cartesian equation of the plane which contains | and the origin. [3]

A technology company specialises in manufacturing circuit boards that are used for space
exploration. It manufactures only 3 types of circuit boards (A, B and C). Each circuit board
requires particular amounts of different raw materials for manufacturing. The amounts of
raw material (in units) required for each type of circuit board and the total amounts of raw

material available to the company are shown in the following table.

Copper Lead Fibreglass
Circuit Board A 1 4 2
Circuit Board B 2 5 3
Circuit Board C 1 10 4

Total amount of material 60 180 100

available (in units)

The company is required to use all the materials available to manufacture its circuit

boards.
X

The vector r=| y | is defined such that variables x, y, and z represent the number of
z

circuit boards A, B and C that are manufactured respectively.

(iii)  With the aid of your answer in part (i), solve for r. Leave your answer clearly in

the form of a+ ub and state the possible values for s . [2]

(iv) Explain, in context, why your vector equation in part (i) is not an appropriate answer
for part (iii). [2]

MJC/2016 JC2 Preliminary Examinations/9740/01
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8 Functions f and g are defined by

1 2
f:XH[—j . X>-=1
X+1

g:x—1Inx, x>0.

(i) Show that gf exists and express gf in a similar form. [3]

(if) Sketch, in a single diagram, the graphs of g and gf, labelling each graph clearly.
Write down the range of gdf. [3]

(iii) Describe a sequence of transformations which maps the graph of g onto the graph
of gf. [4]

9 It is given that

f(x)zL, where —1<x<1.

V (1— x2)
(i) Show by differentiation that f is strictly increasing. [3]

(if) Sketch the graph of y:f(X), stating the equations of any asymptotes and the

coordinates of any points of intersection with the axes. [3]

The diagram below shows the graph of y :g(x), which is continuous and differentiable

on (—1,1). It has a minimum turning point at (0, 3).

(~L.4) 1 (1.4)

(0.3)

v
>

@)

i) 1t is given that w(x)=g(x)f(x), where ~1<x<1. By finding w'(x) and using

your earlier results in (i) and (ii), determine the number of stationary points on the
graph of w. [4]

MJC/2016 JC2 Preliminary Examinations/9740/01
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10 (a)

(b)

MJC P1 Questions

Solve the simultaneous equations

Z=w+2i—1 and zz—iw+§=0,

giving z and w in the form x+yi where x and y are real. [5]

(i)

(i)

(iii)

Given that z =w— > where W=2(c059+isin9), - <0<, express the
W

real and imaginary parts of z in terms of 4. [3]

Hence show that locus of z on an Argand diagram lies on the curve with

2 2
X
cartesian equation ¥+Z—2 =1 where a and b are constants. [3]

Sketch this locus on an Argand diagram, indicating clearly the points of

intersection with the axes. [2]
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11

o (LO) Q\ » X

It is given that curve C has parametric equations

x=t*, y=v(1-t*) foro<t<Il,

The diagram shows the curve C and the tangentto C at P . The tangentat P meets the

X-axisat Q.

(i)

(i)

(iii)
(iv)

MJC P1 Questions

The point P on the curve has parameter p . Show that the equation of the tangent
at P is 3p(1-p*)—3pyV(1-p*)=x-p°. [3]
Given further that the line y :(4\/3)x meets the curve at point P, find the exact

coordinates of P . [3]

Hence find the exact coordinates of Q. [2]

Show that the area of the region bounded by C, the tangentto C at P, and the
L N3 1, )
X-axis is given by 3—2—I;3t \/(l—t )dt. [3]

Show that the substitution t=sinu transforms the above integral to

93—\/23 —g 2 1-cos4u du . Hence, evaluate this area exactly. [6]
B

END OF PAPER
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2016 H2 MATH (9740/01) JC 2 PRELIM EXAMINATION SOLUTIONS

Qn Solution
1 Inequalities
() x2—2x+5=(x—1)2—1+5
=(X—1)2+4 > 0 for all real x
ii
(i) : X S3x+22 x>0
X°=2X+5 X —=2X"+5x
: X B X+2 <0
X2 —2X+5 x(x2—2x+5)
2
x2 X=2 <0
x(x —2x+5)
) ) (x—2)(x+1)
Since X" —2X+5>0 for all real X, ————~<
X
X<—-lor0<x<2 -t - +
*——0
-1 0 2
(iii) X

e S e +2
e —2e*+5 e¥—2e* +5¢*

Replace x with e*.

—1<e* <0 (rej. "ve*>0)ore* >2

X>In2
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Qn Solution
2 Definite Integrals

® [ n0odx =[xIn x]" - L"(lj X dx

X

=[(pinp-0)—(p-1)]

=plnp-p+l1

DI IR SR

Qn Solution
3 Mathematical Induction + APGP

[
® Let P, be the statement 1+L+ ! +.ot ! =2 1—L ,nel™.
1+2 1+2+3 1+2+3+...+n n+l

When n=1,

LHS =1.

RHS :2(1—LJ:I:LHS
1+1

- B is true.

Assume that P, is true for some k e[} ”

ie. 1+ + ! +...+ ! = —L
1+2 1+2+3 1424+3+...+k k+1
To show that P, is also true

. 1 1 1 1
ie. 1+ + +...+ =2l ——
142 1+2+43 1+243+...+k+1 (k+1)+1

When n=k +1,
LHS
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+ ! + ! +...+ !

142 14243 1+24+3+...+k+1
=2|1- 1 + !
k+1) 1+2+3+...+k+1

1 1
:2£1— +
k+1 k2+1(1+k+1)

1 2
:2(1_k+1 k) (k+2)
-2(k+2)+2
k) (k+2)
—2k-2
k) (k+2)

- B, 1strue = B, is true
Since P, is true and P, is true = P, is true, by Mathematical Induction, P, is true for
all nel]”.

1 1 1 1
+—t +.t =2/ 1-———
1+2 1+2+3 1+2+3+...+n n+1
Asn—>oo,L—>O .'.Z(I—L)—)2
n+1 n+1
1 1 1

S+ + +..+
1+2 1+2+3 1+2+3+...+n

+...=2

Qn Solution
4 Maclaurin Series
f(x)=cos™ x
f'(x)=-—
1-x?

£7(x) =%(1—x2 ) 2(-2x)

1

(l—xz)f"(x) = —x(l—xz) 2
(1=%*)£"(x) = x £'() (shown)
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(1=%*)£"(0) = x £'(X)
(1-53) £700 = 2X 700 = X (9 +£'(x)
(1= ) £7(x) = 3x £"(%) + £'(%)
£(0) :%, £(0)= -1, £"(0)=0, £"(0)=—1
I - x>
cos ' x=" x-St
2 6
Let sin'x=46
Let cos”' x=«
0+a _Z
2
B C
sin”' X+cos™' X :% (shown)
s -1 -1y _ T
sin' X+cos' x==
2
1 1 T T X3
SIN X=——¢C0S X=——| ——X——+
2 2 6
3
sin™' X = X4+—+...
6
Qn Solution
5 Maximum/Minimum Problem

Let volume of silo be V
V =zr’h +§72r3
Time needed to paint the silo = 20(27rrh) + 35(27”2)

60000 = 407zrh+707r?

~ 60000 — 707zr?
407r

h

_ 2
V =y (60000 7071 j+§”r3

407r
= 1500r—z7rr3 +Zm3
4 3

:ISOOr—Ezer
12

dv 13

—=1500——17r?
dr 4
For maximum V, (jl—v =0
r
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= 15()0—27zl’2 =0
4
13

—r* =1500
4
, 6000
r —_— —
137
S 6000
137
Since r>0, .1 = JM =12.1207=12.1 (3 s.f).
137
2
d\g :—Enr<0, for r=12.1207.
dr 2
Alternative:
r 6000 ) | /6000 6000 |
137 137 137
v 0 -
dr / - \

Qn Solution

6 Recurrence Relations

(1) Using GC, roots of equation are o =1.253, f="7.848.

(i) |Asn—oowo, x —>L, x 6 —>L
~L=In(L-1)+4=2In(L-1)+4-L=0
Since equation is identical to 2In(x—1)+4-x=0
S L=1253=a or L=7.848=p
Hence the sequence converges to either o or f.

(iii) | Using GC, it can be observed that
when X, =3, the sequence increases and converges to 7.848 = 3.
when X, =12, the sequence decreases and converges to 7.848 = .

(V) | x., —x =In(x —1)> +4-x

From graph,

ifa<x, <f,2In(x,~1)+4-x >0=In(x,—1)* +4>X =X, >X,

if 1< x <aorx, >f,2In(x,—~)+4-x <0=In(x, —1)° +4<X, = X,,, <X,.
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Qn Solution
7 Vectors
(1) Using GC,
X=20-5z
y=20+2z2
Z1=1
20 -5
l:r={20|+A| 2|, A€l
0 1
(i) Normal Vector
20 (-5 20
20 |x| 2 [=] =20
0 1 140
1 0 1
ri|-1(={0|0]-11]=0
7 0 7
Cartesian Equation: Xx—Yy+7z =0 or equivalent
(iii) 20 -5
r=|20|+u| 2 | where £=0,1,2,3,4
0 1
(iv) The vector equation in (i) allows for X, y and Z to be real numbers. But the circuit
boards produced is a physical quantity and must minimally be an integer.
Qn Solution
8 Functions & Transformation of Graphs
() Since R, =(0,00) = D, =(0,0), gf exists.
1 2
gf:XHln(—j , X>-1.
X+1
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(i)

y
| A
; y=g(*)
2 (1,0) .
- | X(0.466,-0.764)
y=gf(x)

R :(—oo,oo):D

of

(iii)

Since x> —1,x+1>0, gf (x)=—2In(x+1)

From y=Inxto y=-2In(x+1):

1. Translation of 1 unit in the negative X-direction
2. Reflection in the x-axis
3. Scaling parallel to y-axis by a factor of 2

[ Accept any other possible correct sequence such as 1-3-2]

Qn

Solution

Curve sketching and differentiation

(i)

_ X
)

J(1-x2).1-
. (1 x)l

=———>0 -.°—1<x<1,.'.(1—x2);>0J

(I—XZ)E

Since f'(x)>0for —1<x <1, fis strictly increasing.
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(i)

(0.0)

1
x=—I:

(iil)

w'(x) =g(X)'(x)+ g (x)f (%)
From (i), f'(x)>0 for —1<x<I.

<0 for -1<x<0
From (ii), f (x)=4=0 forx=0

>0 forO0<x<l1

<0 for —1<x<0
From the given graph, g(x)>0 for —1<x<1 and g'(x)=<=0 forx=0
>0 forO0<x<l1

Therefore,
When —1<x<0, w'(x)>0. .

When x=0, w'(X)>0.
When 0<x<1, w'(x)>0.

Since w'(x) >0#0 for —1< X <1, there are no stationary points in the graph of w.

Qn

Solution

10

Complex Numbers

(@)

Z=wW+2i—-1 --(1)
7’ —iw+% =0 —(2)

Method 1
From (1): W=z-2i+1 --(3)
Substitute (3) into (2):

zz—i(z—2i+1)+§:0

2 iz —i4L=0
2
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2
I 3 3 1. | ) I 5
Z=—+—1, W=———1, oOof Z=————1L,W=———1,
2 2 2 2 2
Method 2
Substitute (1) into (2):

(W+2i—1)2—iw+§=0
W +(2i-1)° +2(2i—1)w—iw+§ =0

vv2+w(3i—2)—%—4i:0

—(3i—2)ir\/(3i—2)2 —4(1)(—2—41)

W=
2(1)
—(31-2)%(1+2i
_i-2)x(1+2)
1 1 ) 5. 1 1
W:—_—I,Z:—+_1 or W:—__I,Z:_—_—l
2 2 2 2 2 2

(i)

Z=W—l=2cos9+2isin0— lcosé?—lisiné? =écos9+§isin0
w 2 2 2 2

Re(2) = %cos 0, Im(z)= %sin@

(i) Xzicosﬁ, yzésinﬁ
2 2
.'.cosH:gx, sinH:Ey
3 5

Since cos” @ +sin’ @ =1

BECR
i = L
e ’
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Qn Solution

11 Parametric Equations + Applications of Differentiation and Integration
dt dt 1—t2
dy _dy dx
dx dt dt
.t
Ji-t* 3t
-1
3ty/1-t?
Atpoint P, x=p°, y=4/1-p°.
1
y—y1-p’ =——2(X— IO3)
Equation of tangent at P : 3pyl-p
3p(1-p*)-3pyN(1-p*)=x-p’
(ii)

Substitute X = p°, y=+/1—p* into y=4\/§x
ll_pZ :4\/5 p3

1-p® =48p°
48p°+p>—1=0

Using GC, p= —% or p=

N | —

(N.A.since 0< p<1)

.. Exact coordinates of p are (%,g]

(iii) | Equation of tangentto C at P:

G- )

o 3y 3_, 1

8 2 \4 8
When y=0,

9

===

8 8
5

X==
4
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.. Exact coordinates of Q are (%,Oj.

(iv)

(0.1)

When X = t:l.
2

1
87
Whenx=1, t=1.

Area of shaded region = Area of required region
_l ﬁ (é_lj_jl Y, dx
20 2 la g) 1 7°°
93 Jie (dxj
=22 [ V1-t2 | = |dt
32 I; dt
CNE
== |, 3t1-t* dt
32 Y
(Shown)
Lett=sinu, ﬂ =cosUu.
du

Whent=—, u:z.
6

1
2
Whent =1, u=%.
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N3 3t

32 8

—[, 321t dt:ﬁ—jﬂ2
2 32 %

3sin® u+v/1—sin*u cosu du

—E 3sin’ U cos” U du

i—é 2 (2sinucosu)’ du
32 417
3 3],3 sin® 2u du
32 4%
i—z 21 cos4u du
32 87
2 1—cos4u du—i—E u—lsin4u}2du
z 32 8| 4 -
93 3_(7z 1. j(n 1.27:)
=————|| =——sin2x |-| ———sin—
32 8|2 4 6 4 3
03 3z z 1(\3
32 8 2 6 4 2
_93 3z B
32 8|3 8
93 33 x
32 64 8
153 =
64 8
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Section A: Pure Mathematics [40 marks]

1 Referred to the origin O, points A and B have position vectors a and b respectively, where

aand b are non-zero vectors that are neither perpendicular nor parallel to each other.

The length of projection of a onto b and the length of projection of b onto a are equal.

Show that |a| = |o|. [2]

Hence state the geometrical interpretation of |axb]. [1]

It is further given that a=i—j+3k and b=-2i+ j+ pk, where p<O0.

(1) Find the exact value of p. [2]

(i)

(b)

MJC P2 Questions

A circle with centre O passes through A and B. Find the area of the minor sector
OAB. [4]

The roots of the equation z°—z?>—z-15=0 are denoted by z,, z, and z, where

arg(z,)=0,and arg(z,)>arg(z,). Find z,, z, and z, and show these roots on an

Argand diagram. [3]

Explain why the locus of all points z such that |z +]4 =2 passes through the roots

represented by z, and z, Draw this locus on the same Argand diagram. [3]
0

(i) Show that 1+€ =22 cos?. [2]
2

(i) Hence find, in trigonometric form, the imaginary part of the complex number

ei€
W=—+. 2
1+e"’ [2]
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3 Newton’s law of cooling states that the rate of decrease of temperature of a hot body is

proportional to the difference in temperature between the body and its surroundings.

Using t for time in minutes, @ for temperature of the body in °C and « for the

temperature of the surroundings (assumed constant), express the law in the form of a

differential equation. [1]

(i)

(i)

(iii)

4 (@

(b)

MJC P2 Questions

Show that the general solution of the differential equation may be expressed in the

form @ =+ Ae™ where A and k are constants. [3]

Given that @ =9« when t =0 and that & =5« when t =T , find, in terms of T, the

value of t when =2« . [3]

State what happens to @ for large values of t and sketch the solution curve of &

against t. [3]

Judith is making a pattern consisting of rows of matchstick triangles as shown. She
uses three matchsticks to complete a triangle. She adds two more triangles in the
second row, three more triangles in the third row and four more triangles in the

fourth row.

A&&@

Judith has completed n—1 rows in the pattern. How many matchsticks does she

need in order to form the n™ row? [1]
Show that the total number of matchsticks used in making a pattern with n rows is

3n(n+1 . . .
M. Hence find the maximum number of complete rows she is able to make

with two thousand matchsticks. [4]

A geometric progression has first term a and second term b, where a and b are non-
zero constants. Given that the sum to infinity of the series is a+2b, find the
common ratio. [2]

The sum of the first n terms is denoted by G, . Find G, in terms of a and n. Hence

N
show that > G, =2aN -G, [4]
=1
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Section B: Statistics [60 marks]

5 (i) Describe what is meant by ‘systematic sampling’. [2]

(if) A bakery wishes to gather feedback on what residents in the neighbourhood think
of its new salted egg lava buns. A surveyor is hired to survey a sample of 150
residents who visit the bakery during the evening rush hour using systematic
sampling. State, in this context, one advantage and one disadvantage of this

procedure. [2]

6 A box consists of a very large number of balls, of which 20% are red and 80% are white.

A game consists of a player drawing n balls at random from the box and counting the
number of red balls drawn. If at most one red ball is drawn, the player wins. If more than
two red balls are drawn, the player loses. If exactly two red balls are drawn, the player
draws another n balls and if none of these n balls drawn are red, the player wins.
Otherwise, the player loses.

Show that the probability that a randomly chosen player wins is P where

P=(0.8+0.2n)(0.8)"" +[;J(o.2)2 (0.8)"". [3]

(i) Given that the probability that a randomly chosen player wins is less than 0.1, write
down an inequality in terms of n to represent this information. Hence find the least

possible value of n. [3]

(i) Given instead that P =0.3, find the probability that out of 100 games played, at

least 40 games are won. [2]
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7 An overseas study revealed that school children sleep an average of 6.5 hours each night.
Ms Patricia believes that the children in her school sleep even fewer than that. She took a
random sample of 8 children from her school. The number of hours of sleep each child

gets at night was reported as:
5.9 6 6.1 6.2 6.3 6.5 6.7 6.9
Test, at the 8% level of significance, whether this evidence supports Ms Patricia’s belief,

stating clearly any assumption made. [5]

Ms Patricia conducted a further study involving a random sample of 15 children from
another school and the number of hours of sleep each child gets at night is recorded. The
sample mean is X and the sample variance is 0.849. Find the set of values of x for which

the null hypothesis would be rejected at the 8% level of significance. [3]

8 The mass of a randomly chosen bar of body soap manufactured by a factory has a normal

distribution with mean 110 grams and standard deviation 1.5 grams.

(i) Find the probability that the difference in sample means between any two random

samples of 20 bars of body soap each, is within 0.5 grams. [4]

(i)  Five randomly chosen bars of body soap are liquefied and separated into four equal
portions, which are each placed into a bottle. Find the probability that the mass of

liquid body soap in a randomly chosen bottle exceeds 140 grams. [4]

The factory ventured into the manufacturing of coconut oil soap as its new product and
the mass of a randomly chosen bar of coconut oil soap has a normal distribution. A

random sample of 15 bars of coconut oil soap is taken and the mass, u grams, of each bar

is measured. The results are summarised by ZU =1590, Zuz =169046 .

(iif) Find unbiased estimates of population mean and variance. [2]
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9 (a) ForeventsAandB, it is given that P(A)=% and P(B):%.

() Giventhat P(A'|B)= % determine whether events A and B are independent
and calculate P(AUB). [3]

(i) Forathird event C, itis given that P(C | A)= % Find the value of P(ANC).

[2]
(b) Find the number of ways in which the word EVERYDAY can be arranged if

(1) all the vowels (A, E) must be together and the two “Y’s must be separated,

3]
(i) the repeated letters E and Y must appear symmetrical about the centre of the
word (e.g. EVRYYDAE, YVERDEAY). [2]

10 (1) A bakery sells cookies in tins and keeps track of the number of tins sold per week.
State two conditions under which a Poisson distribution would be a suitable

probability model for the number of tins sold in a week. [2]

(i) Two types of cookies, chocolate and raisin, are sold. The mean number of tins for
chocolate cookies sold in a week is 2.4. The mean number of tins for raisin cookies
sold in a week is 1.8. Use a Poisson distribution to find the probability that in a

given week, the total number of tins sold is more than 9. [3]

(iif) Use a normal approximation to the Poisson distribution to find the probability that

the total number of tins sold in 4 weeks is at least 15 but not more than 25. [4]

(iv) Explain why the Poisson distribution may not be a good model for the number of
cookies sold in a year. [1]
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11  The table gives the population y, in thousands, for a particular species of mammal over

10 years.

Year, X 1 2 3 4 5 6 7 8 9 10
Population, y

(in thousands) 108 | 87 | 69 | 55 |44 35|28 |23 |18 | 14

(i) Find the equation of the regression line of y on x, giving your answer to 3 decimal
places. [1]

(i) Let Y be the value obtained by substituting a value of x into the equation of the

regression line of y on x found in (i). Find Z(y—Y)Z. [1]

(iii) For each of the values of x, Y ' is given by Y '= A+Bx, where A and B are any
constants. What can you say about the value of > (y-Y ')2? [1]
(iv) Draw a scatter diagram to illustrate the data. [2]

An animal conservationist suggested the model Iny =c+dx for this set of data.

(v) Find, correct to 4 decimal places, the value of the product moment correlation

coefficient between
(@ xandy,
(b) xandiIny. [2]

(vi) Use your answers to parts (iv) and (v) to explain which of y=a+bx or

Iny =c+dx is the better model. [1]

(vii) Using the better model found in (vi), predict the population of this species in the
20" year. [2]

END OF PAPER
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2016 H2 MATH (9740/02) JC 2 PRELIM EXAMINATION SOLUTIONS

Qn Solution

1 Vectors

et bea
CR

la|=|b| as |a e b|=0 (as aand b are not perpendicular)

|a>< b| is the area of rhombus with adjacent sides 04 and OB.

Sincep<0,p=—\/5

M| ja| = fi—j+3K| =11 Ib|=|-2i+j+ pk| =5+ p*
As fa] =[b],
=11=5+ p°
= p>=6

(i) Let & denote angle AOB.
aeb
[a/[o]
1 -2
-1l e | 1
3) |6
(ViL)(aa)

3-3/6

11

cosd =

@ =cos™ [#J =2.79569 rad or 160.18126 degrees

Area of minor sector OAB

1, (0 (2
IEI" 9 (360)(72'7’ )
1 160.18126
=—(11)(2.79569 OR = ——— |(11x
! (11)(279509) (2022 Jarn)
=15.4 units® =15.4 units?
=(2.79569J(m’2)
27
OR :(2.79569](117[)
2r
=15.4 units®
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Qn Solution
2 Complex Numbers
(@ | UsingGC, z, =3, z, =—1+2i, z, =—1-2i.
A 1Im
2y
-2
2
3
} —> Re
(-1,00 O Z
F—2
Z,
The locus of points given by |z+1| =2 passes through the roots represented by z,
and zsince |z, +1] =|-1+2i +1 = |2i| = 2 and |z, +1| =|-1- 2i +1| =|-2i| = 2.
(b) A
(i) 1+e“=e?|e 2+e?
i 0 .. 6 o . . 9)
=e?| Ccos——isin—+Ccos—+isin—
2 2 2 2
0 0
=e? ZCOSQJZ 2e? cosg
2 2
(ii) e’
146"
B ol B ei*
0 -
262 cos ? 2008
2 2
e .. 0
COsS— +isin— 0
=2—92=—+—itan—
2C0S— 2 2 2
2
1,46
s Am(w) ==tan—
(w) i
Qn Solution
3 Differential Equations
dé - .
g = k(0 —a),kis a positive constant
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(i)

do
& =—k(0-a),k>0

1 — [
[57=d0=[-kdr
In(6—a)=—kt+csince 0> a

e_a:e—kl+c
O—a=Ae™ 4=¢°
0=0+A4e™ (shown)

(i)

Whent=0,0 =9«

9 a=a+4 . A=8cx
Whent=T,0 =5«

S5a = a +8ae™

kT =In2
_In2
T

k

-2,
O=a+8ae T

e,
0=ap+%T j

When 6 =2«
zin2,
2a=a@+%r J

-In2
et =2
8

—In—zt:—ln8
T

LV
In2

(i)

—-In2
—t
For large valuesof t, e ' — 0,0 - «,

6 decreases and approaches to «.

G A ﬁt
0=a£1+8e r J
9a \
od oo - --——-
» !
0]
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Qn Solution

4 APGP + Summation

(a) 1* row: number of matches = 3
2" row: number of matches = 6
3" row: number of matches = 9
n™ row: number of matches = 3+ (n—1)(3) = 3n
1 row: total number of matches = 3
2 rows: total number of matches=3 + 6
3 rows: total number of matches=3+6 +9
n rows: total number of matches
=2(3+3n) =2[2(3)+(n-1)(3)]

(sl OR et
= M (Shown) — M (Shown)
Using GC,
3 1
when n=36. 21 _ 1908 < 2000
3n(n +1)
When n =37, — =2109 > 2000
Maximum number of complete rows = 36.
b
(b) Let » :2
a

L _a+2p
1-r
i =1+2r
1-r
1=1+r—-2r?
2rP—r=0
7 (2r —l) =0

r =0 (rejected 27&0) or r=l
a 2

‘. common ratio =

N| -
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Qn Solution

5 Sampling Methods

(i) Systematic sampling is a sampling method in which the entire population is listed

in some order. The population is divided into sampling intervals of k members.

After obtaining a random starting point from the first k members, every k™

member is chosen from the list until the required number is achieved.

(i) Possible Advantages:

e It is easy to conduct the survey as the members of the sample are easily
accessible.

e Itiseasy to conduct as the surveyor does not need the list of all the residents in
the neighbourhood.

Possible Disadvantages:

e Itis abiased sample as only residents who visit the bakery during the evening
rush hour is surveyed. Hence the sample may not be representative.

e Itis abiased sample as some people may visit the bakery multiple times during
the evening rush hours increasing their chances to be selected.

e It may not be easy to get residents to visit the bakery in sequence so selection
of every k™ resident in this case may be difficult.
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Solution

Binomial Distribution

Let X be the number of red balls drawn, out of » balls.
X ~ B(n,p)

Player wins

P{X <1

( ) Player wins
P(X =0)
P{X=2
( ) Player draws
another n
Il

balls P(X >0) ™ Player loses

P(X >2)

Player loses

P =P (player wins)

P(X =2)P(xX =0)

=(0.8)" +n(0.2)(0.8)"" {(9(0.2)2 (0.8)"2}(0.8)"

n

=(08+02n)(08)"” +(ZJ(O.Z)Z(OB)Z“

- (gj(o.z)" (0.8)’ +(Zj(0.2)1(0.8)"_1 J{(;‘j(o.z)z (0.8)’7‘2M8](0.2)° (0.8)"}

(Shown)

(i)

n

P=(0.8+0.21)(0.8)"" +(2j(o.2)2 (0.8)" " <01

Using G.C.,

When n =18, P=0.10218>0.1
When n =19, P=0.08509 <0.1

s least n =19

(i)

Let Y be the number of games won, out of 100 games played.
Y ~ B(100,0.3).
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Required probability = P(Y > 40)
=1-P(Y <39)
=0.020988
~0.0210 (3 s.f.)

Qn Solution
7 Hypothesis Testing
Let X denote the number of hours of sleep each child gets at night.
Let x denote the population mean hours of sleep each child gets at night.

- 2
Assumption: X ~N(u,0%) = X ~ N[ﬂ,a_j.
n

Ho: u= 6.5
Hi: wu<65

Teststatistic: 7' = % ~t
2
Level of Significance: 8%
Reject Hy if p-value < 0.08
Under Hy, using GC, p-value = 0.0998

Since p-value = 0.0998 > 0.08, we do not reject Hy and conclude that there is
insufficient evidence at 8% level of significance, that supports Ms Patricia’s claim.

52 =§(0.849) —0.90964 (5s.)

Level of Significance: 8%
Reject H, if +-value < -1.48389
X-6.5
\/0.9096%
V15

X <6.13458
. set of values required 0 <x <6.13

<-1.48389

Qn Solution
8 Normal Distribution
(i) Let X be the mass of a randomly chosen bar of body soap in grams.

Let X be the sample mean mass of 20 randomly chosen bars of body soaps in
grams.

X~ N(110,1.52)
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P(|X,-X,|<05)=P(-05< X, - X, <05)

2

u
Unbiased estimate of population variance, s° Ll[z u’ —@
n— n

=0.708(3s.f.)
(i) Let W be the mass of a portion of liquefied soap. W = X+ X +)i3 XXy
5)(11 5)(1.5°
W~N[< )(110) G)(1 )J
4 4
W N(&ﬁj
2 64
P(W >140)=0.00143(3 s.f.)
(iii) _
Unbiased estimate of population mean, u :& = % =106
n

P(AuUB)=P(4)+P(B)-P(4ANB)
=P(A4)+P(B)—-P(4) P(B) (Since 4 and B are independent)

1 2
__1 169046—@
15-1

=36.1(3sf) OR ?

Qn | Solution
9 | Probability
(ai) Since P(4'|B) = % =P(A4"), A" and B are independent events = A and B are
independent events

_1,111
4 02 42
_°
- _8
(i) P(C|A):P(CmA)—2
P(4) 3
:P(AmC):%P(A)
221 1
34 6
(bi)

: 3! 5
Required number of ways = 4! Xoi% Cy~=_
. Choose 2 out of 5 slots to put “Y’s

=720 Arrang \l/ \l/ \l/ \l/
vowels. @ VRD
l—Y—J

Group vowels together, and arrange these 4 groups.
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(II) Required number of ways = 4C2 x21x 4! K& The 4 remaining letters can

permute themselves within the 4
=288 remaining blanks.

Vo o

1. Choose 2 out of the 1* 4 blanks 2. Correspondingly, the remaining
toputE & Y. 2! Because E & E & Y would take their respective
Y can switch positions. positions in the next 4 blanks.

Qn Solution
10 Poisson Distribution
(i) The average number of tins sold per week is constant.

The sale of one tin is independent of another throughout the week.
(ii) | Let X be the number of tins for chocolate cookies sold in a week. X ~Po(2.4)

Let Y be the number of tins for raisin cookies sold in a week. ¥ ~Po(1.8)

X +Y ~Po(4.2)

P(X+Y>9)=1-P(X+Y <9)=0.0111 (3s.)

(iii) | Let » be the total number of tins sold in 4 weeks. ¥ ~P0(16.8)

Since 1=16.8>10, .. [J N(16.8,16.8) approximately.

P(15<W <25)=P(14.5<W < 25.5) after continuity correction
—~0.69576 = 0.696 (3 5.f.)

(iv) | The mean number of tins sold per week might not be constant from one week to
another because of seasonal fluctuations such as sales and holidays.

Qn Solution
11 Correlation and Regression

Q) Using GC,

y=10.30667 —0.99939x

»=10.307-0.999x

(ii) Using GC, > (y—Y) =6.3689=6.37 (to 3 s.f.)

[In GC, define L3=10.30667 — 0.99939L1 and L4 = (L2 — L3)? and use 1-var Stat
to find the summation]

) >(y-7) 2637
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y a
10.8 ==
L
I+
|
: -
| -
1 +
I .
[ t o
14 dembmmme e ——————— te
! L L 1 1 1 1 1 ' ! »
1 10
v) Forxand y, » = — 0.9635
For x and Iny, » =—0.9999
(vi) Since the scatter diagram shows that the population decreases at a decreasing rate
as the years pass and the r value for the model Iny =c+dx is closer to —1 than that
of y=a+bx, Iny=c+dx is the better model.
(vir) Using GC, when x=20,In y = 189587 = y = 0.150187 .
The population in 20™ year will be 150.
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2

A local café, Toast Rox, sells its coffee in three sizes (regular, medium and large). Toast Rox
customers get a 12.5% discount on their total bill if they buy at least 12 cups of coffee,
regardless of size. The number of cups of coffee bought by three particular customers and the
total amount they paid are shown in the following table.

Customer Regular Medium Large Amount paid
A 5 3 2 $20.90
B 3 4 1 $17.10
C 2 8 4 $28.00
Find the original price of each of the 3 sizes of coffee drink. [3]
(i) By using an algebraic method, solve the inequality
2
3x°+14 - 4]
(x+1)(x+2)
(i)  Hence, showing all your working clearly, solve the inequality
2
3x“+14 - 2]
(IX-1)(x-2)

Referred to the origin O, points A and B have position vectors a and b respectively. Point C
lies on the line segment AB, such that AC: CB =2 : 1. Find, in terms of a and b, the position
vector of C. [1]

If the angle between a and b is 60°, show that the length of projection of OC on OAis

1
5 [al-+pD): 4]

(@) Two complex numbers z and w are such that
2W—z=6i and wz =§.

Find w and z, giving each answer in the form a + bi, where a and b are real numbers. [4]

(b) The points P and Q represent the fixed complex numbers p and q respectively. It is

given that 0 < arg p <argq <%, |p|=1, |q|=2, and argq=2arg p.

In a single Argand diagram, sketch and label the points P, Q, and the points R and S

representing g and q" +2p? respectively, showing clearly any geometrical relationships.

Identify the shape of the quadrilateral OQSR, where O is the origin. [4]

[Turn over
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5 [It is given that volume of pyramid = %x base area x height .]

A model of a house is made up of the following parts.
o The roof is modelled by a pyramid with a square base of sides x cm and height % cm.
For each triangular side of the prism, the length of the perpendicular from the vertex to

X
the base is — cm.
V2

. The walls are modelled by rectangles with sides x cm and h cm as shown in the diagram.
. The base is a square with sides x cm.

All the parts are joined together as shown in the diagram. The model is made of material of
negligible thickness. It is given that the volume of the model is a fixed value V cm® and the
external surface area is at a minimum value, A cm?. Use differentiation to find

(i) X, inthe form pV%, and

(i) A, in the form qV?,
leaving the values of p and g correct to 3 decimal places. [6]

6 A curve C has parametric equations
x=t'—kt, y=3(t"-k),

where k is a positive constant and t is a real parameter.

(i)  Sketch C, labelling clearly the coordinates of any points of intersection with the axes.[2]

(i) Find &y in terms of t and k. [2]
dx

k
(iti) Find, in terms of k, the exact equation of the tangent to C at the point where t = —\E :

[3]
iv) Given that the tangent found in part (iii) intersects C again at the point 3k, k |, find
(iv) g P g p 3

the value of k. [2]

[Turn over
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(i)

(iii)

. d’y d?y (dyj
Given that y=In(secx), show that —- =2 -2 1. 2
y ( ) dx® (dsz dx [2]

Hence, by further differentiation, find the first two non-zero terms in the Maclaurin’s
series fory. [3]

.1 "
The equation Ex2+ln(sec X)=c0s2x has a positive root & close to zero. Use the

result in part (ii) and the first three terms of the Maclaurin series for cos2x to obtain an
approximation to «, leaving your answer in surd form. [3]

8 The diagram below shows the curve with equation y=f(x). The curve passes through the
origin O, crosses the x-axis at the points A and B, and has a turning point at C. The

coordinates of A, B and C are (-4, 0), (4,0) and (a, —%) respectively, where a and b are

positive constants such that a > 1. The curve also has asymptotes x=-2 and y =c, where

c>1.

On separate diagrams, sketch the following curves, labelling clearly any asymptotes, axial
intercepts and turning points in terms of a, b and ¢ whenever necessary.

(@)
(b)

NJC P1 Questions

y=Ff(1-2x) [3]

y* =f(x) 3]
1

y T [4]
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9 The gradient of a curve at the point (X, y) is given by the differential equation

(i)

(i)

10 (a)

(b)

11  (a)

(b)

NJC P1 Questions

y dx

1dy l—X_Z.
y

By using the substitution y = z—x, find the equation of the curve such that it has a
minimum point at (1, 1. [6]

Sketch the curve, indicating clearly the axial intercept(s) and the minimum point. [2]

2 f—
Using partial fractions, find oX 2X2+ ! dx [6]
(1- x)(2x + 3)
(i) Differentiate sin(e™) with respect to x. [1]
(ii)  Obtain a formula for .fon g cos(e’x)dx in terms of n, where n > 0. [3]
(iii) Hence find J'Owe‘zxcos(e‘x)dx exactly. [2]
Prove by the method of mathematical induction that
PPx3  2°x4° n’(n+2)°> 16 4(n+1)°* 4(n+2)° [5]
. . 4an+5 . . .
(i) By expressing in partial fractions, show that
n(n+1
Nl 4n+5( 1 b
Z || Tat N+l
=1 n(n+)\5 (N +1)5
for some real constants a and b to be determined exactly. [3]
(if)  State the sum to infinity of the series in part (b)(i). [1]
. N2 4n+1( 2 .
(iii)  Use your answer to part (b)(i) to find z — || interms of N. [2]
~|n(n-1)\5"
[Turn over
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12 The curves C, and C, have equations x*+16(y-1)°=16 and x*-16(y-1)°=16
respectively.

(i)  Verify that the point (4,1) lies on both C, and C,. [1]

(i) Sketch C, and C, on the same diagram, labelling clearly any points of intersection with
the axes and the equations of any asymptotes. [4]

(iif) The region R is bounded by the two curves C,,C, and the positive x-axis. Find the
numerical value of the volume of revolution formed when R is rotated completely about
the x-axis. [3]

S is the region bounded by C,.

(iv) Using the substitution y=1+coséd, where —z <8<, evaluate j:\/l—(y—l)zdy
exactly. [4]

(v) Hence find the exact area of S. [2]

- END OF PAPER -
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Suggested Solutions

Qn No. Solution
1 Let $x be the price of a regular cup of coffee.
3y be the price of a medium cup of coffee.
$z be the price of a large cup of coffee.
5x + 3y +2z = 20.90 (1)
3x+4y+z=17.10 (2)
There is a 12.5% discount given to customer C since she has bought more than 12 cups.
Hence
100
2X+ 8y +4z = 28=32 3
XTeyTa 87.5 * ®)
Using GC, x=1.80, y=2.30, z= 250
Qn No. Solution
2 (i) 3x°+14
(x+1)(x+2)
2
o XA 50 x2-1,-2
(x+1)(x+2)
3X* +14—(2x* +6x +4)
(x+1)(x+2)
- x* —6x+10
(x+1)(x+2)
Method 1: Completing the square
[(x-3)"+1]
= = =>0, X#-1,-2.
(x+1)(x+2)
Since (x—3)" +1>0 for all values of x,
= (x+1)(x+2)>0and x#-1-2,
= X<-2 or x>-1.
Method 2: Using both the discriminant and coefficient of x*
For x*—6x+10, discriminant = 6° —4(1)(10) =—4 <0 and the coefficient of x? is
positive. Hence the graph of y = x* —6x+10 lies entirely above the x-axis, which
implies that x* —6x+10>0 for all values of .
X >
(ii) 3414,
(-1)(x-2)
2
3(— 14
(-X+2)(-x+2)
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Therefore —|x| < -2 or —|x/>-1
=|x|>2 or |x/<1
= Xx<-2 or —1l<x<lor x>2
Qn No. Solution
3
0]
By ratio theorem, OC = 2b+a
a-b =|a]|bloos60' = o
Length of projection of OC on OA
OF =|OC- OA‘
OA‘
_1|(2b+a)-a
T
_1li2b-ataa
3] [
_1|2b-a +|a
3 [l
1( 2|a-b ]
T
3 |l
1 2|al|b|cos 60° o
30 o
1 2Jal| |+|a|
3 24
1
(el
Page 2 of 16
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Qn No. Solution
4 (a) Method 1A
2W—Z=06i  ------ @
13 13
WZ=—  --e--- 2 > W=— :+cecee 3
> @ S C
o . 13 .
Substituting (3) into (1), 2(2—j— z=6i
4
18 z =6i
z
13-27% =6iz
7* +6iz-13=0

method 1: Using formula

. + - 2_ _ I~
. 6|_\/(6|)2 4( 13)= 6|2i4:ir2—3i

method 2: Using completing square
2% +6iz +(3i)* - (3i)* -13=0
(z+3i)* =4
z=2-3ior —2-3i
13 1 3.
2(2-3i) 2
13 3.

2(—2-3)) 2

Whenz=2-3i, w=

Whenz=-2-3i, w=

.'.w:1+gi, z=2-3i orw:—1+gi, z=-2-3i

Method 1B
2W—Z2=06i  ----- @)
WZ:E ...... (2) :Z:E ...... (3)
2 2w

Substituting (3) into (1), 2W—;—3 = 6i
w

4w? —13=12iw
4w? -12iw-13=0

4(W2 —3iw—%)+9—13=0
-\ 2
4(W—%) -4=0

-\ 2 . -
(w—ﬂj =l= w:1+ﬂ or —1+ﬂ
2 2 2

13

When W:l+§i, I1=—-——=2-3i
2 ( 3.)
21 1+—1
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When W=—1+gi, z:%:—z—si
2(—1+i)
2
.-.w:1+§i,z:2—3i orw:—1+§i,z:—2—3i
Qn No. Solution
4 (b)
3
Im Q
I*'\
- I ~
PO N
/, 1 \‘\.
- | ~
2 . 2
/zf % \-‘Ej\
//, P | \'\.\
1 | .
A" | S
~ > /*—F
O| - .-~ Re
\\ 1 ,/
~ | 7’
S | d
2™ + o
x\\. : //,
\\ 1 /z
~ I P
~ | /,
R~
Let p =¢'“. Theng = 2e"®¥,
Let S represent
0 +2p° =27 + 2 = 2Re(e'® ) = 205 2a,
i.e. S represents the point whose real coordinate is twice that of Q, and imaginary
coordinate zero.
Qn No. Solution
5
V:x2h+lx2 1x =x* h+£x
3 \2 6
h:iz—ix
X° 6
S:4xh+x2+4(1 x[ixj
2) {2
:4xh+(l+\/§ G
. vV 1
Substituting h=——=x:
X" 6
Page 4 of 16
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S= 4x£i—ng (1+\/_)

X2
=ﬂ+(l+\/§jx2
X 3

For minimum surface area:

S o1 o

dx X2

5y
o :@wzjxs

(1+3J_)

3 _

1+3Vﬁ

AR .
_ ~1.0460049(v?)
(1+ 3@]

=1.046(V?¥) (3d.p)

MinS =A

LA +(%+ \/Ej(l.0460049 (vé))2

" 1.0460049(v?)

:[L{Lﬁja.ommg)zj(v5)

1.0460049 | 3
~5736110(v?)
-5.736(v?) (3d.p)

Remark:

1% or 2" derivative test is not necessary as it is given in the question that the surface
area had a minimum value.
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Qn No. Solution
6 (|) /\y
X\
(0,0)
(0,-3k)
To find y-intercept, To find x-intercept,
letx =0: lety =0:
t*—kt=0 3(t*-k)=0
t(t*—k)=0 t=+Jk
=0 or t=+/k x=0
y—%  y=0 ~(0,0)
~.(0,-3k) (0,0)
S ks T g
dt
dy
=3(t*—k)=>—==6t
y=3(t"-k)=—
dy
d_y_i_ 6t
dx dx 3t*—k
dt

NJC P1 Solutions
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Qn No. Solution
6 (iii)
When t=—\/E,
3
dy _ 26t is undefined since 3t* —k = BKKJ— k=0.
dx 3t°-k 3
Hence, the tangent is a vertical line with equation
x=t° —kt
=t(t" k)
3\ 3
_2 [k
3 V3
6 (iv) (2
The tangent passes through the point §k’k , therefore
X :gk\/g
3 V3
22 [k
3 3 V3
k(l—\/E =0
3
k=0 or 1- k =0
3
. k
(NA since k > 0) §=1
k=3
Qn No. Solution
7(i) y =In(secx)
dy L(sec xtan x) = tan x
dx secx
2
d_g/ =sec? x
dx
d3_y: 2sec x(sec x tan x)
dx®
d’y 2 d’y (dyj
—=2(sec” x|(tanx)=2| —- || — | (shown
dx® ( )( ) dez ax ) { )
Ty (dy %)z dy)
4 3 2
dx dx® )\ dx dx
When x=0,

NJC P1 Solutions
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y=In(sec0)=In1=0 g—y:tanO:O
X
dz—y—sec20—l ﬂ—2(1)(0)—0
dx? dx®
d'y 2
P 2(0)(0)+2(1)" =2
Thus, Maclaurin series for y is
x? 2 x*
y~+0X+1 — [+0X° +2| —
2! 41
Loty
2 12
7 (i) éx2+ln(3ecx):0032x
Using the above results and the first three terms of Maclaurin Series of C0S2X,
Loty by zl—i(ZX)z +i(2x)4
12 2 12 2! 4!
lxz +ix4 =1-2x° +gx4
12 12 3
Ty 3o g 0
12 12
7x* =31x* +12=0
(7x*-3)(x*-4)=0
x? _3 or xX?=4
7
X= i\ﬁ or £2
7
Since « is positive and close to zero,
3
a=,—
7
Page 8 of 16
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Qn No. Solution
8 (a)

by

Page 9 of 16
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Qn No. Solution
8 (b)
|
|
1
[
1
[
1
|
|
|
|
! y=+c
1
A |

: & -
I xr
|

-_ -\ -1 __ - e e
| y=—Vc

Tr = 2I
1
|
1
|
|
|
1

8 (c)
. 2
Coordinates of C” are (a,—Ej.

NJC P1 Solutions
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Qn No. Solution
9 (i
0 y:z—x:d—y:%—l
dx dx
The 29 _1-%=2 1 comes
y dx y

L(ﬂ_ j—lzx;zjg—l—(z—x):x—Z

z—x\ dx z-x dx
:E: z-1

dx
1
= | —dz= Il dx
z-1

=Injz-1=x+c
=|z-1=e"" = Ae"
= z-1=1Ae" =Be”
= y=1-x+Be*

Since the solution curve passes through (1,1), then1=1-1+Be=B=¢™.

Hence the equation of curve is y =1—x+¢e**".

9 (ii)

NJC P1 Solutions
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Qn No.

Solution

10 (a)

5X* —2X+7 A Bx+C
= +
(1-x)(2¢° +3) 1-x 2x*+3
_5-2+7
243
5X* —2x+7 =2(2x* +3)+(Bx+C)(1-x)

, Where

=2,

Comparing the coefficients of x* and x°, we have
4-B=5=B=-1, and
6+C=7=C=1.

5 —2X+7 2 L X+l
(1—x)(2x2+3) 1-x 2x*+3

Hence we get

Therefore,

5X? —2X+7 dx
(1-x)(2x* +3)
2 -X+1

= | —+——5—— dX
1-x 2x°+3

= idx+J _);+1 dx
1-x 2X° +3

= idx—f 2X dx+j 21 dx
1-x 2X°+3 2X°+3

:—ZJ -1 dx—lj ax dx+£J L 2dx
1-x 4) 2x*+3 2 x+ 2

=-2Inf1- x|——|n‘2x +3‘+— —tan {

%J

=-2In |1— x| —Zln ‘ZXZ +3‘ +%tanl[\/§x]+ C

NJC P1 Solutions
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Qn No. Solution

10 (b) (i) ég[ﬁn(eﬁ)]::_€4cos(eﬁ)

10 (b) (ii) f e ¥ cos(e )dx
[l (e onfe o
-[e <—sm<e*x>>]§—L”(—sin(efx))(—e*)dx
<o (-sin(e ][ (-sin(e))] [ < sinfe )
e sin(e ) -sin1 -cos(e )|
e sin(e ")+ sint+ [~cos(e )+ cos(e")]
=—e"sin(e™)—cos(e™)+sinl+cosl

O oo

_Ilmj e cos( )dx

n—oo

= rI}m[—e sin (e )—cos(e‘“)+sin1+ cosl}

=sinl+cosl-1
|
Qn No. Solution
11(a) | Let P, be the statement
2 3 n+1 5 1 1
+ L _
12x32  22x4? n(n+2)2 16 4(n+1)? 4(n+2)°
forall nez".
Whenn =1,
LHS =" 2 ~ _2
I'x3 9
RHS=> 1 - L .
16 4(1+1)? 4(1+2)
S 1.2 1ps
16 16 36 9
Thus, P, is true.
Assume P, is true for some ke Z", i.e.
2 3 k+1 5 1 1
+ +...+—:__ — .
1Px3 22x4? kK2(k+2)% 16 4(k+1)? 4(k+2)°
Consider P,,;: To show
2 + 3 +...+k;2—i_ 1 p— 1 .
1°x3  22x4? (k+1)2(k+3)% 16 4(k+2)° 4(k+3)
Page 13 of 16
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Qn No.

LHSof P, = 2 + 3 4+ K+l + K+2
1237 22 x4’ k?(k+2)°  (k+1)?(k +3)?
5 1 1 k+2
16 4(k+1)°> 4(k+2)* (k+1)>(k+3)
5 1 k+2 1

T16 a(k+2)  (k+1)P(k+3) A(k+1)
5 1 4K +2) — (K +3)°
16 4(k+2)? Ak+1)7(k +3)
_5 1 Ak+8-k°-6k-9
16 4(k+2)?*  4k+1)*(k+3)°
5 1 k-2l
16 4(k+2)° 4K +1)°(k +3)
5 1 ~(k +1)2
T16 4(k+2)°  4(k+1)>%(k+3)°
5 1 1
T16 4(k+2)? 4k+3)
=RHS of P, ,
P, istrue=P,,, istrue.

Since P, istrue, and P, istrue=P,, istrue, by mathematical induction, P, is true for
all neZ”.
Solution

11 (b) (i)

4n+5 5 1
nn+l) n n+l1

i nél(rr]\ii) (%] B i(

n=1 n=1

n

N5"
~ 1
(N +1)5"*

TN
1

N5

1

= g - W (Shown)
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11(b) | & 4n+5( 1 .11 1 1
Qi |2 e e L o=l
~n(n+1)\5" No= 5 (N +1)>5 5
11 (b) | Method 1: Substitution of Indices
(iii) sz 4n+1 (ij _”+l=ZN:-2 4n+1)+1 ( 1 j
= N(n-1)\ 5" i [(+D)((h+)-1) 5™
RS 4n+5( 1 j
~1 n(n+1)\ 5™
11
5 (N-2)5""
Method 2: Listing of Terms
NZZ 4n+1 [ij
n=2 n(n_l) 5n
9(1) 13(1) 4N -7 (1)
=5l =T = N2
2x1\ 5 3x2\5 (N=2)(N-3)\5
4-1+5(1j 4-2+5(1j 4(N-3)+5 ( 1 )
= = |+ — |+t
1x2 \ 5 2x3 \5° (N-3)(N-2)\5"?
RS 4n+5[ 1 )
~| n(n+1)\ 5™
SN <Y
5 (N-2)5""
Qn No. Solution
12 (i) | By substituting (4,1) into the equations of C, and C,,
C,: LHS=(4)? +16(1-1)* =16 = RHS
C,: LHS=(4)-16(1-1)* =16 = RHS (justified)
12 (ii)
. 1 (7

NJC P1 Solutions
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12 (iii) | Volume of revolution of R about x-axis
2 2 2 2
_ N _
=7z_[4 1- 16-x dx+7z'|.4 ’ 1- X 16 dx
0 16 4 16
=2.17 units® (to 3s.f.)
2V | (2 0 e
jo 1—(x—1)%dx
- jo(\/l—cos2 9)(—sin 0)do
:j”(sinze) do
0
1 cn
:Ejo (1-cos26) d6
_l[g_sinze}”
2 2
_r
2
12.(v) Areaof S = 2[02 x dy
2
=2J'0«/16—16(y—1)2dy
2
:8J‘0«/1—(y—1)2dy
()
2
= 47 units’
Page 16 of 16
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2
Section A: Pure Mathematics [40 marks]

1 (@) Kenny took a loan of $9600 from a friend, and arranged to pay his loan fully in a period
of exactly 48 months. To fulfil this arrangement, he paid $a on the last day of the first
month, and on the last day of each subsequent month, he paid $d more than in the
previous month. However, due to financial difficulties, Kenny stopped his payments
after his 40" payment, and as a result he still had exactly $2400 left unpaid.

In which month did Kenny first pay at least $130 on the last day of that month? [5]

(b) (i) Explain why the series 1+e7* +e™** +... converges for any positive real number X,
and express the sum to infinity in terms of x. [2]

(i) Given that x = 10, find the least value of n such that S—S_<S(10™*), where S

and S, represent the sum to infinity and the sum of the first n terms of the series
respectively. [3]

2 The functions f and g are defined by

f:x— x>—4x+3,for x<a and
g: x> tan"(2x+1), for x> -2,

where a is a constant.

(@) If a=2, solve the equation f(x) = x exactly. [2]
(b) Ifa=3,
(i) give areason why f has no inverse. [2]

(i)  Prove that the composite function gf exists and state the rule, domain and exact
range of the composite function. [6]

3 The point A has coordinates (2q, 0, 2), where q is a constant, and the planes p,, p, have
equations x+y =4 and 3x+2y—5z =7 respectively.

(i) Find the coordinates of the foot of perpendicular from A to p,. Express your answer in

terms of q. [3]
(if) The point B is the mirror image of A in p,. If B liesin p,, find the value of q. [4]
(iii) p, and p, intersect in a line I. Find a vector equation of I. [1]

Another plane p, has equation Ax+z =, where 1 and 4 are constants.

(iv) Given that the three planes have no point in common, what can be said about the values
of 1 and u? [2]

[Turn over
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4 The complex number z satisfies the relation |z —3|=5.

(i)  Hlustrate this relation in an Argand diagram. [2]

(if)  Find the largest possible value of arg(z +3-3i). [3]
It is further given that z also satisfies the relation |z —4i|=|z -6+ 4i|.

(iii) Hlustrate this relation in the same diagram as your sketch in part (i). Find the possible
values of z exactly. [5]

Section B: Statistics [60 marks]

5 A school comprises a large number of students. A sample comprising 2% of the student
population is to be selected to take part in a survey on their opinions about the school

facilities.
(a) Describe briefly how this sample can be obtained via systematic sampling. [2]
(b) Give one advantage and one disadvantage of quota sampling in this context. [2]

6  The continuous random variable X has the distribution N(u, o). It is known that
P(X <17.7)=0.15 and P(X >21.9)=0.2. Calculate the values of x and o . [4]

7 A group of 15 student councillors comprises 6 from the House Committee, 5 from the Liaison
Committee and 4 from the Welfare Committee. Two particular student councillors, Louis and
Lionel, are from the House Committee and the Liaison Committee respectively.

The group stand in a circle to have a meeting. Find the number of possible arrangements if
(i)  no two student councillors from the House Committee stand next to each other. [2]

(if)  student councillors from the same committee must stand next to one another and Louis
and Lionel must stand next to each other. [2]

The group is to form a Task Force of 10 student councillors to organise a school activity. Find
the number of possible ways the Task Force may be formed if the Task Force must include at
least 1 student councillor from each of the 3 committees. [3]

[Turn over
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8 The table below shows the ages of teak trees, x years, with trunk diameters, y inches. It can be
assumed that the diameters of teak trees depend on their ages.

Age x (years) 11| 15 |28 45| 52 |57 75 | 81 | 88 97

Diameter y (inches) | 7.5 | 11.5 |16 | 19 | 20.5 | 21 | 21.5 | 21.9 | 22.2 | 22.22

(i)
(i)

(iii)

Draw a scatter diagram for these values, labelling the axes. [2]

It is desired to predict the diameters of very old trees (of over hundred years old).
Explain why, in this context, neither a linear nor a quadratic model is likely to be
appropriate. [2]

) b .
Fit a model of the form y = a—— to the data, and calculate the least squares estimates
X

of a and b. Find the product moment correlation coefficient for this model. Use the
equation that you have obtained to estimate the diameter of a 40 year-old teak tree, and
comment on the reliability of your answer. [4]

9 It has been estimated that only 8% of the world’s population has blue eyes. A group of 60
people are randomly selected from all over the world. The number of people in this group
who have blue eyes is the random variable Y.

(i)

State, in the context of this question, one assumption needed to model Y by a binomial
distribution. [1]

Assume now that Y indeed follows a binomial distribution.

(i)

(iii)

NJC P2 Questions

Find the probability that at least 5 but less than 21 people in the group will have blue
eyes. [2]

Use a suitable approximation to find the probability that more than 9 people in the

group have blue eyes. You should state the parameters of the distribution you have used.

3]

[Turn over
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5
10 (i) Suppose a fair die is tossed twice. Calculate the probabilities that
(a) the sum of the scores of the two tosses is at least 8, and [1]
(b) the absolute difference between the scores of the two tosses is at least 4. [1]

In one round of a game, a player is to draw a ball, without replacement, from a box that
contains 3 red balls and 4 white balls. If a red ball is drawn, the player will add the scores
obtained from tossing a fair die twice. If a white ball is drawn, the player will take the
absolute difference of the scores obtained from tossing a die twice.

The game ends if the sum of the scores is at least 8 or the absolute difference of the scores is
at least 4. Else, the player will proceed to the second round of the game where the process of
picking a ball from the box and tossing the die twice repeats.

(i)  Find the probability that the game ends at the first round. [2]
(iii) Suppose the game ends at the first round. Find the probability that a red ball is drawn.[2]

(iv) Find the probability that there are a total of 3 rounds of game played and exactly 2 white
balls are selected. [3]

11  An accountant believes that the figures provided by a particular company for the amount of
loans borrowed by its clients, $x, are too low. He carries out an online survey for clients of
this company. The responses from a random sample of 20 clients are summarised by

> x=21350, 3" (x—X)* = 345900

(i) Calculate unbiased estimates of the population mean and variance of the amount of
loans borrowed by each client, correct to 1 decimal place. [2]

The company claims that its clients will borrow $1000 on average.

(if) Stating a necessary assumption, carry out a test at the 5% level of significance to
determine whether the company has understated the mean amount of loans received by
its clients. [5]

(iii) Explain, in the context of the question, the meaning of ‘at the 5% level of significance’.

[1]

The responses from another random sample of n clients are collected. The sample mean value
for this sample is the same as the sample mean value for the previously collected sample.

(iv) Given that the standard deviation of X is 250, and that the assumption you have made in
part (ii) holds, calculate the range of values of n for which the null hypothesis would not
be rejected at the 5% level of significance. [3]

[Turn over
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12  Cars join an immigration checkpoint queue in a 1-hour period, such that no two cars join the
gueue at the same instant in time.

(i)

State, in the context of this question, an assumption needed for the number of cars

joining an immigration checkpoint queue in a 1-hour period to be well modelled by a

Poisson distribution. [1]

Assume now that the number of cars joining an immigration checkpoint queue in a 1-hour
period is a random variable with the distribution Po(23). It is further given that the number of
cars leaving the same immigration checkpoint queue in a 1-hour period is a random variable
with the distribution Po(27).

(i)

(iii)

(iv)

NJC P2 Questions

It is given that in a period of n minutes, the probability that at least one car leaves the
queue exceeds 0.9. Write down an inequality in n. Hence find the least integer value of
n. [4]

At 0900 on a certain morning there are 19 cars in the queue. Use appropriate
approximations to find the probability that by 1100 there are at most 12 cars in the
queue, stating the parameters of any distributions that you use. (You may assume that
the queue does not become empty during this period.) [5]

Explain why a Poisson model for the number of cars joining an immigration checkpoint
gueue would probably not be valid if applied to a time period of several hours. [1]

— END OF PAPER -
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2016 SH2 H2 Mathematics Preliminary Examination Paper 2

Suggested Solutions

Qn No.

Solution

1(a)

Since Kenny would have paid up his loan in full exactly in the 48" month,

S = %[251 +(48-1)d]

9600 = 24(2a +47d)
400 =2a+47d -+ (1)

Since Kenny had an outstanding payment of $2400 after the 40™ month, total amount
paid by the 40™ month = $9600 — 2400 = $7200. Therefore,

Sy = %[261 +(40-1)d ]|

7200 = 20(2a +39d)

360=2a+39d ------ (2)
Solving (1) & (2), a=282.5,d=>5.

On the last day of the n™ month (for 1 < n < 40), the amount paid by Kenny = $82.5 +
(n—1)(5).

HORHAL FLOAT AUTO REAL RADIAN HP HORMAL FLOAT AUTO REAL RADIAN MP 1
FRESS + FOR &Th1

Plotl FPlotz Plot3 A Y1
INY1B82.5+(X-13)(5)
ANY 2=
ANY 3=
INYa=
BINY 5=
“Ye=
N o 15

INYa= =11

0O O E G [ e
-
=
(=
n

Therefore,
amount paid on last day of 10™ month = $127.5 < $130,
amount paid on last day of 11" month = $132.5 > $130.

Therefore Kenny first paid at least $130 on the last day of the 11" month.

Page 1 of 14
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Qn No. Solution

1(b) () | Common ratio of 1+e > +e™* +...is r=¢™>".

Forx >0, 0 <e ™ <1 (see above sketch).

—2x

Therefore, the geometric series converges (since ¢ ~* is the common ratio).

OR

As n—> o, e — 0 (for x > 0). Therefore
1 _ e—Zmr

S

= - , 1.e. the series is convergent.
"o l-e™ 1-e™

Sum to infinity = N

1 (b) (ii) 1-e?" 1
Forx=10, § = o S= o
S
S-S, <—10100
S
S, >S——10100

1
S > S(l— 1010(’)

| 1 1
l—e > 1—e2 1- 10'%

=207 <In g =~100In10

n>5In10=11.513
Therefore, least value of n =12

Page 2 of 14
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Qn No. Solution
2(a) f(x)=x
X' —4x+3=x
x*=5x+3=0
e —(=5)£+/(=5)" —4()(3)
2
54413
2
Since x<2 , we have x = 5-V13
2(b) (i) y
3
X
1\./'3
(2-1)
There exist a horizontal line y =k where k € (—1,0] cuts the graph of y =1f(x) twice.
Thus fis not one-one and hence its inverse does not exist.
OR
f(3)=f(1)=0 but 3=1.
Thus f is not one-one and its inverse does not exist.
2(b) (ii) | From the graph, R, =[-1,00).
Moreover, D, =(-2,%0).
Since R, =D, , gf exists.
gf(x) =g(x2 —4x+3)
=tan"' (21" ~8x+7)
Note that D, = D;. Thus,
gf : x> tan™ (2x2 —8x+7) , x<3.
T
_e=|-55)
Page 3 of 14
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Qn No.

Solution

3 (i)

Let the foot of perpendicular be V.
Equation of the line that passes through 4 and perpendicular to p, is
2q 1
l,:r=| 0 |[+y|1]|,yeR.
2 0
2q 1
Since Nlieson /, ON=| 0 + 7| 1| for some y € R.
2 0
2q 1 1
O |[+y|1]||-|]|=4=>2¢q+2y=4
2 0 0
=y=2-q
2+q

2q -
~ON=| 0 |+ =|2-¢
2 0 2

Hence, N is the point (2+¢,2—¢,2).

2—q
2—q

3 (i)

Let b be the position vector of point B.

2q 2+¢q
By Ratio Theorem, | 0 |+b=2|2—¢
2 0
4
b=|4-2¢
2

4 3

Since B liesin p,, |4-2q || 2 |=7
2 -5

12+8—-4¢g—-10=7

3
~0.75 or >
7 4

3 (iii)

-1 5
Using GC, [:r=| 5 |+0| -5 |,0€R.,

3 (iv)

NJC P2 Solutions
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-1\ (A
5 Olzu=>u#—.
0 1
Qn No. Solution

4 (i),

(iii) (1

part)

4 (i)

CD =3~ (-3)* +(0-3)’
_Jas

Largest value of arg(z +3 —3i)
=0 —

. I(ch I(Bcj
=sin —tan | —
CD BD
=sin™ (ij —tan” (lj
J45 2

=0.37742
=0.377 rad (to 3 s.f))

Page 5 of 14
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4 (iii) Method 1: Applying relationship between gradient of a line and the angle it makes
(2" with the positive horizontal axis
part) . ' . 1 3
Gradient of perpendicular bisector = _m 2
3
3
Angle that perpendicular bisector makes with positive real axis, 6= tan™' (Zj
Hence,
ﬂ:sinz9:§:> GJ=3
5 5
gzcosé’zi: CJ =4
5 5
So G and H represent the complex numbers =
z=(3+4)+(0+3)i=7+ 3i(corresponding to G), and (3,0) J J
z=(3—-4)+ (0 —3)i =—1—3i (corresponding to H) resp.
Qn No. Solution
4 (iii) (2™ | Method 2: Using Similar Triangles
part)

ZGCE =90" = ZOCE +90° + ZGCJ =180
= ZLOCE =90" - ZGCJ

Also, ZOEC =90° — ZOCE
—90° — (90° - LGCJ)
- /GCJ

Furthermore, ~COE = ZGJC =90".

Therefore, ACOE ~ AGJC. Hence,
Q=ﬂ3§:g36J=3,and
CE GC 5
%:CJ:E:Q:CJ:4
CE GC 5 5

So coordinates of G are (3 + 4, 0 + 3), i.e. (7, 3) and similarly, coordinates of H are
(3—-4,0-3),1.e. (-1, -3). Therefore, possible values of z are 7 + 3i and —1 3.

Method 3: Using Cartesian Equations
Equation of circle: (x— 3)2 +y’ =5

Equation of perpendicular bisector:
1

(=5)

2
Substituting, (x - 3)2 + (% (x— 3)] =5

y-0=- (x—3>:»y=%<x—3>

[1+(%j2j(x—3)2 =5

Page 6 of 14
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25 2
—(x-3) =25
TSR
(x-3)" =16
x—3=14
x=7o0r —1.

3
When X=7,y=Z(7—3)=3

3
When x =-1, y:z(—l—3)=—3

Therefore, possible values of z are 7 + 31 and —1 -3i.

Qn No.

Solution

5(a)

Assign a number from 1 to N to each of the students, where N represents the student
population size OR obtain a list of the students from the administration office in order
of their identification numbers or registration numbers.

Next, determine the sampling interval size k = OIW =50.

Randomly select any student from the list, say the 1*' student. Select every 50" student
thereafter (i.e. 51, 101"™,...) until the required sample is obtained.

5 (b)

Advantages:

o Representativeness of Sample

Quota sampling allows the survey to capture the responses that represent various
groups of students (e.g. different PM classes, or 1 CCAs); this may be preferred as
certain homeroom or sports facilities may not be in as good a condition as others, and
the representation of each group will ensure that the results will not be biased towards
those who are often using these less functional facilities or towards those who are often
using the more functional facilities.

o Efficiency of Collecting the Sample

Quota sampling may be more efficient as systematic sampling in this case requires the
surveyor to identify the selected respondents and to contact them, which can be time
consuming (e.g. student selected may be on MC on day of survey, selected students do
not respond to online survey etc).

Disadvantages:

e Non-randomness/Selection Bias

Quota sampling is non-random and may contain selection bias, where the surveyor
chooses people who may appear friendlier or choose students in the canteen only at a
selected time period. This results in certain students having no chance of being selected
at all, which may affect the validity of the survey results.

e Non-representativeness of Sample

Quota sampling may result in a group (e.g. one entire cohort, or people coming later to
the canteen etc.) being excluded entirely from the selection, which may result in the
data collected being an inaccurate representation of the entire school population.

NJC P2 Solutions
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Qn No. Solution
6 | X~N(u o)
P(X >21.9)=02
P(X <17.7)=0.15 P(Z<l7'7_ﬂJ:0.15 P(X <21.9)=08
o 21 O—u
17.7 - u P =0.8
=-1.03643 --- (1)
o 21.9-p4
=0.841621 --- (2)
Solving simultaneous equations (1) and (2):
From (1): ©=1.036430 +17.7
From (2): ©=-0.8416210+21.9
Using GC, #=20.0 (3s.f) and o0 =2.24 (3s.)
Qn No. Solution
7(i) 919
No. of ways = P 6!=2438553 600
7 (i) No. of ways
3!
:(3](5!)(4!)(4!)(1)
=138240
OR
Case 1 w HH
No. of ways H
— H
=(5!)(41)(4!) V\V)v H
=138240/2 H
Lot
Case 2
=t £ LHH
No. of ways L H
SCICOTOMA
— (51)(41)(4! L n
=138240/2
WWWWH
7 (last Case 1 : None from Liaison Committee
part) No of ways =1
Case 2 : None from Welfare Committee
No of _[)° + o> =11
oofways =| |, s)ls )™
or
No of _[H =11
o of ways= 07
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Total Number of ways to select at least 3 men and 3 women

15
= T |-1-11

=2991
Qn No. Solution
8 (i) Ny
22.222 X X
X
X
X
X
X
7.5 %
o 11 97 >
8 (i1) | Unsuitability of a Linear Model
A linear model predicts the average diameter will keep increasing indefinitely without
any limit. Therefore a linear model is not appropriate.
Unsuitability of a Quadratic Model
A quadratic model predicts that the average diameter will eventually attain a maximum
value, and thereafter decrease as the age increases, till it eventually takes on negative
values. This is not possible, and therefore a quadratic model is not appropriate.
8 (iii) | Using the suggested model, the least square regression line s
185.34 1
y=23.886— 85.346 =23.9—E (to 3s.f)
X X

r-value =—-0.994 (to 3 s.f.)

185.346

When x =40, y=23.886— =19.3 (to 3 s.f))

Since x = 40 is within the range of values of X, [11, 97] and the product moment
correlation coefficient, —0.994, has an absolute value that is close to 1, suggesting a
strong linear correlation between the variables y and 1/x , therefore the estimate is
reliable.
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Qn No. Solution
9 (i) The eye colour of a person is independent of that of another person.
OR
Every person is equally likely to have blue eyes.
9 (ii) Y ~ B(60,0.08)
Then P(5<Y <21)
=P(Y <20)-P(Y <4)
=0.530 (to 3 s.f.)
9 (iii) Since n = 60 (> 50) is large and np = 4.8 <5, Y ~ Po(4.8) approximately.
P(Y >9)=1-P(Y £9)=0.0251 (to 3 s.f)
Qn No. Solution
10 (i) (@) | Let E and F denote the event that the sum of scores is at least 8 and the event that the
absolute difference between the scores is at most 4 respectively.
Sum of Scores
1"die\2"die] 1 |2 [3[4[5]6
1 21314151617
2 3145|6718
3 4151617 18]9
4 516171819110
5 6 171819 ]10]11
6 71819 10[11]12
P(E)=txlxi5=2
6 6 12
10 (i) (b) | Absolute Difference between Scores
1™die\2™die] 1 [2[3[4[5]6
1 0111231415
2 110[1]2]3]4
3 211101213
4 3121 [0]1]2
5 4 |3]2]1]0]1
6 5141321110
P(F):—><l><6:l
6 6 6
Page 10 of 14
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Qn No. Solution
10 (ii)

Red

S| w

AN IN
N | —

White

F!

N | W

P (game ends at 1st round)
=P (red and game ends at 1st round)

+P (white and game ends at 1st round)

QK

84
10 (iii) | P(red ball selected | game ends at the first round)

_ P(red ball selected  game ends at the first round)

P(game ends at the first round)

23 23
84
10 (iv) | P(total of 3 rounds of game &

exactly 2 white balls selected)
=P(WWR) +P(WRW) + P(RWW)

LGNS GIEIRIEE
GIE IR

25 1 1
=t —t—

504 72 72
NE)

168

Page 11 of 14
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Qn No. Solution
11 (i
@ Unbiased estimate of 4, x = & _ 21350 1067.5
n 20
Unbiased estimate of ¢?, s* = %(345900)
=18205.3 (to 1 d.p.)

11 (i) | Hp: «=1000
H;:  x>1000
Assume that the amounts of loans borrowed by the bank’s clients follow a normal
distribution.
OR
Assume that the amount of loans borrowed by each client follows a normal
distribution.
Level of Significance: 5% (upper-tailed)
Under H, T=w~t(l9)

7o
Test Statistic: ¢ = X 1000
s
T
Method 1: Using critical region and observed test statistic, t
Critical region: ¢>2.015
1067.5—-1
(=107 100 5037 (5= 182053)
s/20

Since ¢t =2.237>2.015, we reject Hy,
Method 2: Using p-value
p-value = 0.0187 2'015'{
Since p-value = 0.0187 < 0.05, we reject Hy. 2.237
We conclude that there is sufficient evidence at 5% level of significance that the
company has understated the mean amount of loans borrowed by its clients.

11 (iii) | The meaning of ‘at the 5% significance level’ is that there is a probability of 0.05 that it
was wrongly concluded that the company had understated the mean amount of loans
borrowed by its clients.

NJC P2 Solutions
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Qn No. Solution
11(v) Test Statistic: z = )62;3000
yar
To not reject H,), z <1.6449
—10627 52_1000 <1.6449
Var
Jn <6.092
n<37.1
Since neZ", n<37.
Qn No. Solution
12 (i) | Any one of the following:

[Constant mean rate]
The mean number of cars joining the immigration checkpoint queue for any subinterval
of the same length of time within 1 hour (e.g. minute) is constant.

OR

[Independence of occurrence of event]
Cars join the immigration queue independently of one another, throughout the entire
hour.

12 (i)

Let X denote the random variable for the number of cars leaving an immigration
27
checkpoint queue in a period of » minutes. X [l Po (%nj i.e. X 0 Po(0.45n)
P(X>1)>09
1-P(X=0)>09
P(X=0)<0.1

e (0.45n)’
0!

<0.1

e " <0.1
-0.45n < ln(O.l)
ln(O.l) _

~0.45
Therefore, least integer n is 6.

n> 5.11

NJC P2 Solutions
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Qn No.

Solution

12 (i)

Let J and L denote the random variables for the number of cars joining and leaving an
immigration checkpoint queue respectively in a 2-hour period. Then

J~Po(46) and L~Po(54)

Since 46 > 10, J ~ N(46,46) approximately.
Since 54 > 10, L ~ N(54,54) approximately.

Let W denote the number of people in the queue at 1100. Then W =19+J — L.

EW)=E(19+J-1L)
=19+E(J)-E(L)=19+46—-54 =11, and

Var(W)=Var(19+J -L)
=Var(J)+ Var(L)=46+54 =100

Therefore, W =19+J — L ~ N(11,100) approximately.

P(19+J—L < 12) = P(19+J—L < 12.5) (byc.c.)
=0.560 (to 3.s.f)

Alternatively, J — L ~ N(-8,100) approximately.

P(J-L<-7)=P(J-L<-6.5)
=0.560 (to 3.s.f)

Or equivalently, L —J ~N(8,100) approximately.

P(L-J27)=P(L-J26.5)
=0.560 (to 3.s.f)

12 (iv)

The mean number of cars joining the immigration checkpoint queue every hour may not
be constant due to peak periods as there may be more cars heading to or returning from
work.

NJC P2 Solutions
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1 The nth term of a sequence is given by u_ = 4—”, for n>1.
(n+1)(n+2)

The sum of the first n terms is denoted by S,,. Use the method of mathematical induction

n-1)( 4"} 2 L
to show thatS, =| — +— for all positive integers n. [5]
n+2 3 3

217x% +23x+12
, (3x+4)(X* +4)

dx, leaving your answer in exact form.

[6]

2 Using partial fractions, find J

3 A curve C has parametric equations

x=£(sintcost+t), yzit—lsinZt, for - X <t<0.
2 2 4 2

The tangent to the curve at the point P has gradient 1. Find the equation of the normal at P.
The region bounded by this normal, the curve C and the x-axis is rotated through 27 radians
about the x-axis. Find, to 5 decimal places, the volume of the solid obtained.

What can be said about the tangents to the curve as t approaches 0? [7]

4 Referred to the origin, the points A and B have position vectors a and b respectively. A
point C is such that OACB forms a parallelogram. Given that M is the mid-point of AC, find
the position vector of point N if M lies on ON produced such that OM :ON is in the ratio
3:2. Hence show that A, B and N are collinear. [4]

Point P is on AB is such that MP is perpendicular to AB. Given that angle AOB is 60° :

|a| = 2and |b| =3, find the position vector of P in terms of a and b. [4]

2016 H2 Math Prelim 9740/01 2
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P (%)

v

A particle P moves along the curve with equation x* +y* =r*, where x>0,y >0, and r is a

1Y

constant. By letting m = tan (sm
r

) find an expression for Z—m interms of y and .
y

Given that the rate of change of y with respect to time t is 0.1% of r, show that

3
dm _ r
dt {10r2-y? |

State the geometrical meaning of Z—T . [7]
. r’+r-1_A B C
6 0] Show that ——=—+ + , Where A, B and C are constants
(r+2)! rt (r+1)t (r+2)!
to be determined. [2]

.. r?+r— .
(i) Hence find Z in terms of n. (There is no need to express your answer

(r+2)!
as a single algebraic function.) [3]
2o 1
i) Explain wh <= 2
(i) Explainwhy > —=<2 2]
r=1
. r’> —3r+1
(iv)  Use your answer to part (ii) to find ZT in terms of n. [3]
r=4 ’

2016 H2 Math Prelim 9740/01 3 [Turn Over]
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v

A 10 feet tall statue is mounted on a 12 feet tall pedestal. A boy is standing x feet away from
the pedestal. His eyes are 5 feet above ground level, and the angle subtended by the statue
from the boy’s eyes is € radians (see diagram).

Prove that

10x
119+ %%

Hence, or otherwise, find the exact value of x for which & is maximum and justify that this

tan@ =

value of x gives the maximum value of 4.

Deduce, to the nearest degree, the maximum angle subtended by the statue from the boy’s

eyes. []

8 (1) Find the fourth roots of —1++/3i, giving the roots in the form re'’ , where r >0 and
-T<@<r. [3]

(i) Hence, or otherwise, write down the roots of the equation (1+ z)4 +1-iv/3=0 and
show the roots Z,, 1=1,2,3,4 on an Argand diagram. [3]

(iii) Illustrate, using the same Argand diagram, the locus of a point Q representing the

complex number v, where ‘v +1- 43— 4i ‘ =2.

Hence find the exact greatest and least possible values of ZQ . [4]

2016 H2 Math Prelim 9740/01 4
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9 Two biologists are investigating the growth of a certain bacteria of size x hundred thousand at

time t days. It is known that the number of bacteria initially is 20% of a, where a is a positive

constant.
(1) One biologist believes that x and t are related by the differential equation
%:x(a—x). Given that the number of bacteria increases to 50% of a when
t =In2 days, show that x—L [7]
- ys 4 41
(i) Another biologist believes that x and t are related by the differential equation
2
%:10—9& Find the general solution of this differential equation and sketch
three members of the family of solution curves. [5]
10 (a) (i) Express sinx++/3cos x in the form Rsin(x+a) where R and
are exact positive constants to be found. [1]

The function f is defined by f: x> sin X ++/3CoSs X, %s X <K.

(i) Find the largest exact value of k such that f has an inverse. Hence define

f in similar form and write down the set of values of x for which

ff(x) =7 (x). [5]
(b) The function g is defined by g: x+> 2— 5X2 , XeR.
1+x
(i)  Use an algebraic method to find the range of g. [3]

(i) State a sequence of transformations which transform the graph of y=g(x) to

the graph of y = 10X2 . [3]
4+ X

2016 H2 Math Prelim 9740/01 5 [Turn Over]
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11  The line I; passes through the point A with coordinates (1, 2, 1) and is parallel to the

vector i +aj +2k, where a€ R . The line I, has equation x—3 :X:ZT_S. It is given

that 1; and |, intersect at point B.

Q) Find the value of a. [4]

(i) The plane p, contains the point A and is perpendicular to l,. Find the exact
shortest distance from point B to p,. Hence find the acute angle between I,
and p, . [5]

(iii) Find a cartesian equation of plane p, that is perpendicular to p, and contains
l;. [3]

(iv) Find the acute angle between p, and the xy-plane. [2]
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Solutions to P1 Prelim 2016

LHS =Sy 4
=Sk +Ug 41

When n=1, LHS=§;=u; =

RHS =

To prove P4 isalso true, i.e. S 4 :[

n+2

@) 3

3

_ n+1
Let P, denote the proposition S, =( n 1)[4 ]+§ for n=1,2,3,....

2
L2 2 ks
1+2) 3 ) 3 3

- Py is true.

k

(k=14 2 AT (k1)
‘(ﬁj{?}?(mz)(ms)

k+3

foralln=1, 2, 3,.

_ k+1
Assume Py is true for some k=1,2,3.., i.e. S :(k 1)[4 J+§

k+2 3

1)

}2
+_
3

k+1 \[ 2

_| 4 k—1+—3(k+1) +E

3(k+2) k+3 3
(4 ) (k-1)(k+3)+3(k+1)2 .2
13(k+2) k+3 3
[ 4 K2 42k-3+3K2 + 6k +3
T13(k+2) k+3

a1 VNak?isk | 2
= + —

3(k+2) | k+3 3

4k+2
“|3(k+2)

[k (k+2) +3_( k ) 42 2 e
. k+3 | 3 \k+3)| 3 | 3 '

Since Py is true and Py is true = Py is true, by Mathematical Induction, P, is true

Microsoft Word- NYJC 2016 H2 Mathematics P1 Solutions

381



2 17 +23x+12 _ A L Bx+C
(Bx+4)(x*+4) 3x+4 x*+4
17x% + 23x + 12 = A( + 4)+ (Bx + C)(3x+ 4)
Solving, A=2,B=5andC=1
217x* +23x+12 z 2 5x+1
j—zdxzj PRI
2(Bx+4)(x"+4) 23X+4 X +4

[ 2 5( 2x 1
—J. +—| +——dx
23x+4 2\ x“+4 X°+4

2 2 5 2 1 (X 2
=§[In|3x+ 47, +E[In(x2 + 4)12 {Etan 1(EH2

dx

=Eln5+z
3 4
3 x=£(sintcost+t)=lt+lsin2t and yzlt—lsinZt
2 2 4 2 4
%=£0032t+1 and d—yzi—lcosm
dt 2 2 d 2 2
dy 1-cos2t 1-(1-2sin’t) — tan’t
dx 1+cos2t (2cos’t-1)+1
when ¥ -1 tan?t=1=t=+%
dx 4
Since t <0, tz—z,and x=—1—£ and yzl—z
4 4 8 4 8
. . 1 1
Equation of normal is y—(———j =— x—(———j
4 8 4 8
y=-x-=
4
When y=0, x=—£.
4
2 0 2
. =17r(1—1j (z—ljwrj‘ (lt—lsinth (lcoszui)dt
Volume requiredis 3 \4 8 8 4 2\2 4 2 2
=0.00759 (5d.p.)
g_y: tan’t ~t*> — 0 as t approaches 0.
X
Therefore the tangents are parallel to the x-axis.
4 — 1l —\ 1
OM =>(0A+0C)=>(2a+b)
2 2
— 2— 2 1 1
ON ==OM ==x=(2a+b)==(2a+b)
3 3 2 3
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m:W—@:%(2a+b)—a:%(b—a):%ﬁ

Since AN is parallel to AB and A is the common point, hence A, B and N are
collinear. Bl

Since P ison AB, OP =a+A(b—a),where 1eR
MP-AB =0

a+/1(b—a)—%(2a+b)}(b—a) =0

(i—%)b—ﬂa}(b—a)zo

/1—1j|b|2 —(ﬂ—lja-b—za-bwuar =0
2 2
Butasb =|a|b|cos AOB = 2x3c0s60° =3

Hence, 9(&—%}—3(ﬂ—£j—32+42 =0

A=
7

@:a+$(b-a):%(4a+3b)

Alternative method:
asb =|al|b|cos AOB = 2x3c0s60° =3

Using cosine formula |b-a|= \/|a|2 +[o[ -2/al|b|cos 60 = /7

AP | v B [ AB
RO

(1,.0-a)b-a
|27 |b-a| Jjb-q

1| b-b-a-b
= b—
2( baf J‘ )

@=a+§(b—a)=%(4a+3b)
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2
1. LetH:Sin‘ll:sinezlzc050:1/1—y—2,
r r r

Diff wrty : cost—ezl:d—ez !
dy r dy rcosd
.'.m=tan¢9:>d—m:sec2 49 _ 13
dy dy rcos @
. dm 1
e, —=——"—
y r2_y? )2
r =
r2
= 3
(")
2
Using d—m:d—mxd—y ,we have — = r r
dt dy d d

3
_ r
10{r* —y®
d—T is the rate of change of the gradient of the line OP

Alternate method 1:

m = tan (sin‘1 Xj
r

?j_m = sec’ [sin‘l Xj _r - (Ej
y r r

(1)
] r

3 1

1 1 . . y
= where d=sin*Z = singd==
00320[ /rz_yZ} r r

1 1 o
(x/r)2 oyt | X —y?
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(rz _ yz )3/2
Using d_m:d_mxﬂ
dt dy dt
r? r

(" —y )" *1000

rS

- 10° (r2 _y? )3/2

)

Z—T is the rate of change of the gradient of the line OP.

Alternate method 2:

m = tan (sin‘1 X}
r

1Y
r

e =)

1+m? ) dy 1_(},}2 r
r

dm  1+m?

dy r’ —y?

2
:w where 6 = sin’l? = sinf =
-y

tanm=sin"

y
.
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Second part

_—yz)3/2

is similar to the above.

Alternate method 3:

m = tan (sinl lj —tan®d, whered=sint<
r
X r.2 _ y2

Second part

_—y2)3’2

is similar to the above.

y
r

6(i)

r2+r—1_

A B C

(r+2)!

r2+r—1_

e (rr o)

A(r+1)(r+2)+B(r+2)+C

(r+2)!

(r+2)!

By comparing coefficients,
A=1B=-2C=1

) r>+r-1

o (r+2)!

1.2 1
rt (r+1)t (r+2)!
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(i) r2ir-1 N1 2 1
W:Z(ﬁ‘(ru)ﬁ(wzﬂj

+
(n+1)!
1

+=~ + ]
(n+H! (n+2)!
1 1 1
=g +
2 (n+1)! (n+2)!
() | Since r2—1<r?+r—-1forr>0, sowe have
r2—1<n rf+r-1 1 1 L1
1(r+2)! n (r+2)! 2 (+D)! (n+2)!
= r=
1 n+1 1
= —— <—=
2 [ (h+2)1 | 2
(- n+l >0as neZ")
(n+2)!
(V) Zn:r2—3r+1
r!
r=4
Replace r with (k + 2)
”23‘ (k+2)% =3(k+2)+1
(k+2)!
k=2
NYJC P1 Solutions
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T
3 (n=-1! n!
° r’+r-1
Alternatively, consider Z— and sub. r =k —2. So we have
(r+2)!
r=1
2
Zn:r2+r—1_nz+:k2—3k+l
(r+2)! kt
r=1 k=3
n+2 2
Zk -3k+1 1 1 1
= ) ————="- +
= k! 2 (n+D! (n+2)!
2
:nikz—3k+1_1_ 1, 1 (-3
— k! 2 (n+)! (n+2)! 3!
1 1 1

“3 D! (n+2)!

n

_Zk2—3k+1_1_ 1 1
B k! 3 (n-1! n!
k=4

NYJC P1 Solutions

388



and tan(6+a)=

tan@d =tan((@+a)—-a)
_ tan(@+a)—-tana
1-tan(0+a)tan

17 7
__X X
17 7
1-=—()
X X
10
v 10x
X
- = shown
119 xi119 OO
2
X

Differentiating wrt x,

dg (119+ x*)(10) —10x(2x)
dax (119 + x2)?
_1190-10x*
119+ x2)?
For maximum angle,
do 0=10x*=1190

X
Since x>0, x=+/119

Since sec?6 >0,

sec’ @

389
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Using first derivative test at vicinity of x=+/119 , it can be shown that the angle is
maximum.

10v119 5119

119+119 119

(iss) [ (58] | (dise)

do
Sign of —
g X + 0

Therefore, tan @ = = 0~25°

Slope

8 (i)  w'=-1+/3i
.2z
w'=2e 3

L il(z—’ﬂzknj
w=2¢e 43 k=-2,-101,
() ) A )
(ii)(1+2)" +1-iN3=0 = (1+2)' =-1+iV3
z=w-1

Z= Z%ei (7%’[] -1, Z%Gi (7%) -1 ziei (%j -1, ziei (%ﬁj -1

4, = Z%Gi (%ﬂ] -17,= Z%ei [%] -1z, = Z%e' [%] -1z, = Z%ei (%ﬂ) -1

A
Im
4+/3,4)
Z -
ix“o(vz,a"
X Al » Re
Z

(iii)
Least possible ZiQ =Z;Q=8-2 - 2"* =6 - 2"
Greatest possible Z,Q =2,Q=8+2+2"* =10-2"*
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Q) d_x =Xx(a—x)

Ix(a x) I

1

xax

—In|x|——|n|a—x|:t+C
a a

1 X
~ln|———
a a—X

=t+C

In =at+aC

a—X
X pe® . Where A =+e*
a—X

Whent=0,x=0.2a

0.2a

0.8a

1

4
Whent=1In2,x=0.5a
0 5a 1 1 a2

0 5a 4

4:ealn2
2% =4
a=2

A=

1
Subst. values of A and a , X e
2—-xX 4

4x = 2e* — xe?
x(4+e2‘): 2e%

2e” 2
X = = shown
(4+e2‘) 4e7 11 ( )
(i) —_10 ot?
d

X 10t—3t+ A
dt

x:5t2—%t4+At+B

Whent=0, x=0.2a
B=0.2a

X = 5t? —%t“ +At+0.2a

NYJC P1 Solutions 391



10 _ _

| sinx+ 3cosx:23|n(x+—J
(@)()
(i) y

Consider y=25in(x+£] :>x=sin—1(lj_£
3 2 3

So f_12XHSin_1(§]—%, —2<x<2.

For ff1(x)=f"1f(x , we must have Df N Dg.
f f

So the solution set is x [% 2} .

. 7
For f to have an inverse, f must be one-to-one. Hence largestk = ?ﬂ
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(b)(¥)

5x
1+x

5x
1+x

Consider y=2— 5

=>2-y=

2
= (2-y)(1+% ) =5x
=(2-y)x? -5x+(2-y)=0
D=(-5)%-4(2-y)(2-y)20
25-4(2-y)? >0

(5-2(2-y))(5+2(2-y))=20

(1+2y)(9-2y)=0

(i)

Scale the graph of g by factor 2 parallel to the x-axis followed by a reflection in the

y-axis followed by a translation of -2 units in the direction of y-axis.

Or
5(2) 10
24—

2 2
14 (XJ 4+ X" 5cale the graph of g
2
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by factor 2 parallel to the x-axis followed by a reflection in the x-axis followed by a

translation of 2 units in the direction of y-axis.

11 1 1
@ l:r=2|+4|a|,A€eR
1 2
3 1
L:ir=10|+u|2,ueck
5 3
Equating the equations of the 2 lines,
1+A=3+u
2+al=2u
1+24=5+3u
Solving, #=04=2
sa=-1
(ii) Coordinates of B is (3, 0, 5)
1
AB-| 2
Sh di from B 3
ortest distance fromB top; = Yr
3) (1)](1 2\(1
O(—| 2|2 —2 e 2
5 1)1\3 4 J\3 10
T e Ju Ve
Alternative solution 1:
1 1)(1
2 2 |4 2
Equation of plane p; :r = 2)\3 = 8
Ji& 4 e

Equation of plane parallel to p; and containing point B is

1) (3)(1
2| [o}2
3) (5)(3) 18

AN VRN VRNV

Shortest distance from B to p; is

18 B 8 10
Jii Vi e
Alternative solution 2:

Let F be the foot of perpendicular from point B to plane p;
Line |, meets plane p; at point F
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3 1
OF =|0|+4|2
5 3
3 1 1
O|+ul2|12|=
5 3)1\3

3+15+ u(1+4+9)=8

5

ﬂ=—7

J forsome 1R

8

Shortest distance from B to py is ‘ﬁ‘: —g 2 =§\/1+4+ =g\/ﬁ

|AB| = 2" + (-2) +4* =24

sin9zﬂi
V14 V24
6 ~33.1°
1 1 7
(iii)A normal vectorto ppis | 2 [x| -1 |=| 1
3 2 -3
7 1\ (7
Equation of pois re 1 |=| 21 1 |=6
-3 1)(-3

Cartesian equation of pyis 7x+y—-3z=6
(iv) Equation of x-y planeisz=0
Let « be the acute angle between p, and x-y plane.

7\(0

110

-3/\1 3
cosa = 5 /5%
a=67.0°
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Section A: Pure Mathematics [40 marks]

1 The first four terms of a sequence of numbers are 10, 6, 5 and 7. S, is the sum of the first n

terms of this sequence. Given that S, is a cubic polynomial in n, find S, in terms of n.

[4]

Show that U, = gnz —%n +17, where U denotes the n™ term of the sequence. [2]

Find the set of values of n for which S, <3U,,. [2]

2 On separate diagrams, draw sketches of the graphs of
_X*(3-x)
1+x
2 _ X (3-X)
1+x

(i)

(i) vy

including the coordinates of the points where the graphs cross the axes and the equations of
any asymptotes. You should show the features of the graphs at the points where it crosses
the x-axis clearly.

Show that the area of the region enclosed by the graph in (ii) may be expressed in the form

2J33X—_X2 dx
0 (4= (x=1)°)

By using the substitution x—1=2sin# , evaluate this area exactly. [10]
3 (@ Solve z°—2(2—-i)z* +(8-3i)z—-5+i=0, given that one of the three roots is real.[5]

(b) The complex number u is given by u = cos@ +isin@, where 0 < 0 < %

(i)  Show that 1—u® = —2iusin@ and hence find the modulus and argument of
1—u® in terms of 6. [4]
(i) Given that (1-u’ )10 is real and negative, find the possible values of @ in terms

of . [3]

H2 Math Prelim 2016 9740/02 2
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4 [In this question, you may use the result that for a circle with radius r, a sector with angle

6 has arc length r@ and area %rze ]

(@) Acircle of radius I is divided into 16 sectors of decreasing arc length. Let L, and A,

be the arc length and the area of the nth sector respectively. Suppose L, is an

arithmetic sequence with first term r and common difference d .

. 7—8
Q) Show that d :(er. [2]

(i)~ Show that A, is an arithmetic sequence. [3]

(b) Let G, be the area of a sector of a circle with radius a . Suppose that G, is a

geometric sequence with first term a and common ratio r,where 0 <r<1.

Q) If N sectors are needed to form the circle, show that r satisfies the equation
r" —zar+(ra-1)=0. [3]
(i) If an infinite number of sectors are needed to form the circle, find r in terms of
a. [2]

Section B: Statistics [60 marks]

5 A company sells a certain brand of baby milk powder and would like to gather feedback on
their product. Explain why quota sampling is appropriate in this situation and describe
briefly how a sample of 50 could be chosen using quota sampling. [3]

The company wishes to randomly reward 5 customers with free milk vouchers through a
lucky draw. Suppose that 2000 customers qualify for the draw, show that there will be equal
probability of a particular customer being the first to be selected or the third to be selected

for the free milk vouchers. [2]

H2 Math Prelim 2016 9740/02 3 [Turn Over]
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6 The mass, in grams, of an ice-cube has the distribution N(z, o). The mean mass of a
random sample of n ice-cubes is denoted by X . It is given that P(X <35.0) =0.97725 and
P(X >20.0)=0.84134 .

Q) Obtain an expression for o in terms of n. [3]
(i)  Find P(X >32). [2]
Assume now that the mass of an ice-cube has the distribution N(25,50).

An ice dispenser discharges 15 ice cubes each time into a cup. State the distribution of the
mass of a discharge of 15 ice cubes. [1]
(iii)  Find the mass exceeded by 10% of these discharges, correct to 1 decimal place.
[2]
(iv)  Find the probability that the mass of the first discharge of ice-cubes is more than the

second discharge. [2]

7 A team of 5 men and 5 women is to be picked from 8 men and 9 women such that two of the
9 women, Ann and Lucy, must both be selected or not at all. Find the number of ways in
which this can be done. [2]
Assume now the team is selected and Ann, Carrie and Lucy are included.
Q) The selected team is to form a queue. Find the number of possible arrangements
if Ann and Lucy are to occupy both the second and the sixth positions and no two people of

the same gender are to stand next to each other. [3]

(i) On another occasion, the selected team is required to be seated at a round table
with 10 chairs of different colours. If only Carrie can be seated between Ann

and Lucy, find the number of possible arrangements. [3]

H2 Math Prelim 2016 9740/02 4
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8 Two teams, the Ramblers and the Strollers, meet annually for a quiz which always has a
winner. If the Ramblers wins the quiz, the probability of them winning the following year is
0.7. If the Strollers wins the quiz, the probability of them winning the following year is 0.5.
The Ramblers won the quiz in 2015.

Q) Find the probability that the Strollers will win in 2018. [2]
(i) If the Strollers were to win in 2018, what is the probability that it will be their first
win for at least three years since 2015?
[2]
(i) Assuming that the Strollers wins in 2018, find the smallest value of n such that the
probability of the Ramblers winning the quiz for n consecutive years after 2018 is
less than 5%. [3]

9 It is believed that the probability p of a randomly chosen pregnant woman giving birth to a
Down Syndrome child is related to the woman’s age x, in years. The table gives observed

values of p for 6 different values of x.

X 20 25 30 35 40 45
p 0.00023 | 0.00067 | 0.00125 | 0.00333 | 0.01000 | 0.03330
Q) Sketch the scatter diagram for the given data. [1]
(i) Find, correct to 4 decimal places, the product moment correlation coefficient
between
(@) pandx,
(b) Inp and x,
(c) pand x?. [2]

(iii))  Using the most appropriate case from part (ii), find the equation which best models

the probability of a pregnant woman giving birth to a Down Syndrome child at

different ages. [2]
(iv)  Hence, estimate the expected number of children with Down Syndrome that will be
born to 5000 randomly chosen pregnant women of age 32. [2]
H2 Math Prelim 2016 9740/02 5 [Turn Over]
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10 At an early stage in analysing the marks, x, scored by a large number of candidates in
an examination paper, the Examination Board takes the scores from a random sample
of 250 candidates. The results are summarised as follows:

D x=11872 and ) x* =646193

Q) Calculate unbiased estimates of the population mean and variance to 3 decimal
places. [2]

(i)  In a 1-tail test of the null hypothesis x =49.5, the alternative hypothesis is
accepted. State the alternative hypothesis and find an inequality satisfied by the
significance level of the test. [4]

(iii) It is subsequently found that the population mean and standard deviation for
the examination paper are 45.292 and 18.761 respectively. Find the probability
that in a random sample of size 250, the sample mean is at least as high as the
one found in the sample above. [2]

11 On a typical weekday morning, customers arrive at the post office independently and
at a rate of 3 per 10 minute period.

Q) State, in context, a condition needed for the number of customers who arrived at the

post office during a randomly chosen period of 30 minutes to be well modelled by a Poisson

distribution. [1]

(i) Find the probability that no more than 4 customers arrive between 11.00 a.m. and

11.30 a.m. [2]

(iii)  The period from 11.00 a.m. to 11.30 a.m. on a Tuesday morning is divided into
6 periods of 5 minutes each. Find the probability that no customers arrive in at
most one of these periods. [2]

The post office opens for 3.5 hours each in the morning and afternoon and it is noted

that on a typical weekday afternoon, customers arrive at the post office independently

and at a rate of 1 per 10 minute period. Arrivals of customers take place independently

at random times.

(iv)  Show that the probability that the number of customers who arrived in the afternoon
is within one standard deviation from the mean is 0.675, correct to 3 decimal places.

[3]

(v) Find the probability that more than 38 customers arrived in a morning given

that a total of 40 customers arrived in a day. [4]

(vi)  Using a suitable approximation, estimate the probability that more than 100 customers
arrive at the post office in a day. [3]

H2 Math Prelim 2016 9740/02 6

NYJC P2 Questions

401



Solutions to P2 Prelim 2016:

1. S, =an’® +bn*+cn+d

10=a+b+c+d
16=8a+4b+2c+d
21=27a+9%+3c+d
28 =64a+16b+4c+d

azl, b:—z, c=13,d =0
2 2

S, L T paan
2 2
Un = Sn _Sn—l

L L +13n—(%(n—1)3 Ln-ay +13(n_1)j

PPy
2 2

S, <3,

Lo Ty +13n<3 3o hia7
2 2 2 2

%n:"—Sn2 +gn—51<0
From GC

n %n3—8n2+gn—51
1 =20

2 -2

3 6

4 7

5 |4

6 0

7 -2

8 1

From GC, {n:neZ+,n=1,2,7}

Microsoft Word- NYJC 2016 H2 Mathematics P2 Solutions

402



3 _
_ 5 X(3—x) ix

2 3x—x’
——0X
0 \(4-(x=1)*)

Using x—1=2sin#d, we have 3—2:2(:036

Also, when x=0, sing=_L o=~

6
And when x=3,sin0:1:>6?:%

Therefore area = ZJ —dx

0 y(4-(x-1)")

! > X
-1? 3
|
|
H
i
' /,.~-' "“‘\\_II
|II 'l
|
y . (3 X\J !
1+X h
3 3 _ X
Area enclosed by loop = 2| x,/——dx
Jo V1+x
3 _ _
=2| x B=X)E=x) X)dx
Jo V (L+x)(3-x)
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_ ZJ'z 3(25|n¢9+1) (2sin@+1)° (2c050)d0
(4 (2sin6)?)

. 2]1(2sin9+2—4sin29)d9
)
:4Ii(sin 0+ (1-2sin’ 0))o
= 4ji(sin 0+cos20)d6
6

= 4| —cosf+

sin 29}2

o 9]

3(a)

z3 —2(2—i)z2 +(8-3i)z-5+i=0

Let z = x be the real root.

X°—2(2—-1)x* +(8-3i)x-5+i=0

X3 —4x% +2ix* +8x—3ix—-5+i=0

(x3 —4x? +8x—5)+(2x2 —3x+1)i =0

Since z =X is aroot,

X3 —4x*> +8x-5=0 and 2x* —=3x+1=0
From GC: x=1

Therefore, the real rootis z =1
2°-2(2-1)z* +(8-3i)z-5+i=0
(z-1)(2* + Az+(5-1)) =0
(z-1)(2* +(-8+2i)z+(5-i)) =0

z=1or z°+(-3+2i)z+(5-1)

—(-3+2i)+(-3+2i) —4(5-i)
2
_(-3+2i)+(1-4i)

0

=

=2-3i or 1+i
Roots: 1, 2—3i, 1+i
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3b) | 1-u? =1-(cos@ +isin @)’
=1-cos’ @ +sin* @ - 2isindcos &
=2sin® 6 - 2isin@cos b
= 2sin 4 (sin @ - 2icos o)
=-2isin@(cos O +isin )
=-2iusiné
Alternative
u=cosd+ising =e”
1-u?=1-¢"
=e" (e —e”)
=u(cos@—isin@—isin@—coso)
=u(-2ising)
=-2iusiné
‘1—u2‘ =|-2iusin 6| =|-2sind|| i ||u|
=2sind
arg(1-u”) = arg(-2iusin o)
=arg(-2ising)+arg(u)

=240
2

(1—u2)10 is real and negative: arg (1—u2)lo =10arg(1-u*)=(2k +1) 7.k € Z

10(—%+ 0} = (2k+1)7

57+100 = (2k +1) 7
(2k + 6)7z
10

O<9<£: inﬂ,gﬁ
2 5 5

Alternative
% 10
(1-u? )m = (ZSin e 2 ]
= (2" sin* 9)(cos(~57 +108) + isin (57 +100))

Since (1— u’ )10 is real and negative, and 2'°sin"® >0,

sin(-57 +106) =0 and cos(-57 +106) <0
Sr+100=kr ,keZ
. (k+5)7
10
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O<6?<— 49—i7z 17[ 3 gﬂ'
2 10 5 10 '5
1 2 )
Only when @ = PR will cos(-57+106) < 0.
Therefore, 0 = %72’,272' .
4(a)(i) | Since S, =2xr, thus
%(Zr +15d) = 2zr
— 2r+15d =7~
—15d :(ﬂ—Sjr
60
@) | gince L,=r6, and A = —r29 thus A ==
Hence
1 1
-A=—-rL ,——rL
A\Hl A“I 2 n+1 2 n
1
:Er(LnJrl_Ln)
:%rd = constant foralln=2,...,15
Thus A, is an arithmetic sequence.
(b)(i) | Since S, =za®, we have
N
a(r” -1) .
r-1
=r"-1=rar-ra
=r" —rar+(ra-1)=0
(b)(ii) | Since 0<r<1,wehave rN —0as N — .
Thus
—rar+(za-1)=0
ra-1
=r=
ra
Alternative:
Since S, = a’, we have
2
1-r
=1-r :i
ra
ra-1
.
a
NYJC P2 Solutions

406



5 | No sampling frame or entire list of people consuming this brand is not available
Station an interviewer at the exits of a local supermarket store during peak hours and he is free
to choose 25 male and 25 female customers who buy the products.

P( a particular consumer is the first to be selected) = Tloo

P(a particular consumer is the third to be selected)

_ 19991998 1 1 (shown)

200019991998 2000
6 (i) P(X <35.0)=0.97725

35-u

O'/\/H

P(Z < ) =0.97725

P(X <20.0)=0.15866

20—
oln

20— B S Y

G/\/ﬁ_

P(Z <

) =0.15866

3o

—=15
Eqn [1]-[2]: vn

o= 5«/ﬁ

(i)

=25, X ~N(25,5%) since

o

Jn

=5

P(X >32)=0.0808

let M be the mass of a randomly chosen discharge of 15 ice cubes. M ~ N (375, 750)
(iii)

P(M >a)=0.1

P(M <a)=0.9

a=410.1

(iv)

M, —-M, ~ N(0,1500)

P(M;>M,)=P(M,-M, >0)=0.5

7 5M, [3W, A, L]:
No. of selections = (°C, )(C,) = 1960

5M, 5W (exclude A and L):
No. of selections = (°C, )(C,) = 1176

Total number of selections

=(7C:)(7C, )+ ("C:)("Cs)

=1960 + 1176= 3136
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M,AM M L M M
Ot O t ¢
W wow

Arrange 5M: No. of ways = 5! =120
Arrange A and L: No. of ways =21 =2
Arrange 3W: No. of ways =1(3!) =6

Total no. of arrangements = (5!)[(2!)x(3!)]
=1440

(i)

No of arrangements (8-1)!(2)(10) =100800

8(i)

P(Strollers will win in 2018)

- (0.7)(0.7)(0.3)+(0.7)(0.3)(0.5)
+(0.3)(0.5)(0.3) +(0.3)(0.5)(0.5)
- 0.372

(i)

Let event A denotes “Strollers first win for at least three
years” and event B denotes “Strollers win in 2018~
P(ANB
P ( A| B) = w
P(B)
(0.7)(0.7)(0.3)

0.372
=0.39516

~0.395 (3sf.)

(iil)

(0.5)(0.7)"" <0.05
(0.7)"" <0.1
In(0.1)
In(0.7)
n > 7.4557
Hence, the smallest value is n = 8.

=6.4557

Alternative method:

(0.5)(0.7)"" <0.05

Using GC:

n probability

7 0.05582

8 0.04418 < 0.05

9 0.02882
Hence, the smallest value is n = 8.
Or
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(0.7)"" <0.1

n probability
7 0.11765
8 0.08235 <0.01
9 0.05465
Hence, the smallest value is n = 8.
9 Q)
Ar p
0.03330 -
+
+
0.00023 ktstmtmbmteitmttmt ot X
20 45
(if)(@) r=0.8130 (b) r=0.9960 (c) r =0.8667
(iii)Since |r| is closest to 1 for model (b), equation would be
In p=0.19409x —12.322
(iv)When x = 32,
p =0.0022181
Expected number = 5000(0.0022181) = 11.1
10 (i) Unbiased estimate of pop mean =

Y:&=@=47.488

n 250
2
Unbiased estimate of population variance, s* = i(646193‘— 11872 ) =330.986
249 250
0] To test

H,:u=49.5

H,: <495

At a% significance level

330.986

Since n= 250 is large, by Central limit Theorem, X ~ N(49.5, ) approx.

250
Since Hp is rejected,

p-value =P(X < 47.488) = 0.040179 < %
a>4.02

(i) Since n =250 is large, by Central Limit Theorem,

2
X ~ N(45.292,18'7?)1 ) approximately

P(X >47.488) ~0.0321
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11(i)

The mean number of customers who arrived at the village post office during a random chosen

30 minutes period must be a constant.

(i)

Let X be the random variable denoting the number of customers who arrive at the village post
office between 11.00 a.m. and 11.30 a.m.

ie. X~ P (9)

P(X <4)=0.054964 = 0.0550 (3s.f.)

(iii)

Let Y be the random variable denoting the number of customers who arrive at the village post

office in 5 minutes

ie. Y~ P, (L5)

P(Y =0)=0.22313

Let W be the random variable denoting the number of periods (of 5 minutes each) out of 6

whereY =0
i.e. W~ B(6, 0.22313)

P(W <1)=059867 =0599 (3sf)

(iv)

Let U be the random variable denoting the number of customers who arrive at the village post
office in 3.5 hours in the afternoon

i.e. U~ Po(21)

P(u—o<U < u+0)=P(16.4<U < 25.6)

= P(U <25)- P(U <16)
= 0.675

(v)

Let T be the random variable denoting the number of customers who arrive at the village post
office in 3.5 hours in the morning
T +U ~ Po(84)
P(T >38 and T +U =40)
P(T +U =40)
_ P(T =39)P(U =1)+P(T =40)P(U =0)
P(T +U =40)
=1.44x10"

P(T >38|T +U =40) =

(vi)

T+U ~ Po(84)
Since 4 =84>10 , hence use the normal distribution for approximation

e. T+U ~ N(126, (\/126)2) approximately

P(T +U >100) —>P(T +U >1005)=0.0359 (3sf)
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The police wish to crack a 3-digit passcode. The sum of the digits is 14. When the
digits in the number are reversed, the new number becomes 495 more than the
original number. The digit in the tens position is 3 more than the digit in the hundreds

position. What is the passcode? [4]

Fig. 1 Fig. 2

Fig. 1 shows a circular card with centre C. A sector CAB is removed from the card,
and the remaining card is folded such that AC and BC meet without overlapping to
form a cone, as shown in Fig. 2 (A will meet B). Use differentiation to find the angle

ACB exactly such that the volume of the cone is as large as possible. [6]
1
[It is given that a cone with radius r and height h has volume §7Z'r2h and curve surface

area zrl where | is the slant height.]

. 4

(1) Show that ——————can be expressed as + , where A and B are
4r - +12r+5 2r+1 2r+5
constants to be determined. [2]

. ! 2

1 Hence, find an expression for Y ——— in terms of n. 3
(i P ;4r2+12r+5 3]

n-1

(ili)  Hence, find the smallest value of n for which Z; is at least 99%

~Ar* +12r+5

of its sum to infinity. [3]
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4 A curve C has parametric equations

X=2acos @, y=asin’ 6,

where P <6< 2 and a is a positive constant.

(1) A point P lies on C. Find, in terms of @, the exact coordinates of P, whose

tangent is parallel to the line 2y = —x. [4]

il The tangent to C at the pointQ(2acos’t, asin’t), where 0 <t < ﬁ’ meets the
2

X- and y-axes at R and S respectively. Find a cartesian equation of the locus of

the mid-point of RS as t varies. [4]
5 The sum, S, of the first n terms of a sequence is given by
1 2 n
S,=—+—+ 3 4.+

"o 3 4 T (ne!
(1) Find the values of S, S,, S, and S,. (2]
(i) By expressing S, in the form [l—f(n)] forn=1,2,3,4, find a conjecture for
S, 1in terms ofn . [2]
(ilf)  Hence prove by mathematical induction the result of S, for all positive

integersn . [4]

[It is given that n!=n(n—-1)(n-2)...(3)(2)(1)]
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6 Referred to the origin O, points A and B have position vectors a and b respectively.
Point C lies on OA produced such that OA:OC =2:5. Point D is on AB, between A
and B such that AD: DB =4:1.

Q) Find the position vectors OC and oD , giving your answers in terms of a and
b. [2]
(i) Find a vector equation of line CD. [2]

(iii)  Point E lies on CD produced, and it is also on OB, between O and B. Find OE
and the ratio OE: EB. [5]

7 Newton’s law of cooling states that the rate of cooling in t minutes is proportional to
the difference between the body temperature T °C and its immediate surrounding

temperature T, °C . Show that T =T, + Ae™™, where A and k are positive constants.

[3]

Nurul is the chef of a dessert shop and she leaves her work place at 9pm daily. Before
she leaves, she is required to cook a big pot of dessert and leave it to cool, before

placing it in the refrigerator for the next business day. She takes 30 minutes to cook
the pot of dessert to100°C, and then leaves it to cool. After 15 minutes, the pot of

dessert cools to 70°C .

The room temperature of the kitchen is 30°C, and the refrigerator can only

accommodate items with temperature of at most 35°C . By what time, correct to the
nearest minute, must Nurul start to cook the pot of dessert so that she will be able to

leave her work place on time? [5]

8 A lion eyes its prey which is k m away. The lion starts his chase of its prey with a leap
of 2.5 m. Each subsequent leap of the lion is shorter than his preceding leap by
0.05 m. Its prey notices the lion’s chase and runs away with a first leap of 1.5 m, with
each subsequent leap 5% less than the previous leap. You may assume that the lion
and the prey start running at the same moment and they complete the same number of

leaps after the first leap.

(1) Find the total distance covered by the lion after n leaps. [2]
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(i)  Find the total distance covered by the prey after n leaps. Deduce that the

distance covered by the prey can never be greater than 30 m. [3]

(iii)  Given k =25, find the least number of leaps the lion needs to take to catch its
prey. [3]

(iv)  Assuming that the lion can cover a maximum of 30 leaps, find the least integer

k, so that the prey will survive the hunt. [3]

9 €)] Q) Ift= tang, show that sinf = 2t = [2]
2 1+t

(i)  Use the substitution t:tang to find the exact value of

z| tan 4 +1
22 |4g. [5]
01 sin@+1

(b)  Find j e’ cos3vdv. [4]

10 The point A has coordinates (18, 2,0). The plane p, has the equation x+3y+z=a,

where a is a constant. It is given that p, contains the line |, with equation

Xx—1 z—1

Q) Show that a=2. [2]
(i)  Find the coordinates of the foot of perpendicular from the point Ato p,.

[3]
(ili) B is given to be a general point on |,. Find an expression for the distance

between the point A and B. Hence find the position vector of B that is nearest

to A. [4]

The planes p, and p, have the equations X+z =1 and 2X+by+2z =4 respectively,

where b is a constant.
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(iv)
11 (a)
(b)
@PJC 2016

Given that p, and p, intersect at |,, show that |, is parallel to the vector

-b
1 |. By finding a point that lies on both planes, find a vector equation of .

b

[3]

The complex number w is such that w=re'’, wherer >0 and 0 <8 < % The

2

. . . w
complex conjugate of W is denoted by w*. Given that — = -3, find the exact
w

values of r and €. Hence find the three smallest positive integer n for which

w" is a real number. [5]

The complex number Z is such that z° —1-i=0.

(1) Find the modulus and argument of each of the possible values of z. [5]

. Vs
(i)  Two of these values are z; and 2z, where E<arg z, <7 and

T .
—mr<argz, < —5 Find the exact value of arg(z1 - 22) in terms of 7

and illustrate the locus arg(z—z)=arg(z,—2z,) on an Argand

diagram. [5]
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2016 JC 2 Preliminary Examination Paper 1 Solution
1
Let the passcode be Xyz.

X+y+z=14..... 1))
1002 +10y+x=100x+10y +z+495
99z -99x =495......(2)

Y—=X=3 e 3)

Using the GC, x=2,y=5,2=7
.. the passcode is 257

2

Let the radius and height of the cone be r and h respectively.
Let the radius of the circular card be X and angle ACB be 4.

By Pythagoras Theorem,
X =r’+h’=r’=x>-h’

V:%mzh Z%ﬂ(xz—hz)h :éﬂ(xzh—h3)

dav 1

——=—z(X-3n")=0
dh 3
3 3
Consider the circumference of the circle without sector:
2xr = 27 8 (27rx)
27

27:\/%x =2z —-0)(X)
0= 2(1—\/2]77
3

Alternatively, consider the curve surface area of the cone,

TX > =X
T

2.

X —aX|— |=7m,|—X X
27 3

1_(1]_ 2
27 3

-8

2
jr:i = %ﬁ(—6h) =-27h<0 (Max)
3
@PIC 2016
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4 4 A B
2 = +
4r* +12r+5 (2r+1)(2r+5) 2r+1 2r+5
4=A(2r+5)+B

(
whenr:—5 4=B|2 —2] =B=-1
2 2
whenr =—— ! : (—lj
2 2

4
AR 1245 2r+1 2r+s

(if) ni—z LD .
AP +12r+5 25 4r +12r+5

ror 1 b ) _1(8 _4n+d4 |\_4 20n+D)
21375 2n+1 2n+3) 2\15 4n*+8n+3) 15 4n’+8n+3

(iii) S, >0.99S

n-1 =—

2n+2 { 1 j(ij
4n*> +8n+3 (100 )\ 15

1500(2n+2)—4(4n* +8n+3)
(1500)(4n° +8n+3)
—4n* +742n+ 747 <0
(1500)(4n* +8n+3)
(—n+186.501)(n+1.001) <0
15002n+1)(2n+3)

—Nn+186.501<0 since (2n+1)>0,(2n+3)>0,(n+1.001) >0
n>186.501

<0

Alternatively
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4220 4)
15 4n“+8n+3 15

2n+2 { 1 j(ij
4n*> +8n+3 (100 )\ 15

4n* +8n+3>750n+750 (Since n is positive integer)
4an’ —742n-7472>0

n=>186.5

minimum N = 187 (Alternative solution)
4 (i)

X =2acos’ @ y =asin’ @

x_ 2a(2cos” @)(—sin H) _ a(3sin” @)(cos )
dt dt

dy _dy , dx

dx do do

_ 3a cos@sin* @
—6acos’ @sin @

=—ltanl9
2
dy_ 1
dx 2
o==
4
Point P: 2acos3(£}asin3(£j = &,&
4 4 2 4

(i1) The equation of tangent at Q is

y—asin’t= —%tant(x—2acos3 t)

1 . .
y = —(Etantjx+asmtcoszt+asm3t

y= —(%tantjx+asint

@PJC 2016
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R(2acost,0),S(0,asint)

Midpoint of RS = (acost,%asint]

X
X=acost = cost=—

yzlasint:sint =ﬂ
2 a

cos’t+sin’t=1

2 2
PCE
a a
x> +4y* =a’

Since0<t<%,0<x<a or O<y<%

5(i) S, =o =

2
N
2! 3!
1.2

3!

2

3!

23

_ =
4

)
1

24
3 4 119

1
2
5
6
3

!
3

151120

_e
120 120

-
(n+1)!

(ii1)
Let P, be the statement S, =1—

S

forn=1,2,3,...

(n+1)!
when n=1

LHS=SI=%
11

T+ 2

- B is true
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10

Assume P, is true for some k =1,2,3,...

S, =1- !
(k +1)!
We want to prove that B, is also true
Sk+1 =1- 1
(k+2)!

LHS=S,,

k+1

=S, +
(k+2)!
1 k+1

T kAD! (K+2)!

1 (k+2)—(k+1)
- (k +2)!

1
(k+2)!
- RHS
- B, is true

Since P, is true and B, is true = B, is true ,

by mathematical induction P, is true for alln =1,2,3,...

@PJC 2016
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(1)

(i)

(iif)

@PJC 2016

OA
oo -
oc
==

OC-20A=2a
2 2

By ratio theorem,
— a-+4b

OD =

_2

5
5

2

1

OD=-a+-b
5 5

1

CD=-a+

5

ICD

5

OE=—a+1
2

5

—a+A

2

2
5 23
2

iﬂ:a:azz—
5 23

~0E=2%
23
OE: EB - 20: 3

222 h=0=
10

(

Since E is a point on OB,
OE =ab

(

(2_232
10

5

Tp-a=

o

Since E is a point on CD produced,

j AeR

aeR

——a+— b
10 5

ja +—Ab=ab
5

11

-—a+—=b
10 5

-—a+-b
10

5

j AeR
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I k(T-T), k>0
dt

J';dT - I —kdt Note that no modulus required
T-T, since T > T,

In(T-T,)=—kt+C, where C is an arbitary constant

T-T,=¢'¢

T-T =e™e°

T-T, =Ae™, where A=e®

=T =T +Ae™ (shown)

T =30°C

Att=0: 100=30+Ae "
A=70

Att=15: 70=30+70e"™
40 = 70e™"
e = i

7

k= —ilni ~0.0373077
15 7

To find time taken for pot of dessert to cool to at most 35°C :
30+70e™ <35
70 <5

5

oM< >
70

—ktSlni
70
S 1111(5/70)
——In4/7
T n(4/7)

t>70.74

t =71 minutes
It takes at least 71 minutes for the pot of dessert to cool to 35°C and 30 minutes to cook.
Hence Nurul must start preparing the pot of dessert at 7.19pm the latest.

8
(1) Let L be the distance covered by the lion.
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(i)

(iii)

(iv)

13

a=25andd =-0.05
n

L=—2 -1)d
20+ (n-1)d]

:2[2(2.5)+(n—l)(—0.05)]
1, 101

Let P be the distance covered by the prey.
a=1.5andr=0.95

1.5(1-0.95")
~1-095
=30(1—0.95")
Whenn — oo, P — 30

So the distance covered by the prey can never exceed 30m

In order for the lion to catch its prey,
L >P+25

—in2+ﬂnz30(l—0.95”)+25
40 40
—in2+ﬂn+30(0.95”)255
40 40
1, 101 ]
n=24——n>+—n+30(0.95") =54.96 < 55
40 40

n= 25,—i 2+ 100, +30(0.95") = 55.822 > 55
40 40

n=26,———n?+1% 1 1 30(0.95") = 56.556 > 55
40 40

least n =25

Hence, the lion will need at least 25 leaps to catch its prey.

Let the initial distance be k
In order for the prey to escape the hunt,
P+k>L

1 101
30(1-0.95") +k = ——(30*) +——(30
( ) 2030+ 7560

23.561+k >53.25
k >29.689

.". the shortest distance is 30 m.
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; o
a)(l t=tan—
(a) (i) >
2tan€ ot t
tand = 2 __ .
l—tan? 2 1t
by triangle rule:
sinf =

2t 2 tan Q 2 tan Q 2sin Q 0
Alternatively RHS = > = 29 = g = 2 xcos> = =sin @ =LHS
0 an? 5 sec’~  cos— 2

2
Alternatively
. 0 ]
2] sin -~ 0 2tan5 ot
Use double angle formula: sinf =2sin—cos— =2 cos?Z = :
4 2 1+t
cos—
(i)
[
xtan—+1 )
= {=tan—
0 sind+1 B
t+1
N dt _T. 72 _
J. (1+t j When9—2.t tan 5
1+t 0
1ot+l 2 when 6=0: t=tan—=0
:I 2 zdt 2
21t (It )
1+t2 tan t:E
02t+1+t2 1+t2 de_z
J- 2t+2 _ lidt £_1+t2
t+2t+1 0t+1 do 2
:2[111(t+1)]0 40 _ 2
=2In2 dt 1+t
@PIC 2016 [Turn Over]
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®) 2 y
j e’ cos3vdv u=e” —=cos(3v)
dv
1, . 2 5 . du 1.
=—¢e”sin3v— | =e*' sin3vdv — =2¢e" =—sin(3v
3 J- 3 av y 3 (3v)

1 v . 2 1 2v 2 2v
=—¢e”'sin3v——| ——e” cos(3v) + | —e"" cos(3v)dv
5 3[ 3 (3v)+ | 5 (3v) J

dy =sin(3V)
oy 2o 4, dv
=—e”'sin3v+—e”’ cos(3v) - I—e " cos(3v)dv du 1
3 9 9 W 2¢” y= -3 cos(3v)
v

o> _[ e” cos3vdv = %ezv sin3v+ 2 e cos(3v)

J.ez" cos3vdv = %ezv sin3v + lie2v cos(3v)+cC

Alternatively
J.ez" cos 3vdv U = cos(3v) dy —e%
1 3 dv
=—¢e” cos3v+ j—ezv sin 3vdv du . 1 .,
2 2 o =-3sin(3v) y= 5 e
L cosava 3| Lo sin(3v) — .[ 3 cos(3v)dv
2 212 2 q
u =sin(3v) Y _ e
. 3 v 9 dv
=—e” cos3v+—e sin(3V) ——je cos(3v)dv du 1
2 4 4 + 3cos(3v) y= Eez"
Vv
— J ¢ cos VAV = L e cos v + > ¢ sin(3V)
4 2
J.ezv c0s 3V = - sin 3y + — ¢ cos(3v)+c¢
13 13
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(ii)

16

1 2

liir=10|+4] 1|, 2eR
1 -5

Since (1, 0, I)is on ¢,and p,

1) (1

OF3|=a

1)\1

1+0+1=a

a =2 (shown)

Let N be the foot of perpendicular from A to p,
18 1

Uy :r=|2 |[+a|3|, R
0 1

18+«

let ON =| 2+ 3¢ | for some value of &

(24

Since N is a point on p,

D)
X

18+« 1
243 (| 3 (=2
a 1
18+a+6+9%9%a+a=2
24+11lax =2
l1la =-22
a=-2
18-2 16
ON=| 2-6 |=|-4 |- N(16,—4,-2)
-2 -2
(1i1) Since Bis on /,
1+24
OB=| 4
1-54
1+24) (18) (-17+24
AB=| A |-|2|=| —2+4
1-52) (0 1+54
[AB|=\(-17+24) +(-2+ A) +(1+54)"
‘ﬁ‘:\/(289—68/1+4/12)+(4—4,1+/12)+(1+10,1+25
‘ﬁ‘:m
@PJC 2016

There is a typo in Q11, so the
correct

1424
OB=| A
1-54
1424 (18) (-17+24
AB=| A |-|2|=| 244
1-54) (0 1-521

|AB| =294-722+302°
‘Er must be minimum

‘ﬁr —304%~724+294

%d‘ﬁ‘
2‘AB‘ =007
d\ﬁr
a D
604-72=0
_o
5
1424 1% 17
OB=| A = % orl 6
1454 7 335

126




17

—2
|AB| =294-622+304°
For shortest distance from A to ¢,

—2
‘AB‘ must be minimum

‘E‘z —304% 621 +294

__ d[Ag|
2|Ag| — 601 -62
di
—2
d|AB|
=0
di
604-62=0
_31
30
46
1+24 %5 . 92
OB=| 41 |=|31 -
AO or 30 31
1+54 37/6 185
1 2 b b
(iv)direction vector of £, =| 0 x| b |=| =(1-2) |=]| 1
1 1 b b
To find a common point between p,and p,by letting y =0:
X+z=1 - (1)
2Xx+2=4 --(2)
Solve (1) and (2):
X=3, z2=-2
3 -b
Hence /,: r=| 0 |+u| 1 |, xR (shown)
-2 b
11
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0 w=re?
w* =re’
W2 (reig)z
w* re
rZeiZH
re '’

=re’ =-3=3¢"
T 1
39:7Z':>0:§(0<HS§7Z')

r=3
.TT Nz

W' =3" 3

1
w=23e?

. nxz
w" is real ,:>?=O,7r,27z,..., son=23.,6,9,...

(b) () 2°=1+i
_ \/Ee[zm%]i
L (2.
7=20¢ ° 2 k=0,+1,+2
1 . 1 97, 1 Tr. 1 1r. 1 37,

7=210g2 , 21020 , 20 20 , 25651, 200g 4

1
So |z] = 2'° for all z

7 97 Iz 1lm  3x
arg(z) T Ty s T Ty T T

20020 20 20 4

11 1 17x.
(i) , - Sl 3
1 157.
z,=200¢
Let Point A and B represent z, and z, respectively.
|Zl| = |22| = OAB is an isosceles triangle.
A
KAOB = 2?” Im(2)
1 A
£0OAB = XOBA = 5[72’ — XAOB]
1 2 3
— |- 17x
2 5 10 ] E
arg(z,—2,) = a+£0BA Q,‘/\\ » Re(2)
_ (ﬁ_ls_ﬂ Rl bz
20 )10 20
\ (0
_lr B
20
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A
Im(2)
11z
6\20
A 0 P
\c » Re(2)
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Section A: Pure Mathematics [40 marks]

1 Two complex numbers a and b are given by 2+3i and —4—5i respectively.

(1) On a single Argand diagram, sketch the loci
(@ |2z-a-b|=|a-b

5

(b) 0 <arg(z—b)<arg(a-Dh). [4]

(i)  Find range of arg(z) where z is the complex number satisfies the relations in

part (i). [4]

2 A curve C has equation y = a—xl where a>0.

: . : B
() By writing the equation of C as y=A+—1, state a sequence of
X_

transformations which transform the graph of y = ! to C. [3]
X

(i)  Sketch C, giving the equations of any asymptotes and the coordinates of any
points of intersection with the axes. [2]

(i)  The region R is bounded by C, the lines X=2, x=4 and y=a. Find the
exact volume in terms of @ when R is rotated through 27 radians about the X-

axis. [3]

. . . a .
(iv)  The region S is bounded by y =— , the lines Xx=1, X=3 and y=0. State the
X

exact volume in terms of a when S is rotated through 27 radians about the

line y=-a. [1]
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X
3 The function f is defined by f(x) =12
2sinX if0< x<4.

1fx<0,

(1) Sketch the graph of y = f(X). [2]

(i)  If the domain of f is restricted to x <k, state the largest value of k , in exact

form, for which the function ' exist. [1]
(iii)  Using the domain from part (ii), define £~ in a similar form. [4]
(iv)  Solve f'(x)=f(x). [2]

In the rest of the question, the domain of f is as originally defined.

The function g is defined by g: X > —x>,x e R,x > 0.

(v) Find an expression for fg(X). [2]
4 (i) Differentiate tan™ (? X] with respect to X. [2]
(i)  Find the binomial expansion for 1 d up to and including the term in x°,
X"+

giving the coefficients as exact fractions in their simplest form. Find the set of

values of x for which the expansion is valid. [5]

(ili)  Hence, find the first four non-zero terms of the Maclaurin series for

3 . . . . .
tan™' (% x]. Give the coefficients as exact fractions in their simplest form.

[5]
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Section B: Statistics [60 marks]

A pharmaceutical company has invented a new drug for diabetic patients and wishes
to carry out a trial of the new drug involving 5% of the patients from a local hospital.
() Explain how a systematic sample could be carried out. [2]
(i) State one disadvantage of systematic sampling in this context and name a more

appropriate sampling method. [2]

Given that P(A|B")=3P(A|B) and P(B')=4P(B).

()  Show that P(B")=

(NN

(i)  Using P(AnB')=P(A)-P(ANB), find P(B'| A). [3]

The sales department of a company consists of 3 teams led by Mrs Wong, Miss Tan
and Mr Lim. Each team is made up of 1 team leader and 5 sales executives. The

number of male and female sales executives within each team is given in the table

below:
Team A Team B Team C
Team Leader Mrs Wong Miss Tan Mr Lim
Number of Male Executive(s) 3 4 0
Number of Female Executive(s) 2 1 5

A taskforce is to be formed by selecting 7 representatives from the 18 members of the
department. Find the number of different taskforces that can be formed if the taskforce

must include

Q) Miss Tan and 1 other team leader, [2]

(i)  more females than males, [2]

(iii)  atleast 1 representative from each team. [3]
[Turn Over]
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In this question you should state clearly the values of the parameters of any normal

distribution you use.

The mass in kilograms of an Atlantic salmon is a normally distributed continuous

random variable X with mean g and standard deviation o .

(i) It is known that P(X <22)=0.159 and P(X >31)=0.106. Show that

#=26.0 and o =4.01. [3]

(i)  Inarandom sample of 40 Atlantic salmon, estimate the probability that at least

35 of them have a mass of at most 31 kilograms. [3]

It is also known that the mass in kilograms of the Bluefin tuna has the distribution

N(380,102).

(ili)  Find the probability that the average mass of 2 randomly chosen Bluefin tuna

and 3 randomly chosen Atlantic salmon is at most 170 kg. [2]
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9 The table gives the world record time, in seconds, for the 100 metres free style

swimming event at the Olympic Games in the past years.

(i)
(ii)

(iii)

(iv)

v)

@PIC 2016

Year,X | 1908 | 1920 | 1956 | 1968 | 1976 | 2000

Time, t | 65.60 | 60.40 | 55.40 | 52.20 | 49.99 | 48.18

Draw a scatter diagram to illustrate the data. [1]
Comment on whether a linear model would be appropriate, referring both to
the scatter diagram and the context of the question. [2]

It is thought that the time can be modelled by one of the formulae Int = a+bx
1
or T =a+bx. Find, correct to 4 decimal places, the value of the product

moment correlation coefficient between

(@) Int and X,

(b) % and X. [2]

. : 1 :
Use your answers to part (iii) to explain which of Int =a+bx or e a+bx is

the better model. [1]
The time corresponding to 1964 was added to obtain the equation with

appropriate  model chosen in part (iv) where a=-0.09836 and
b=5.96846x10". Find the time in 1964. [2]
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10

A car manufacturer launches a new car model “Green Leaf” that is marketed to be
environmentally friendly. It is claimed that the carbon emission of the “Green Leaf” is
at most 80 g/km. The transport authority suspects that the figure is understated, and
requests the manufacturer to submit test data from 20 units of the “Green Leaf”. The

test data submitted is as follows.

Carbon Emission (g/km) 78 79 80 81 82
No. of units 2 3 6 4 5

Q) Calculate unbiased estimates of the population mean and variance. [2]
(i)  Stating a necessary assumption, test at the 10% level of significance whether

there is any evidence to doubt the manufacturer’s claim. [4]

The transport authority subsequently decides to conduct their own test, and invites 10

owners of the “Green Leaf” to form a sample. The mean and variance of this sample

is found to be 80.6 g/km and m*> g*/km? respectively.

(iii)  Find the set of values of m for which the result of the test would be to reject

the manufacturer’s claim, at the 1% significance level. [3]
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12

There are 2 main types of T-cells in the human body. T4-cells are “helper” cells that
lead attacks against infections in the human body, while T8-cells are “suppressor”
cells that kill cancer and virus infected cells in the human body. It is to be assumed
that the number of T4-cells per 0.01 mm’ of blood can be modelled by the distribution
Po(5) and the number of T8-cells per 0.01 mm’ of blood can be modelled by the
independent distribution Po(1.5).

A patient is considered healthy if he or she has at least 4 T4-cells and at least 1 T8-

cells in 0.01 mm? of blood.

(1) Find the probability that a randomly selected patient is healthy. [3]
(i)  Find the probability that only 1 out of 3 randomly selected patients is healthy.

2]

A patient is susceptible to infections if his or her T4-cells count falls below 3 per 0.01

mm® of blood.

(ili)  Use a suitable approximation, which should be stated, to find the probability
that, in 100 randomly selected patients, the number of patients susceptible to

infections is between 20 and 50 inclusive. [4]

Mr Ouyang, a car manufacturer, finds that on average, 2% of his cars have faulty
gearboxes. On a particular occasion, he selects n cars randomly for inspection, and the
number of cars with faulty gearbox is denoted by the random variable C.
(1) State in context of this question, what must be assumed for C to be well
modelled by a binomial distribution. [2]
(i)  Given that n =20, find the probability that C is between 2 and 6. [2]
(ili)  The probability that there are less than 2 cars with faulty gearbox in a sample
of n cars is at most 0.95. Write down an inequality in terms of n, and find the
least possible value of n. [3]
(iv)  Mr Ouyang selects 100 batches of 20 cars. Estimate the probability that the

average number of cars with faulty gearbox per batch is at least 0.3. [3]
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H2 Mathematics
JC 2 Preliminary Examination Paper 2 Solution

1

(i) 2z—a—bh|=|a—b|

c - (2+3i)+2(—4—51):

c_ J+42 +3+5)7
2

—1-

Centre of circle

Radius of circle

Im(2)

pZ

(11)AM is the common region satisfies both (i) and (ii).
ZAMB = 90° since AB is diameter and angle in semicircle is a right angle
Max arg(z) = arg(a) = tan_'(3/2) = 0.983 radians
Min arg(z) = arg(2 — 51) = —tan"'(5/2) = —1.19 radians
So range required is —1.19 < arg(z) < 0.983
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2
() y=—-mar—
X— X—1
y= 1 is translated 1 unit in the direction of x-axis, followed by a scaling of a
X
units parallel to the y axis and is translated a units in the direction of y-axis
(i1) The equations of asymptotes are X =1 and y = a
The intercepts are (0,0)
1R
x=1
4 2
(ii1))  The volume required = 7Z'L (a + —j dx—z(a)*(2)
= a27zj4 42 ~ dx—27a’
Xx—-1 (Xx-1)
1 4
= 3.27Z|:X+21n | x—1| ——} —2ra’
Xx—1],
:(§+2ln3j7ra2
(iv)  Using part (i), the area S is the same as the area R found in (iii). To rotate S about
the line y = —a is the same as to rotate R about the X-axis. So the volume obtained
is (§+2ln3)7za2
@PJC 2016 [Turn Over]
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3
(i)
T =
1 &2
I (2 )
(4,—1.51)
(i) From the graph, take k =%
iii
(i X irx<0
f(x) =
2sinx if 0< x<Z
2
X
Lety1=5
X=2y,

Lety, =2sinX

X =sin™' (ﬁ)
2

2x  ifx<0

f(x)=
0 sin"(gj ifo<x<?2

(iv) £ (x)=f(x) is the same as solving f(X) =X

§=x =x=0 ifx<0

2sinX =X, Xx=1.90 > %, so only solution is X =10

3
V) UsingR, =(-0,0), fg(x)= ;

@PIC 2016
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4
(1)
d{. (3 1 NG
T | e Y
14{3 ]
2
()
2 )142%2
_[( N34
3x% +4
_ 23
3% +4
(i1)
1 2 el e[ 3%
=3x"+4) =4"|1+—
3x2+4( ) [ 4

_l_

-1 1+(_1)[3f) ‘1<2‘2>[3f]2+‘1(‘26>(‘3>[_3ff+...

1 l—gx2 0 Zx4 2 X8+ ...
4l 2" 160 64

L3 9 2

4 16 64 256

2

Range of validity: 3 <1=x? <i:>—i<x<i
373 3
(iii)
i
=tan'| 2 x |=243
g ( 2 '[3X +4
9 27
=23 (——— +—x* - jdx
J‘ 64 256

_2\/—( x——x 9 xs—ix j+C

16 320 1792
whenx=0,y=0,C=0

.'.tan_{ﬁxJ_ix_ﬁ X3 + 93 x5 _ 2743 X’

2 2 160 896

5 (i) Number the list of patients from 1 to N. k = N/0.05N =20 (Randomly select a number
from 1 to 20, and let every 20" patient after first patient chosen try the new drug. For
example, if a number 5 is chosen, then survey every 5™, 25™, 45" patient and so on, until the
sample size of 5% patients is obtained.
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(i)  Disadvantage: The sample is not representative of the population of diabetic
patients as age and gender may affect the drug. More appropriate method is
stratified sampling.

6
(i) P(B)=4P(B) Alternatively,
| | 1-P(B)=4P(B)

P(B)=4[1-P(8)] SP(B)=1
P(B')=4-4P(B) 1
5P(B')=4 P(B)ZE
P(B’):% (shown) P(B)= % (shown)

(ii) P(A|B)=3P(A|B)
P(AnNB) 3P(ANB)

P(B) P(B)

P(ANB) 3P(ANB)
P(B)  1-P(B)
P(ANB) 3P(ANB)

A

P(ANB)=12P(ANB)————(*)
P(A)-P(AnB)=12P(ANB)
P(A)=13P(ANB)————(*¥)
P(ANB)
P(B'|A)= S(A)
_12P(ANB)
13P(ANB)
12

=— or 0.923 (3 s.f.
3 (3s.f)

7 (i)Number of teams = °C, °C, = 6006
(1) 4 cases: 4F3M, 5F2M , 6FIM and 7F
Number of teams = '°C, °C, + "°C, °C, + '°C, °C, + '°C, = 20616
(i1) Total —teams from A and B —teams from B and C —teams from A and C

— 18C7 _ 12C7 X3
=29448
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8 (1) X —mass in kilograms of an Atlantic salmon

X ~N(,u,0'2)

P(X <22):0.159

22— pu
o

P(Z< j:0.159
22—
o
1—0.998580 =22 --—-(1)

P(X >31)=0.106

P(Z>3l_“j:0.106
O

=-0.99858

EL NS
o
u+124810 =31 ---(2)
Solving (1) and (2):
1 =26.00022 =~ 26.0 (shown)

o =4.00591 ~ 4.01 (shown)

(i1) Let W be the number of Atlantic salmon with more than 31 kg, out of 40

W~B(40, 0.106)
n =40 large, np =40(0.106) =4.24 <5
so W~ Po(4.24) approx.
Required prob = P(W <5) = 0.74659 ~ 0.747
(111) Y — mass in kilograms of an Bluefin tuna.
Y ~ N(380,10%)
Let T be the mass of 2 Bluefin tuna and 3 Atlantic salmon
T =X, +X,+X;+Y,+Y, ~ N(838,248.2403)
X+ X+ X+ +Y = N(@ 248.2403
5 b

5 25
P(f < 170) =0.777 3 s.f)

j exactly

Alternatively
P(T <170x5)=0.777

@PJC 2016
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!

L+

(i1) The time for swimming cannot decrease forever as there is a limit on how fast a swimmer
can swim and from the scatter diagram, as x increases, t decreases with decreasing amount, so
linear model is not appropriate.

(iii)
Int=a+ bx: r=-0.9851

%=a+bx: r=0.9877

(iv) Since |r] for % =a-+bx is higher than that of Int=a + bx, % =a-+bx is the preferred

model.
(v) Let the timing be t

% =—0.09836+(5.96846x10 )

Only value that satisfies the equation is [;,Gj)

% =-0.09836 + (5.96846 x107 )i =-0.09836+0.0000596846(1956) = 0.018383
S01( 1 + ! + ! + 1 + ! + ! +1)=0.018383 =
7°65.6 604 554 522 4999 4818 t

t=52.87~52.9
So the timing at 1964 1s 52.9 second
10

(1) Let X be the carbon emission of “Green Leaf”.
From GC, unbiased estimate of population mean =x =80.35,
Unbiased estimate of population variance = s* = (1 .3089)2 =1.7132
(i))  Since nis small and ¢” is unknown, we use the t-test.
Assumption: The carbon emission of the “Green Leaf” is normally distributed.
Hy: =80 vs H,:u>80
Test Statistic, t =1.1959
From GC, p-value = 0.12323 > 0.1

Since the p-value is more than the level of significance, we do not reject H, . There is

insufficient evidence, at the 10% level, to indicate that the manufacturer’s claim is not
true.

(iii))  Since nis small and ¢° is unknown, we use the t-test.

@PJC 2016 [Turn Over]
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For Hj to be rejected, Test Statistic > 2.8214

Unbiased estimate of population variance s° = ry m’

Test Statistic, t = M >2.8214
m/3
m<0.638
11 (1) X — number of T4-cells in 0.01 mm?’ of blood
X ~Po(5)
Y — number of T8-cells in 0.01 mm? of blood
Y ~Po(1.5)

P (healthy) =P(X > 4)P(Y >1)

=[1-P(X <3)][1-P(Y =0)]

=0.57098 ~0.571 (3 5.f.)

. 3!
(i) Req prob = [P(healthy)] |:P(unhealthy):|2 2
_ 2 31
= (0.57098)(1-0.57098)" x - =0.315 (3 5.0)
Alternatively,

A — number of patients who are healthy out of 3 patients
A ~B(3,0.57098)

P(A=1)=031528~0.315 (3 s.f)
(iii) P (susceptible)
=P(X <3)=P(X <2)

=0.12465
W — number of patients who are susceptible to infection out of 100 patients

W ~ B(100,0.12465)

Since n is large and
np =(100)(0.12465) =12.465 > 5 and n(1- p) = (100)(1—-0.12465) =87.535> 5

W ~ N(12.465,10.911)approx
P(20<W <50)
=P(19.5<W <50.5) (c.c)

=0.016595~0.0166 (3 s.f)

12 (i)The occurrences of faulty gearbox must be independent of one another
The probability of a faulty gearbox is constant
(i1) C — number of cars that has gearbox issues out of 20 cars

C ~B(20,0.02)
P(2<C<6)=P(C<5)-P(C<2)
=0.0070667 = 0.00707 (3 s.f.)

Alternatively,
P(2<C<6)=P(C=3)+P(C=4)+P(C=5)
=0.0070667 = 0.00707 (3 s.f.)
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(iii) C ~B(n,0.02)
P(C<2)<0.95
P(C<1)<0.95
P(C=0)+P(C=1)<0.95

"C, (0.02)"(0.98)"" +"C, (0.02)' (0.98)"" <0.95
n 1 n

0.98)" +n| — |(0.98)" <0.95
(098 +n 3 )(09%)
(0.98)" (1+1J <0.95

49
(0.98)" (1+1j—0.95 <0

49
n>18.0977

Hence the least number of cars Mr Ouyang has to sample is 19
Alternatively, By GC using table

n n n
(0.98) (HE)
17 0.95541
18 0.95049
19 0.94538
Hence the least number of cars Mr Ouyang has to sample is 19.
(iv) C — number of cars that has gearbox issues out of 20 cars
C ~B(20,0.02)
E(C)=0.4 Var(C)=0.392
. ~ 0.392
Since n =100 large, by CLT, C ~ N [0.4, 0 j approx.

P(C >0.3)=0.945

@PIC 2016

[Turn Over]

445



RAFFLES INSTITUTION
2016 YEAR 6 PRELIMINARY EXAMINATION

MATHEMATICS PAPER 1 9740/01
Higher 2 19 SEPTEMBER 2016
Total Marks: 100 3 hours

Additional materials: Answer Paper
List of Formulae (MF15)

READ THESE INSTRUCTIONS FIRST

Write your name and CT group on all the work you hand in.

Write in dark blue or black pen on both sides of the paper.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, highlighters, glue or correction fluid.

Answer all the questions.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of
angles in degrees, unless a different level of accuracy is specified in the question.

You are expected to use an approved graphing calculator.

Unsupported answers from a graphing calculator are allowed unless a question specifically states
otherwise.

Where unsupported answers from a graphing calculator are not allowed in a question, you are
required to present the mathematical steps using mathematical notations and not calculator
commands.

You are reminded of the need for clear presentation in your answers.

At the end of the test, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question.

This document consists of 6 printed pages.

RAFFLES INSTITUTION
Mathematics Department

© RI2016 [Turn over

MicrosoftWord-RIl_JC2_H2Maths_ 2016 Prelim_P1 446



1 It is given that f (x) = ax® +bx% +cx+d, where a, b, ¢ and d are constants.
The graph of y=f(x) passes through the point with coordinates (—1,—27) and has a
turning point at (2, 27). Given also that f"(0)=0, find f(x). [4]

2 In a laboratory experiment, an empty 10-litre tank is transported back and forth between

station A and station B by a machine.

Starting at station A, 1000ml of water is added to the tank and on subsequent visits, 90%
of the amount of water added previously is added to the tank, that is, 900ml on the 2"
visit, 810 ml on the 3" visit and so on.

At station B, the machine removes 100ml of water from the tank and on subsequent
visits, it removes 50ml more water than the previous visit, that is, 150ml on the 2" visit,
200ml on the 3" visit and so on.

Q) Show that the amount of water in the tank after the 3 visit to station B is 2260ml.

[1]

The machine stops when the amount of water to be removed exceeds the amount of water
present in the tank.

(i) Determine the amount of water in the tank when the machine stops.
Leave your answer to the nearest millilitre. [3]

3 The even positive integers, starting at 2, are grouped into sets containing 1, 3,5, 7, ...

integers, as indicated below, so that the number of integers in each set is two more than
the number of integers in the previous set.

{2}, {4,6,8}, {10,12,14,16,18}, {20,22,24,26,28,30,32}, ...

Find, in terms of r, an expression for

Q) the number of integers in the r™ set, [1]
(i)  the last integer in the r'" set. [2]
Given that the n™ set contains the integer 2016, find n. [2]
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4 Q) Use integration by parts to show that for any real constant a,

e’ (sinax—acosax)
1+a’

Iexsinax dx = +C,

where c is an arbitrary constant. [4]

(i) By expressing sin2xcos x in the form A(sin Px+sin Qx) , for real constants A, P

and Q, find Iex sin 2xcos x dx. [2]
5 [A right circular cone with base radius r, height h and slant height | has curved surface
area zrl.]

A right circular cone of base radius r is
designed to contain a sphere of fixed
radius a. The sphere touches both the
curved surface and the base of the cone.

(See diagram for a cross-sectional view.)

The point O is the centre of the sphere,
the point B is on the circumference of
the base of the cone, the point P is the
centre of the circular base of the cone r P
and @ is the angle OB makes with the

base.

. r2 — 8.2
(i)  Show that cos26 = . 2]

r+a

(i) Use differentiation to find, in terms of a, the minimum total surface area of the
cone (consisting of the curved surface area and the base area), proving that it is a

minimum. [6]
6 Do not use a calculator in answering this question.
2 2 .
(1) For y= 2cos[—cos 1 xj, show that (1— xz)u— xﬂ: _4 y . Hence find the
3 dx2 dx 9
Maclaurin series for y, up to and including the term in x°. [4]

(i) Given that the first three terms found in part (i) are equal to the first three terms in
the series expansion of (1+ bx)n , find the values of the constants b and n.[4]

[Turn over
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The complex numbers z and w are such that

z=1-iV3 and w=—+2+ic

where c is real and positive. It is given that i‘ =1.
w
Q) Find the exact value of c. [2]
(i)  Show that arg (iJ _iz 2]
W 12

(ili)  Express — in the form x+iy, where x and y are real, giving the exact values of
w

x and y in non-trigonometrical form. [2]

(iv)  Hence, by considering the complex number % on an Argand diagram, show that

tan (5—”j=2+\/3. [2]
12

The function f is defined by
f:x=>xX*+AX+7, xeR, x<3,

where A is a constant.

Q) State the range of values that A can take if f™* exists. [1]
Itis given that A =—6.

(i)  Find f™(x)and state the domain of . [3]
(iii)  Sketch on the same diagram the graphs of y =f (x) andy = (). [3]

(iv)  Write down the equation of the line in which the graph of y =f (x) must be
reflected in order to obtain the graph of y = f’l(x). Show algebraically that the
solution to f (x)=f""(x) satisfies the equation x> —7x+7 =0.

Hence find the exact value of x that satisfies the equation f (x)=f""(x). [3]
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A curve C has parametric equations

x=t*, y=1+2t fort>D0.

(i)  Sketch C. [2]
(i) Find the equations of the tangent and the normal to C at the point P(p®,1+2p).
[4]
(ili)  The tangent and normal at P meet the y-axis at T and N respectively.
PT?
Show that =p. 4
™ P [4]
The curve C has equation y :W.

0] The curve C is scaled by a factor of 3 parallel to the x-axis to get the curve C".
Given that the point (4,1) lieson C' show that a=09. [2]

For the rest of the question, use a=29.
(i) Obtain the equations of the two asymptotes of C. [2]

(iti)  Sketch C, stating the coordinates of any turning points and of the points where the
curve crosses the axes. [4]

(iv)  Without using a calculator, find the range of values of A for which the line
y=9x+ 4 and C have at least one point in common. [3]

The line 1, passes through the point A, whose position vector is —i +2j, and is parallel to

the vector i+k. The line I, passes through the point B, whose position vector is
i+ j+ 3k, and is parallel to the vector j+Kk.

Q) Show that the lines I; and I, are skew. [2]

(i) Find the position vector of the point N on I, such that AN is perpendicular to .

3]
The plane IT contains I, and is perpendicular to AN.

(i) Find a vector equation for IT in the form r =u+av+ fw, where v and w are
perpendicular vectors. [3]

(iv)  The point X varies in such a way that the mid-point of AX is always in IT. Find a
vector equation for the locus of X. Describe this locus and state its geometrical
relationship with the plane IT. [4]

[Turn over
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(b)

By using the substitution y =2ux?, find the general solution of the differential

equation 2x’ %—4xy+ y’ =0, where x> 0. [4]

A glass of water is taken from a refrigerator and placed in a room where the
temperature is a constant 32°C. As the water warms up, the rate of increase of its
temperature @°C after t minutes is proportional to the temperature difference

(32—6’) °C. Initially the temperature of the water is 4°C and the rate of increase of

the temperature is 2°C per minute.
1

By setting up and solving a differential equation, show that € = 32—28e_ﬂt.

[6]

Q) Find the time, to the nearest minute, it takes the water to reach a
temperature of 20°C. [1]
(i) State what happens to @ for large values of t. [1]
(iii)  Sketch a graph of & against t. [2]

*hkkkhhkkk End Of Paper *kkkikkkk
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Prelim Paper 1 Solutions

Qn.

Solution

1

f(x):ax3+bx2+cx+d

(
f'(2)=0 = 12a+c =0
e

GCtoobtain a=-2,c=24 and d =-5.

So f(x)=-2x3+24x-5.

Qn.

Solution

2(i)

(1000-100) +(900-150) + (810 — 200) = 2260

(ii)

Solution 1
Find the least n when

1000(1-0.9")
1-0.9
10000(1-0.9") < 25n(n +3)

<g(2(100)+(n—1)50)

A Y3 Y2
10 6513.2 | 3250
11 6861.9 | 3850
12 7175.7 | 4500
13 7458.1 | 5200
14 7712.3 | 5950
is 7941.1 | 6750
16 8147 7600
8332.3 | 8500
i8 8499.1 | 9450
19 8649.1 | 10450
20 8784.2 | 11560
X=17
Least n=17,
Amount of water is 8332.3—7600 = 732 (nearest ml)
OR Solution 2

After nth visit to Station A, (so n—1 visits to Station B) the amount of water in
tank is

1000(1-0.9") n-1
1-0.9 2

=10000(1-0.9")-25(n-1)(n+2)

Amount that is to be removed at nth visit to Station B is

100+(n-1)50=50(n+1)

(2(100) +(n-2)50)

MicrosoftWord- Rl_JC2_H2Maths 2016 _Prelim_P1_Solutions (updated)
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NORM 1 | D
: R AT I
X ¥4 Y2
10 3813.2 | 550
11 3611.9 | 600
12 3325.7 | 650
13 2958.1 | 700
14 2512.3 | 750
15 1991.1 | 800
16 1397 850
732.28 | 900
18 =.946Y4 | 950
19 ~800.9 | 1000
20 -1666 | 1650
X=17

Amount of water in the tank when machine stops is 732 ml.

OR Solution 3
Let u, be the amount of water after nth visit to Station B

u, =u_, +1000x0.9"* -50(n +1), u, =0
(i) u, =900, u, =1650, u, = 2260
(ii) From GC, u,, =546.98, u,, = —167.7
The required amount of water = u,, +1000x0.9"* =732ml

Qn. Solution
3(a)(i) | Number of integersinrthset =1+ (r-1)2=2r-1
. . 1+2r-1
(ii) Total number of integers in r sets =T(r) =r’
Last integer in rth set =2+ (r> —=1)2 = 2r?
(iii) | 2(n-1)" <2016 <2n?
(n-1)" <1008 < n*
n=32
Qn. Solution
4(i) J'exsin ax dx = e’sin ax—ajex cosax dx

=e’sin ax—a(excos ax+aj'eX sin ax dx)
=e’sin ax —ae*cos ax—a2_|'eX sinax dx
(1+a2)’feX sinax dx = e* sin ax —ae* cos ax

e* (sinax—acosax)
1+ a?

jex sinax dx = +¢ (shown)

X

) e 1
OR: exsmaxdx=——cosax+—jexcosaxdx
a a

e* 1(e" . ¢, .

=——cCo0Sax+— —smax——je sinax dx

a al\ a a
e” e’ . ¢,
:——cosax+—zsmax——2j'e sin ax dx
a a a
azjexsinaxdx:—aexcosax+exsinax—fexsinax dx
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(1+a2)_[exsinaxdx:exsinax—aexcosax
. e* (sin ax —acos ax
IeXS|naxdx: ( - )+c(shown)
l1+a
ii i . . ]
(i) S|n2xcosx:%(sm3x+smx) i.e. A:%,P:B,Qzl
Iexsin2xcosxdx:%jex(sin3x+sinx) dx
_Lr(e*sinax+ersinx) d
_Ej(e sin3x+e smx) X
1| e*(sin3x—3cos3x) e*(sinx—cosx)
=— + +C
2 1+3? 1+1°
e* (sin3x—3c0s3x sinX—cos X
=— + +C
2 10
:S—O(sin3x—3cos3x+55inx—5cosx)+c
| Qn. Solution
@)
B o
5(i) c0s20 =2cos2 6 -1
2
o2 2 .2 2 .2
-2 _r —1= 2r 2_r2+a2:r2 a2 [shown]
r2 4 a2 re+a“ r°+a° r°+a
OR
2 .2 r i a i r2—a2
C0S26 =cos” @ —sin“ @ = - == [shown]
r? +a’ r? +a’ r-+a
(i) Let T be the total surface area of the cone.
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2

T =xrl+7xr
:ﬁr( r J+7rr2
cos 26
2.2 4
2| r-+a _ 2nr
=xr {rz—az H}_rz—az
dT 87rr3(r2—a2)—277r4(2r)
T 2
dr (rz_az)
_47zr3(r2—2a2) N 413
- 2
(rz_az) (rz_az

For z—T:O, r:JEa since r>0
r

———(r—+2a)(r++2a)

)

By the First Derivative test, since 4 >0, we have
)
“ (V2a) (+2a) (V2a)
r2 (2a2 )_ (28.2) (2a2 )+
r’-a’ 0 0 0
dT -ve 0 +ve
dr
Alternatively, by the Second Derivative Test,

2
y = 2C0s [ECOS xj

d_y =-2sin [Ecos_l xjg -
dx 3 3

Vi-x2 j_y - %sin @cos‘l xj
X

a7 dn (r? —a?)?(5r* —6a’r?) —r’(r’ —2a®)[2(r* —a)(2r)]|
dr® r=2a (r2 —32)4 |r:ﬁa
2\2 4 4y
=47[(a ) (20a2 412a ) 0:327z>0
(@)
4
27[(1/5&) )
Hence rzw/za gives minimum T :—2:87za :
(ﬁa) ~a?
Qn. Solution
6() :

; J
l—x2
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2
V1-x2 d y+ ! (—2x)d—y=£cos(zcos_1x

dX2 2"1_)(2 dx 3 3

2
(1_X2)u_xﬂ=__4y
dx2 dx 9

OR “implicit differentiation”

cos_ll = %cos_1 X

248 2,

The seriesis y=1+——Xx——=X"+
3 9

-

1

1—x2

|

(i)

-1
(1+ bx)n =1+ nbx erbzx2 e

X: nb:2—13/§ -——@1
2 ”(”2_1) b2 :_é (2
@ 0l B
Q' 2 9
Q: ﬂ:—G = n;é
3) n-1 4
0: p_2f3 4 88
' 3 3 9
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Qn.

Solution

7(1)

7|y
W

Given

2

\2+c¢?

c?=2=c=+/2 (" c is positive)

=1

(i)

arg (%) =arg(z)—arg(w)+ 2z

=L %o
3

_ix (shown)
12

(iii)

z  1-iV3 L(1-0) —1—\/§+i(\/§—1)
w \/_( —1+1i) ( 1-i) 22
—(J§+1) (\/_—1)
242 242

(iv)

From the diagram,
Im %
S5t

12

117

_ +—P w0
Im(i)I /! 12

;RG

w
_V3+1 \3-1
S22 22
\/§+1 J3+1
xf 1 \/§+1

_4+2\/—

2

:2+\/§(shown)

Qn.

Solution

8(i)

f(X)=X> +Ax+7

f'(x)=2x+1=0 = x:—g is the x-coodinate of the min. point

Hence, f exists when —% >3=>1<-6
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Alternative solution:
2

2
f(x):x2+/1x+7:(x+%j —%+7

Inverse of f exists when —%23 = A<-6.

(i)

Given that A =-6,
f:x—>x*—6x+7, XxeR, x<3
R, =[-2,»)

For f7(x), let y=x2—6x+7=(x—3)2—2
= y+2=(x-3) = x=3+/y+2

Since D; =(—,3]=R..
f(x)=3-vx+2

(iil)

Y y=f(x)=x*—6x+7

A

(iv)

y=X
To solvef (x)=f"(x), we can use f(x)=x with x<3

= X?—6X+7=X=X*>-7x+7=0[AG] [shown]

L T£\49-28
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Qn. Solution
(i)
1.
(i N RSPV P )
dt dt
dy _dy,x_2 1
dx. dt dt 2t t
Equation of tangent at P(p?,1+2p),
1
y—(1+2p)=6(><—p2)
y—1—2p=1x—p
Y
y=1x+1+p
p
Equation of normal at P(p*,1+2p):
y—(@+2p)=-p(x-p*)
y-1-2p=—px+p°
y=—px+p’+1+2p
(i) _ 1
Subs. x=0 into y=6x+l+p,we have y=1+p
= Tis (0,1+ p)
Subs. x =0 into y=—px+p°+1+2p,y=p’+1+2p
~Nis (0, p*+1+2p)
Given that P is (p?,1+2p)
PT?=(p*-0)°+@+2p-1-p)?
_ p4+p2
TN =|(p® +1+2p) - L+ p)|
¢+
=p’+p (p=0)
2 4 2 2 2
PTZ_ 4" PO+ o (ghowny
TN p-+p p(p° +1)
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Qn

Solution

10(i

)

If the point (4,1) lies on the curve which is C transformed by a stretch with scale

factor 3 parallel to the x-axis, then (%1} ison C.

Subs. ng and y=1into C,
(3252, )
1= 1 Sl=—r =2
2—3() -2
3

a=9

(i)

9x*—27x+18
=2 e 3x+T7+
2—3X 2—3X

: 2
Vertical asymptote, X = 3

Oblique asymptote, y = -3x+7

(i)

yA

e
1l
W

Mk e - ———— -

/
G
&

P
e
.
PSRN
g
7
a7
.

i |
>¢/
=
,
,
/
y
x

Fawan)

(iv)

9(x-1(x—-2)

2-3x
Ox* —27x+18 =18x+ 21 —27x* — 31X
36x% +3(1 —15)x+2(9— 1) =0

=9x+ 4

Since the line y=9x+ A and C have at least one point in common,

b? —4ac>0

[3(1 —15)] - 4(36)(2(9— 1)) > 0
A% -301+225-288+321>0
A?4+21-63>0
(A+9)(A-7)>0
A<9o0rA>7
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Qn. Solution
11(i) -1 1 1 0
lL:r=| 2 |+s|0|,seR L:r=1|+t]1],teR
0 1 3 1
If I; and |, intersect,
-1+s=1 ...(
2=1+t ...(2)
s=3+t ...(3)
from (1),s=2
from (2),t=1
but for (3), LHS=2 # 3+1=4=RHS
Hence I; and I, are non-intersecting.
1 0
Since | 0 |#k| 1| forany ke R, I, and I, are non-parallel.
1 1
Thus the lines |; and I, are skew.
(i) 1 0
SinceNisonl,, ON=|1|+t| 1| forsometeR.
3 1
1 0 -1 2
AN =|1|+t|1|-| 2 |=| -1+t
3 1 0 3+t
0
AN.|1|=0
1
2 0
=|-1+t].|1(=0
3+t
= -1+t+3+t=0
=>t=-1
1 0 1
~ON=[1]-|1|=|0
3 1 2
(iii) 1 0
Letu=|1|,v=|1
3 1
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0 2
w is perpendicular to v=| 1| and alsoto AN =| -2 |.

1 2
0 1 2
Consider | 1 [x| -1|=| 1
1 1 -1
2
Letw=| 1
-1
1 0 2
SIlir=1{+a|1(+p| 1|, a,feR
3 1 -1

(iv)

Let M be the mid-point of AX.
By ratio theorem, OM = 1(Cﬁw W)

Since M lieson IT, OM =| 1 |+« 1} for some a, S eR.
-1
% 2 |[+OX |=|1|+a|1
0
-1
OX =2|1|+2a|1 +2ﬂ
= 0|+h|1|+k| 1
3 0 2
The equation of the locus of Xis r=|0 |+h|1|+k| 1 |,h,keR
6 1 -1

The locus of X is a plane parallel to TT.
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Qn. Solution
12@) |y=2ux*—————————— 1)
Y g™ (2)
X X
Substituting (1) and (2) into 2x° %—4xy+ y? =0, we have
2 , du 2 2\2
2X (4ux+2x —]—4x(2ux )+(2ux ) =0
dx
3 , du 3 2,4
8ux® +4x"——8ux®+4u°x" =0
dx
du__ 2
dx
1
I—u—z du :j dx
1
Z=Xx+cC
u
1
u=——
X+C
Yy _ 1
2x%  X+cC
2x°
y:
X+C
b
®Y 199 _y(32-9), k>0
dt
—dé? k dt
32-0
—In(32—9):kt+A since @ <32
In(32-6) =kt - A
(32-6)=e™*
32-O=eMe”r=Ce™ whereC=¢"
0=32-Ce™

Given that 0=4,%—f=2whent=0
6=32-Ce"=4=32-C=>C=28

4o
_K(32-0)= 2=Kk(32-4) > k=—
o - B2-0)=2=k(32-4)=k=1
1

~.0=32-28e ¥ (shown)
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(i)

1

0=32-28¢ 1
At 6 =20,
N
20=32-28e
N
28e ¥ =12
_it = |n§
14 7
t= —14In$:11.86 ~12 min
(i) N
Ast—>o,e® 50...0->32.
i.e. the temperature of the water increases and approaches the room temperature, i.e.
32°C, for large values of t.
(iii)

.
Sog]TTTTIIII I oo e 9=32
—_—
8=32-28c 14
0 Tt
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Section A: Pure Mathematics [40 Marks]

1 (@) Use the method of mathematical induction to prove that Z4r3 = [n(n +1)]2.

: [4]

(b) Itisgiventhat f(r)=r*+2r°+2r*+r.

Show that f(r)—f(r—l)=ar3+2r, where a is a real constant to be

determined. Hence find a formula for 3" r(2r? +1) [4]
r=1
2 Referred to the origin O, points A and B have position vectors a and b respectively.

Point C lies on OA, between O and A, such that OC : CA = 3 : 2. Point D lies on OB,
between O and B, suchthat OD : DB =1: u.

Q) It is given that the area of triangle ABD is twice the area of triangle ABC.
Find £ [4]
(i)  Show that the wvector equation of the line BC can be written as

rzgs a+(1—s)b, where s is a parameter. By writing down the vector

equation of the line AD in a similar form, in terms of a parameter t, find, in
terms of a and b, the position vector of the point E where the lines BC and
AD meet. [3]

It is further given that the angle AOB is 45° and O lies on the perpendicular bisector
of the line segment AB.

(iii)  Find the length of projection of a on b, giving your answer in terms of |b|
Hence find the position vector of the foot of the perpendicular from A to OB.

3]
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RI P2 Questions

The diagram shows the curve with equation y = 2+%, for 0 <x<8. The curve
X(x—

crosses the x-axisat x=2 and x=6, has a maximum turning point at X=4, and

asymptotes at x=0 and x=8.

24
X(x—8)

For 0 <x <8, the region bounded by the curves with equations y ={2+ and

y= 2+i is denoted by S.
X—8

(1 On the same diagram, for 0<x <8, sketch the curves with equations

4
and y=2+——.
y X—8

24
X(x—8)

y=1[2+

Indicate clearly on your diagram the region S, the coordinates of the points of
intersection of the two curves and the equation(s) of any asymptote(s). [3]

(i) Find the exact area of S.
Express your answer in the form A+BIn2+CIn3+DIn7 where A B, C

and D are constants to be determined. [5]

(iii) ~ Find the volume of the solid of revolution formed when S is rotated about the
x-axisthrough 360°. [2]
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(@)

(b)

Solve the equation
2" +4i =0,

giving the roots in the form re', where r >0 and —z<a < . [3]

These roots correspond to four points on an Argand diagram. Identify the
quadrilateral that has these four points as vertices. [1]

The point A represents the fixed complex number a, which has modulus r
and argument &, where 0< @ <%.

Q) On a single Argand diagram, sketch the loci

(@ |z-a=2r,
(b) arg(z+a)=6,

making clear the relationship between the loci and the point A. [3]

(i) Hence, or otherwise, find exactly the complex number(s) z that satisfy
both equations in part (i), giving your answer(s) in terms of r and 6.
[2]
(iiiy ~ Given instead that |z—a|<2r and -z <arg(z+a)<#, find exactly
the minimum and maximum possible values of |z—ia|, giving your
answers in terms of r. [3]

Sections B: Statistics [60 Marks]

The recreational committee of a large company is organizing a family day and would

like to conduct a survey with 5% of its employees about their preferences for an

outdoor or indoor based carnival as well as the activities involved.

Describe how the committee could obtain a sample using

(i)
(i)

systematic sampling, [2]

quota sampling. [2]
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A market stall sells rice in packets which have masses that are normally distributed.
The stall owner claims that the mean mass of the packet of rice is at least 5 kg. Jane
buys a random selection of 10 packets of rice from the stall. The 10 packets have
masses, in kg, as follows:

49 47 51 48 45 53 50 48 46 52

Find unbiased estimates of the population mean and population variance of the mass
of rice packets. [2]

A test, at A% significance level, shows that there is insufficient evidence for Jane to

doubt the stall owner. Find the set of possible values for A. [4]

Simon owns a diecast car display case which has 4 shelves and 8 individual
compartments on each shelf. Each of these compartments can only hold one diecast
car. He arranged his collection of 32 different diecast cars in the display case.

Find the number of different selections that can be made by

Q) taking two cars, both from the same shelf, [2]

(i) taking a total of six cars from the display case, [1]

(i) taking a total of six cars from the display case with at least one from each shelf.

[3]

(@) S and W are independent random variables with the distributions N(20, 25)

and N(u, o?) respectively. It is known that P(W <10)=P(W >13) and
P(S>2W)=0.43. Calculate the values of x and o correct to three
significant figures. [4]

(b) A small hair salon has two hairstylists Joe and Joan attending to customers
wanting an express haircut. For Joe, the time taken to attend to a customer
follows a normal distribution with mean 10 minutes and standard deviation 42
seconds. For Joan, the time taken to attend to a customer follows a normal
distribution with mean 10.2 minutes and standard deviation 45 seconds.

Q) Find the probability that among three randomly chosen customers
attended to by Joe, one took more than 10.5 minutes while the other
two each took less than 10 minutes. [2]

(i) Joe and Joan each attended to two customers. Find the probability that
the difference in the total time taken by Joe and Joan to attend to their
two customers respectively is more than 3 minutes. State any
assumption(s) that you have used in your calculation. [4]

[Turn over

469



The following table shows the marks (x) obtained in a mid-year examination and the
marks (y) obtained in the year-end examination by a group of eight students. The
year-end mark of the eighth student was accidentally deleted from the records after
the marks were analyzed, and this is indicated by m below.

Mid-year mark (x) | 70 31 68 73 46 78 79 55

Year-end mark (y) | 80 39 70 80 48 94 98 m

10

RI P2 Questions

It is given that the equation of the regression line of y on x is y=1.2x—4.
Show that m=59. [2]

Q) Draw the scatter diagram for these values, labelling the axes clearly. Find the
value of the product moment correlation coefficient between x and y. [2]

(i) It is thought that a model of the form Iny=a+bx may also be a suitable fit to

the data. Calculate least square estimates of a and b and find the value of the
product moment correlation coefficient between x and In y. [3]

(iii)  Use your answers to parts (i) and (ii) to explain which of
y=12x—-4 or Iny=a+bx
is the better model.
Hence, estimate the mark that a student who obtained a mark of 75 in the mid-

year examination but was absent from the year-end examination would have
obtained in the year-end examination. [3]

For events A and B, it is given that P(A) :g and P(B) = %

0] Find the greatest and least possible values of P(An B). [2]
It is given in addition thatP(A'| B") =§'

(i)  Find P(A'nB"). [1]
(iii)  Find P(AUB). [2]
(iv)  Determine if A and B are independent events. [3]

(v) Given another event C such that P(C)zg, P(AmC):P(BmC):% and

P(AuBuC)=%, find P(ANBC). 2]
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RI P2 Questions

A chocolate shop puts gift vouchers at random into 7% of all their packets of mini
chocolates produced. A customer must collect 3 vouchers to exchange for a gift.

Q) Adeline buys 8 packets of the mini chocolates. Find the probability that she
gets exactly 2 gift vouchers. [2]

(i) Aileen buys 31 packets of the mini chocolates. Find the probability that she is
able to exchange for at least one gift. [2]

(iii))  Angelina and Angeline buy 60 packets of the mini chocolates altogether. Use
a suitable approximation to estimate the probability of them being able to
exchange for exactly two gifts. [4]

(iv)  Ashley buys n packets of the mini chocolates. Given that she already has 2
unused vouchers from her previous purchase, find the value of n for which the
probability of her being able to exchange for exactly one gift is greatest.  [3]

(V) The shopkeeper observes that the number of gifts exchanged in a day has a
mean of 10 and variance of 25. Estimate the number of gifts the shop needs to
stock if there is to be no more than a 5% chance of running out of gifts in a
40-day period. [3]

*hkkkhkikkk End Of Paper *hkkkikkk
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Prelim Paper 2 Solutions

Pure Mathematics [40 Marks]

Qn. Solution
1(a)

Let P, be the statement i4r3 =[n(n+l)]2 forneZ".
r=1

When n=1, LHS =4 and RHS=[1x2]" =4
. B is true.

Assume P, is true for some ke Z" .

ie. rZ::4r3 =[k(k +1)]2.

To prove that P, is true,
k+1

ic. ;4r3 =[(k+1)(k+2)T".

K+1

k
>art=>ar' +4(k+1)
r=1 r=1

- B, is true.
Hence P, is true = B, is true, and since P is true, by Mathematical Induction, P,

istrue forall ne Z".

(b) f(r)—f(r=1)=(r*+2r’+2r’ +r)

[ (r=1)" 4 2(r=1) s+ 2(r=1) +(r=1)
= r*+2r’ +2r’+r
—r*+4r’ —6r’ + 4r-1
—2r’ +6r’°—6r+2
—2r’ + 4r-2
-r +1

=4r’ +2r,a= 4

n

Zn:r(zr2 +1) :%Z(4r3 +2r)

r=1 r=1
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_n*+2n’+2n*+n

OR

n(n+1)(n*+n+1)

2

2

Qn.

Solution

2(i)

Area of triangle ABC = —‘CA AB‘
= —|a>< b-ax a|
5
= l|a>< b|
Area of triangle ABD = —‘ DB x AB‘

= |b><b
2(1+,u

_2(1+,u 2Dl

ax(b a)

x(b-a)

1+,u

bxa| since >0

Area of triangle ABD = 2 (area of triangle ABC)

Z(Hﬂ laxbl= 2t

5,u—4(1+,u)
=4

(i)

Line BC : r:@+SE,SeR
:b+s(@—@) ,seR

=b+s@a—bj ,5eR

=%s a+(1-s)b,seR

Line AD : r:ﬁ+tﬁ,teR
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~a+t(OD-0A) ,teR
1
:a+t(—b—aj ,teR
5
1
=3t b+(1-t)a,teR
. ) ) 3 1
At point of intersection E, 3 a+(1-s)b :(l—t)a+gt b
3
=s=1-t .1
5 1)

1
l-s=—-t .2
s (2)

Solving, S:I—O,t:i and FEEE 10 a-+ 1—10 b=£a
11 5011

11 1) 11

1

+—b

11

(iii) Length of projection of a on b = ‘a . 6‘
= |a”6‘cos 45°
= |a| cos45°
1
=—1\b
Lo
OF =(L|bj6 1y
AU
Qn. Solution
3(i)
[3]
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(i)

Area of S

o (2+%}{—(2+X(fi S)H .

+f (2+ij—[2+ 24 } dx
2 X—8 X(X—8)

=[4x+7In|x-8| -3In|x|]] + [In|x~8|+3In|x|]’
:[4+7ln6—7ln7—3ln2] + [ln2—ln6+3ln6—3ln2] =4+4In2+9In3-7In7
. A=4,B=4,C=9,D=-7

(iii) Required Volume
2 2
Zﬂj6 2+i -2+ 24 dx
! X—8 X(X—8)
~ 4.639897 =14.577 units” (55.£)=14.6 units’ (3s.)
Qn. Solution
4(a -4 4
] @ 7' =—4i=4e 2 xe™ wherek € Z

By De Moivre’s Theorem,
1

v}

4k-1) .

=\/§e[ g J k=0,41,2

The quadrilateral is a square.
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(b)(¥)

<« (b)arg(z+a)=¢

(a) ‘z— a‘ =2r

> Re

(i)

(i)

«— (b) arg(z+a)=¢

(a) |z—a|=2r

>Re

Minimum |Z —ia| =BO=r

Maximum |z—ia = BC = BA+ AC =r*+1” +2r =(J2+2)r

Qn.

Solution

5(i)

(i)

Note: For the interval number, k
K= total population  total population 1 1

Sample Size 5% of total population - 5% - % 00 -

20

Use a computer to generate a random number from 1 to 20, say 5. Select the Sth
employee to arrive at the office, thereafter every 20™ employee that arrives, ie 5

251 45™ etc.
Any reasonable choice of strata: Age/Gender/Marital status etc.
Strata 1 [2 |3 |total

Sample Size (n) | x |y |z | xty+z= 5% of population
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Choose the individuals from each strata according to some convenient/non-random
scheme such as the first X, Yy, Z individuals committee encounters belong to strata 1,2,3
respectively such that sample size, x+y+z is 5% of the population.

OR

Choose the first “n” employee arrived at the company on a particular morning from
each stratum as shown in the table.

on.

Solution

From GC, unbiased estimate of population mean, X=4.89
unbiased estimate of population variance,

s2 =0.2601281735% | or 203
3000

Hy: u= 5 H,: u< 5

Perform 1-tail t-test at 1% significance level
Under Hy,

X —H

S/+/n

For the sample, X =4.89, s =0.2601281735.

Test statistic, T = ~t(h—1) where y, =5 and n=10

Using a t-test, p-value =0.1069800566

Since there is insufficient evidence for Jane to doubt the stall owner, we Do Not
reject Hy,

p-value > 1% = % = 1<10.7 (3sf)

Qn.

Solution

7(i)

No. of selections = *C, x *C,= 112

(i)

No. of selections = *C,= 906192

(i)

No. of selections = 6><(8C1 )2 ( 8Cz)2 + 4><(8C1 )3 ( 8C3)

=301056 + 114688
=415744
Alternative Solution
Q) By complement
No. of selections if
All from 1 shelf = °C, x4 =112

All from 2 shelves = ‘C,[(°C, )3 +(°C, x "C, x2)+(°C, x °C, x2)]

All from 3 shelves = ‘C[('C, ) +(('C,) x °C, x3) +('C, x "C, x *C, x31)]
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Answer = 906192 —112—-47712 - 442624 = 415744
(1) By Inclusion-Exclusion Principle
No. of selections if
No cars are taken from 1 of the 4 shelves = ‘C, x *C, = 538384
No cars are taken from 2 of the 4 shelves = ‘C, x '°C, = 48048
No cars are taken from 3 of the 4 shelves = 112
Answer = 906192 — 538384 + 48048 —112 = 415744
Qn. Solution
8(a
@ | Since POV <10)=PW >13), 11 10;13 ~115.
2W —S ~N(3, 25+407)
P(S>2W)=0.43
P2W -S<0)=0.43
PZ<—223 y_043
V25+40°
From GC, ———— = 0.176374
V25 +40°
Solving, o =8.13.
8(b) Let X be the time taken by Joe to attend to a customer.
() X ~N(10,0.7%)
Required probability = *C, x[P(X <10)] P(X >10.5)=0.178
(i) Let Y be the time taken by Joan to attend to a customer.
Y ~N(10.2,0.75%)
(X, +X,)=(Y, +Y,) ~N(-0.4, 2.105)
P(|(X1 + Xz)_(Yl +Y2)| > 3)
=1-P(-3<(X,+X,)=(Y, +Y,)<3)
=0.0461
The following answers are accepted:
(1) The time taken by Joe to attend to a customer is independent of the time
taken by Joan to attend to a customer.
(i)  The time taken by Joe to attend to one customer is independent of the
time taken by Joe to attend to another customer.
Qn. Solution
9 D x=500, > y=509+m, n=8
Since (;,y) lies on the regression line of y on X,
y=12x-4
509+m :1.2(5_00j_4
8 8
m=>59
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(i)

#(31,39)

- X

From GC, r =0.96826 ~ 0.968

(i) From GC, Iny =3.0351+0.018945x
a=3.0351=3.04
b=0.018945~0.0189
r =0.990499 = 0.990
(iii) The scatter plot of X and y shows a non-linear relationship as when X increases, Yy
appears to be increasing at an increasing rate.
Since the product moment correlation coefficient between X and In y of 0.990 is
closer to 1 than the product moment correlation coefficient between X and y of
0.968, Iny =a+bx is the better model.
When X =75, Iny =3.0351+0.018945(75) = 4.455975
y =86.140
The student would have obtained 86.1 marks in the year-end examination.
Qn. Solution
10(i) P(A)+P(B)-1<P(ANB)<min{P(A), P(B)}
7 <P(ANnB)< >
24 8
Greatest value of P(ANB) is g
Least value of P(ANB) is % .
(i) 301 1
P(A'nB")=P(A'|B)P(B") ==x—=—
( )=P(A'[B")P(B) 373
(1 pauB)=1-P(ANBY :%
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(iv)

P(AUB)=P(A)+P(B)—P(AB)
7 5 2
§—§+§—P(Am B)

5

5 2
=% =P(APR(B)

Hence, A and B are independent events.

OR -P(A'| B'):%:I—gzP(A')

A'and B' are independent events

= A and B are independent events

v)

P(AUBUC)=P(A)+P(B)+P(C)
-P(AnB)-P(ANC)-P(BNC)
+P(ANBNC)

Ir 5 2 3 5 1 1

_— = —_t—— +P(AﬁBﬁC)
12 8 3 8 12 4 4

P(AmBmC):%

Qn.

Solution

11
(1)

Let X denote the number of gift vouchers obtained (out of 8).
X~B(8,0.07)
P (X=2)=0.0888 (3 sf)

(i)

Let Y denote the number of gift vouchers obtained (out of 31).
Y ~B (31, 0.07)
P(Y>3)=1-P(¥Y<2)=0.371 3sf)

(i)

Let V denote the number of gift vouchers obtained (out of 60).
V ~ B (60, 0.07)
Since n = 60 is large, p = 0.07 is small such that np=4.2 < 5,
V ~ Po (4.2) approximately
P6<VI®H=P(V8-P(V5=0219@3st)

(iv)

Let W denote the number of gift vouchers obtained (out of n).
W~ B (n, 0.07)

For the condition of the question to be satisfied, the probability is

p=P (1 <W<K3)

From GC,

when n =25, p=0.74343

when n =26, p=0.74365

when n =27, p=0.74250

.. Value of n for the probability p to be maximum = 26.
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(v)

Let T denote the number of gifts exchanged in a day.
E(T)=10, Var(T)=25
LetT, T,,...,T,, be a random sample from distribution X
n =40 large, by the Central Limit Theorem,
T, +T, +---+T,, ~ N(40(10),40(25)) approximately
P(T,+T,+--+T, >k)<0.05
From GC, k >452.01
Least k = 453.
The shop needs to stock at least 453 gifts.
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River Valley High School 2016 H2 Maths Preliminary Examination - Paper 1

1. (i) The first three terms of a sequence are given by u,=-4.4, u,=-4.1and

U, =—2.6 . Given that u, is a quadratic polynomial in n, find U, in terms of n. [3]

(if)  Find the set of values of n for which u, is more than 15. [2]
2. Let f()=— X
(X+4)(x+1)
(i)  Express f(X) in partial fractions. [1]

(if)  Find the series expansion, in ascending powers of X, of f(X) up to and including

the term X’ . State the values of X for which this expansion is valid. [3]

(iii) The first two terms of the expansion of f(x) are identical to that of the expansion

L
of ax(1-bx) 2. Find the exact values of a and b. [2]

3. (a) Differentiate e * with respect to X. Hence find J‘X3e’xzdx. [4]

N3

(b) Find the exact value of j

sin X|sin X|dX . [3]

ENgF

4. On the first of January 2011, John opened a new special savings account and deposited
$x into his account. On the first day of each subsequent month, he would deposit
another $x into the account. A compound interest of 0.3% per month would be paid at

the end of each month.

(i)  Given that X =600, find the total amount of money in the savings account on first

of January 2013 just before John deposited money into his account. [3]

On first January 2013, instead of going to the bank to make a deposit into his savings
account, John went to a yatch club and decided to purchase a yatch. For the yatch that
he was interested to buy, he had to make a down payment of $23000.

(i)  What should his minimum monthly deposit be (in multiples of $10) so that his

savings account would have sufficient amount for him to make the down payment?

2]
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(ili)  Assume that upon making the withdrawal for the down payment, there was $190

left in his savings account. John transferred this amount from the savings account
to a checking account which charges no interest. With the $190 as the initial
savings, he decided to make a monthly contribution of 90% of the amount he
contributed in the previous month at the start of every subsequent month to the
checking account. He claimed that he would be able to save $2000 eventually. Do

you agree with him? Explain. [3]

5. With reference to the origin O, the points A and B have position vectors a and b

respectively and b is a unit vector.

(i)  Give a geometric description of |b[a| ) [1]

(i) Given that S denotes the area of triangle OAB , show that 45> = |a|2 - (a[b)2 :
[3]
(iti) Given that C is a point on the line AB with position vector C, explain why
(c—a)x(c—b)=0. [2]
(iv) Suppose a is perpendicular to b and that the angle between ¢ and b is 30°, find in
terms of |a| and |c|, the ratio of the area of triangle OAB to that of triangle OCB. [3]
6 (8) The complex numbers z and W are such that z = 31a _25.1 and w=1+13bi, where

+2i
a and b are real numbers. Given that z° = w, find the exact values ofaand b. [4]
(b) Without using a graphic calculator, find the modulus and argument of the
(1-i)° . :
complex number Z=-———7=— giving your answers in exact form. Hence
(—1++/30)
evaluate z° exactly. [5]
7. Asequence U, U,, Uy, ... 1s such that u, =1 and u,,, =u, — 2 ,forn>0.
(2n+1)(2n+3)
(i) Prove by induction that u, = . [4]
2n+1
A 1
i) Find in terms of N. 3
() ;(2n+1)(2n+3) B3]
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(iii) Hence find i ! [2]

= (2n+3)(2n+5)

. > 1
(iv) State the value of Z

< (2n+1)(2n+3) 1]

8. In a certain fish farm, the growth of the population of garoupa is studied. The

population of garoupa at time t days is denoted by X (in thousands). It was found that

the rate of birth per day is twice of X, and the rate of death per day is proportional to X°.

(1)  Given that there is no change in the population of garoupa when its population
hits 10000, write down a differential equation relating % and X. [2]

(if) Its owner decides to sell away 1800 garoupa daily. Modify the differential
equation in part (i) and show that the resulting differential equation can be written

as & _ —é[(x -5y -a’ ] , where a is a constant to be determined. [2]

dt
Given that the initial population of garoupa is 13000, solve this modified

differential equation, expressing X in terms of t. [4]

Deduce the long term implication on the population of garoupa in the farm, and

sketch the curve of X against t. [2]
9.  The parametric equations of a curve C, are

X=4cosf, y=sin26, where 0<O<m.

(i)  Sketch C, stating the exact coordinates of any points of intersection with the axes.

[2]

(i)  The point P on the curve has parameter p. Show that the equation of the tangent

cos2p
2sin p

at P is y:—( JX+2cotpcos2p+sin2p. [4]

(iii) The region S is the area bounded by C, the tangent at 6 :g and the line x=1.

Show that the area of S can be expressed in the form a + bjd sin’ @cos @ db,

where a, b, ¢ and d are exact constants to be determined. Hence evaluate the area

of S numerically. [4]
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(iv) Cis transformed to give the curve C' given by
X=2cos@, y=sin26—1, where 0<H<m.
Describe the sequence of transformations from C to C"'. [2]
10. The diagram shows the graph of y =2g(x+1). The graph intersects the axes at (0,3)

and (2,0) and has a turning point at (3, 5). The asymptotes of the graph are at X =1
and y=2.
Y a

(3,5)

0 (2,0) X

On separate diagrams, sketch the following graphs indicating the points corresponding

to the axial intercepts, turning point and asymptotes where necessary.

(i) y=g(x) [3]
.. 1
(i) vy —m [3]

(il)) y=—2g(x+1) [3]

Suppose the above diagram shows the graph for y=h(x). Sketch the graph of

y =h'(x). [3]
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11. The function f'is defined by
f:x—-2x>+12x-19, Xe R
(i)  Sketch the graph of y=f(x), indicating clearly the coordinates of any turning

point(s) and axial intercept(s). [1]
(i)  Give a reason why f does not have an inverse. [1]

(iii) If the domain of f is further restricted to X <k, state the greatest value of k for
which the function ™' exists. [1]

(iv) Find f'(x), stating the domain of . [3]

For the rest of the question, the domain of f is as found in part (iii).

(v)  On the same diagram, sketch the graphs of y=f(x), y=f"(x) and y=1f"'(x),
showing clearly the geometrical relationship among the graphs. [3]

The function g is defined by
g:xe 7, xe R

(vi) Explain why the composite function gf ™' exists. [1]

(vii) Find the range of gf ™', giving your answer in the exact form. [2]

END OF PAPER
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Solutions to 2016 RVHS Y6 H2 Maths Preliminary Exam 11 (Paper 1)

Question 1 [5 Marks]

(1)

Let u, =an’+bn+c

u =-4.4
a+b+c=-44 - (1)
u, =-4.1
4da+2b+c=-4.1 - (2)
u, =-2.6
9a+3b+Cc=-2.6 —---mmmmmm- 3)

Solving (1), (2) and (3)
a=0.6,b=-1.5and c=-3.5
u =0.6n°-1.5n-3.5

(ii)

u,>15
0.6n*—1.5n-3.5>15
0.6n*—1.5n—-18.5>0

e o
n=B.3417%Z8 IY=0
Since n is a positive integer, the set of values ofnis n>7.

Question 2 [6 Marks]

(1)

_ 3X
(X+4)(x+1)
A B
= +
(x+4) (x+1)
3x=AX+1)+B(x+4)
When x=-1, -3=3B = B=-1
When x=-4, -12=-3A = A=4

4 1
f(x):(x+4)_(x+1)

f(x)

(i)

f(X)=4(4+x) " =1+x)"
=44+x) " —(1+x)"

_ 4[4-1 (1 + 2) } —(1+%)"

v ) CUCD T DD T
4 2 |4 3| 4

- {1 # 0o+ ERR e LI 0 }
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X X2 3

=l —— =1+ X=X+ X +...
4 16 64
3 15 , 63 Ve
==X——xX+—X +...
4 16 64

-1
Range of validity for (1 + gj s —4<x<4

Range of validity for (1+X)'is —1<x<1

Therefore, overall range of validity is —1< X<1.

(i) ax(1- bx)fé

_ ax[l +(_ %j(_ bx)+ }

ab ,
=aX+—X" +...
2
Comparing the coefficient of X terms:
a==-
4
Comparing the coefficients of X*terms:

ab 15 5
— = b=
2 16

Question 3 [7 Marks]

@) ie_X2 =-2xe™*
dx

J'X3 —x?
= J'(—Ex ]( —2xe ™ )dx

1 x2e ™ + I xe ™ dx
2

1 o e 1 —x?
=—-—Xe ——|(-2x)e " dx
: S J 200
_ 1X2 w1 e
=-—Xe -—-—e +¢C
2 2
b il
®) _[31 1nX|s1nX|dX
4

T
= I x sInX(—sin X)dx +IOZ sinx(sin X)dx
4

T
0 . A .
= —J' . sin’X dx+J.02 sin’x dx

dx + _LE 1—cos2X dx

B 0 I—cos2x
__jn— :
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Il
|
s

n 1
= + —
8 4
_m+ 2
8
Question 4 [8 Marks]
(1)
Mth | Start of Month End of Month
1 600 1.003x 600
2 1.003x 600 + 600 (1.003x600+600)x1.003
=1.003% x 600 +1.003 x 600
3 1.003%* x600+1.003x 600+ 600 | 1.003° x 600+1.003* x 600
+1.003x 600
n 1.003" x 600 +1.003"" x 600
+---+1.003x 600
At the end of December 2012, there are 24 months.
Amount in the account at the end of December 2012 after interest
paid
=1.003** x 600 +1.003% x 600 +---+1.003x 600
=600(1.003+1.003 +---1.003*)
1.003(1.00324 —1)
=600
1.003-1
=14952.62754
~ $14952.63
(ii) | Let the monthly contribution be $X.
1.003(1.003* -1)
> 23000
1.003-1
X>922.9147161
Since his monthly contributions are in multiple of $10, he should
deposit $930 monthly into his savings account.
Pg3
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(iii)

Months Amount contributed ($)
1 190

2 190x0.9

3 190x0.9°

n 190x0.9""

Sum of the savings eventually
=190(1+0.9+0.9°+0.9° +---+0.9"" +.-.)

1-0.9

=$1900, which is less than $2000

Hence, John would not be able to save $2000 in the long run.

Question 5 [9 Marks]

(1)

lba] =[arb

, where b is a unit vector, which gives the length

of projection of the vector OA onto the line OB (or on
vector OB ).

(ii)

S :l|a>< b|
2
2S =|a||b|sin &
48* =[a| [o|"sin” @
4s* =|a[’ |b[ (1 —cos’ 9)

= [al" b’ [“(%U

=[af’[bf" - (ab)’
=|a|2 —(aJZb)2 since |b|=1

(iii)

As C lies on AB, A, C and B are collinear.
— AC and BC are parallel

.'.(C—a)x(c—b)zﬁxgé
:‘EHﬁ‘sinOﬁ

=0, since sin0=0
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(iv)

ais perpendiculartob = a-b=0

ws=fl
2
Area of triangle OCB, S,

:l|c><b|
2

=%|c||b|sin(30°)

:l|c , since |b|:1
4
Hence, S:S, =H:H:2|a|:|c|
2 4

Question 6 [9 Marks]

(a)

3a-—5i
Z= .
1+21
_ 3a—5ix1—2i
1+21 1-2i
_ 3a—-10—-(6a+)5)i
5

Therefore, z* = 3a—-10 +5(6a +5)i

Z'=w
3a—10+5(6a+5)1 _1+13bi

Comparing real parts:
3a—10

5
Comparing imaginary parts:

6a+5 13y o p='
13

=1 = a=5

(b)

_ 1-i)
arg(z) arg[—(_1+ \@4}
=2arg(l—1)—4arg(—1++/3i)
32
4 3

__2_8_“ __ﬂ_S_n (principal range)
573 p 5 p p g
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2= o 2 ion( 2

=7°= %[cos(Sn) +isin(5n):|

1
= 8_6[_1+0]
3 1
262144

Question 7 [10 Marks]

(1)

Let P, be the statement u, = forn>0.
2n+1
When n=0,
LHS =u, =1 (Given)
RHS = L 1=LHS
2(0)+1
. B, is true.
Assume P, is true for some kell , k>0, 1ie. U, = !
2k +1
Show that B, is also true, i.e. U, = L
2k +3
Using the recurrence relation,
2
Uy, =U, —
T (2k+1) (2K +3)
N 2
2k+1  (2k+1)(2k +3)
_ 2k+3-2
(2k +1)(2k +3)
3 2k +1 1
(2k +1)(2k +3) 2k +3

P.., 1s true.

Since P, is true and R, is true, implies P, is also true. By

mathematical induction, P, is true for n>0.

RVHSP1 Solutions

492



(i)

N
nZ::‘ 2n+1)( 2n+3)

/
7
%ﬁ

(iii)

z (2r+1)( 2r+3)

A1
203 2N +5

(iv)

1
2N +3

As N —> oo, —0,

2 1
zl 2n+1)( 2n+3) 6

Question 8 [10 marks]

(1)

Let % and % be the rate of birth and rate of death

respectively.
%zzx, Bex = By
dt dt dt
dx_dA_dB _ 2x —kx*
dt dt dt
dx

When x=10, — =0:
dt

0=2(10)-k(10)> = k =%
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i 2
@), X e
dt 5

= —%(x2—10x+9)

= _é[(x_s)2 —42] , where a =4 (shown)

dx

1 2 2
E:-E[(X—S) —4 ]

1 1
Imdx:f—gdt

() Sk P
24) |(x-5+4] 5
lnx_9‘=—§t+80
Xx—1 5
8 8

x_9:e—§t+8c:Ae—gt
X—1
Whent=0,x=13:
B9 50 o a2l
13-1 3
X=9 1 -t
—=—c

x-1 3

3(x—9)=(x—1e *

3 —t
X3-e’)=27-¢"

In the long term, the population of garoupa will stabilise at
9000.

X (in thousands)

13
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Question 9 [12 Marks]

(1) A
(40) , ="
(0,0) (4,0)
(ii) | x=4cosd y =sin26
dx . dy
— =-4sinf — =2c0s26
do de

ﬂ_ 2cos20 __cos2(9
dx —4sind 2sin @

Equation of tangent at P,
cos2p

2sin p

_ [cos2p . 4cospcos2p
2sin p 2sin p

y—sin2p=-— (x—4cosp)

+sin2p

__(cosZp

- jx+200t pcos2p+sin2p
2sin p

(iii)

. 1
Equation of the tangent at 6 = %, y = EX
Region S} /"__\\H

y = 0.5X x=1

Area of S

Iy 1
=| —dx- d
v[) 2 X -[0 y
2 1 cos™! 1
:[X_} _I (4jsin2¢9(—4sin9 do)
0

4 .

2

(1
_1 +8J/ wsinz @cos@ d@ (shown)
72

4
=0.00395 units® (to 3 s.f)
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(iv) X = 2X
C->C"
y—y-I1
Sequence of transformations:
- Scaling by factor 0.5 parallel to x-axis

- Translation of 1 unit in the negative y-direction

Question 10 [12 marks]
(1)
Yo  ix=2
(115) !
- _—_—_f"{ L j
0 :
(i1)
(i) ;
y4 rx=1

Pg 10
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y A :
§ y=h'(x)
L \e
0 ! X
P x=1
Question 11 [12 marks]
() ,
o0 |
(0, —19)
(i) | The horizontal line, y =—5, cuts the graph more than once,
hence f is not one-one = f~' does not exist.
(iif) | Turning point of y =f(X) occurs at (3,-1).
Hence greatest value of k =3
(iv) y=-2x>+12x-19
=-2(x-3)" -1
-2
X-3== y*l
-2
X=3=* y+l
-2
. y+1
Since X<3,x=3—-,/—
X+1
£ (x)=3-,|[—
(=3
D =R :(—oo,—l]
Pg 11
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(v)

iy /’
s
s
s
-1.3) e
y=f"(x) ('19L/. s ¥EX
s
% (3-1)
/
/
“
w= flx)
/
/ (19,0)
a
y= £

(vi)

R =(-,3] and D,= R

-
Since R, < D, hence gf - exists.

(vii)

Df" N Rf’l N Rgf"
(] (03] [ )

ALTERNATIVELY:
(0= g(s - X—”]
-2
-
=e , Xx<-1
y
2
y=gf(x)
X
From GC, minimum point is at Xx=—-19 = y=¢"
Rgf_l = I:e_S,oo)
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River Valley High School 2016 H2 Maths Preliminary Examination - Paper 2

Section A: Pure Mathematics [40 Marks]

1.  The diagram below shows the structure of a military building which consists of two

parts. For the first part, the rectangular plane OABC is on the ground level and the

point T is 12 m vertically above O. The second part of the building is an underground

store room in the form of a cuboid with sides OP=AQ =BR=CS=12m,

OA=CB=PQ=SR=20m and OC = AB=PS=QR=16m.

T
U
12m
. B
:
1
o) : A
1
:
| S
12m AL W1 R
e 16 m
P 20m Q

To better study the structure using vector method, the point O is taken as the origin and

vectors i, J, K, each of length 1 m, are taken along OA, OC and OT respectively.

(1)  The military officials decide to install a surveillance camera U along the edge TB

such that TU :UB =1:3 for better coverage. Determine the position vector of U

and hence the vector equation of the plane UCB in scalar product form. [3]

(i)  Another camera is to be placed at the point P for effective coverage. Find the

acute angle between the planes UCB and PCB. [3]

(iii)  As highly explosive items that need to be kept at low temperature are present in

the underground store room, the military officials also place an infra-red sensor

device at the point T. Determine the shortest distance of T from the plane PCB .

©RIVER VALLEY HIGH SCHOOL
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2. (i) Solve the equation z° —16—16+/3i =0, giving the roots in the form re’’, where

r>0and -n<f@<m. [3]

(i) The roots of the equation z° ~16-16+/3i=0 are represented by

z, 2, 2,, , and Z;, where —m <arg(z,) <arg(z,) <arg(z,)<arg(z,)<arg(z;)<m.

Show all these roots on an Argand diagram. [2]

(iii) Given that the complex number v satisfies the equation |V — Z3| =|v—z,|, sketch

the locus of the points which represent v on the same Argand diagram.
Determine if this locus passes through the point which represent the complex

number Z,. [2]

(iv) Another complex number w is such that |W| <1 and |W— 23| < |W— Z4|. Shade on

the same diagram, the region representing W. Determine the range of value of

arg(W—2,). [3]

3. (i) [Itis given that ycosX=e" where —§< X<§.

Show that % =y(+tanXx). [2]
X

(if) By further differentiation, find the Maclaurin series for Yy, up to and including the

term in X°. [5]

(iii) Hence, find the set of values of x for which the value of y in part (i) is within

+ 0.05 of the value found by its Maclaurin series in part (ii). [3]
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4.  The equation of a curve C is given by y = Y
- X

(i)  State the largest range of values of X for C to be defined. [1]
For the rest of this question, define C for the range of values found in part (i).

(if) Sketch C, stating the equations of any asymptotes and the coordinates of any
points of intersection with the axes. (2]
(iii) The region bounded by the curve, the line y =3 and the y-axis is denoted by R.

Find the exact value of the area of R. [5]

(iv) The region R is rotated 2m radians about the liney =3 to form a solid. Write

down the equation of the curve obtained when C is translated by 3 units in the

negative y-direction. Hence find the volume of the solid formed. [3]

Section B: Statistics [60 Marks]

5. A school has 200 teachers of whom 5% are in the 21 — 30 age group, 60% are in the
31 — 40 age group and the rest are in the age group of 41 and above. During a meeting
held in a Lecture Theatre, the principal intends to obtain a sample of 20 teachers for a

survey. She decides to select 20 teachers from the last occupied row for the survey.

(i) Name the sampling method described. State a reason, in the context of the

question, why this sampling method is not desirable. 2]

(i)  Suggest a method of obtaining a representative sample and describe how it may

be carried out. [3]
o 4 2 1.
6.  For events A and B, it is given that P(A|B") =7, P(B'| A") =§ and P(A) =%. Give a
reason why events A and B are not independent. [1]
Find
(i) P(AUB), [3]
@iy P(AnB"). [2]
©RIVER VALLEY HIGH SCHOOL 9740/02/2016
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7. Find the number of ways to arrange the nine letters of the word PERMUTATE,
(i) inacircle; [2]
(i)  in a row with exactly one pair of identical letters together; [3]

(ili) in a row with identical letters separated (for example “PERMUATET”,
“PERTUTAEM” etc...). 3]

8.  In acollege Mathematics examination with a large candidature, the percentage mark X
obtained by each male candidates was found to follow a Normal distribution with mean

4 and standard deviation o . It is further found that P(X >45)=0.85 and
P(X >85)=0.15.

(1)  Find the value of & and o . [3]

(i) Find the least integral value of a such that the probability of a male candidate

scoring less than a is at least 0.75. [2]

In the same examination, the percentage mark obtained by each female candidate was

found to follow a Normal distribution with mean of 67 and standard deviation of 22.

(iii) Find the probability that the total percentage mark of two randomly selected
female candidates is more than three times that of a randomly selected male

candidate. [3]

One Mathematics teacher of the college claimed that the percentage mark of each
candidate in the examination followed a Normal distribution of mean of 66 and

standard deviation of 45. Comment on the validity of this claim. [1]
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9.  Company A packs and supplies salt in small packets. The mass of salt in one packet is
denoted by x grams(g). The company claims that the mean mass of salt per packet is at

least 1, g. A random sample of 12 packets of salt is taken and its mean and standard

deviation are found to be 9.81g and 0.217g respectively.

Find the range of value of 1, for which Company A’s claim will not be rejected at the

5% significance level. State any assumption that you have made. [6]

Another company, Company B, claims that the mean mass of salt supplied by them per
packet is 10 g. In a test against Company B’s claim at the o % significance level, the

hypotheses are as follows:

Null hypothesis: g =10,
Alternative hypothesis: x4 #10,

where 44, 1s the population mean mass of salt in a packet of salt from Company B.

The p-value is found to be 0.0438 (corrected to 3 significant figures). Explain the

meaning of this p-value in the context of the question. [1]

State the range of values of & for which Company B’s claim is not rejected. For the
range of values of « found, explain if Company B’s claim is still valid under a one-

tailed test. [3]
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10. During the Arts Festival period, JC students in a college are encouraged to view the arts
exhibits put up by the Arts Talent Programme students in the canteen during lunch time
from 12 noon to 2pm daily. Given that the JC students do not influence each other in
their decision to view the exhibits, state a condition for the random variable X, which
denotes the number of students who view the exhibits in independent 15-minute

interval, to be well modelled by a Poisson distribution. [1]
Assuming that X has a Poisson distribution with mean 7.5, find

(i)  the probability that less than 12 students view the arts exhibits from 12:30 pm to

1 pm on a particular day during the Arts Festival; [2]

(if) the probability that there are three 30-minute intervals in which at least 12

students view the arts exhibits on a particular day during the Festival, [2]

(iii) the probability that the mean number of students who view the art exhibits daily

from 12 noon to 2 pm on 65 school days is more than 60.5. [3]

The organising committee decides to study the students’ support for the arts exhibits for
the Arts Festival. By using a suitable approximation, determine the probability that for
the first 50 days, there are more than 25 days whereby there is only one 30-minute
interval among the four possible intervals daily from 12 noon to 2 pm, in which there

are less than 12 students who view the arts exhibits. [3]
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11.

©RIVER VALLEY HIGH SCHOOL

The table below gives the time t, in minutes, taken by Andy to complete a particular

stage of a computer game X weeks after he has started playing the game.

X 1 2 3 4 5 6
t 48.2 32.5 22.7 18.0 16.4 14.6
(i) Draw a scatter diagram for the data, labelling the axes clearly. [2]
(i) Calculate the product moment correlation coefficient and comment on why its
value does not necessarily mean that the best model for the relationship between X
and t is linear. [2]
(iii) Determine which of the following would be a better model for the set of data,
justifying your choice clearly:
(A) t=a(x-10)’+b,
(B) t=ce*+d,
where @, b, ¢ and d are positive constants. [2]
(iv) For the better model identified in part (iii), calculate the product moment
correlation coefficient. [1]
(v) Andy would like to estimate the time taken by himself to complete the stage of

RVHS P2 Questions

the game 10 weeks after he has started playing the game. Find the equation of a
suitable regression line and use it to obtain the estimate. Give two reasons why

the estimate is not reliable. [4]
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9740/02/2016

505



Solutions to 2016 RVHS Y6 H2 Maths Preliminary Exam |1 (Paper 2)

Section A: Pure Mathematics [40 marks]

Question 1 [9 Marks]

(1)

We first have the following position vectors:

0 20 20 0
OT=| 0| OA=| 0 |,OB=|16|and OC =| 16
12 0 0 0
Then by Ratio Theorem:
Since U divides TB in the ratio 1:3,
ou-loB+30T
4 4
20 0 5
:l 16 |[+=| 0 |=|4
4
0 12 9

To find the vector equation of the plane UCB, we first have:

UB =0B -0U and  CB=0B-0OC
20) (5) (15 20
=16 |-|4|=| 12 =
0) 9) (-9

We then apply cross product of the vectors to obtain normal
vector to the plane UCB:

15) (20 0 0
UBxCB=|12|x| 0 |=| =180 |=—60| 3
9/ (o0 —240 4

Thus, the vector equation of the plan UCB in scalar product

0 0Y(0
formisthen rfj 3 (=|16[] 3 |=48
4 0)\4

(ih)

For the plane PCB, we first need to find the normal vector to
the plane. We have:

0 0 1
PCxCB=||16|-| 0 ||x|0
0 -12 0
0 1 0 0
=116 x| 0|=| 12 |=4| 3
12) (0 -16 —4
0
Therefore a vector normal to the plane PCB will be| 3
—4
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Thus, the acute angle & between plane UCB and PCB will be

given by:

0 0

3lel 3
—4 ‘ 9-16 ‘ 7

4
V32 +42 32 4 (-4) ‘\/32+421/32+(—4)2‘ 25

cosfd =

That is, =73.7" (3 s.f)
(iii) | Method 1:

T(0,0,12) ,

r
ST M-

We note that C =(0,16,0) is a point on the plane PCB and

Plane PCB

thus we projected the vector CT onto n.
0

CT=0T-0C=|-16
12

The shortest distance of T to the plane PCB is given by:

0 0
—16 |e| 3
. 12 ) (-4
d :‘CT . n‘:
3% +(—4)
|-48-48 96 .
= —— = — units
5 5
Method 2:
?
T(0,0,12)
n= 3
—4

C ) Plane PCB

Let F be the foot of the perpendicular from point T to the
plane PCB.
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0
Then TE =An= 4| 3

4
0 0 0
— OF-0T=41| 3 |=0F=0T+4| 3 |=| 32
4 4] (12-42

Since F is also a point on the plane PCB, OF will also
satisfy the vector equation of plane PCB.

0 0 0 0
We then have 30 |e| 3 |=|16|e| 3 |=48
12—-44) \ -4 0 —4
Thus,
92—4(12—4/1)=48
= 254=96
96

=>A=—
25

Therefore, the perpendicular distance is

_96
25

‘ﬁ‘:% 3 3% 4+ (—4)’ =26 nits
25 5

Question 2 [10 Marks]
(i) | Given that ° —=16-16~/3i =0,

il =
we have z° =16+16+/3i =32e(3).

Then by solving, the roots are given by:
1l(z kz
72325 ° (3+2 j
i (ﬂj T
=2 "/ wherek=-2,-1, 0, 1, 2.
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(i)

Given that
- < arg(zl ) < alrg(z2 ) < arg(z3 ) < alrg(z4 ) < arg(zs) <z

= we have the following roots:
11

Z; = 23(15”}, Z, = 2ei(155”J, Z, :2ei(%”) 7, = 2ei£175”j
i(ﬁﬂj
and z; =2e \"° /.

The roots z,,z,, 25, Z, and z5 are then represented in the

following Argand diagram:

Im(2)
A 7
4
e~ _
/// ." \\\
7 N
/ \\
5,/
: 1
/‘ 2 ) — 7\
/ 5757 15 \’Z
/ N . 3
{ 2 ‘/\‘\ r\—r—"'— \f } >
21 7 \ObS 2, 2 Re(
\ ) /
\ —\r ;
\\ 5 N ;
\‘ //
Z N/
1 \\\ //. 22
T

Note that if the points Z,,Z,,7Z5,Z, and Z;represent the
complex number z,,z,, Z,, Z, and z, respectively on the

Argand diagram, then
2r
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(iii)

Locus for point representing
complex Aimber v

Im@2)4 2,
e AN ~
// i ,/s‘ \\
/ AN
: N \

/‘\\ 2 ! &s \

/ STL N,

'I \\\\/" 15—_— _____ 3

" 2 [ - /‘"’2 - } >

— = ]
2 \ 57T AL 2 2 Re(z)
\ 2 \\5 /
_7Z' N
\\ 5 N //
\ N7
Zl ~ ;‘/
~o PRt
)
Locus for
complex no. v

1157T+157Z' 4
afg(p)Z#ZE”

Since arg(p)+ |arg(zl)| = %

that the point representing z

We note that if p is the complex number represented by the
midpoint of the line joining Z3 and Z4, then

11
T+ Eﬂ' = 7r, we can conclude

, lies on the locus of v.

(iv)

|m(Z)1
2

-~

-4 —

-2

Shaded region represents
number w.

possible region for complex
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@2 (GGG

e T

Re(23

To find range of arg(w—z,), we note that :

Z0Z,T = ﬂ—iﬂ' Zgﬂ
15 3

and sin9:1:>49:£.
2 6

Thus the range of value of arg(w—z,)is

g7r—l7z<ar (w—z )<z7r+l7r
37 T BT A= e

ie. %ﬂ'ﬁarg(W—Zz)S%ﬂ' or 1.57 <arg(w-12,)<2.62
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Question 3 [10 Marks]

(1)

Let ycosXx=€" ————— 1)
(gj cos X + y(—sin X) = e*
dx

dy .
d_ COS X = ysin X+ Yy cos X

X
dy  cosX+sinX
dx cos X

ﬂ =y(l+tanX)————— (2) (shown)
dx

(i)

Differentiate with respect to X:

2
% = (%j (1+tan x) + y(sec2 X)————— 3)

At x=0,
Q0
From (1): y=1(0)=

cos0
From (2): ﬂ =)(1+tan0) = ﬂ =f'0)=1
dx dx

From (3):
&y
dx?

=1

2
— (1)(1 + tan 0) + (1) sec? 0 = % —£7(0)=2
X

YN f'(0) ,  £"(0)
..y—f(x)—f(0)+l—!x+2—!x2+ .........

=14+ X+ X F e, (uptox2 term)

(iii)

X
€

Let f(x) =

T i
, Where ——<x<—,
cos X 2 2

and g(X)=1+x+x* (from (ii)).
We thus solve |f(x)—g(x)|<0.05.

Using GC, we plot y =|f(x)—g(x)| and y =0.05:

(

ti

X-values of the intersection points are:
—-1.425019, -1.410526, -0.4704015 and 0.3795259

o Ans: {x:xel,-1.43<x<-1.41or —0.470 < x < 0.380}
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Question 4 [11 Marks]

(1) The largest range of values of x for curve C to be defined is
0<x<4.
(i1) y Vertical asymptote:
A Xx=4
(0, 0) 4 " x
(i11) | The area R is as shown in the shaded region below:
y Vertical asymptote:
A o x=4
NENE
4-x [
3 ! y=3
0 3 4 “x
y= 3—X then y2 =—
4—-x —
= 4y® —xy* =3x
2
= X= 4y 2
3+y

Thus, the area of the region R
~3

=1 xdy

J0

3 4 2

Jo 3+ y

=(4x3—%tan_l(\/§)j—0
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12 m
3

5
YNCE

=12—- 2 1 unit?
3

(iv)

The area R is rotated 2r radian about the line y =3:

y Vertical asymptote:
A  x=4
| 3x
4—x
0 3 4 “x

The equation of curve when C is translated by —3 units in the
3X

y-directionis y=,/—— —3.
4-X
Next, let
y:3:> i:?,:) 3_X:9:>X:3
4-x 4—-x

The volume V generated when R is rotated completely about
y =3 is the same as the volume generated when the new

curve is rotated about the x-axis from x=0tox =3.
Therefore,

3
V:I ny? dx
0

=n_[03 (\/g—.%]z dx

=28.6 unit’

Section B: Statistics [60 marks]

Question 5 [5 Marks]

(@)

Quota Sampling.

This method is non-random as not every teacher has an equal
chance of being selected. OR

This method does not give a representative sample.

(ii)

Stratified Sampling.
Principal can draw random samples from each stratum as
follows:

Age group 21-30 31-40 41 and above
No. of teachers 0.05x20=1 | 0.6x20=12 | 20-1-12=7
selected
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Question 6 [6 marks]

Since P(A)#P(A|B'), events A and B’ are not independent.
Thus A and B are not independent.

(1) P(B'|A')=EZ>P(B'(‘\A|)=E
3 P(A) 3
S PBINAY=Zx =
3720 10
[ v_l
P(AuB)_l—P(BmA)_IO
(ii) P(AlB,)zi:P(AmB')zi
7 P(B) 7
P(ANB) 4
P(ANB")+P(A'NB") 7
P(ANB) 4
7

3
P(ANB"Y+ —
( ) 10

:>P(AmB'):§

Question 7 [8 Marks]

(1)

Y
uzloogo
2121

(i)

For the case where EE are together and T, T separated:
Arrange EE, P, R, M, U, A first, then slot in T, T to separate
them.

7
No. of ways = 6! x(zj:15120

Hence, required no. of ways = 15120x 2 =30240

(iii)

No. of ways without restrictions = % =90720

No. of ways with ‘E’s together & ‘T’s together = 7! = 5040

Hence, required no. of ways
= No. of ways without restrictions
—n(each of the pair of identical letters together)
— n(exactly one of the pairs is together)
=90720 — 5040 — 30240 = 55440

ALTERNATIVELY
Case 1: E, E, T, T all separated

!
4! =10800
2121

6
No. of ways = 5! X[4jx
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Case 2: with exactly 1 E and 1 T together (i.e. ET, E, T

separated)

6
No. of ways = 5! x(3]x3! x2 =28800

Case 3: 2 pairs of ET, but the pairs separated
6
No. of ways = 5! x (ZJX (21)* =7200

Case 4: ETE or TET together

6
No. of ways = [5! x(2]x2!}x2:7200

Case 5: ETET or TETE
No. of ways = 6! x2=1440

Hence, required no. of ways

= 10800 + 28800 + 7200 + 7200 + 1440 = 55440

Question 8 [9 Marks]

(1)

P(X >45)=0.85 = P(X <45)=0.15

Since P(X >85) =0.15, by symmetry property of normal

45+85
2

65

distribution curve, u =

Next,
P(X <45)=0.15

:P(Z <45_’uj:0.15
o

:>P(Z <45_65j=0.15

(o)

= 45-65 _ -1.03643338
O

= 0=19.296947=19.3 (3 s.f.)

ALTERNATIVE METHOD

y =P(X <45)

e

/," y=0.15
Interseckion

i 11 L L . R

-0 =19.296947=19.3 (3 5.f.)
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(i)

If the probability of a male candidate scoring less than a is at
least 0.75, then we have P(X <a)>0.75.

X ~ N(65,19.296947%)
P(X <a)>0.75

= a>78.01559295
Thus, the least integral value of a is 79.

(iii)

Let Y denotes the random variable that represents the
percentage marks obtained by a randomly selected female

candidate in the Maths exam. Then Y ~ N(67,22%).
We first note that
P(Y, +Y,>3X)=P(Y, +Y,-3X >0)

Since X ~ N(65,19.296947%) , we have
E(Y, +Y, -3X)=67+67-3%x65=-61
Var(Y, +Y, —3X) =222 +22% + 3> x19.296947

=4319.349472
Then Y, +Y, —=3X ~ N(-61,4319.349472)
Thus,
P(Y, +Y, >3X)
=P(Y,+Y,-3X >0)
=0.177 3 s.f)

We note that for a random variable W with normal
distribution of mean 66 and standard deviation 45,

P(W <0)=0.0712334139 which is non negligible.

As W >0, we conclude that the teacher’s claim is not valid.
OR:

If W ~ N(66,45), then 99.7% of the values would lie within
66 *+ 3x45, which contains a significant range of negative

values.
Thus, the teacher’s claim is not valid.

Question 9 [10 Marks]

Let £ be the mean mass of salt in a packet of salt from
Company A.

Test H,:u=py, against H,: u< gy,
at 5% significance level

Test statistic: Under Hy, T = XS_ fo t(1),
iz

where s° = %(0.2172) =0.0513698182

Critical region:
Reject Hy if teae <—1.795884781
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Since Hy is not rejected,

O81-H 5 795884781
\/0.0513698182

12

11, <9.927501081
ie. 1, <9.93 (to3s.f) (OR g, <9.92)

We assume that mass of salt follows a normal distribution.

p-value of 0.0438 is the lowest level of significance for
which Company B’s claim that the mean mass of salt per
packet is 10 g is rejected.

To not reject Company B’s claim (i.e. to not reject Hy),
p-value > @
100

= a <0.0438x100
ie. a<4.38

Supposed a one-tailed test is conducted instead, i.e.
testing H,:p, =10 against H, : g, <10

0.0438 _ 0.0219.

p-value =

Then we would not be certain if p-value < «a since
a <4.38. (no conclusion)

Question 10 [11 marks]

X can be well modelled by a Poisson distribution if

(1) the mean number of JC students who viewed the arts
exhibits in each 15-minute interval remains constant, or
(i1) the mean number of JC students who viewed the arts
exhibits in other time intervals is proportional to the mean
number for each 15-minute interval.

(1)

Let X* denotes the random variable that represents the
number of students who view the arts exhibits in a 30-minute
period. Then X* ~Po(15) since X ~Po(7.5)

Then the required probability

=P(X’ <12)=P(X’ < 11)

=0.184751799

=0.185 (3 s.f)
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(i)

The required probability
4
= (3} (1-0.184751799)*(0.184751799)'

|
= %(0.815248201)3(0.184751799)1

=0.400422262

=0.400 (3 s.f.)

OR:

Let Y denotes the number of 30-minute intervals among the

4 possible ones from 12 noon to 2 pm in which there are at

least 12 students who view the arts exhibits.

Then Y ~B(4,1-0.184751799) = B(4, 0.815248201)

Then required probability = P(Y = 3) = 0.400422262
=0.400 (3 s.f.)

(iii)

Let W denotes the random variable that represents the
number of students who view the arts exhibits from 12 noon
to 2 pm on a randomly chosen day during the Arts Festival.
Since X ~Po(7.5), we have W ~Po(7.5%8) i.e. Po(60)

For the 65-day period, n = 65 (> 50) is large.
By the Central Limit Theorem (CLT),

W N (60,%) approximately.

Thus, P(W > 60.5) = 0.3013866388
=0.301 (3 s.f)

Next, let V be the random variable that denotes the number
of days among 50 whereby there is only one 30 minutes
interval among the 4 possible intervals daily, in which there
are less than 12 students who view the arts exhibits.

Then V [J B(n, p) where n =50, p = 0.400422262 (part ii)

Then upon checking,

n =50 is large,

np =50 x 0.40042262 =20.0211131 > 5,

ng =50 x (1 —0.40042262) =29.9788869 > 5

We conclude that V [ N(np, npq) approximately.

That is, V [J N(20.0211131,12.00421727) approximately.

Then, P(V > 25)
=PV >26)

=P(V >25.5) (continuity correction)
=0.0569000711
=0.0569 (3s.f)
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Question 11 [11 marks]

(1)

tA
4821 a
o
i .
PR s IR

(ii)

r=-0.9168956355~-0.917

Although |r| is close to 1, suggesting a linear relationship

between X and t (i.e t = mx +Kk ), it does appear that the
points follow a curvilinear trend from the scatter diagram.

(iii)

(B) t=ce ™ +d is a better model because as X increases, t
decreases at a decreasing rate.

As for the model t = a(x—10)* +b, t might decrease at a
decreasing rate initially as X increases (for X < 10) but it will
increase eventually (for X > 10). This does make sense for
the context of the question since more practice on a longer
period ought to improve his proficiency thus taking less time
to complete the stage of the computer game.

(iv)

Fort=ce™+d: r=0.9852371391~0.985
For t=a(x—10)>+b: r=0.954421565~0.954

V)

A suitable regression line:
t=89.60094125 ¢ * +16.73059924

ie. t=89.6e+16.7

When x = 10,
t =89.60094125 ¢ ' +16.73059924

=16.73466712 ~16.7 mins

The estimate is not reliable because:

(1) x=10 is outside of data range (extrapolation)

(2) Andy has already obtained timings less than 16.7
minutes for both week 5 and week 6. It is more likely
that the timing will be shorter than 16.7 min by week 8.

If the wrong line is chosen:

t =0.5024319662(x —10) +2.706822862
When x = 10.

t=0.5024319662(-2)" +2.706822862

=4.716550727 = 4.72 mins

The estimate is not reliable because X = 10 is outside of data
range (extrapolation).
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1 The sum Z;
= (3r-2)(3r+1)

(i) By using the method of differences, find an expression for S, in terms of ». [3]

is denoted by S, .

(if)  Hence find the value of S as n tends to infinity. [1]
(iiif) Find the smallest value of » for which S, is within 2x10™ of the sum to infinity. [3]

] ; ] e ! 1
iv) Using your answer in part (i), find and deduce that
W) 9y part (1) ;(3r+1)(3r+4)

o 11
G s 4l

2 (@) By completing the square, or otherwise, state precisely a sequence of geometrical
transformations which would transform the graph of y = In(4x* —16x +15) onto the

graph of y :%In(4x2 -1 . [3]
(b) The diagram shows the graph of y =f (x) . The graph passes through the origin and

the point(—a—2,0). It has a minimum point at (—a,—b), a >1, b>1. The graph also
has a vertical asymptote x = a and a horizontal asymptote y=a.

y=f(x)
i ———————————————————— y =a
x=a
Sketch, on separate diagrams, the graph of:
1
i = ; 2
@M vy () [2]
iy y=f'(x), [2]

showing clearly all the asymptotes, turning points and axes intercepts.
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3 (@)
(b)

4 ()
(ii)

SAJCP1 Questions

John deposits $x into a bank at the beginning of each year. The bank pays interest at
a fixed rate of 5% of the amount at the end of each year. John then withdraws the
interest as soon as it is added. Find, in terms of x and A, the total amount of interest
he will collect at the beginning of (N +1)th year. [3]

An agricultural farm has 2000kg of vegetables. At the end of each week, the farm
sells 10% of the vegetables and grows another 80kg on the farm.
(i)  Find the amount of vegetables the farm has at the end of nth week, expressing

your answer in the form A(B")+ C, where 4, B and C are constants to be

determined. [3]
(i) At which week will the amount of vegetables in the farm be first less than

835kg? [2]
Find [u’e" du. [3]

The curve C has equation y =Inx + 1 as shown below.

Y A

The region R is bounded by the curve C and the lines x=1,x=eand y = 1.

Write down the equation of the curve by translating C one unit in the negative y-
direction.

Hence, using the substitution u = In x, evaluate the exact volume generated when R is
rotated completely about the line y =1 by 27 radians. [4]
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5  The functions f and g are defined by
fix>e?-2%+3 xeR
g:x—>In(2-x), xeR,x<2

(i) By sketching a graph, explain why the inverse function f ~* does not exist.

[2]

(i)  Given that the domain of f is restricted to (—o0,a], state the maximum value of a for
which f * exist. [1]

(iii) Using the value of a found in (ii) and by completing the square, find the inverse
function f . [3]

(iv) Find the exact range of gf . [2]

6 Given that y =+/4 +sin2x , show that y%:cos 2x. [1]

(i) By further differentiation of the above result, find the Maclaurin series for y in
ascending powers of x up to and including the term in x° . [3]

(i) Verify the correctness of the series found in (i) by using an appropriate standard
series expansion. [2]

0.1
(iii) Deduce from part (i) the approximate value of I V4 —sin2x dx , giving your
0

answer to 5 significant figures. [2]

7 Relative to the origin O, the position vectors of two points 4 and B are aand b
respectively, where aand b are non-zero and non-parallel vectors. The vector a is a unit
vector which is perpendicular to aa+ Sb, where « >1and # > 1 and the angle between

aand bis 5—“.
6
(i)  Show that |bl =£(ﬂj. [3]
3 \p
(i)  Give the geometrical interpretation of |ao b| and find its value in terms of « and .
[3]

(iii) The point M divides AB in the ratio A:1—-A where 0< A <1 . The point N is such

that OMNB is a parallelogram. Find ON in terms of a and b and the area of the
triangle OAN interms of A, « and S. [5]
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8 The variables w, x and y are connected by the following differential equations:

dw 3

—=——w-2 (A

dx 2 v A

dy

- = B

o (B)
(i)  Solve equation (A) to find w in terms of x. [3]
(i)  Hence find y in terms of x. [2]

(iii) The result in part (ii) represents a family of curves. Some members of the family are
straight lines. Write down the equation of one of these lines. On a single diagram,
sketch your line together with a non-linear member of the family of curves that has
your line as an asymptote, indicating clearly any axes intercepts. [3]

9 (@ (i) Solve z*=1-i/3, giving your answers in the form re , where » >0, and
-T<O<r. [3]

(i)  Show that
(z” —2¢'® )(z” - 2e‘i9) =% _47"cos0+4,
Hence find the roots of the equation

28 =22 +4=0 in the form of r¢' , where »>0,and —z <0< 7. [3]

(b) Given that z=cosé@+isingd, show that 1-:z?=(-2isin@)z. Given also that
0< 0 < x, find the modulus and argument of 1—z* in terms of 4. [5]
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10

3x dx

5x

Ax
Ax Figure 1 Figure 2

A designer decided to build a model as shown in Figure 1 above, consisting of a base and
a top. The base is made up of a prism with a cross-section of a trapezium where the length
of the parallel sides are 4x cm and 10x cm (Figure 2). The top is a right pyramid with a
square base of sides 10x cm, height 2 cm and a fixed slant height of 5 cm.

(i) Find an expression for the volume of the model, ¥, in terms of x. Given that x=x, is
the value of x which gives the maximum value of 7, show that x; satisfies the
equation 13563x* —7719x* +625=0 . [6]

(if) Find the two solutions to the equation in part (i) for which x > 0, giving your answers
correct to 5 decimal places. [2]

(iii) Using both the solutions found in part (ii), show that one of the values does not give a
stationary value of V. Hence, write down the value of Xx;. [3]

[Area of trapezium = %(sum of parallel sides)x height ;

Volume of pyramid = %base area x height]
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11 The line 7, and the planes p, and p, have equations as follows:
I, - x-5=-y-1z=4;

p, - xa+z=5a+4,

1 0
p,. r=A{1|+pl
0 1

where a is a positive constant and A and p are real numbers.
(i)  Given that the acute angle between 7, and p, is % show that a =1. [2]

(if) The planes p, and p, meetin the line /,. Find a vector equation of /,. [2]
(iii) Hence, find the values of ¢ and g such that the system of equations

x+z=9
X+z=y
Sx+4y+az=p

has
(@) more than one solution;
(b) exactly one solution.

If « =5, =10, give a geometrical interpretation of the relationship between the 3
equations. Explain your answer. [6]

End of Paper
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2016 Prelim Paper 1 Solution

1(i)

d 1

;(3r—2)(3r+1)

8t
35\ 3r-2 3r+l

3 3n+1

1(ii)

—>0

As n—>x,S, —)l since
3 3n+1

(i)

S, —S|<2x107*
1(1_ ! j_l
30 3n+1) 3
.
3\ 3n+1

l( ! j<2><10"4 sincenell”

<2x10™

<2x107*

3\3n+1
1 3

3n+1 5000
5000

3n+1>

n>555.2

Hence, smallest n = 556.

(iv)

1 1 1 1

From (i) Zn:

1
30 30+l

1

= + + Fot =
o (Br=2)@r+l) @) A7) (1H10) (3n-2)(3n+1)
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- 1 1 1 1 1 1

~(3r+1)(3r+4) B (1)(4) i (4)(7) i (7)(10) et (B3n-2)(3n+1) " GBn+1)(3n+4)
(3r+1)

SN IR
= 3r-2)3r+1) 3 3n+4

(3r+4)" >(3r+1)(3r+4) for r>0,re 7
L 1
(Br+4)  (3r+1)Gr+4)

n 1 n 1 1
< <—=
;(3“4)2 ;(3r+1)(3r+4) 3

since 1— <1 forne Z U{0}

3n+4

2 (a)

vy =In(4x* —16x+15)
= In(4(x* —4x) +15)
=In(4(x—2)* =16 +15)
=In(4(x—-2)*-1)

Let f(x) = In(4(x—2)*-1) and y = %ln(4x2 ~1)= % f(x +2)

A translation to the —2 units in the direction of the x— axis followed by;

A scaling of a scale factor of /2 parallel to y— axis .

(b)(@)

.______________r______________
1
1
1
1
1
1
1
1
1
1
1
.
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

=
I

=
Il
|
Q
|
2
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(i)

(a,0)

3(a)

Year | Amount withdrawn at the beginning of N years
No

1 0

2 0.05x

3 0.05(2x)

N+1 | T, =0.05Nx

S, =0.05x(1+2+3..N)

_ 0.05xN(N +1)
B 2
_XN(N +1)
40

(@

Week | Amount of vegetables on the farm
No

1 2000 (0.9) +80

2 :((2000><O.9)+80)><0.9+80

=(2000%0.9%)+(80x 0.9) +80
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=((2000x0.9%)+(80x 0.9) +80)x 0.9) + 80
=(2000x0.9%)+(80%0.9%) +(80x0.9)+80

=(2000%0.9")+(80x0.9"™)...+(80x0.9)+80

=(2000x0.9")+80[ 0.9"" +0.9"7 +...1]

=(2000x0.9")+80 (1-097)
1-0.9

= (2000x0.9")+800(1—0.9")
= (1200%0.9") +800

A4=1200,8=09, C=2800

(i)

(1200%0.9")+800 < 835
Solving,

(1200%0.9") < 35
35

1200
n>33.549

09" <

Least number is 34 weeks

Alternatively use GC

When n = 33, (1200x0.9") +800=837.08
When 7 = 34, (1200x0.9") +800=833.38

When n =35, (1200x0.9") +800= 830.04

4(1)

U=u’ d—V:e"

du
dU

—=2u V=e
du

U=u d—V:e”

du
d—Uzl V=e"
du
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u'e — 2J‘ ue" du

=u’e" —2{[ue“]—je“ du}

=u’e" —2ue" +2¢" + C, where C was an arbitrary constant

4 Atx=1,y=1

Atx=e,y=2

(e,2)
A(l

After translations, the graph is:

y,=Inx ,withA’(1,0)and B’ (e, 1)

u=Inx

u

=e

=

u

=e

&le

=1Lu=0
u=1

SR

e’

V= ﬂf[(ln x)z} dx

= ﬂJ.(:uz %du

= ﬂJ.Oluze” du

= ﬂ'[uze” —2ue" +2e" ];
zﬂ[e—2e+2e—2]

= (e —2) units’
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S y
(@)
As the horizontal line y=4%, k € (2,3) cuts the graph y = f(x) more than once, f is not
one - one. Hence f ™' does not exist.
(ii) Max a = 0.
(i) |Lety=e™—2e*+3
y=(e")’—2e"+3
y=(et-1y+2
x= In(1+4/y—2)(rejected, since x<0).
or In(1-/y-2)
Sflix e In(1-vx-2), x e R 2<x<3.
(V) | [2,3) — (—90,0]—2—[In2,00)
Rgf,l =[In2,0)
Graph of g when Dyis
y x=2 restricted to (—00,0]
) 1
\\Inz E
\‘\‘ : =X
2| i
o i
6
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y=+/4+sin2x

y® =4+sin2x
Differentiating implicitly with respect to x,

2yd—y =2co0s2x
dx

dy
—=c0s2x .... (1
o (D

(1)

Differentiating (1) implicitly with respect to x,

d’y dy]2 .
+| = | =-2sin2x ....(2
Y2 (dx (2)

Whenx=0, y=+4+0=2

1 ? : : :
yr2+ Ex - f—6, up to and including the term in x’

(i)

By using the standard series of sin x,

sin2x ~ 2x

\/4+sin2x z\/4+2x
1
=(4+2x)?

1

2
:2(1+fj
2
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SAJC P1 Solutions

1(_1 2

: 1(x z(‘z)(xJ

V4+sin2x =2|1+— + —| 4+
i 2(2) 21 \2

(iii)

0.1 0.1
J V4 —sin2x dx = j 4 +sin(—2x) dx
0 0

0.1 2
j R (Replace x with —x)
0 2 16

~0.19748 (to5s.f)

7() | ae(aa+pb)=0

a|a|2+,b’aob=0
a+ faeb=0

asb=-2%

Since angle between a and b is R

(57[) aeb
cos | — |=——
6 ) lallbl

535



ala|

ﬂcos(Zj

a

7
Py

_ 2o
NEY:;

=<0

bl =

bl =

(i)

|ao b| is the length of projection of bonto a
[aeb]=
NE)

|a||b|cos(5—ﬁj‘
6

3
= |b|7

A5

5

(iii) | By Ratio theorem,
OM =b+(1-1)a
9
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ON =OM +MN
:[/Ib+(1—/1)aJ+5]§
=[2b+(1-2)a]+b
—(A+Db+(1-4)a

Area of triangle OAN
:%mxm
=%‘ax[(ﬂ+l)b+(l—ﬂ)a]
—| (2+1)axb+(1-2)axd

—(2+1)jaxb
o)
5

:M(aJ

shme|l+1kzﬂ+la50<ﬂ<l

—(2+ 1)l

6 B
8(1) | dw 3
or = —(EW+2)

j31 dw:j—ldx
EW+2

3
, 2
§j3 2 dw:J-—ldx

—w+2
2
gm%w+2:<ph4meABmmﬁMmywmmm
ln—w+2=—§x+§A
2 2
10
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3 3, 3 3. 3
5W+2 te? e 2" = Be 2" where B = +e?
3
w=gBe 4
3 3

w=Ce 2" —i where C=§B

2

-

3
2 =
y= —ECe 2 —Ex + E where E is an arbitrary constant

80D | a o, B
3

y=De 2" —§x+E whereD=—§C

811 | When D=0 (or C=0)and E=0, y = —§x

When D=1 (or C= —% ) [or any value of D or C] and E = 0 [or any value of £

corresponding to the choice of £ above],

11
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9() | ()

22 =1-iV3
1[—+2k7r]
= 2e kel
1 11—+21m]
z =23e¢ ,k=0,+£1

1 Sl 1 T 1 I

z=23e 9 ,23¢ 9,23¢ ¢

(ii)
(z” — 2e19)(2" — 26710)
_ 2 _gn (eie +e—i€)+4
= 7" — 27" (COS@ +isin @ + cos(—0) + isin(—e)) +4
= 7" — 27" (COS@ +isin@ + cos§ — isin@) +4
= z*" — 47" cos@ +4 (shown)

Hence,

z20-22+4=0

20 —4 ljz3+4=0
2

20 -4 cos%)z3+420
2 _2e3 || 2—2¢ 3 |=0

The roots of are z° = 2e

1 .5« 1 T 1 I

z=2%¢ 9 ,23¢ 9,23 9 (from (i)

Since the coefficients of the equation are all real, complex roots occur in conjugate

12
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pairs.

T 1 i57r 1 T 1 i77r
.z 1z 1.0z
Therefore, for z° = 2e 3, the roots are z=23¢ 9 ,23¢9 23¢ 9

9b) | 1-z*=1-(cos20+isin20)
=1-co0s26—1(2sin @ cosO)
=2sin’ @ —i(2sinf cos H)
=(—2isin f)(cos @ +isin )
=(-2isin @)z (shown)
Alternatively :

1-z> =1-("?%)

=e?(e —e")

=¢e"(cos @ —isin @ —cos @ —isin O)
= z(—2isin &) (Shown)

‘l—zz‘ = |—2i sin 9||z| =2sinéd

arg(l—z°) = arg(~2isin ) +arg(z)
= arg(2sin @)+ arg(—1) + arg(z)

—9-Z
2

10(i) | Let V' be the total volume of the solid and / be the height of the pyramid.
Height of trapezium, /

=/25x* —9x?
=/16x7

=4x

Vrve = (4x+102) (42)(10x)

=280x°

13
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10x

10x

2

m= 2(10x)
:10x/§x

%25\/5)6

N

5
m/

2
h=|25- (5\/5)6)2
=+/25-50x7

v =Lioxy (V2s-s0x")

pyramid = 3

2
_ 10(3)’“ (\/25—50x2)

2
V = 280x° + 10(3”‘ V255052

14
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25-50x2

d—V=840x2 + 100 x’ ! (—IOOX)+2X\/25—50)C2
dx 3 2
3
— 840> +%{2x\/25 —50x° —L}

V25-50x7
2
= 840x° +@(2x){\/25 TS0x" - 2% }
3 V25 -50x
2
_20, 126x+10{\/25 —50x° —25—’6}
3 J25-50x
For stationary values of V,
P,
dx
Since x > 0,
> 25x°
126x+10| V25-50x" —————=|=0
V25 -50x7
2 25x2
126x = —10{ v/25-50x* ————u
V25-50x°

126x3/25-50x% = —10[(25 ~50x%) —25x2]
1263725 -50x> = —10[25 —75x2]

=750x* =250

Squaring both sides,

2
(126xx/25 —50x° ) = (750x* ~250)’
15876x* (25 —50x2) =562500x* —375000x° + 62500

396900x> —793800x* = 562500x* —375000x° + 62500
3969x? —7938x* =5625x* —3750x% + 625
13563x* —7719x* +625=0

(11) Using G.C., since x > 0, the two values of x are 0.6865562~0.68656 or
0.3126699~0.31267 (to 5 dp).
(iii) 5
20 1261 +10| V25— 50 225
dx 3 V25-50x°
15
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For x = 0.6865562,

v = §(0.6865562) {126(0.6865562)
dx 3

2
+10 \/25—50(0.6865562)2 25(0.6865562)

J/25-50(0.6865562)’

=0.03789
~0

For x = 0.3126699,

d_V :§(0.3126699){126(0.3126699)
dc 3

25(0.3126699)’

10| {[25-50(0.3126699)" —
\/25—50(0.3126699)2

=164.24
#0

Hence x, = 0.68656

11 (i) 5 1
11: r= _1 +]/ _1
4 0

a
p,:rel0|=5a+4
1
T

Acute £ between /, and p, = g

1 a
= Acute £ between [1] and {O] = %
0 1

16
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a=1=l1

Since a >0, a=1. (proven)

(i)

1 0
p,: r=A|1l|+p|l
0 1

1 0 1

Normal vector of p,=|1 x| 1 |=]| -1

0) (1 1
1
p,:rel—1=0
1

Using GC, solving x+z=9 and x—y+z=0,

(i)

x+2=9-(1)
x+z=y---(2)
5x+4y+az:,6’---(3)

(1) and (2) are the cartesian equations of planes p, and p, respectively.

17
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5
Let p;:r el 4 |=4
a

Since the system of equations is known to have more than one solution, p,, p, and

p,intersect at /,. Therefore, /, lies in p;.

=81

Since the system of equations is known to have exactly one solution, p,, p, and p,

intersect at a point. Therefore, /, intersects p, at a point.

-1 5
0O || 4|0
1 a
—S+a#0
a#5

pe R

Since @ =5 and f # 81, the planes do not intersect at a common point.

Since the 3 planes are not parallel to each other, the 3 planes form a triangular prism.

18
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Section A: Pure Mathematics [40 marks]

n n-1
1 Prove by the method of mathematical induction that Z(r—l)m(Llj:mL” 1)&. [5]
~ r— n-1!

2
6x+8
2 Solve the inequality % >0 .
2
Hence, by completing the square, solve the inequality % > — 6. [6]
y+il-
5—ax’ +
3 Itisgiventhat f(x) = 1 6)1; where a>1, ae R
+
(i) Sketchy=f(x), showing clearly the coordinates of the turning point, any
intersections with the axes and the equation(s) of any asymptote(s). [3]

(i) By drawing a sketch of another suitable curve on the same diagram, find the number
of real roots of the equation

x*+(@+1)x*-5=0. [2]

(i) Let g(x)=x*+(a+1)x*—5. Show that g(x) =g(—x). What can be said about the
four roots of the equation g(x) =07 [3]

4 A curve C has parametric equations

Xx=asin2t,y=asin3t

where 0<t< %and a is a positive constant.

(i) Find the gradient of C at the point (asin 260, asin 36?) where 0< 6 s% . Hence, what

can be said about the tangentto C as 6 —» % ? [3]

(if) Find the equation of the normal, in exact form, at the point where t=%. [3]

[Turn Over]
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(iii) With the aid of a sketch, show that the area bounded by the curve C, the y-axis and the

. av?2 .
line y= > can be written as

3a2jf(0053tsin 2t)dt .
Hence, find the exact area of the region bounded by the curve C, the y-axis and the

normal to the curve at t =~ in the form ka? bcos£+csin£ +da? , wherek,
12 12 12

b, cand d are constants to be determined. [7]

5 The complex number z is given by z =re'’ , where 1<r <2 and %ﬂ' <0 S%ﬂ' :

(i)  State |z| and arg(z) in terms of r and ¢. Hence, draw an Argand diagram to show the

locus of zas r and @ varies. You should identify the modulus and argument of the
end-points of the locus. [3]
(i)  Find the exact minimum value of |z +5-6 i| and the corresponding complex number

Z representing the point at which this minimum value occurs, giving your answer in
the form x + iy, where x and y are real numbers. [3]

Another complex number w satisfies the equation arg(w—2+3) = 5{ :

(iii)  On the same diagram as part (i), sketch the locus of w and indicate the set of points
that satisfies both the locus of z and w. [2]

Section B: Statistics [60 marks]

6  Asurvey isto be carried out to obtain feedback from the members of a new female-only
fitness club regarding its various facilities and fitness classes. The membership of this
fitness club comprises 5000 female members and the number of members belonging to the
various age groups are given in the table below:

Age group 18- 25 26-30 31-40 41 -50 51 & above
Number of 500 1000 1500 1500 500
members

It is proposed to carry out the survey by interviewing members who visit the club on a
particular weekday in the morning.

(i)  Explain why this proposed method is inappropriate. [1]

(i)  Suggest an appropriate method of carrying out the survey and describe how you
intend to implement the sampling method to obtain a representative sample of 200
members. [3]

[Turn Over]
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7 (a)
(b)
8 (i)
(i)

SAJC P2 Questions

For events X and Y, it is given that P(X UY) =§,P(X NY") =% and
9
P(X'Y)=—.
(X'1Y) 16
(i) Find P(X'NY), [3]
(i) Find P(X)and determine if the events X and Y ' are independent. [3]

The Mathematics department consists of 5 female teachers and 6 male teachers.
After a meeting, the department went to a nearby food court for lunch. Due to the
lunch crowd, they only managed to find a circular table for 6 and a long table with a
row of 5 seats as shown below. The seats at both tables are fixed and cannot be
rearranged.

Ms Koh was among the Mathematics teachers who attended the lunch.

X
X X X X X X X
X X
X
(i)  Find the probability that Ms Koh is seated between 2 male teachers. [4]

(i)  Given that Ms Koh is seated between 2 male teachers, find the probability that
the male and female teachers alternate at both tables. [3]

Given that X ~ N(u,¢*) and P(X < 28.4) = P(X > 77.6) = 0.012, find the value of
uand o . [3]

The mass, in grams, of a randomly chosen packet of sweets is normally distributed
with mean x and variance o obtained from part (i). Every packet of sweets is

priced at $1.20 per 100 grams. Find the probability that the sum of 4 packets of
sweets cost at most $2.60. [3]

[Turn Over]
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9 The hens on a farm lay either white or brown eggs. The eggs are randomly put into boxes
of six. The farmer claims that the number of brown eggs in a box can be modelled by a

binomial distribution B(6, p).

(i)  State, in context, two assumptions to support the farmer’s claim. [2]
(i)  Given that the probability a box contains at least 5 brown eggs is 0.04096, find the
value of p. [2]

A supermarket orders 100 boxes of eggs daily.

(iii) By using a suitable approximation, find the probability that there are at least 90 boxes
that contains at most 4 brown eggs in a particular day. [3]

(iv) The supermarket places a daily order of 100 boxes of eggs for 8 weeks. Estimate the
probability that the mean number of boxes that contains at least 5 brown eggs in a day
is between 4 and 7.
[You may assume that there are 7 days in a week.] [3]

10 A researcher wishes to investigate the length of time that patients spend with a doctor at a
particular clinic. The time a patient spends with the doctor is denoted by X minutes. Based
on past records, the clinic claims that the mean length of time for the doctor to see a patient
is at most 10 minutes. To test this claim, the researcher recorded the actual times spent by
the doctor to see a random sample of 12 patients.

D x =147, Y x*=1927.91

(i)  Stating a necessary assumption, carry out an appropriate test, at the 5% significance
level, to determine whether there is any evidence to doubt the clinic’s claim. [5]

(i)  Suppose now that the population standard deviation of X is 15 and that the
assumption made in part (i) is still valid. A new sample of n patients is obtained and
the sample mean length of time is found to be unchanged. Using this sample, the
researcher conducts another test and found that the null hypothesis is not rejected at
the 5% significance level. Obtain an inequality involving n and find the set of values
that n can take. [3]

[Turn Over]
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11 Anexperiment is conducted to calibrate an anemometer*. In this calibration process, the

wind speed X is fixed precisely and the resulting anemometer speed Y is recorded.

For a particular anemometer, this process produced the following set of measurements:

Wind speed 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
(m/s), X
Anemometer 24 28 47 92 164 236 312 360
(revs/min), Y
(i)  Calculate the product moment correlation coefficient between X and Y. [1]
(if)  Sketch a scatter diagram for the data. [1]

Explain why it is advisable to sketch the scatter diagram in addition to calculating the
product moment correlation coefficient before interpreting this set of bivariate data.

A proposed model for the above datais Y =a + bX?.

[1]

(iii) Calculate the product moment correlation coefficient and the equation of the least
squares regression line for the proposed model.

Explain whether the model for Y on X ? or Y on X is a better model for the data set.

[3]

(iv) Use an appropriate regression line to estimate the value of X when the value of Y is
120. Give a reason for the choice of your regression line.

[2]

[* An anemometer is a device commonly used in a weather station for measuring wind speed.]

SAJC P2 Questions
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12 The managers of 2 branches of a travel agency were discussing whether the number of
customers who bought the Luxury Cruise Package per week could be modelled by a
Poisson distribution. One of the managers said, “It must be assumed that the number of
customers who bought the package per week is a constant.”

(i)  Give a corrected version of the manager’s statement, and explain why the correction
IS necessary. [1]

It is given that the number of customers who bought the Luxury Cruise Package per week
can be modelled by a Poisson distribution. The average number of customers who bought
the Luxury Cruise Package per week at Branch A and Branch B is 3.5 and 4.5 respectively.
Assume that the number of customers who bought the package at Branch A and Branch B
are independent.

(i)  Find the probability that, in a randomly chosen week, the total number of customers
who bought the Luxury Package at both branches is between 5 and 10. [2]

(iii)  Given that the probability that at most one customer bought the Luxury Cruise
Package at Branch A in n weeks is less than 0.1, find the value of the least n. [3]

(iv) Using a suitable approximation, find the probability that, in one month, the number
of customers who bought the Luxury Cruise Package at Branch B exceeds the
number of customers at Branch A by not more than 5. [4]
[You may assume that there are 4 weeks in 1 month.]

Explain why the Poisson distribution may not be a good model for the number of
customers who bought the Luxury Cruise Package in a year. [1]

End of Paper

SAJC P2 Questions 552



2016 Prelim Paper 2 Solution

1

n r nn—l
Let P(n) be the statement, r-1In =In ,,N=234,...
™ TR {(n—l)!}

Whenn =2,
LHS = (2-1) In[iJ =In2
2-1

RHS:In{ 27 }:lnz
2-1)!

. LHS =RHS
P(2) istrue.
Assume that P(K) is true for some positive integer k,, k=2,3,4,...

. k r k<!
i.e. Assume rZ;‘(r —1)In(r _J =1In Ic _1)!}.

To prove P(k + 1) is true.

. kst r [ (k +1)¢
.. to prove -1l =1
i.e. to prov rZz;‘(r )n(r—lj n_ " }

LHS:kf:(r—l)ln %J

S (r-Dn ij+kln(%)
k<t | k+1
=In{(k_l)!_+kln(Tj

{ k<t (k+1)k
=In +In| —=
(k-2)! k

kM X(|<+1)k
(k- K"
kY (k +1)
(k=)

[ (k+D)
| k(k-1)!

:m{(kﬂ)k}
k!

=RHS

Since P(2) is true and if P(k) is true, it implies that P(k+1) is true. By Mathematical
Induction, P(n) is true for all positive integers n > 2.
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2 X% +6X+8

>0, x=1
x—1

(x+2)(x+4) _ 0
x-n

Use sign test

—4<x<-2 or Xx>1. (Ans)

Y +2y+15
ly+1]-1

2
y +2y+15+6(| y+1|-1) 50

|y+1|-1
2
(y+1)° +14+6| y+1|—6ZO
ly+1]-1

2
(y+1)°+6]| y+1|+820
ly+1|-1

Since (y+1)°=|y+ 1

Replace x by |y+1] in (i)

~4 <|y+1<-2 (no solution since |y +1/ >0 for all real y)
orly+1|>1

 y+l>1lor y+1<-1

(or use of the graphical method)
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INORMAL FLOAT AUTO REAL RADIAN MP l

From GC, the intersection points are (-2,1) and (0,1)

y>0 or y<-2 (Ans)

3()

_ 2 _ 2
f(x)=5 ax :5 a(1+x)+a:_a+5+a;

1+ x? 1+ x? 1+X

,a>1

SAJC P2 Solutions

555



(i)

x*+(@+D)x*-5=0
x*+x*=5-ax’
x*(1+x*)=5-ax’
, 5-ax’

X =
1+ x?

Hence we should sketch the curve y = x°.

From the graph we can see that there are only two real roots.

LHS = g(—X) = (—X)* +(@+1)(—x)* =5=x" + (a+1)x* =5 =g(X) =RHS
S0 g(—x) = g9(x)

As there are only two real roots, the other two roots should be complex roots.

As the coefficients of equation are all real, the remaining two roots must be a pair of
complex conjugates.

As there is only one pair the complex conjugates, and g(x) =g(—x) =0, then the
complex conjugates must be purely imaginary.

Explanation:

If z=x+1y isarootwhere x, y are real, so g(x+iy)=0. Since g(z) =g(-z) and
g(z) =0, then g(-z) =0 and hence z=—(x+1y) =—x—iyis also a root. As the
complex roots need to be in conjugate pairs, then
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(x+ iy)* =—X—iy

X—ly =—Xx—1ly

Comparing the Real Part,

X =—X

2x=0

x=0

[Note that the imaginary part is not necessary, as it yields
—y =-y which is trivial.]

Hence the complex roots must be purely imaginary.
Alternative explanation:

xX*+(@+D)x*-5=0

o (a+1)++/(a+1)% —4(1)(-5)

2
X2:(a+1)iw/(a+1)2+20
2
Xzz(a+l)+«/(a+1)2+20 or Xzz(a+1)—\/(a+l)2+20
2 2
X:+\/(a+1)+«/(a+1)2+20 | X_+\/(a+l)—«/(a+1)2+20
B 2 T 2

2 _ 2
Since (a+1)++/(a+1)°+20 -0 and (a+1) \/(;+1) +20 <0

2

then the complex roots must be purely imaginary.

4(i) | Givenx=asin2t,y=asindt,
%: 2acos2t, d_y: 3acos3t
dt dt

Hence,

At the point (asin 26,asin30),

dy _ 3cos30
dx 2cos26
As 057 c0s20 sc0s=0, W 5 o
4 2 dx
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i.e. g—ywill be undefined.

X

Hence, the tangent to C as & —>% will become a vertical line, i.e. parallel to y-axis

| art= %
3003(3[”))
ﬂ B 12
dx (

Gradient of normal= —i

NG

Coordinates of point at t = %:

)

_a
2
. v
=asin| 3| —
’ ( [HD
a2
2
Equation of normal:
y_ﬂ__i(x_e]
2 J6 2
__ﬁ(x_e)
3 2
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=——X
Y 3 6 2

:——x+%(\/5+3\/§)

\/E a6 a\/E
—

(i)

T ..
y:—,t:E (from (ii))

Area bounded by curve, y-axis and the line y = @, region OAB

J2a
[ oy

= P(asin 2t) (d_yj dt
0 dt

= |7 (asin2t) (3acos3t)dt

=3a’ Ioﬁ(cos 3tsin 2t)dt (Shown)

y-intercept of normal is:

y=%(\/6+3\/§)
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Hence,

Required area, region OADB

:3a2J'017;(cos3tsin2t)dt+%(gj{6(«/_ 3\/_) \/7}

2| (6 +3V2
s '[12(sm5t sint)dt + 2 g—ﬁ
2 4 6 2
2T = 2
:3i —10035t+cost}12+a— ﬁ
21 5 o 416
o 2
:3i —1c055—7r+cos—+10050 COSO} a6
2| 5 12 12 5 24
2T 2
:3i —10055—” cos——— a6
2| 5 12 12 5] 24

.
%’ cosi_lcos(ﬁ_iJ L[ Y86
2| 12 5 2 12 24 5

-
_sa cosz—lsinﬁ}+a2 (E—E} units®

2 | 12 5 12 24 5
where k=§,b_1,c__l, :ﬁ_g
5 24 5

5(@), | arg(z)=6
() | z=r
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(56) Im2) 4

.,
LAL]

v

Re(2)

(i) The minimum distance, d =/(-5)* + 6> -2 = \/51—2

Let & be the basic angle of the point (-5,6) .

. 6 . 6 5
From the diagram, tan@ =— so Sinf =—— and C0Sf =——.
0 5 V61 NG

Hence complex number that corresponds to point A,

2=2(~cos@+isin 9):—2(%)+2i(%}=%(—10+12i)

=-1.28+1.54i
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(i)

A
Im(2)

(0.2)

(5.1

CYE]

6(i)

The people who visits the fitness centre on a particular weekday may not be
representative of the members of the club as some members may be working or
attending school and only go to club later in the day. Thus the sample collected

would contain mainly women who are not working/do not attend school thereby
under representing women of some age groups.

(i)

members.

Stratified sampling method should be used to obtain a representative sample of 200

1. Draw up a list of the members of the fitness centre and calculate the proportion
for the different corresponding age group.

18-25

26-30

31-40

41 -50

51 &
above

500

1000

1500

1500

500

200 509
5000

=20

1000 509
5000

=40

1500 500
5000

=60

1500 200

500

X
5000
=60

x 200
5000

=20
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2. Within each age group, use simple random sampling method to select the
required sample size for survey.
7 P(XUY)=P(Y)+P(X NY") \(
a)(i X
@0 |55y, 1L
8 24
SO
24 3 2
. , 9
GivenP(X'|Y)=—,
16
P(X'nY) 9
P(Y) 16
SPRVIILIE S
16 3 16
(i1 P(X)—l—[P(X uY)'+P(X'mY)]—1—§—i—1
8 48 16
7 2_ 7
P(X)PY)=—.—=—=P(XNY'
(X).P(Y") 63 22 ( )
Xand Y ' are independent.
7(b) . - 11
Without restriction = 6 (6-1)!5! = 6652800
(i)
Case 1: Ms Koh sits at round table with two male teachers
No. of ways
8)(6
= 21(4-1)151=1209600
3)\ 2
Case 2: Ms Koh sits at long table with two male teachers
No. of ways
8\(6
= 2131(6 -1)1=604800
2)\2
Required Probability
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(o

) 1 (6-1)!15!
; 15!

3
=— or 0.273 (to 3.s.
T ( f)

(i) Required Probability

_ P(Ms koh sits between 2 male teachers and male and female teachers alternate)
B P(Ms koh sits between 2 male teachers)

_ P(male and female teachers alternate)

~ P(ms koh sits between 2 male teachers)

6)5
(3-1131312!
33 6x5x4x5x4x2x3%x2
6652800 OR 6652800
3 3
11 11
1
_ 231
3
11
1

=— or 0.159 (to 3.s.
53 ( f)
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Alternative Solution:

Required Probability

_ P(ms koh sits between 2 male teachers and male and female teachers alternate)
B P(ms koh sits between 2 male teachers)

Case 1: Ms Koh sits at the long table and the male and female teachers alternate

no. of ways = [2][33!2!3!(3—1)!:11520

Case 2: Ms Koh sits at the circular table and the male and female teachers alternate

no. of ways = [2][;](3—1)!3!3!2!:17280

Total no. of ways ms koh sits between 2 male teachers and male and female teachers alternate

e

=28800

Required Probaility
28800

_ 6652800
3

11

63

[Note that for the males and females to seat on alternate seats, on the round table there must

be 3 males and 3 females and the long table there must be 3 males and 2 females]

8 (i)

Area =0.012
Area =0.012

v

28.4 u 776

Method 1 (recognise u is the midpoint)

28.4+77.6 _
2

By symmetry, u = 53
P(X <28.4)=0.012

28.4-53
< _—

P(Z )=0.012

Using GC,
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—246 =-2.25712924

o
o0 =10.8988

o =10.9 (35.f)

Method 2 ( simultaneous equations- not recommended)

P(X < 28.4)=0.012 P(X <77.6)=0.988

p(z < 28424y 0012 Pz <1874y 0012

BA-1_ 555719924 178-1 _ 55719924
O O

28.4— y = 225712924 77.6— u=2.257129240

Solve simultaneously, =53, o =10.8988

(i)

Let X be the weight of a packet of sweets in grams.
X ~ N(53,10.8988%)

Method 1 (expression in terms of mass)

X, + X, +..X, ~ N(212,475.13536)

$1.20 — 100g
2.6x100

$2.60 — ~ 216.667g

P(X,+ X, +..X, <216.667) = 0.58476
=0.585 (3 5.f)

P(X, + X, +..X, < 2:0x100

) = 0.58476
=0.585 (3s.f.)

Method 2 (expression in terms of cost)

Let C denote the cost of 4 packets of sweets.

C :%(x1 + X, +..X,) =0.012(X, + X, +...X,)

Then

E(C) = 0.012(4x53) = 2.544
Var(C) = 0.012%(4x10.8988°) = 0.0684195
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P(C < 2.60) =0.5847618 = 0.585 (3 5..)

9 (i)

The probability of picking a brown egg from a box is constant.

The colour of an egg is independent of other eggs.

(i)

Let X be the r.v. “number of brown eggs in a box of 6 eggs”
X~B(6,p)

P(X >5)=0.04096
P(X =5)+P(X =6)=0.04096

6 6
(&) a-p+[g o 1- " ~004096
|
[CALC INTERSECT

Y2=.04096

Intersection
®=0.4 Y=0.04096

Using GC, p=0.4

(i)

Let A be the r.v. “number of boxes that contain at most 4 brown eggs in a box out of
100 boxes”

A ~ B(100, p,), where p, =1-0.04096 =0.95904 .

Let Y be the r.v. “number of boxes that contain at least 5 brown eggs in a box out of
100 boxes”

Y ~ B(100, 0.04096)

Note that A+Y =100

Since n=100 is large, np = 100(0.04096) = 4.096 <5,

Y ~ Po (4.096) approximately

P(A>90)=P(100-Y >90) = P(Y<10) = 0.997

(iv)

Y ~ B(100, 0.04096)
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E(Y)=100(0.04096) = 4.096
Var (Y ) =100(0.04096)(0.95904) = 3.9282

In 8 weeks, there are 56 days altogether.
Mean number of boxes with at least 5 brown eggs is

\7=Y1+Y2 +Y, 4+ Y
56

Since sample size = 56 is large, by Central Limit Theorem,

3.9282

Y ~ N(4.096, j approximately

i.e. Y ~ N(4.096,0.0701469)

P(4 <Y< 7): 0.641 (correct to 3 sig fig)

10(i)

Let X be the random variable “ length of time a patient spent with the doctor’

Given

D x =147, Y x*=1927.91

The unbiased estimates of population mean x and population variance o are

— X 2
x=12.25, sz=il[2x2—(z—)]=11.56
n-— n

Assumption:

The length of time, X, a patient spent with the doctor follows a normal distribution.

Test Ho: ©=10
Ha: ,u>10

Under Ho, T =4 ~ t(11)

S
7 in
Use a right tailed t-test at the 5% level of significance.

From GC, p-value = 0.0213
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Since p-value = 0.0213< 0.05, we reject Ho. There is sufficient evidence to
conclude at the 5% level of significance, the mean time spent with a patient is more
than 10 minutes.

Since population variance is given, z-test should be used.

Test Ho: ©=10

Hi: Y2 >10
Under Ho, Z =? ~N(0,1)
7in
Since Ho is not rejected,

,_12.25-10
15//n
0.15vn <1.64485
n<120.25

<1.64485

. Maximum n = 120.

Set of valuesof nis{ nel] :0<n<120}

11()) [ r=0.974
(i)
Y 4 (8.0] 360)
[+ ]
a
o
o
1.0, 24) o
a a "
X

Although the value of product moment correlation coefficient indicates a strong

positive linear correlation however from the scatter diagram, X and Y follows a non-

linear relationship, hence it is advisable to interpret the data using both the scatter

diagram and the value of product moment correlation coefficient.
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(i)

Using GC,
Y = 9.67+5.81X 2
r=0.993

Since the value of product moment correlation coefficient for Y on X2 is closer to 1,
compared to the value of product moment correlation coefficient for Y on X, the new
proposed model is a better model for the data set.

(iv)

Y = 9.6714285+ 5.81190X 2
Wheny =120, x=4.36 ( 3s.f.)

The line of Y on X 2 is used because the value of X is fixed precisely and hence X is
the independent variable.

12(i)

It must be assumed that the average number of customers who bought the package
per week is a constant. The number of customers who bought the package per week
varies, and cannot be a constant.

(i)

Let X and Y be the number of customers who bought the Luxury Cruise Package in
a week at Branch A and Branch B respectively.

X~P0(3.5)
Y~Po(4.5)
X+Y~Po(8)

PG< X +Y <10) = P(X +Y <9)—P(X +Y <5)~0.525

(iil)

Let U be the number of customers who bought the Luxury Cruise Package in n
weeks at Branch A.

U~Po(3.5n)

Given P(U £1)<0.1

From GC,whenn=1, P(U <1)=0.136>0.1
whenn=2, P(U <1)=0.0073<0.1

Leastn=2

(iv)

Let S and T be the number of customers who bought the Luxury Cruise Package in
one month at Branch A and Branch B respectively.

S~Po(14)
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Since A >10, S~N(14, 14) approximately.
T~Po(18)

Since 4 >10, T~N(18, 18) approximately.
T-S ~ N(4, 32)

P(O<T -S <5)—S% 5P(0.5<T —S <5.5) ~0.337

The mean number of customers who bought the Luxury Package might not be a
constant from one week to another because of fluatuations such as sales, holidays,
the economic climate etc.

Hence the Poisson distribution may not be a good model for the number of
customers who bought the package in a year.
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Answer all questions [100 marks].

1 State a sequence of 3 transformations which transform the graph of

g(x)=e®?" +1 to the graph of f(x)=e®?'. 3]

2 Using the standard series expansions, obtain the Maclaurin series of

In[ 1+ x)(1—2x)* |in ascending powers of x , up to and including the term inx*. 2]

(i) Find the set of values of x for which the above expansion is valid. [1]
(i) Hence, find the range of values of x for which the expansion of

In{ln 1 3}
e L M sy

>
>

(2+7x)’is valid. 2]

o p

The diagram shows the graph of y =e?* —kx, where k is a positive real number.

The two roots of the equation e 2X _kx=0 are denoted by « and g, where

a<p.

It is given that there is a sequence of real numbers X, X,, X;... that satisfies the

recurrence relation, x

A

e forn >1.

By considering X,.,—X,, prove that

Xn+l

> X, if X, <a or x,> f. [2]

(b) Prove by the method of mathematical induction that

n i 1Y —_sini
Zcosré’=sm(n+2)9 sin; 0

, for all positive integers n. [5]

2sin% 6
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4 Andy and his fiancée signed up for a new 4-room flat in Boon Keng. They take
up a housing loan of $450,000 provided by BEST bank for the purchase. The
couple pay a fixed monthly instalment of $A on the first day of each month. A
fixed interest rate of 1.6% is charged on the last day of each year, based on the
remaining loan amount at the beginning of that year before the 1% monthly
instalment is paid. If the first instalment is paid in January 2016,

(i) Show that the amount the couple owe the bank at the end of 2017 is

$[464515.20-24.192A]. [1]
(i) Given that A is 1500, find the date and amount of the final repayment to the
nearest cent. [5]
. x> —x-1 : : :
5 (a)ltisgiventhat y= BT xell , x=—1. Without using a graphic
X+
calculator, find the set of values that y cannot take. [3]

2

(b) The curve C has equationy = X“+b

,Wherea>0,b>aand x=a.

(i) Draw a sketch of the curve C, label clearly the equation(s) of its

asymptote(s) and the coordinates of any intersection with the axes. [3]
(if) By drawing an additional graph on the diagram drawn in (i), state the
number of real root(s) of the equation x* +b=(x—-a)(x* +a). 2]

6  (a) The equations of two planes p, and p, are
X+4y+2z=7,
X+AYy+4z2=pu,
respectively, where A and . are constants.
(i) Given that the two planes intersect in a line |, with a vector equation

given by
1 -2
r=|1(+s|l 1|, seR,
1 -1
show that the value of A is 10 and find the value of 4 . [3]
(i) If plane ps is the reflection of p,in p,, find the acute angle between p,
and p;. [2]

(b) Relative to the origin O, the points A, B, C and D have position vectors a, b,
c and d respectively. It is given that 1 and x are non-zero numbers such that
Jat+ub—-c=0andA+u=1,
(i) Show that A, B and C are collinear. [3]
(i) If O is not on the line AC and |cxa|(b—a)=(cd)d, determine the

- —
relationship between AC and OD, explaining your answer clearly. [2]

7 A piece of metal with negligible thickness has been cut into a shape that is made

[TURN OVER]

SRJC P1 Questions 574



up of four isosceles triangles each with base x cm and fixed sides a cm. Their
bases frame to a form a square with sides of length x cm. A right pyramid is

formed by folding along the dotted lines as shown in the diagram below.

Xcm
[Volume of a pyramid = %x base area x height ]
R - X2 2 X2 3
(i) Show that the volume of the pyramid is 3 a Y cm®. 2]
(if) Find the value of x, in terms of a, that will give maximum volume for the
pyramid. [4]
(iii) A
2
—d Cm
2
v

A

acm

To make the pyramid into a paperweight with negligible thickness, a
viscous fluid is pumped into the interior at a rate of 1 cm®/s. Given that H
cm is the perpendicular distance from the apex of the pyramid to the

N

viscous fluid surface, x =a and the height of the pyramid is Ta cm, find

the rate at which H is changing when H :%, giving your answer in terms (3]

of a.
[The diagram above shows the cross sectional area of the pyramid.]
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8 (i) Show that [O,—%j lies on the locus |z+2|=|z+1+2i|.

(i) Sketch on a single Argand diagram the loci |z+1+ 2i|=«/§ and
|z+2|=|z+1+2i.
(iii) Hence indicate clearly on the Argand diagram the locus of z that satisfies

the relations |z +1+2i|<+/5 and |z +2|=|z+1+2i[.

(iv) Find the greatest and least possible values of arg(z+1+2i), giving your

answers in radians correct to 3 decimal places.

9 The path travelled by an object measured with respect to the origin in the
horizontal and vertical directions, at time t seconds, is denoted by the variables x

and y respectively.

It is given that when t =0, x=1,y =0 and 2—: =1. The variables are related by

2

the differential equations % —y+4/e* —4y? =0 and % =C0s” 2t.

(i) Using the substitution y = we', show that z—\iv = —/1—4w? and hence find y

in terms of t.

(i) Find x in terms of t.

10 Given that ()=, show that f(r+2)—f(r)=—(r(irl;(6r)f3) .
(i) Find Z”:rjrl;r—(3)33) in terms of n.

(4r +11)3°

7 (r+3)(r+5)

oor-3 3”+1 51
(iii) Using the result in (ii), show that <- .
z (r +5) 4 160

(i) Hence find Z in terms of n.

[TURN OVER]
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11  The functions f and g are defined as follows:
f:xn—>—‘x2+2x‘, a<x<0

g: X —/x+1, x>-1
(i) State the least value of a for the inverse function of f to exist. Hence, find f
“Lin similar form.
For the following parts, use the value of a found in part (i).

(ii) Write down ff "in similar form.
(iii) Find the rule for gf in the form bx + ¢, where b,c €[] . State its range.

(iv) Find the exact range of x for which f (x—gj >gf (x—gj.

N - d 2
12 (a)(i) Find &[(In X) ]
(if) The curve C is defined by the parametric equations
x=Int—t, y=2t+In(t")  where t>0.

Another curve L is defined by the equation (4— y)2 =3—X. The graphs

of C and L intersect at the point A(—1,2) as shown in the diagram below.

y=4+In4

Find the exact area of the shaded region bounded by C, L and the line
A(—12).

(b) The region R is the finite region enclosed by the curve (y—l)2 =1-xand the
y-axis. The region S is the region in the 2" quadrant enclosed by the curve

y=2tan [x +%j and the axes.

Find the total volume generated when region R and S is rotated through 2z
radians about the x-axis, leaving your answers in exact form.

END OF PAPER
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SRJC Paper 1 Solutions :

Answer all questions [100 marks].

1 | State a sequence of 3 transformations which transform the graph of
g(x)= e’ 11 to the graph of f(x)= e

[3]

Solution

I) Translation in the negative y-direction by 1 unit

y= e(6x+2)2 tlosy= e(ex+2)2

I1) Stretch parallel to the x-axis by a scale factor 3.

y= e(6x+2)2 Sy e["{;}'z]z _ e(2x+2)2

I11) Translation in the positive x-direction by 2 units

2x+2)° (2(x-2)+2) _ (2x-2)?

=€

y=e>? S y=e

Alternatively

I) Translation in the negative y-direction by 1 unit

y= e(6x+2)2 tlosy= e(ex+2)2

I1) Translation in the positive x-direction by 2/3 units

(o3 o6x-2

6x+2)2 Sy=e _

y=¢

I11) Stretch parallel to the x-axis by a scale factor 3.

CHE

(6x—2)2

y=¢e —Sy=e

Note: The translation can be step 1, 2 or 3.

in ascending powers of X , up to and including the term in x°.
(i) Find the set of values of x for which the above expansion is valid.

In{ln L 3}
e L 0 _In@—x) |(2+7x)’is valid.

2 |Using the standard series expansions, obtain the Maclaurin series of In [(1+ X)(1— 2x)3]

(i) Hence, find the range of values of x for which the

[2]
[1]

expansion

[2]

Solution
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In[(L+ X)L - 2x)°] = In(L+ X) + 3In(L— 2X)

2 3 3
—x-24X 13 NP TCIL I P
2 3 3

13x*>  23x°
- +

2 3
(i) So -1<-2x<1 and -1<x<1

—1§x<1 and -1<x<1
2 2

{XERI—%S x<1}

2

1

(i) e'{'”@mf} —In(t-x) |(2+7x)* =[-3In(L+2x) - Int— %) ] (2+ 7x)’

=—[3In(1+2x)+In@-x) ](2+7x)’
From (i), replace x by —x,

—1<x§1 and xeR
2 2

.. Range of values of x is —% <X< rh

3 @ y

y =e?X —kx

The diagram shows the graph of y = e?* —kx, where k is a positive real number.
The two roots of the equation e?X —_kx =0 are denoted by a and B, where

a <p.

It is given that there is a sequence of real numbers X, X,, X;... that satisfies the

. 1
recurrence relation, X, :Ee“" ,forn >1.

By considering x,,,—X,, prove that
Xoo > X, IF X, <aorx,>p. 2]
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(b) Prove by the method of mathematical induction that

4 sin(n+1)0—sinio S
D cosrf = (n+ 2_) 2 for all positive integers n.
Py 2sin%60 [5]
Solution
(a) Xp— X, yA
— le2xn_xn y:eZX_kX

k

e —kx, /

k ol « B > X

From given sketch, if X < a or X > 3,

e —kx>0
Soif x, <a or x, > f3,
2X,

e’ —kx
Xn+l_ Xn: — >0

Therefore, x.., > X, (Proven)

(b) Let P, be the statement
sin(n+3)6 —sin16
2sin} 0

forneZ".

cos@ +c0s20 +c0s30 +...+cosnl =

To show B, is true,

1
LHS = Zcos ro =cosé

r=1
in3 inl
sin5 0 —sin ;0

RHS =
2cos 30
2sin3 6
=c0s0 = LHS
. B is true.
k - N aint
Suppose P,is true for some k e Z*, i.e. > cosrg = sin(k +3)0 —sin 30
r-1 2sin; 6
k+1 - 3 ainl
To show P,,, istrue, i.e. ) cosrf = sin(k + 2_)9 sin; 0
r-1 2sin; 6
kK+1
LHS =" cosro
r=1
k
=Y cosrf +cos(k +1)6
r=1
. —
_ sin(k +3)0 —sin16 +cos(k +1)0

2sin40
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_sin(k +3)0 —sin ;0 +2cos(k +1)@sin ;0
- 2sin} 0
_sin(k+3)0 —sin 10 +sin(k + 3)6 —sin(k + 3)0
- 2sin10
_sin(k+3)0 —sin ;0
- 2sin16
Hence, P, istrue if P is true. (Missing is “P”)
Since Py is true and Py.+1 is true when Py is true, by Mathematical Induction, Py

=RHS

is true for all positive integers n.

4 | Andy and his fiancée signed up for a new 4-room flat in Boon Keng. They take
up a housing loan of $450,000 provided by BEST bank for the purchase. The
couple pay a fixed monthly instalment of $A on the first day of each month.
Interest is charged on the last day of each year at a fixed rate of 1.6% of the
remaining loan amount at the beginning of that year. If the first instalment is paid
in January 2016,

(i) Show that the amount the couple owe the bank at the end of 2017 is

$[464515.2-24.192A]. [1]

(i) Given that A is 1500, find the date and amount of the final repayment to the
nearest cent. [5]

Solution
(i) Amt owe at the end of 2017 = (1.016)(1.016)(450000) — 1.016(12A) — 12A
= $[464515.2—-24.192A]

(ii)
year | Amt owed at the beginning Amt owed at the end of the year
after paying 18000
1% | 450000 1.016(450000) -18000
2" 1.016(450000) -12A (1.016)(1.016)(450000) —
1.016(18000) —
18000
39 | (1.0162)(450000) — (1.016)(1.016%)(450000) —
1.016(12A) - (1.016)(1.016)(18000) —
12A (1.016)(18000) -
18000
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n™ (1.016")(450000) —
(1.016™)(18000) -

(1.016"2)(18000) —

Amount of money owe at the end of nth year
=450000(1.016)" —18000(1+1.016+1.016° +...+1.016"™")
Consider

1(1.016n —1)
450000(1.016)" —18000] =2 | <0
1.016-1

450000(L.016)" ~1125000(1.016" 1) <0

Using G.C, n>32.2
When n = 32,
Amount owe at the end of 32 years

= $450000(L.016)* ~$1125000(1.016% ~1) = $3233.601

Since they will be paying $1500 each month, they will finished the payment on
1%t March 2048. The last payment is $233.60.

2 f— f—
5 | (a) Itis giventhat y :X—Xll, xe R, x#-1. Without using a graphic
X+
calculator, find the set of values that y cannot take. [3]
2
(b) The curve C has equationy = X_+b ,wherea>0,b>aand x=a
X—a
(i) Draw a sketch of the curve C, label clearly the equation(s) of its
asymptote(s) and the coordinates of any intersection with the axes. [3]
(if) By drawing an additional graph on the diagram drawn in (i), state the
number of real root(s) of the equation x* +b=(x-a)(x* +a). 2]

Solution

(a) Consider any horizontal liney =k, k e R.

2
Consider the intersection of the graphs y = X_—Xl_l and y =k, i.e.
X+

xP—x-1_
Xx+1
= x> —x—-1=k(x+1)
= x>+ X(-1-k) +(-1-k) =0
For the equation to have no real solutions,

k

[TURN OVER]

SRJC P1 Solutions 582



Discriminant <0
= (-1- k)2 -4(1)(-1-k)<0

=k?+6k+5<0
(k+1)(k +5) <0

O O
A4 A4

+ 5 - 1 +

. The set of values that y cannot take is {yeR :-5<y<-1}

(bi) Whenx =0,y = b
a

x> +b a’+b
y= =(x+a)+
X—a X—a
X =a and
y =X + a, are equations of the asymptotes
(i)

X2 +b=(x—a)(x*+a)
X2 +Db
X—a

=x*+a

By adding an additional graph in (i), i.e. y = x* +a, no. of real root is 1.

6 | (a) The equations of two planes p, and p, are
X+4y+22=17,
X+Ay+4z=pu,

respectively, where A and x are constants.

given by
1 -2
r=11|+s| 1 |, sekR,
1 -1

show that the value of A is 10 and find the value of .

(i) Given that the two planes intersect in a line I, with a vector equation

[3]
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(it) If plane ps is the reflection of p,in p,, find the acute angle between p,
and p,. [2]
(b) Relative to the origin O, the points A, B, C and D have position vectors a, b,
c and d respectively. It is given that A and x are non-zero numbers such that
Jat+tub—c=0andA+u=1,
(i) Show that A, B and C are collinear. [3]
(i) If O is not on the line AC and |cxa|(b—a)=(c-d)d, determine the
- —
relationship between AC and OD, explaining your answer clearly. [2]
Solution
-2\ (3
@)l 1 (. 4|=0
-1)14
A =10
1) (3
u=|1|e/10|=17
1 4
(ii)
Let 6 be the angle between p, and p,.
1 3
4 |10
cos6 = 2 4
VI 442 12732 1107 + 42
cos@ = L
J214/125
0 =5.4869°
Acute angle between p, and p, = 2(5.4869°) =11.0°
(bi)
%
AB=Db-a
%
AC=c-a
=Jla+ub-a
=(A-Da+ub
=—pa+ ub
=pu(b-a)
- ﬁ % -
Since AC = u AB for some p € R\{0}, A, B, C are collinear.
- —
(ii) [cxa|(b—a)=(c«d)d = AB=kOD for some k € Ras |cxa| = Osince O is
not on AC
- —
since AB = AC forsome ueR

[TURN OVER]
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- —
so AC is parallel toOD .

A piece of metal with negligible thickness has been cut into a shape that is made
up of four isosceles triangles each with base x cm and fixed sides a cm. Their
bases frame to a form a square with sides of length x cm. A right pyramid is
formed by folding along the dotted lines as shown in the diagram below.

Xcm

[Volume of a pyramid = %x base area x height ]

2 2
(i) Show that the volume of the pyramid is % a® —X? cm?.

[2]

(if) Find the value of x, in terms of a, that will give maximum volume for the
pyramid.

[4]

(iil) N

acm

To make the pyramid into a paperweight with negligible thickness, a viscous
fluid is pumped into the interior at a rate of 1 cm®/s. Given that H cm is the
perpendicular distance from the apex of the pyramid to the viscous fluid surface,
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X =aand the height of the pyramid is %a cm, find the rate at which H is
changing when H =%, giving your answer in terms of a.
[The diagram above shows the cross sectional area of the pyramid.]
3]
Solution
(i) Let the height of the isosceles triangle be k cm.
k2 +ﬁ —a’
4
K2 = 52 _ﬁ
4
2 2 2
Therefore, height of the pyramid = \/az XX \/az X
4 4 2
2 2
Volume of pyramid, V = % a® —X?
2 2
(ii) av _ 4 a2 X +X_(£] —X
dx 3 2 3\2 2
2 X
a = O
2
2
4x| a® =" |-x3
6,/a’ X
2
_4a2x 3x?
2
6 az—x—
2
2X a—ﬁx a+—3x
2 2
B 2
3 az—x—
2
When d—: 0,
dx
ZX[a—\/gx](a+\/§x]
2 2
> =0
3,/a2 X
2

[TURN OVER]
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10

2X| 2 G X3
—la"—— | =—
3 2 6

x:¥a or —?a (rejected .- x> 0)
When x—ia_ ,
;>O,Ex>0, a—£x>0 and a+\/§x>0 thus d—V>0
2 2 dx
2 X
a -
2
When x:¥a+,
V3 V3 av

x>0 a—-—x<0and a+—x>0,thus —<0.

2 2 dx
\]?

23

Therefore x = Ta gives maximum volume.

(iii) Volume of pyramidal empty space, W cm®, in the pyramid as it is being

filled up
:%bZH , Where b is the length of the square base
N
= =2
H
Therefore W =EH3 :>dﬂ:2H2
3 dH
When H _a
2
dw dH _dw
dH dt  dt
2
2(3j (I
2 dt
9H__2
dt a2

. . 2
H is decreasing at a rate of — cm/s.
a

(i) Show that (O,—%) lies on the locus |z + 2| =|z+1+2il. [1]
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(i) Sketch on a single Argand diagram the loci |z+1+2i|:\/§ and

|2+2|=|z+1+2i|. [4]

(iii) Hence indicate clearly on the Argand diagram the locus of z that satisfies the

relations |z +1+2i|<+/5 and |z+2|=]z+1+2i|. [1]

(iv) Find the greatest and least possible values of arg(z+1+2i), giving your

answers in radians correct to 3 decimal places. [4]

Solution

) 1.
i) When z=—-=i
(i) n

LHS= —1i+2 = 4i
4 16

R.H.S= —1i+1+2i = 1+Zi = 4i
4 4 16

Hence (0,—%) lieson|z+2|=|z+1+2i|.

(i) & (iii)

Re

lzZ+1+2i|=15

(-1.5,-1)

z+2|=]z+1+2]

(iv)

[TURN OVER]

SRJC P1 Solutions 588



12

Re

(-15-1)

Locus of z
lz+1+2i|=15

(01 - 4)

z+2|=]z+1+2]

— -1 1 _ -1
S = tan (E)—tan (2)

lzZ+1+2i|=5

z+2|=]z+1+2]

_[\/E]

2

5

Greatest value of arg (z +1+2i) = 7 — (S —«)
= 3.08164
=3.082

Least value ofarg (z +1+2i)=7-f -«

= 0.987246 = 0.987

T

a= cos™ = cos‘l(i) ==
2° 3

(iv)
Alternative Method
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Equation of circle: (x + 1)+ (y + 2)°=5
Yy =—2 45— (X+1)? -mmmmmmmmmmeeeeee (1)

Gradient of the line passing through the (- 2, 0) and (- 1, - 2) - 0-(2 __ 2

(-2-(-1

Gradient of the perpendicular bisector = —iz: %

Equation of the perpendicular bisector:y + 1 = % (x+ 1.5)

Using GC, the points of intersection are (- 3.232051, —1.866025) and
(0.23205,— 0.1339746).

Im
lzZ+1+2i|=15 \
(-2,0) 0.9 R
7 e
(-15-1) (0.23205.— 0.1339746)
Locus
ofz -2)
(-3.232051, —1.866D25)
(01 - 4)

z+2|=]z+1+2]

Least value of arg (z + 1 + 2i) when z = 0.23205 — 0.1339746i is 0.987.

Greatest value of arg (z + 1 + 2i) when z = — 3.232051 — 1.866025i is 3.082
NORMAL FLOAT AUTO REAL RADIAN MP n

angle(.23205-.133971+1+21)
. 9872478185

angle( -3.2322-1.8661+1+21)
3.081634145

9 | The path travelled by an object measured with respect to the origin in the
horizontal and vertical directions, at time t seconds, is denoted by the variables x
and y respectively.

[TURN OVER]
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It is given that when t=0, x=1, y = 0 and 3—1( =1. The variables are related by

2
the differential equations j—i/— y+./e* —4y* =0 and % =cos” 2t .

(i) Using the substitution y = we', show Z—\iv = —J/1-4w’ and hence find y in

terms of t.
[6]
(i) Find x in terms of t. [4]
Solution
(i) Z—i/—y+ e” —4y* =0
y =we'
dy _dw e' +we'
dt dt

OI—y:et (d_w+ wj

dt dt

e' (d—w+wj—wet +,/e% —4(We‘)2 =0
dt

e' (?j—\iv+w]—wet +e'V1-4w? =0

((jj—\iv+w—w+\/1—4w2 =0

aw _ —V1-4w? (shown)

dt
_ 1 aw_
V1-4w? dt

%sin‘l(ZW) =—t+C

W= %sin (—2t + 2C)

y:%etsin(—2t+c)

When t=0,y=0
%sin(—ZC):O
C=0
1, . 1, .
ny=e sin(-2t) or y=-7¢e sin(2t)

2

. dox )
i) — =cos“ 2t
()dt2
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_1+coséat
2

%:l t+sm4t +D,
dt 2 4

_l[ﬁ_cosm

+Djt+D,
22 16

When t:O,x:l,%:l
dt

_3
2 32

t>  cos4t 33

= —— +t+—

4 32 32

r

10 | Giventhat f(r)=

r+1

, show that f(r+2)—f(r):m .

[1]

(i) Find Z%

in terms of n.

[2]

(4r +12)3

7 (r+3)(r+5)

(i) Hence find z in terms of n.

[4]

(iii) Using the result in (ii), show that Z 3
(r+5)

[3]

Solution
3r+2 ~ 3!‘

f(r+2)—f(r)= r+3 r+1

_ r.'\-r_)’r+2 +3r+2 _3r .r_3r+1
(r+1)(r+3)

_8r-3+37(3-1)
(r+1)(r+3)

_ (8r+6)3
(r+1)(r +3)

n 4r+3

(i) Z :—Z[f r+2)-f(r)]

r+1 r+3 2
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I
N~
+

........... :%[—f (1)-f(2)+f(n+1)+f(n+2)]

+f (n+1)-f(n-1)
|+ (n+2)-f(n)

9 3™ 1 3 9 3”+1 4n+9
——+ + =—=+
4 2 |n+2 n+3 4 (n+2)(n+3)

(i) z

(4r+11)3' lzﬂ,‘ 4r+11)3”2
(r+3) r+5 (r+3)(r+5)

_1“+2 (4r+3 )3

z (r+1)(r+3)

1{2(01_9032%}

9| = (r+1)(r+3) 8 15

_1.9, 3"(4n+17) 21 99
9| 4 2(n+4)(n+5) 8 15

51 3" (4n+17)

40 2(n+4)(n+5)

(|||) i(rr .3 :_z 4r - 3r

r+5

19 (4r+11)-3

<ZZ

r=1 (I’ +5)2

1, (4r+11)-3'

“42(r+3)(r+5)

S T3 1{_51 3“*1(4n+17)}

S(r+5) 4| 40 2(n+4)(n+5)

=

o3 3™ 51 3(4n+17) 3
5= <- + -
S(r+5) 4 160 8(n+4)(n+5) 4

51 3 dn+17
=— — 1-
160 4 |  2(n+4)(n+5)

<—£ since an+17 sﬂfor all n>0
160 2(n+4)(n+5) " 18
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11 | The functions fand g are defined as follows:
f:xn—>—‘x2+2x‘, a<x<0
g:X— —J/x+1, x>-1
(i) State the least value of a for the inverse function of f to exist. Hence, find

f 1 in similar form. [4]
For the following parts, use the value of a found in part (i).
(ii) Write down ff in similar form. [1]
(iii) Find the rule for gf in the form bx + ¢, where b,c € R . State its range. [3]
(iv) Find the exact range of x for which f (x —g] >gf (x —g] . [3]
Solution
(i) Least a=-1

f(x) :—(—(x2 +2x)): X +2x
Let y=f(x)=x*+2x
y:(x+1)2 -1

y+1:(x+1)2

x=-1+,/y+1

x=-1+\y+1(+-1<x<0)
f'ix—-1+Jx+1, —-1<x<0
(i) ff':x>x, —-1<x<0

(iii) of (x) =—Vx* +2x+1

=— (x+1)2

=—|x+1
=—x-1 (= Dy =(-1,0])
Ry =[_1’0)

o ]
Y2

x2—3x+g+3x—3+1—§>0
4 2

x2—E>O
4

)

[TURN OVER]
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AR / > X
F~— 75
2 2
ke-32 o x> 3B
2
But after translation by 1.5 units in the positive x — direction, D; =D = (%g}
B y<3
12 |(a)(i) Find i[(ln x)z] [1]
dx
(it) The curve C is defined by the parametric equations
x=Int—t, y:2t+ln(t2) where t > 0.
Another curve L is defined by the equation (4— y)2 =3—X. The graphs of
C and L intersect at the point A(—1,2) as shown in the diagram below.
})
y=4+In4
> X
Find the exact area of the shaded region bounded by C, L and the line
y=4+In4. [6]

(b) The region R is the finite region enclosed by the curve (y—l)2 =1-—xand the

y-axis. The region S is the region in the 2" quadrant enclosed by the curve

y=2tan (x +%] and the axes.

Find the total volume generated when region R and S is rotated through 2~

radians about the x-axis, leaving your answers in exact form. [4]
Solution

. d 2 1) 2Inx
ai) —|((Inx) |=(2Inx)| = |=
@) 2 (mx)'] (2 2] 2
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4+In4

(i) Area = L [3—(4— y)zJ dy—I:+ln4x dy

{3y—(4(:;)) ]2 —jlz(lnt—t)(2+%] dt

:3(2+|n4)—%[(—|n4)3—8}—j12(2|nt+@—2t—2] dt

20 o2 o it at-[(ne) | <[0T + (21

1

10 (|n4)3 2 (2 2
=~ +6In2-—=2[tint], +[ 2dt—(In2)" +3+2

5 oy (a)

= +6In2- ~4In2+[2t] ~(In2)’

3
=§+2ln2—M—(|n2)2
3 3

(b) Vol = 71[_0,;4tan2 (x+%j dx+7rj:[(1+ \/1—_x)2 —(1—\/1—_x)2} dx

= 47rJ‘0,, [sec2 (x+£j—1j dX+”I14‘/1_ X dx
=" 4 0

1

3

0 =

1-x)2

—4r tan(x+£]—x} ¥orr ! [Em D
4 p 3

-z > |

—4r1-Z +§7T=§7T—7T2
4) 3 3
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Section A: Pure Mathematics [40 marks].

1 (@) If 0O<a<b,solve I: x|a— x| dx, leaving your answers in terms of a and b. [2]
d( 3—x
b)(i) Find — .
_ 2
(ii) Find 2?’4de. [2]
XS —=3x+2
. 1+x 1 [3]
(iii) Hence flndI 5 tan J1-x dx.

(1-x)2

B C
i
A I D
i 5cm
l
[ N TR —--J0
1cm
-
O 12 cm R

The cuboid above is formed by the eight vertices O, A, B, C, D, P, Q and R.
Perpendicular unit vectors i, j, k are parallel to OR, OP and OA respectively.
The length of OR, OP and OA are 12 cm, 1 cm and 5 cm respectively.

(i) Find the Cartesian equation of line AC.

[2]
(if) Find the acute angle between CA and CR. Hence, find the shortest distance
from R to AC. [4]
(iii) The point T is on AC produced such that AT = AACand M is the midpoint
of OR. The unit vector in the direction of OT is represented by the vector
%
OV . By considering the cross product of relevant vectors, find the ratio of
the area of triangle OVM to the area of triangle ORT in terms of 4. [3]
3 (a) The complex number w is such that w = a + ib, where a and b are non-zero 3]
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real numbers. The complex conjugate of w is denoted by w*. Given that
(W)’
w

=3-1b , solve for a and b and hence write down the possible values

of w.

(b) (i) Without the use of a graphic calculator, find the roots of the equation
722 -2z+4=0, leaving your answers in the form re'’, r > 0 and

—r<@<rr. [2]

(i) Let aand B be the roots found in (b)(i). If arg(e)>arg(A), find

‘am —~ /310‘ and arg (alo - ,810) in exact form. [3]
(¢) (i) Show that the locus of z where arg(z +23+ i)= —% passes through

the point (—/3,-2). [1]
(if) Find the Cartesian equation of the locus of z in the formy=mx+c,

stating its domain clearly. Leave your answer in exact form. [2]

4 Acurve C has parametric equations
x=sint, y=cost.
(i) Find the equations of tangent and normal to C at the point with parameter t.  [3]

(if) Points P and Q on C have parameters p and q respectively, where

O<p <% and 0<q <%. The tangent at P meets the normal at Q at the

point R. Show that the x—coordinate of R is ﬂ. Hence, find in
cos(p—q)
similar form the y—coordinate of R in terms of p and g. [3]

The tangent at P meets the y-axis at the point A and the normal at Q meets the

y-axis at the point B. Taking q = %— P,

(iii) Show that the area of triangle ARB is %cosec(z p). [3]

(iv) Find the Cartesian equation of the locus of point R. [3]

Section B: Statistics [60 marks]

[TURN OVER
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5  Nicole decides to celebrate her birthday with 9 boys and 2 girls whose names
are Vanessa and Sally.
(@) (i) They have a dinner at a restaurant that can only offer them a rectangular
table as shown in the following diagram, with seats labelled A to L as
shown.

IE\
Gl [H [M OO [K [T

Find the number of ways in which at least one girl must be seated at the
seats A, F, Gand L. [2]
(if) Find the number of ways in which they can sit if instead, the restaurant

offers them 2 indistinguishable round tables of 6. [2]
(ii1) After the dinner, they went for a movie together. They bought tickets for
seats in a row. Find the number of ways where Nicole and Vanessa must

be seated together but not Sally. [2]
(b) After the celebration, Nicole plays a card game with Vanessa. The pack of
20 cards are numbered 1 to 20. The two friends take turns to draw a card
from the pack. If a prime number is drawn, the player wins the game. If a
composite number (4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20) is drawn, the player
loses the game and the other player wins. If the number ‘1’ is drawn, the
card is returned and the other player draws the next card. Nicole draws the

first card. Find the probability of her winning the game. [3]

6 In a telephone enquiry service, 92% of calls to it are successfully connected.
The probability of any call being successfully connected is constant. A random
sample of 60 calls is taken each day.
(i) State, in context, an assumption needed for it to be well modelled by a
binomial distribution. [1]
(i) On a given day, it is found that at most 55 calls went through successfully.
Find the probability that there are at least 50 successful calls in the sample

of 60. [2]
(iii) Estimate the probability that the number of successful calls on any day is
less than 55 in a sample of 60. [4]

(iv) The number of successful calls is recorded daily for 70 consecutive days.
Find the approximate probability that the average number of successful

calls in a day is not more than 55. [2]
7  (a) Tickets are sold for the closing ceremony of an international swimming
competition. It is desired to sample 1% of the spectators to find their
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opinions of the goodie bags received during the closing ceremony.
(i) Give areason why it would be difficult to use a stratified sample. [1]
(i) Explain how a systematic sample could be carried out. [2]

(b) The random variable X has the distribution N(18,3°) and the random

variable Y has the distribution N(z, ). The random variable T is related to

X +X,+3Y
4

X and Y by the formula T = , where X, and X, are two

independent observations of X. Given that P(T <10) =P(T >30) =0.0668,
find the value of o and the exact value of 4 . [5]

(c) A survey done on students in a particular college found that the amount of
time a student spends on social media in a week is normally distributed with
mean 7 hours and variance 4 hours?.
Five students are randomly chosen. Find the probability that the fifth student
is the second student who spends more than 10 hours a week on social
media. [2]

8  An advertising display contains a large number of light bulbs which are
continually being switched on and off every day in a week. The light bulbs fail
independently at random times. Each day the display is inspected and any failed
light bulbs are replaced. The number of light bulbs that fail in any one-day
period has a Poisson distribution with mean 1.6.

(i) State, in the context of the question, one assumption that needs to be made
for the number of light bulbs that fail per day to be well modelled by a
Poisson distribution. [1]
(i)  Estimate the probability that there are fewer than 17 light bulbs that needs
to be replaced in a period of 20 days. [2]
(iif) Using a suitable approximation, find the probability that there will be not
fewer than 20 days with more than two light bulbs that will need to be
replaced per day in a period of 8 weeks. [4]
(iv) The probability of at least three light bulbs having to be replaced over a
period of n consecutive days exceeds 0.999. Write down an inequality in
terms of n to express this information, and hence find the least value of n. [4]

9 (@) Observations of 10 pairs of values (x,y) are shown in the table below. [2]

[TURN OVER
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X 1 2 3 4 5 6 7 8 9 10

y 05|06 | 08 |09 | a |121]|136|155/|187 211

It is known that the equation of the linear regression line of y on x is
y =0.17321x+0.24133. Find a, correct to 2 decimal places.

A student wanted to study the relationship between the number of
commercial crimes (c) and the mean years of schooling (s) of the offenders.

The following set of data was obtained.

Year 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015
Mean years of

_ 9.7 10.1 | 10.2 | 103 | 105 | 10.6 | 10.7
schooling (s)
No. of commercial
_ 3359 | 3504 | 4080 | 3507 | 3947 | 5687 | 8329
crimes (c)
(i) Draw a scatter diagram for these values. [2]

(if) One of the values of ¢ appears to be incorrect. Circle this point on your
diagram and label it P. [1]
It is thought that the number of commercial crimes (c) can be modelled by

one of the formulae after removing the point P.
(A) c=a+b(100°)

(B) c=a+bs
(C) c=a+blIns
where a and b are non-zero constants.
(iii)  With reference to the scatter diagram, explain clearly which model is
the best model for this set of data. For the case identified, find the
equation of a suitable regression line. [2]
(iv) Using the regression line found in (iii), estimate the number of
commercial crimes (to the nearest whole number) when the mean
years of schooling reaches 11. [2]

(v) Comment on the reliability of your answer in part (iv). [1]

In the latest Pokkinon Roll game, players go to a battle arena to use their

Pokkinon character to battle against each other. Alvin and Billy are interested to
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know how long it takes before someone wins a battle. The time taken by a

randomly chosen player to win a game follows a normal distribution.

(@) Alvin claims that on average, it will take at most 190.0 seconds to win a

battle.

To verify his belief, he surveyed a randomly chosen sample of 45 Pokkinon
Roll gamers and found out that the mean is 195.0 seconds with a variance of
206.0 seconds’.

Carry out an appropriate test at 1% level of significance whether there is any
evidence to doubt Alvin’s claim. State an assumption needed for the

calculation.

(b) Billy also obtained his own data by recording the time taken, in seconds, by

SRJC P2 Questions

5 randomly chosen gamers as shown below.

188.0 190.0 k 186.0 187.0
However, he believes that it will take 190.0 seconds on average to win a
battle. When he conducted the test at 4.742% level of significance, his
conclusion is one where the null hypothesis is not rejected. The sample mean
time taken is denoted by X .
Given that s* is the unbiased estimate of the population variance and that the
maximum range of values of X is 188<X <a, write down an equation
involving s and a.

Hence or otherwise find the values of a and k, leaving your answers to the
nearest integer.

THE END
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SRJC Paper 2 Solutions

Section A: Pure Mathematics [40 marks].

b _ .
1 |(@If0<a<hb,solve jo x|a—x| dx, leaving your answers in terms of a and b.

[2]
. ., d[ 3-x
(b)(i) Find d—[ \/1__)() [1]
(ii) Find —gi———d [2]
x° —3x+2
(iii) Hence find ~tan~ v1-x dx. 3]
Q—xﬁ
Solution
(a)j x|a—x dx = I (a-x dx+I x—a) dx
a2 3 [@ ad g
sl
0 a

_ —2+2X+3-x  Xx+1

z(l_x)% ) z(l_x)%

(")I X2 —3x+2 ‘[

_ J'[———}dx

=In|x-2|-2In|x-1+c

(i)
1+ X3 tan~t/1— x dx
(1— X)E

3—X

1

i)

il

_%]( 11—x

3—X

:Z(F

]tan‘lx/l_x+j—l

X)

dx

SRJC P2 Solutions

[TURN OVER]

604



:2[ 3-x jtan‘lx/l—x+In|x—2|—2|n|x—1|+c

1-x
i
1
A : D
E 5cm
:
S o ___Jo
éﬂ lcm
O 12 cm R

The cuboid above is formed by the eight vertices O, A, B, C, D, P, Q and R.
Perpendicular unit vectors i, j, k are parallel to OR, OP and OA respectively.
The length of OR, OP and OA are 12 cm, 1 cm and 5 cm respectively.

(i) Find the Cartesian equation of line AC. [2]
(if) Find the acute angle between CA and CR. Hence, find the shortest distance
from R to AC. [4]

(iii) The point T is on AC produced such that AT = AAC and M is the midpoint
of OR. The unit vector in the direction of OT is represented by the vector

_)
OV . By considering the cross product of relevant vectors, find the ratio of
the area of triangle OVM to the area of triangle ORT in terms of 1. [3]
Solution
N TR -
(1) AC =12i+j
0 12
Equation of lineAC: r=| 0 |+a|1 |, aeR
5 0

Cartesian equation of line is é =y,z=5.

(i) Let the acute angle between AC and RC be x.
12 (0

1 |efl
0/ |5
- 14526

Therefore, x=89.1°
Let the shortest distance required be y.

sin89.07° -y

J26

y=5.10 cm

COS X
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(iil)

L2 —>
oe - OT+(A-1)OA

— — —>
OT =20C—(1-1)OA

12 0
=Al1 |-(A-D]|0
5 5
124
=1
5

1= =
Area of triangle ORT = AOT X OR‘

Area of triangle OVM

B

2\/ 25+1452,2 ‘

Therefore the ratio of triangle OVM to area of triangle ORT is 1:2+/25+14512 .

3 | (@) The complex number w is such that w = a + ib, where a and b are non-zero
real numbers. The complex conjugate of w is denoted by w*. Given that

*\2
(WW) =3—1ib , solve for a and b and hence write down the possible values
of w. [3]
(b) (i) Without the use of a graphic calculator, find the roots of the equation
2 —22+4=0, leaving your answers in the form re'’, r > 0 and
—-1<0<rm. [2]
(ii) Let aand 8 be the roots found in (b)(i). If arg(a)>arg(B), find
‘am -~ [310‘ and arg(a™ - #*°) in exact form. 3]
(c) (i) Show that the locus of z where arg(z + 243 + i)= —% passes through
the point (—/3,-2). [1]
(if) Find the Cartesian equation of the locus of z in the formy =mx+c,
stating its domain clearly. Leave your answer in exact form. [2]
Solution
*\2 Y
a) W) _3_jp—, @D 5 g,
(a+ib)
[TURN OVER]
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a2 —b? —2iab = (3—ib)(a +ib) = 3a+b? +i(-ab +3b)

Equating the real and the imaginary parts:

a’-b?>=3a+b’.....(1) and
—2ab=-ab+3b ...(2)

From (2) a=-3 since b=0

From (1), 9—b* =-9+b?
b?=9

b=+43

Possible values of ware -3+ 3i

(bi) z2°-2z+4=0

20T, g,

a=1+.3i = Zei(%] and B =1-+/3i :Ze_i@

(o - =2 {ei(m;] - e'i[m;j]

=21 2isin 10—”]
3

=21 2isin (_Z_ED
3

-(9)

= _1024-/3i

o - p*°| =10244/3

So arg(a®’ - ) = —%

(ci) When z=—/3-2i,
LHS = arg(—/3 - 2i + 2+/3 +i) =arg(~/3 - i)

=_tan™* (%) = —% (Shown)

1
i) Gradient of the half line is tan(—2) =———
(i) 3 =7
Equation :
1

y+2:—£(x+\@), X >-2+/3

J3

=——X-3

=73
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4 | A curve C has parametric equations
X =sint, y=cost

(i) Find the equations of tangent and normal to C at the point with parameter t.

[3]

(i1) Points P and Q on C have parameters p and q respectively, where
O<p <% and 0<Qg< % The tangent at P meets the normal at Q at the
sinqg

cos(p-q)
similar form the y — coordinate of R in terms of p and g.

point R. Show that the x — coordinate of R is . Hence, find in

[3]

The tangent at P meets the y-axis at the point A and the normal at Q meets the

y-axis at the point B. Taking q = %— P,

(iii) Show that the area of triangle ARB is %cosec(z p).

[3]

(iv) Find the Cartesian equation of the locus of point R.

[3]

Solution

(i)
X =sint y = cost
dx dy

— =cost

=-sint
dt

|
—

dy _ —sint
dx cost
=—tant

Equation of tangent:

y—cost =(—tant)(x—sint)

y =(—tant)x+(tant)(sint)+cost
sint  cos’t
cost  cost

y =(—tant)x+sect

y=(—tant)x+

Equation of normal:
y —cost =(cott)(x—sint)

y =(cott)x—cost+cost
y =(cott)x

(i)
Equation of tangent at P (with parameter p):
y =(—tan p)x+sec p

Equation of normal at Q (with parameter q):

[TURN OVER]
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y =(cotq)x

(cotq)x=(—tan p)x+secp
(cotq+tan p)x=secp

cosq _ sin p]x_ 1
sing  cos p

cosp

COS pcosq+sin psing ‘= 1
cospsing cos p
cos(p—q) g L
cos psinq cos p
sinqg
=— 1 (Shown)
cos(p—q)
Substitute x = B
cos(p—q)
sinq
y=(cotq)| —————
( )(COS(p—q)J
oS
y—_ 0050
cos(p-q)

Equating the equation of tangent at P and the equation of normal at Q, we have

into the equation of normal at Q,

(iii)
Coordinates of A:
When x=0, y=secp

Ais (0,sec p) or (0,sin ptan p+cos p)

Coordinates of B:
When x=0, y=0

Bis (0,0).

s is [ 0o,

cos(p—q) cos(p-q)
Area of Triangle ARB

- %(sec p)(ﬁpq—q)J
~ (e 2]

i1
2\ 2sin pcos p

= %cos ec(2p) (Shown)
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(iv)

When g=2—p, Alternatively
: Since p=2_q,
. T 2
ﬂn(Z_pj _ sinq
X=———""""— _7[—
-z cos| = -2
GB(Zp 2) (2 qj
_Ccosp _ sing
sin2p sin 2q
S __sing
2sin pcos p 2sinqcosq
1 1
- 2sinp 2c0sq
T Alternatively,
cos| =P g
cw( p—zj ’
_sinp _ cosq
sin2p sin 2q
S0Py __cosq
2sin pcos p 2sinqcosq
1 1
_2cosp 2sinq
Using sin® p+cos’ p=1, Alternatively,

) (]

1
_2+

i:l, X>0,y>0
4x

4y?

Using sin’q+cos’ q=1,

7))

1
_2+_

=1, x>0,y>0
a4y y
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Section B: Statistics [60 marks]

5 | Nicole decides to celebrate her birthday with 9 boys and 2 girls whose names

are Vanessa and Sally.

(&) (i) They have a dinner at a restaurant that can only offer them a rectangular
table as shown in the following diagram, with seats labelled A to L as
shown.

[a] [B] [c] [D] [E] [F]

| |
[G] [H] [1] (] [K] [L]

Find the number of ways in which at least one girl must be seated at the

seats A, F, G and L. [2]
(if) Find the number of ways in which they can sit if instead, the restaurant
offers them 2 indistinguishable round tables of 6. [2]

(iii) After the dinner, they went for a movie together. They bought tickets for
seats in a row. Find the number of ways where Nicole and Vanessa must
be seated together but not Sally. [2]
(b) After the celebration, Nicole plays a card game with Vanessa. The pack of
20 cards are numbered 1 to 20. The two friends take turns to draw a card
from the pack. If a prime number is drawn, the player wins the game. If a
composite number (4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20) is drawn, the player
loses the game and the other player wins. If the number ‘1 is drawn, the
card is returned and the other player draws the next card. Nicole draws the
first card. Find the probability of her winning the game. [3]

Solution

9
(i) Number of ways =12!—[4]4!8!

9
- (4]4! (for the selection and the arrangement of the 4 guys to be seated at A,

F,GandL.)
= 357073920

9
OR Number of ways =12!—[5]8!4!

9
- (5]8! (for the selection of the 5 guys that is to be seated at B, C, D, E, H, I, J,

K with the 3 girls)
=357073920

8
OR Number of ways =12!—[3]9!3!

8
- (3]3! (for the selection of the 3 seat in the slot B, C, D, E, H, I, J, K)

=357073920
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(it) Number of ways = o

12
— For [ ]5!5!
6

= 6652800

10
(iii) Number of ways = 9![ 5 ]2!2!
Alternative solution 10 9x 2 =65318400
10 . .
- For ( ) ]2! (the selection of the slots to separate Nicole and Vanessa with

sally)
= 65318400

(b)

8  Nicole wins

8  Nicole wins & Nicole loses - |
20,/ 1 207 1 207
20 20 Vanessa

20 Vanessa Nicole £/ ="

P A——— draws
draws \ draws \N

| — .

\2_:)\4\1 20 20 icole loses

icole loses Nicole wins

Probability of Nicole winning

z%{u(z_loji%j: ...... };_3{2_10{%]1(%)1.}

First — 1% infinite series, Second — 2" infinite series
1
8 1 11 9o 3

20 220 27
(L 1- 1]
20 20

6 | Inatelephone enquiry service, 92% of calls to it are successfully connected.

The probability of any call being successfully connected is constant. A random

sample of 60 calls is taken each day.

(i) State, in context, an assumption needed for it to be well modelled by a
binomial distribution. [1]

(i) Onagiven day, it is found that at most 55 calls went through successfully.
Find the probability that there are at least 50 successful calls in the sample

of 60. [2]
(iii) Estimate the probability that the number of successful calls on any day is
less than 55 in a sample of 60. [4]

(iv) The number of successful calls is recorded daily for 70 consecutive days.
Find the approximate probability that the average number of successful
calls in a day is not more than 55. [2]

[TURN OVER]

SRJC P2 Solutions 612



10

Solution
(i) The event that a call is successfully connected is independent from the event

of other calls being successfully connected.
(if) Let X be the random variable denoting the number of successful calls, out of

a sample of 60 calls.
X ~ B(60,0.92)

P(X >50| X <55)

_ P(50< X <55)

~ P(X <55)

_ P(X <55)-P(X <49)
- P(X <55)
~0.52982-0.074926

0.52982

=0.986 (3s.1.)
(iii) Let Y be the random variable denoting the number of calls that are not

successfully connected, out of a sample of 60 calls.
Y ~ B(60,0.08)
Since n =60 is large, np =60(0.08) = 4.8(< 5)
.Y ~ Po(4.8)approx

Number of successful calls Number of calls that are not
successfully connected

54 6
53 7
52 8

P (less than 55 successful calls)

= P(at least 6 calls that are not successfully connected)
=P(Y >6)

=1- P(Y <5)

=0.349 (3s.1.)

(iv) X ~B(60,0.92)

Since n =70 is large, by Central Limit Theorem,

4.416
0 ] approx

X ~ N(55.2,

P(X <55)=0.213(t0 3s.f)
Alternative solution:
Let W be the random variable denoting the number of successful calls out of a

sample of 4200.

W ~ B(4200,0.92)

Since n is large, np = 3864>5, nq = 336>5
W ~N (3864, 309.12)approx

P(W <55x70) 5P (W <3850.5)=0.221(to 3 5.f)
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7 | (a) Tickets are sold for the closing ceremony of an international swimming
competition. It is desired to sample 1% of the spectators to find their
opinions of the goodie bags received during the closing ceremony.

(i) Give areason why it would be difficult to use a stratified sample. [1]
(i1) Explain how a systematic sample could be carried out. [2]

(b) The random variable X has the distribution N(18,3%) and the random

variable Y has the distribution N(u,o?). The random variable T is related to
X, + X, +3Y

X and Y by the formula T = , Where X, and X, are two

independent observations of X. Given that P(T <10) =P(T > 30) =0.0668,
find the value of & and the exact value of 4 . [5]

(c) A survey done on students in a particular college found that the amount of
time a student spends on social media in a week is normally distributed with
mean 7 hours and variance 4 hours?,

Five students are randomly chosen. Find the probability that the fifth student
is the second student who spends more than 10 hours a week on social
media. [2]

Solution

(ai) Though the tickets issued might have a serial number indicated, but some
people who have purchased the tickets, may not turn up for the closing
ceremony and so it is difficult to obtain the actual sampling frame.

(i1) To have a sample consisting of 1% of the spectators present, the sampling
interval will be 100. Randomly select a number between 1 to 100 say r. So at
the entrance point, every rth person for each interval of 100 will be selected for
the survey until the sample is obtained.

(b) E(T)=20

%(2(18)+3,u): 20

_a
3

Var(T) =Var (L{F?’Yj

u

:%(ZVar(XHSZVaF(Y))

1 ) N9 9
—F(2(3 )+9U )—g"‘EU
P(T <10) = 0.0668

[TURN OVER]
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—~1.500

9 9 ,

—+—0

8 16

10-20° 9 9 ,
=—+—0

1500/ 8 16

o =8.77533=28.78(3sf)
(c) Let X be the random variable “time taken by a randomly chosen student on
social media”.

X ~N(7,2%)

Required probability

=4[P(X >10)]'[P(X <10)T
=0.014508

=0.0145 (3 s.f)

8 | An advertising display contains a large number of light bulbs which are

continually being switched on and off every day in a week. The light bulbs fail

independently at random times. Each day the display is inspected and any failed

light bulbs are replaced. The number of light bulbs that fail in any one-day period

has a Poisson distribution with mean 1.6.

(i) State, in the context of the question, one assumption that needs to be made
for the number of light bulbs that fail per day to be well modelled by a

Poisson distribution. [1]
(if)  Estimate the probability that there are fewer than 17 light bulbs that needs
to be replaced in a period of 20 days. [2]

(iif) Using a suitable approximation, find the probability that there will be not
fewer than 20 days with more than two light bulbs that will need to be
replaced per day in a period of 8 weeks. [4]

(iv) The probability of at least three light bulbs having to be replaced over a
period of n consecutive days exceeds 0.999. Write down an inequality in
terms of n to express this information, and hence find the least value ofn. | [4]

Solution
(i) The average number of light bulbs that fail in a given time interval is
proportional to the length of the time interval.
(ii) Let V be the random variable denoting “the number of light bulbs that needs
to be replaced in 20 days.”

V ~ Po(20x 1.6)

V ~ Po(32)
Since 4 =32 > 10,V ~ N(32, 32) approximately
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P(V<17) —» P(V < 16.5)
=0.003071651
= 0.00307
([ii)P(X>2)=1-P(X < 2) =0.21664
Let Y be the random variable denoting “the number of days in which at least
three light bulbs will need to be replaced out of 56 days”
Y~B(56, 0.21664)
Since n =56 is large, np = 12.132 (>5), nq = 43.868
Y~N(12.132, 9.5036) approximately
P(Y > 20) —» P(Y > 19.5)
=0.0084228
=0.00842
(iv) Let W be the random variable denoting “the number of light bulbs that need
to be replaced in n consecutive days.”
W ~ Po(1.6n)

P(W > 3) >0.999

1-P(W < 2)>0.999

1-0.999 > P(W < 2)

e M (1.6n)° . e " (1.6n)" . e " (1.6n)
0! 1! 2!

e ™ 1 g7 (1.6n)+e**"(1.28n%) < 0.001

n=7, P(W < 2) =0.00102

n=28, P(W < 2) =0.000264

n=29, P(W < 2)=0.0000664

Least value of n is 8.

0.001 >

9 | (a) Observations of 10 pairs of values (x,y) are shown in the table below.
X 1 2 3 4 5 6 7 8 9 10
y 05 | 06 | 0.8 | 0.95 a 121136155187 | 211

It is known that the equation of the linear regression line of y on x is
y =0.17321x +0.24133. Find a, correct to 2 decimal places. [2]

(b) A student wanted to study the relationship between the number of commercial
crimes (c) and the mean years of schooling (s) of the offenders. The following set
of data was obtained.
Year 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015
Mean years of
schooling (s) 9.7 10.1 | 10.2 | 10.3 | 105 | 10.6 | 10.7
No. of commercial
crimes (c)

3359 | 3504 | 4080 | 3507 | 3947 | 5687 | 8329

[TURN OVER]
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(i) Draw a scatter diagram for these values. [2]
(i) One of the values of ¢ appears to be incorrect. Circle this point on your
diagram and label it P. [1]

It is thought that the number of commercial crimes (c) can be modelled by one
of the formulae after removing the point P.

(A) c=a+b(100°)

(B) c=a+bs
(C) c=a+blIns
where a and b are non-zero constants.
(iii) With reference to the scatter diagram, explain clearly which model is the
best model for this set of data. For the case identified, find the equation of
a suitable regression line. [2]
(iv) Using the regression line found in (iii), estimate the number of commercial
crimes (to the nearest whole number) when the mean years of schooling
reaches 11. [2]
(v) Comment on the reliability of your answer in part (iv). [1]

Solution

(a) Using GC, x=5.5

_ 10.95+a

"o

Since (X,Y) lies on the regression line,

10.95+a

= 0.17321(5.5) +0.24133

a=0.98985 ~ 0.99 (correct to 2 decimal places)
(b) (i) and (ii)

A

Jow|
%
Soa (10.7, 8329)

Zalg)

Gowr

Swit-

G- (9.7, 3359) " ® x
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(iii) From the scatter diagram (after removing the outlier), as s increases, ¢
increases at an increasing rate. Hence model (A) is the best model.

From GC, ¢ = 2862.048513 + (1.965434><10‘18 )(1003)

(iv) Whens =11,

C = 2862.048513 + (1.965434><10‘18)(100“)
~ 22516

(v) The estimate is unreliable because the data substituted is outside the data
range and so the linear relationship between ¢ and 100° may not hold.

10

In the latest Pokkinon Roll game, players go to a battle arena to use their
Pokkinon character to battle against each other. Alvin and Billy are interested to
know how long it takes before someone wins a battle. The time taken by a
randomly chosen player to win a game follows a normal distribution.

(a) Alvin claims that on average, it will take at most 190.0 seconds to win a battle.
To verify his belief, he surveyed a randomly chosen sample of 45 Pokkinon
Roll gamers and found out that the mean is 195.0 seconds with a variance of
206.0 seconds?.

Carry out an appropriate test at 1% level of significance whether there is any
evidence to doubt Alvin’s claim. State an assumption needed for the
calculation.

[5]

(b) Billy also obtained his own data by recording the time taken, in seconds, by
5 randomly chosen gamers as shown below.

188.0 190.0 k 186.0 187.0

However, he believes that it will take 190.0 seconds on average to win a
battle. When he conducted the test at 4.742% level of significance, his
conclusion is one where the null hypothesis is not rejected. The sample mean
time taken is denoted by X .

Given that s? is the unbiased estimate of the population variance and that the
maximum range of values of X is 188 <X <a, write down an equation
involving s and a.

[1]

Hence or otherwise find the values of a and k, leaving your answers to the
nearest integer.

[5]

Solution

(a) Assume that the time taken to win any battle is independent of other battles.

Let Y denote the time taken to win a randomly chosen battle

s? = E(206) =210.68
44

Ho: 11 =190
H, @ >190

Under Ho Y ~ N(190, 210'68)

11 =190, y =195, n =45, s = /210.68

Using G.C, p-value is 0.0104

Since p value > 0.01, we do not reject Ho and conclude that there is insufficient
evidence to doubt Alvin’s claim at 1% level of significance.

[TURN OVER]
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(b) Hg : £ =190
H, : p#190

2-tailed T-test at 4.742% level of significance

T ~t(4)

2.82844s
a=—"——+

NG

190

a=1.26s+190

188<X<a

25 _x-190 _+/5(a-190)
S S S

e

Since 2 =-2.82844
S

s=1.5811

s2=25

_ 2.82844(1.5811)

NG

So a +190=192

OR by symmetry of curve, a = 192

D x=751+k

> x? =141009 + k*

2
5?2 %{14100%r K2 —@}

2
So 2.5 %{14100%r K2 —@}

k =189 or k = 186.5 (rejected since 188<x <a)
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1 A fitness assessment walk is conducted where participants walk briskly around a
running path. The participants’ walking time and heart rate are recorded at the end of
the walk.

The formula for calculating the Fitness Index of a participant is as follows:
420 + (Age x 0.2) — (Walking Time x a) — (Body Mass Index x b) — (Heart Rate x )

where a, b and c are real constants.

Data from 3 participants, Anand, Beng and Charlie are given in the table.

Name Age | Walking Time | Body Mass Index | Heart Rate | Fitness Index
Anand 32 17.5 25 100 102.4
Beng 19 18.5 19 120 92.6
Charlie 43 17 23 90 121.2
Find the values of @, b and c. [3]
2 2

2 Solve the inequality <a , giving your answer in terms of a, where a is a

positive real constant. [3]
2 2
X" —2a
Hence solve | | <a. [2]
X

3 0] Use the substitution u = x* to find J %dx in terms of X and the constant K.
k®—x
[3]

(i)  Find the exact value of joz f(x) dx , where

2
6_2

X

f(x) =
X , \/ESX<2. 3
6— X 3]

, O£x<\/§,

4 Relative to the origin O, the points A, B, M and N have position vectors a, b, m and n
respectively, where a and b are non-parallel vectors. It is given that m = Aa + (1 — A)b
and n=2(1 — A)a — Ab where A is a real parameter.

Show that mxn = (34> — 44+ 2) (bxa). [2]

It is given that | a| = 3, | b | = 4 and the angle between a and b is % Find the

smallest area of the triangle MON as A varies. [4]

TJC/MA 9740/Preliminary Exam 2016
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A O~ P C

In the diagram, A and C are fixed points 500 m apart on horizontal ground. Initially, a
drone is at point A and an observer is standing at point C. The drone starts to ascend

vertically at a steady rate of 3ms ' as the observer starts to walk towards A with a

steady speed of 4ms™' . At time t, the drone is at point B and the observer is at point P.

Given that the angle APB is @ radians, show that 8 = tan™ (5003t 4t] . [2]

(i) Find % in terms of't. [2]

(i)  Using differentiation, find the time t when the rate of change of € is maximum. [4]

6 The functions f and g are defined by
f:x— ln(x2 —x+1), x<1,
g:X+>¢”, for all real x.
Sketch the graph of f and explain why f does not have an inverse. [2]
The function h is defined by
h:x f(x), x<k.
State the maximum value of k such that h™ exists. [1]

Using this maximum value of k,

(i)  show that the composite function gh exists, [1]
(ii) find (gh)f1 (X), stating the domain of (gh)f1 : [4]
7 €)] The positive integers are grouped into sets as shown below, so that the number

of integers in each set after the first set is three more than that in the previous

set.

{1}, {2,3,4,5},{6,7,8,9,10, 11, 12}, ...
Find, in terms of r, the number of integers in the rth set. [1]
Show that the last integer in the rth set is %(Sr -1). [2]
Deduce, in terms of r, the first integer in the rth set. [2]

(b)  Find Zn:{l+%+(%j ++(%j ] in terms of n. [4]

[Turn over
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8 The graph of y = f(X) intersects the axes at A(0, 2), B(2, 0) and C(6, 0) as shown below.
The lines y = 4 and x = 5 are asymptotes to the graph, and B(2, 0) is a minimum point.

Y 4

S

|
A0, 2) i
B(2, 0) i C(6, 0)

|

|

|

X=5
On separate diagrams, sketch the graphs of

() y=1(x), (2]
(i) vy =), 3]
(i) y=—— 3

F)
stating the equations of any asymptotes, coordinates of any stationary points and points
of intersection with the axes.

9 (a) Given that x is small such that X’ and higher powers of X can be neglected, show

that
J2sin (Z + Xj
e ~a+bx+cx?,
for constants a, b and ¢ to be determined. [4]

(b) The curvey=f(x) passes through the point (0, —1) and satisfies the differential
equation

(1+x2)¥:ey.
X

(i)  Find the Maclaurin series for y, up to and including the term in X°. [3]

(i) By using an appropriate expansion from the List of Formulae (MF15),
obtain the Maclaurin series for ln(2+ y), up to and including the term in

X% [3]

TJC/MA 9740/Preliminary Exam 2016
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10

x=2t+t2, =%, for t<1.
(1-1)
The curve has a vertical asymptote X = 3.
(i)  Find the coordinates of the points where the curve cuts the y-axis. [2]
(if)  Find the equation of the tangent to the curve that is parallel to the y-axis. (4]

(iii) Express the area of the finite region bounded by the curve and the y-axis in the
b
form Ja f(t) dt, where a, b and f are to be determined. Use the substitution

u=1-t to find this area, leaving your answer in exact form. [5]

11 On the remote island of Squirro, ecologists introduced a non-native species of insects
that can feed on weeds that are killing crops. Based on past studies, ecologists have
observed that the birth rate of the insects is proportional to the number of insects, and
the death rate is proportional to the square of the number of insects. Let X be the number
of insects (in hundreds) on the island at time t months after the insects were first
introduced.

Initially, 10 insects were released on the island. When the number of insects is 50, it is

: .3 . .
changing at a rate that is 2 times of the rate when the number of insects is 100. Show

that
dx
—=pX(2-X
where fis a positive real constant. [3]
Solve the differential equation and express X in the form " piz 7 » Where p and q are
+qe
constants to be determined. [6]

Sketch the solution curve and state the number of insects on the island in the long run.

[3]
[Turn over
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12 (a)

(b)

TJC P1 Questions

The complex numbers z, and z, satisfy the following simultaneous equations
22, +iz, =7-6i,
z,—-12,=6-061.

Find z, and z, in the form X+ Y1, where X and y are real. [4]

It is given that Wzé—%i. Find the modulus and argument of w, leaving your

answers in exact form. [2]

It is also given that the modulus and argument of another complex number V is 2

and % respectively.
(i)  Find the exact values of the modulus and argument of L* [3]
w

(i) By first expressing V in the form Je+di where ¢ and d are integers, find

the real and imaginary parts of L* in surd form. [3]
w

(iii) Deduce that tan (%j —2-.3. 2]

@ @ End of Paper 38 ¢3 3
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2016 Preliminary Examination H2 Mathematics 9740 Paper 1 (Solutions)

1

420+6.4—17.5a—-25b—-100c =102.4 17.5a+25b+100c =324 ————— 1
420+3.8—18.5a—19b—-120c=92.6 or 18.5a+19b+120c=331.2 ————(2)
420+8.6—-17a—-23b-90c=121.2 17a+23b+90c=3074 ————- (3)

Using GC, a:%, b:E,C:ﬂ

5 25
2
2 2
X' —2a <a, x#0
X
x* —ax-—2a’
— <0 v=xlx% $3
x y=x(x+a)(x-2a)
X(x+a)(x—2a)<0 /\ /
X<-a or 0<x<2a —a >
/ 0N__"2a
Replace X by | x|,
|X|<—a or 0<|x|<2a
(no real solution) —2a<x<2a, Xx#0
3
® u=x" = d—u=2x or X=4Uu = %:L_
dx du 2+
X 1 |
=—|—=—=du
J. k2 XZ 2-[ ¢k2_u
k*—u
+C
( J=1)
=-vJk’-x*+C
(ii)
f(X) dx = - dx+
= e
V2
2 J6+x [\/—2}2
+| —V6—X
{M [f ﬂ -
L \/g+f \/— )
N Wy
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4

mxn=a+ (1 -A)b)x (2(1 - L)a— Ab)
=2M1-1) (axa) — A* (axb) +2(1 —1)* (bxa) — M1 - 1) (bxb)
=2(1-2)’ (bxa) - 1* (axb) since axa=0=bxb

= (2(1 =1 +3%) (bxa) since axb=-bxa
=(3M — 41 +2) (bxa)

Area of triangle MON =%| mxn| :%\ (31 —42+ 2)(bxa) |

=%\3,12—4/1+2\ |bxal

2
3(/1—2/1j +g
3 3

2
3(2—2] +2
3 3

) 2 )
.. smallest area is 3 x 5 =2 units?

1

2

|b||a|sinE
6

=3

Alternative solution

Using GC, the minimum value of 34° =44 +2 occurs when A zg

2
.. smallest area :l 3 g -4 g 2 |b||a|sinE =l % x 6 = 2 units’
2 3 3 6 213

5

At time t, AB = 3t, AP = 500 — 4t B
AB 3t
tanfd =——=
AP~ 500—4t
([ 3t )
0=tan"' shown
| 500_at) ( ) A 4 P C
. do 1 (500—4t)(3)-3t(-4)
(1) E= 7 X 5
1+[ 3t j (500-4t)
500 — 4t
__ (s00-4t)" 1500 1500

~(500—4t) +(3t) (500—4t)° 9t +(500—4t)’

(_ 1500 ~ 60 j
25t% — 4000t + 250000  t> —160t +10000
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(i) i[_ej d?9 _ —1500(18t+2(500-4t)(-4)) _ —1500(50t —4000)
(9t2 +(500—4t)’ )2 (9t2 +(500-4t)’ )2

—0 = —1500(50t-4000)=0 = t=80

dt
t 80~ 80 80"
2
d—? +ve 0 -ve
dt
slope y — N\
Using first derivative test, rate of change of 8 is maximum at t = 80
6
y A
0 X

The line y = 0 cuts the graph of f twice, thus f is not one-one and so f does not have an
inverse.

1
Using GC, minimum value of f occurs when X =—
2
OR x*—x+1= X—l +§ = minimum point: l i
2 4 274
1
Hence maximum value of K is —
. . 3 he funct; .
(i) Since R, = mZ’OO g(—oo,oo): D, , the function gh exists.

(ii) gh(x)= g(ln(x2 —x+1)) Ve R s%

Let y:gh(x)

y:xz—x+1—(x l) $3
2 4

l y—é re'ectx—l+ y—é °°x<l
2 4 ! 2\ T4 T
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(@)

(b)

TJC P1 Solutions

{1}, {2,3,4,5},{6,7,8,9,10, 11, 12}, ...
Set lst 2nd 3rd
No. of terms 1 4 7

9 oo

5 s

No. of integers in rth set=1+ (r — 1)3
=3r-2

Last integer in rth set = Sum of no. of terms from 1* to rth set
=1+4+7+...+(3r-2)

r
-T2+ (- (3))
or %[1+(3r—2)]
r
=—@3r-1
2( r—1
Hence first integer in rth set :%(3r—1)—(3r—2)+1

or %(r—l)[3(r—l)—1]+1

_3r'-7r+6
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8
(1) y="f(x)

(i) y*=fx)
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1
(iii) y )

(5,0)

9
\/Esin(j+ Xj ﬁ(sinjcos X+cos%sin Xj
a =
@) \/2—cosx \/2—cosX
_sin X +cos X
V2 —cos X

(b)(i) Given (1+x) Y =
dx
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2
Implicit differentiate w.r.t. X, (1+ Xz)d—¥+ 2Xﬂ =—c’ dy
dx dx dx
2
When x=0, y=-1, d—y—e and d y——e2
dx dx’

eZ
So y=—1+ex—7x2+...

2

(i)  In(2+ y)=1n(1+ex—%x2 +J use result in (i)

e’ 1 e’ ’
= eX—?X2+... _5 eX—?X2+... use standard series for In

2
~ ex—%x2 ——(ex)’

2
=ex—e’x’
10
() Whenx=0, t(2+t)=0 = t=0 or t=-2 Yy
Coordinates are (0, 1) and (0, 1) i
i) Soopor Yo 2 |
dt dt  (1-t)’
Yy A
S A (1+t)(1-t)? ol s > X
When tangent is parallel to y-axis,
(14—t)(l—t)3 =0 = t=-1 or t=1 (vertical asymptote)
Equation of tangent is X =—1
1
) Area=-| x d
(i) Area =[x dy Letu=1-t
—j 2t +12). du_
(a- t) dt
1 5 Whent=0, u=1
:J.3(2(1—u)+(1—u) )-u—3du Whent=-2,u=3
2
3 —
1 ul

:_2J' (——i %]du
= —Z{Inu +——i2}

e
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11

d—)t( = birth rate — death rate

=X — Bx* where A and S are positive real constants
Given X = 3 I
dt X_% 4 dt Xx=1

1 1

(A oo s

dx
H —= 2—
ence — Bx(2-x)

sz —dx= ﬂjdt

—j[x — X]dx ﬂjdt

— ln|x|—ln|2 x|]=pBt+c

=

X
—= = Ae*”* where A=+e™
—X

[\)

}:ﬂt+c

I\J|>—‘

Subst t=0, x=0.1 = E:A = A:i

19

—_

22
19+e*™  1+19¢*”

Alternative solution:

sz —dx= ﬂjdt

—j(x ™ 1dx B dt

X—1-1
[x—1+1jH:ﬂt+C
(X_sz:ﬁHc

X

——|ln

——|In
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X—2 _ _
Z "= Ae?” where A=+e "

X
-1.9
Subst t=0, x=0.1 = W:A = A=-19
x(1+19e-2ﬁ‘)=2
. 2
1+19¢24
X A
__2_ __________________________ X=2
2
1+19¢2#
0.1 ot

The number of insects will approach 200 in the long run.

12
(@ 2z,+iz, =7-6i --(1)
z,-iz,=6-6i -—(2)
(- (2)x2: iz, +2iz,=7-6i-2(6-6i)=-5+6i
2, +22,=6+5i

Since z," +22, =3Re(z,)+Im(z,)i=6+5i, z, =2 +5i

Sub z, =2+51i into (2): Z, =6—6i+i(2+5i)=1—4i

o w4

arg(W):tan’l(—l):—%
(i) #—M—M——Z -2

_IW*I_IWI_[IJ

S
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arg(#j —arg (v) —arg (w*) = arg(v) +arg (W) == - = - =

(i) V:2(cos%+isingj:\/§+i

:(\/§+1)+(1—\/§)i

RC(L}@H and Im(ijﬂ_@
Wk Wk
Alternative solution

# = ﬁ{cos(—g]ﬂsm(—%ﬂ =1-i

#:(\/5+i)(1—i):\/§—\/§i+i+l:(\/§+1)+(1—x/§)i

(iii) Using results in (i) and (ii),

Im =
12
0 / J§+1
v O Re
1-3 |-------= '

From the Argand diagram, tan (%) =
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Section A: Pure Mathematics [40 marks]

1  Asequence U, U,, U, ... is such that u, =2 and

u,=u,, — ! , forall integers n>2.
n(n-1)
(i) By expressing 1 in partial fractions or otherwise, ﬁndz ! in terms
r(r-1) =r(r-1)
of n. (4]

(ii) By considering » (U, —U,,) and using the result in part (i), show that for all

r=2
. . b
integers N>2, u, can be expressed in the form a+—, where a and b are
n

constants to be determined. [3]

2 Solve the equationw® +2— 2\3i=0, giving the roots in the form re'’, where
—t<@<m andr>0. [4]

The roots represented by W, and W, are such that —g<arg(wl)<0 and

g<arg(wz)<n.
The complex number z satisfies the relations |z—w|>|z-w,| and
—ESarg[z—(—l+i)]£0.

On an Argand diagram, sketch the region R in which the points representing z can lie.

[3]

Find the exact area of R. [3]

3 The line | has equation X_+11 = %6, y =4 and the point A has coordinates (-1, 3, —5).
(i) Find the position vector of the foot of the perpendicular from A to . [3]

(if) Plane p; contains | and A. Show that the equation of p; is 2x +y +z=—4. [3]

Given that the plane p, has equation X + 2y + ¢z = -5 where C is a negative constant,
and that the acute angle between p; and p, is 60°, find the value of c. [3]

(iii) Find the equation of the line of intersection, m, between p; and p. [1]
(iv) The plane p; has equation 3X + ay + 7z = ff where « and S are constants. Given

that the planes p;, p> and p; have no common point, what can be said about the
values of o and 7 [2]

TJC/MA 9740/Preliminary Exam 2016
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4 (@) The diagram below shows the graphs of y =X(Inx)* and y =X. The two graphs

(b)

TJC P2 Questions

intersect at the points (l, lj and (e, e).

e e
Find the exact area of the shaded region bounded by the graphs of y = x(In x)’
and y=X. [5]

y y = X(In x)°
y =X

(e, €)

Hence, without integrating, find the exact area of the region bounded by the

graphs of y = x(In X)* and the lines y=e¢ and X = é. [2]

Find the volume of the solid formed when the shaded region bounded by the lines
X=-4,y =2 and the ellipse (X+2)*+4(y—1)> =4 is rotated through 2z radians
about the y-axis. Give your answer correct to 1 decimal place. [4]

: (X+2) +4(y—-1)> =4

[Turn over

TJC/MA 9740/Preliminary Exam 2016

638



Section B: Statistics [60 marks]

S) An apartment block has 24 two-bedroom apartments and 88 four-bedroom apartments.
A surveyor wishes to conduct interviews on 35 households in this block to learn about
their household expenditure. She decides to use stratified sampling across apartment
types in the block, assuming that only one household occupies each apartment.

(i) Give an advantage of this sampling method. [1]
(if) Describe how a stratified sample can be obtained. [3]
6 A mathematician arranges all eight letters in the word PARALLEL to form different
8-letter code words. Find the number of different code words that can be formed if
(i) the code words start with an L and end with an A, [1]
(if) the 2 A’s are not adjacent to each other, [3]
(iii) there is exactly one letter between the first and second L, and exactly one letter

between the second and third L. [3]

7 Anand, Beng and Charlie are selling cupcakes to raise funds for the charity, Boys And
Girls Understand Singapore (BAGUS). Anand will bake 60% of the cupcakes, Beng
will bake 40% of the cupcakes and Charlie will spread frosting on all the cupcakes.
20% of Anand’s cupcakes will turn out flawed, while 12% of Beng’s cupcakes will turn
out flawed. Charlie has a 6% chance of spreading the frosting badly on any cupcake,
regardless of whether it is flawed or otherwise.

If a cupcake is flawed or has frosting spread badly (or both), it is considered sub-
standard. Otherwise, a cupcake is considered “good”.

Find the probability that
(i) arandomly chosen cupcake is “good”, [2]

(if) a randomly chosen cupcake is either baked by Anand or is sub-standard but not
both, (3]

(iii) arandomly chosen cupcake is baked by Anand given that it is sub-standard.  [3]

TJC/MA 9740/Preliminary Exam 2016
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8 The rate of growth, X units per hour, of a particular family of bacteria is believed to
depend in some way on the controlled temperature T ° C. Experiments were undertaken
in the laboratory to investigate this and the results were tabulated as follows:

T 10 20 30 40 50 60 70 80
X 33 37 41 48 55 65 78 94
Draw a scatter diagram for these values, labelling the axes clearly. [1]

State, with a reason, which of the following model is most appropriate for the given
data,

(A) x=a+hT (B) x=ae™ (C) x=a+bInT
where a and b are constants, and b > 0. [1]

In addition, when T = 90, the rate of growth of bacteria was K units per hour.

Use the most appropriate model identified for the subsequent parts of this
guestion.

(i) A suitable linear regression line was constructed based on all 9 pairs of
transformed data, including the additional pair of data. If the values of a and b
were determined to be 27.06 and 0.01497 respectively, find the value of k, correct
to the nearest whole number. [4]

(if) Find the product moment correlation coefficient for all 9 pairs of transformed
data. [1]

(iii) Use the regression line in (i) to predict the growth rate of the bacteria when the
temperature is 105 °C, giving your answer to the nearest whole number.
Comment on the reliability of this prediction. [2]

9 Small defects in a twill weave and satin weave occur randomly and independently at a
constant mean rate of 1.2 defects and 0.8 defects per square metre respectively.

(i) Find the probability that there are exactly 9 defects in 7 square metres of twill
weave. [2]

(if) A box is made from 2 square metres of twill weave and 3 square metres of satin
weave, chosen independently. A box is considered “faulty” if there are more than
10 defects. Show that the probability that a randomly chosen box is “faulty” is
0.0104, correct to 3 significant figures. [2]

(iii) A random batch of 50 boxes is delivered to a customer once every week. The
customer can reject the entire batch if there are at least 2 “faulty” boxes in the
batch. Using a suitable approximation, find the probability that the customer will
reject the entire batch in a randomly selected week. [3]
Hence estimate the probability that the customer will reject 2 batches in a
randomly selected period of 4 weeks. [2]

[Turn over
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10 Newmob is a mobile phone service provider which sells several brands of mobile
phones. uPhones and Samseng phones are sold at a subsidy to its subscribers. Each
subscriber can either buy one uPhone or one Samseng phone or both one uPhone and
one Samseng phone. The probability that a randomly chosen subscriber buys a uPhone
is 0.3, and independently, the probability that the subscriber buys a Samseng phone is

p.

(i) In a random sample of 50 subscribers, the probability that at most 20 subscribers
buy a Samseng phone is twice the probability that exactly 15 subscribers buy a
uPhone. Find the value of p. [3]

For the remainder of this question, you may take the value of p to be 0.4.

(if) In a random sample of 50 subscribers, find the probability that the number of
subscribers who buy a uPhone is greater than the expected number of subscribers
who buy a Samseng phone. [2]

(iii) Each subsidy for the uPhone costs Newmob $280 and each subsidy for a
Samseng phone costs $200. Newmob has 1000 subscribers. Using suitable
approximations, find the probability that the total subsidy given by Newmob for
uPhone purchases exceeds the total subsidy given for Samseng phone purchases.

[5]

11 The volume of a packet of soya bean milk is denoted by V ml and the population mean
of V is denoted by #ml. A random sample of 80 packets of soya bean milk is taken

and the results are summarised by
> (v-250)=-217, Y (v-250)* =30738.

Test, at the 4% significance level, whether u is less than 250 ml. [5]

Explain, in the context of the question, the meaning of ‘at the 4% significance level’. [1]

In another test, using the same data, and also at the 4% significance level, the
hypotheses are as follows.

Null hypothesis: M= Ly
Alternative hypothesis: ¢ # g,

Given that the null hypothesis is rejected in favour of the alternative hypothesis, find the
set of possible values of 1, . [4]

It is now given that 4= 250 and the population variance is 385. A random sample of

50 packets of soya bean milk is taken and the total volume of the packets is denoted by
T ml. By considering the approximate distribution of T and assuming that the volumes
of all packets of soya bean milk are independent of one another, find P(T > 12600). [3]

End of Paper
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1i

Let—1 A, B
r(r-1) r r-1

A(r-1)+Br=1
Subr=0=A=-1
Subr=1=B=1

Lii

Microsoft Word - 2016 TJC Prelim H2 Maths P2 (Solution)
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W 42-23i=0 = w'=-2+23i
2n

2t D
w=+2e¢, V2e 3, J2e' ¢/, J2e' 3

where k=0,%1, -2

w = 3l yEeT

Im
A
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Area of shaded region
:%(H\B)(l) A(-1,1) B c{43,1)
1443 1
2
(0. 0)
I PO =2 WS
-1 2
X=-1-4, z=-6+24, y=4
-1 -1
br=|4 |+4] 0 |, A€l]
-6 2
Let N be the foot of the perpendicular from A to |.
-1 -1 -1+ 4
ON=| 4 |[+4| 0 |= 4 for some A €[]
) |2/ |-6+22 A
—A
= AN = 1 .
/ l
~1+24 B— N l
-1 -1
AN LI ie 1 0|=0 =2=2
—1+24){ 2 >
-7
Thus cW:l 20
> -26
3ii | Let B be the point on | with coordinates (-1, 4, 6)
-1 -1 0 2
BA=| 3 |-| 4 |=|-1| or AN=-1| 5
-5 -6 1 . 1
-1 0 2 -1 2 2
A normal to p; is O]x -1|=|1 or 0 |x|-=5|=5]|1
2 1 1 2 1 1
2 -1)(2
Equationofpyis ri 1 |=| 3 1 |=-4 ie 2x+y+z=-4
1 =5){1
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1
Equation of pyis r (] 2 |=-5
a

1)\c
cos60’ =~~~
Jovs+c?
|4+c|

J65+¢?

30+ 6c2 =4(c2+8c+16)

1
2

¢ —16c—17=0
(c—-17)(c+1)=0
c =17 (rejected since ¢ <0) or c=-1

3iii

pi: 2x+y+z=-4
P2 X+2y+cz=-5

Using GC, x=-1-1

=2+t
z=1
-1 -1
Equationofmis r=| -2 (+t| 1 |, tell
0 1

3iv

Since the 3 planes are not parallel and they have no common point,

m is parallel to p; but not contained in ps.

P3
P2
v P
3)/(-1
m is perpendiculartons: |a [l 1 [=0 = a=-4
7)1

Also (-1,-2,0) on mdoes not lieinp3: 3X+ ay + 72= 4
Thus 3(-1)+(-4)(-2)+7(0)# S = f+#5

TJC P2 Solutions
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da

Area of shaded region

:%[e+%)(e—%j —~ Ex(lnx)2 dx

M2 € 2
1 ez—i2 —~ X—(lnx)2 — lx_21nx dx
ISR L2«
2
:% ez—ei2 - %— 12} 1xlnxdx]

4b

Given (X+2)" +4(y—-1)> =4

(X+2) =4[1-(y-1)’]= x+2=22J1 - (y -1)°
The shaded region is bounded by the section of the ellipse where
X< 2.

Hence X =-2-21-(y-1)".
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Volume of solid formed N
A
—n42-1) - nf % dy
_ ? Y
=16n - xf, (—2—2\/1—(y—l) ) dy
=9.6 units’
5i Stratified sampling ensures that households occupying two-bedroom
apartments and households occupying four-bedroom apartments are
proportionately represented in the sample.
5ii Total number of units =24 + 88 = 112
Number of 2-bedroom households needed = % x35=17.5
Number of 4-bedroom households needed = % x35=27.5
She should choose 8 two-bedroom apartments and 27 four-bedroom
apartments (or 7 two-bedroom apartments and 28 four-bedroom apartments)
Using the list of apartment numbers as sampling frames for the two types of
apartments, she would use simple random sampling (or systematic sampling)
to select the 2-bedroom apartments and 4-bedroom apartments to be
interviewed.
6i 6!
Number of ways = oY =360 P AA R LLL E
6ii (By Slotting)
7)6!
Number of ways = 3 =2520
Method 2 (Complement)
!
Number of ways to arrange letters without restriction = 2?—3' =3360
Number of ways to arrange letters with both A’s together
!
I 840
3!
g 7!
Total number of ways = ————=2520
2131 3!
TJC P2 Solutions
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Giii

!
Number of ways = 4x% =240 L L L

Method2 ~  TT==="7
5 4!
Number of ways = 5 x2! x; =240

5 4 |
Number of ways = G x Cyxdt =240
Method 3:
Case 1: LALAL
Number of ways =4!=24
Case 2: LXLAL ~ or LALXL
3
Number of ways =2 x | x4!1=144
Case 3: LXLYL ~_ orLYLXL _
3) 4!
Number of ways =2 x 5 XE =72

Total = 240

7i

P(a randomly chosen cupcake is “good”)
=0.6x0.8x0.94+0.4 x 0.88 x 0.94

= 0.78208 = 0.782 (3sf)

7ii

P(cupcake is either baked by Anand, is sub-standard but not both)

Anand Sub-standard

= P(cupcake is baked by Anand and is good) +

P(cupcake is baked by Beng and is sub-standard)
=0.6 0.8 x0.94+ 0.4 x (0.12+ 0.88 x 0.06)
=0.520 (3sf)

Method 2
=0.6%0.8%x0.94+0.4 x(1-0.88 %x0.94)
=0.520 (3sf)

TJC P2 Solutions

648



Method 3 Bad

spread

— Substandard

flawed

0.2 Good — Substandard

spread

o o
© &
=

baked by

Anand
Bad —» Substandard

0 spread

0.8

> E

not

/N

flawed Good —» Good
spread
Bad — Substandard
y spread
0.4 flawed
0.1 \ Good —» Substandard
0.94  spread
baked by
Beng
0.06 Bad —>» Substandard
/ spread
0.88 not
flawed Good —» Good
0.94™ spread

=P(baked by Anand) + P(sub-standard) — 2 P(baked by Anand and sub-
standard)

=0.6+(1-0.78208) -2 (0.6 x (1 -0.8 X 0.94))

=0.520 (3sf)

7iii

P(cupcake baked by Anand | cupcake is sub-standard)

_ P(cupcake is sub-standard and baked by Anand)
P(cupcake is sub-standard)

_ 0.6%(0.2+0.8x0.06) 0.6x(1—0.8x0.94)
1-0.78208 1-0.78208
= 0.683 (3sf)
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i = T°C
10 80

Model B is the most appropriate as the curve is concave upwards and X
increases with T , which is the same as the shape shown in the scatter
diagram.

OR

Model B is the most appropriate since X increases at an increasing rate as T
increases, which is the same as the shape shown in the scatter diagram.

8i

Regression line for Model B:

Inx=lna+bT
In x =In(27.06)+0.01497T

_10+20+30+40+50+60+70+80+90

T 50 and
9
Zlnx
9
_ In33+In37+n41+n48+1In55+n65+In78+1n94 +1Ink

9
~ 31.77392262 +Ink

9

ZIHX
9

Since ( ,T) lies on the regression line,

31.77392262 +1Ink
9

= In(27.06) +0.01497(50)

= k =104 (nearest whole number)

8ii

From GC, r=0.997

8iii

When T = 65,
In X =In(27.06) + 0.01497(105)
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10

X=130 (nearest whole number)

The estimated growth rate cannot be taken as reliable as the temperature

105°C, from which the value of X =130 is computed from, lies outside the
data range of T 1.e. [10, 90].

9i

Let T be the number of defects in 7 m” of twill weave.
T~P(1.2x7),i.e.T ~P(8.4)

P(T =9)=0.129025899 = 0.129

9ii

Let W be the number of defects in a box.

W ~P(2x1.2+3x0.8),i.e. W ~ P, (4.8)
P(box is faulty) = P(W >10)
=1-P(W <10)
=0.0104 (shown)

9iii

Let F be the number of “faulty” boxes in a random batch of 50 boxes.
F ~B(50, 0.0104)

Since n is large and np = 0.52 <5,

F ~P,(0.52) approximately.

P(customer rejects the entire batch)

=P(F >2)

=1-P(F <)

~ 0.096329

=0.0963 or 0.0966 (3 sig fig)

: . 4 ) )

Required probability = (J (0.096329)(1-0.096329)

=0.04550r 0.0457 (3 sig fig)

Alternative Solution:
Let X be the number of batches out of 4 that are rejected.
X ~B(4, 0.096329)

P(X =2)=0.0455 or 0.0457
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10i

Let U and S be the number of subscribers who purchased a uPhone and a
Samseng phone respectively in a sample of size n

U~B(n,0.3) S~B(np)
When n =50,
P(S <£20)=2PU =15)
P(S £20)=0.24469

From GC,

NORMAL FLOAT AUTO REAL RADIAN MP n
CALC INTERSECT

HORHAL FLOAT AUTO REAL RADIAM HP
Flotl Flotz Flot3
B\Y1BNinomcdf (58, X, 20)
= BN\Y:28, 24469

ENYa=
NYa=
E\Ys=
INYe=
B\Y 7=
E\Ya=
Y¥=.24469 \Ysg=

AL RADIAN HP

Y2=.24469

p =0.459 (3 sig fig)

10ii

Given p=0.4,n=50,S ~ B(50, 0.4)
E(S) = 50 (0.4)=20
P(U>20)=1-PWU<20)

= 0.0478 (3 sig fig)

10iii

When n = 1000

U ~ B(1000, 0.3)

Since n is large, np=300>5, n (1 —p) =700>5
U ~ N(300, 210) approximately

S~B(1000, 0.4)
Since n is large, np =400> 5, n (1 —p) =600>5
S ~N(400, 240) approximately
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12

280U — 200S ~ N ( 280(300) — 200(400), 280%(210) + 200%(240) )
280U — 200S ~ N (4000, 26064000)

P (280U > 200S )

=P(280U—-200S>0)

=P(280U —-200S>0.5) (by continuity correction)
=0.783 (3 sig fig)

11i

Ho: 1 =250
Hp: <250

Level of significance: 4%

217

V= 0 +250=247.2875

2
217
2= L 30738—(—) —381.6378165
79 80

Since n = 80 is large, by Central Limit Theorem,
V follows a normal distribution approximately.

T,u ~N(0, 1) approximately

)

If Hy is true, p-value = 0.107 > 0.04, we do not reject H.
(Or zeae = —1.24 <-1.751)

Test statistic:

There is insufficient evidence at 4% level significance to conclude that
M1 <250.

‘at the 4% significance level’ means there is a 4% chance that we wrongly
concluded that # <250.

(Or wrongly rejected x =250 when it is true)

Ho: 1=
Hi: u#

<l

—Ho

&

In order to reject Hy, Z., must lie in the critical region.

If Hy is true, Zey =
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2472875 1o _ 5053749 or 2212875 Ho |5 053749
\/381.6378165 \/381.6378165
80 80

o >251.77 or py<242.80

Set of possible values of iy ={ 14y 14<243 or py > 252}
(Also accept 242 other than 243)

T :Vl +V2 +V3 +....+V50
Given E(V) =250 and Var(V) = 385

Since n =50 is large, by Central Limit Theorem,
T ~N(50x250, 50x 385) = N(12500, 19250) approximately.

P(T > 12600) = 0.236 (3 sig fig)
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1 A curve C has equation e +e=(3y+ 1)2 :

(i) By considering j—y , show that C has no stationary points. [5]
X

(i)  Write down an equation relating X and Yy at which the tangent is parallel to the y-axis. [1]

cost
2 Referred to the origin O, the points A and B have position vectors given by a=| —sint | and
0.5
cos2t
b =|sin2t | respectively, where t is a real parameter such that 0 <t <.
-1
(i)  Show that asb = p+cos(qt), where p and q are constants to be determined. [2]
(i)  Hence find the exact value of t for which ZAOB is a maximum. [3]
3 (i) Describe a sequence of transformations that will transform the curve with equation
y= Lz on to the curve with equation y = 4 = [2]
X (x—1)
(if)  Ttis given that
X+2 for0<x<2,
f(X): 4 > for2<x<3,
(x-1)
and that f(X) = f(X + 3) for all real values of x.
Sketch the graph of y = f(x) for 2<x<6. [3]

4 Do not use a calculator in answering this question.

One root of the equation 23 +az’ +bz+15=0 , where a and b are real, is z =1+2i.

(i)  Write down the other complex root. [1]

(i)  Explain why the cubic equation must have one real root. [1]

(ili)  Find the value of the real root and the values of a and b. [5]
2
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5 Functions f and g are defined by
3x-1
3x -3’
g: X AX-2, xeR, 2<x<3.

f: X

xeR, x<1,

(i) Find £'(x). 2]
(i)  Show that f?(x) = x. Hence find the exact value of £*""(0). [2]
(ili)  Show that the composite function fg exists. Find an expression for fg(x) and state the

domain and range of fg. [5]
X+3

6  Itis given that f(X)=

( )n , where —1 <X <1 and n is a positive integer.

—X

(i)  Find the binomial expansion of f (X), in ascending powers of X, up to and including the
term in X*. [4]

(i)  Given that the coefficient of X’ in the above expansion is 21, find the value of n.  [3]

(ilf)  Given now that n =2, by substituting a suitable value of X into the expansion in part

(i), find the exact value of Z 4;:11 )
r=1

7N

33 3

[3]

The figure shows a rectangular sheet of length 2x metres and breadth y metres to be placed in a
horizontal position along a garden walkway bounded by low vertical fence of which a
horizontal cross-section is two concentric semicircles of radii 3 metres and 3+/3 metres. One
side of the sheet of length 2x metres must be tangential to the inner fence, and the two ends of
the opposite side must touch the outer fence, as shown in the figure. The rectangular sheet is
assumed to have negligible thickness.

(i) By finding x* in terms of y, show that the area A square metres of the sheet, is given by
A=218y> -6y’ —y* . [3]

(i)  Use differentiation to find, the maximum value of A, proving that it is a maximum. [7]
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8 The plane p, passes through the points A(4,1,1) and B(2,1,0) and is parallel to the vector

. . . X
4i—J+2k. A line | has equation =y+1=z+4.

(i)  Show that a vector perpendicular to the plane p, is parallel to i—2K . Find the
equation of P, in scalar product form. [3]

(i)  Find the coordinates of the point C at which | intersects p, . [3]

(iti)  The point D with coordinates (2, —1, —4) lies on | . Find the position vector of the foot
of the perpendicular from D to p,. Find the coordinates of the point E which is the

mirror image of D in p;. [4]

The plane p, contains the line | and the point A.

(iv)  The planes p, and p, meet in a line m. Find a vector equation for m. [2]

9  Asequence U, U,,Us,... is given by
u =1 and 3u, =2u,-1forn=I.

(i)  Use the method of mathematical induction to prove that

2 n
un:3(§j —1. [5]

(ii)  Find iur . 3]

n
(iii)  Give a reason why the series Z(ur +1) converges, and write down the value of the
r=1

sum to infinity. [2]

(iv)  Explain, with the aid of a sketch, whether the value of Z:(ur + l) is an overestimation

r=l1

or underestimation of the value of I 3(%) dx. [2]
0
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10  The mass, X grams, of a certain substance present in a chemical reaction at time t minutes

satisfies the differential equation

dx 2
—=k(4+2x—-X"),
" ( )

where 0 < X <1 and K is a constant. It is given that X =1 and % = —% when t=0.
()  Show that k = ——. [1]
10
(i) By first expressing 4+ 2X — x? in completed square form, find t in terms of X. [5]

(ili)  Hence find the time taken for there to be none of the substance present in the chemical
reaction, giving your answer correct to 3 decimal places. [1]

(iv)  Express the solution of the differential equation in the form X = f(t) and sketch the part

of the curve with this equation which is relevant in this context. [5]
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11

y
E ]
2 y:XSin’l(xz)
1)
y=Xcos ' (XZ)
0 ) X

The diagram shows the curves with equations y = Xsin”(xz) and y= Xcosfl(xz), where

0 <x<1. The curves meet at the point P with coordinates L, L .
27 4

h

(i)  Find the derivative of v1—x". [1]
(i)  Find the exact value of the area of the region bounded by the two curves. [5]

1
iii)  The region bounded by the curve y = xsin™' (x*), the line y = ~| — | and the y-axis
(iii) gion bounded by the curve y (x*) y 4(%] y-ax

is rotated about the y-axis through 360°. By considering the parametric equations
x=t and y=tsin™ (tz),

show that the volume of the solid formed is given by

1
h 2t* 2 1 2}
T +t°sin” (t dt. 3
) [ T+ tsin” (1) 31

(iv)  Hence find the volume of the solid formed when the region bounded by the curve

y = Xsin™' (Xz) and the line Yy =%X is rotated through 360° about the y-axis. Give

your answer correct to 5 significant figures. [3]

End of Paper
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Tampines Junior College
2016 JC2 Preliminary Examination
H2 Mathematics Paper 1

Solution

1(i)

e’ +e:(3y+1)2

Differentiate w.r.t X:

X+ dy dy
1+ =23y +1)[ 3Y
¢ [+dx] (3y+ )[ dxj

dy dy
e+ L =(18y+6)—=
dx ( Y )dx

dy X+ X+
&(18y+6—e y):e Y
Cdy ¢
Tdx 18y +6-e*

Since €Y >0 VxeR,VyeR,

X+y

Y #0
dx
.. Curve C has no stationary points.

(i)

dy

Since tangent is parallel to the y-axis, i is undefined
X

218y +6-¢Y =0
6(3y+1)=e*

2(i) cost cos 2t .
asb = | —sint |-| sin2t =costcos2t—sintsin2t—5
0.5 -1
1 1
=cos(t+2t) ——=cos3t——
2 2
1
:——’ =3
p > q
(i)

|§||k)| cos ZAOB = cos(3t) —%

For maximum ZAOB, since 0 < ZAOB < rmand cos0is a decreasing

function over [0, TE] , We aim to minimize cos ZAOB, ie. To minimize

cosSt—l.
2

Thus, cos3t=—-1=3t=n(since 0<t<m) ie. tzg.
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3()

Lz and4 f(x-1)= 4

fx) = X (x=1)°

Translate y = Lz by 1 unit in the direction of X-axis followed by a
X

scaling of a factor of 4 parallel to y-axis (order can be reversed)

(1+2i) +a(l+2i)" +b(1+2i)+15=0
—11-2i+a(-3+4i)+b(1+2i)+15=0
(4-3a+b)+i(-2+4a+2b)=0
Equating real and imaginary parts,

4-3a+b=0 or —2+4a+2b=0
Solving the equations,

a=1, b=-1
3,2 _ (2 _
”+72°-72+15=(2"-22+5)(z+3)=0
a=-3

Alternative method:

Let the real root be a.

The factors are (z —1 — 2i) (z— 1 +2D)(z— o) =[(z— 1)*+ 4] ( — @)
= -21+5)z-a)= 2’ +az’ +bz+15=0

Compare constant term: 5a.=-15, a=-3

Compare coefficient of 7:a=3 -2 =1
Compare coefficient of z:b=5-6=-1

(i) Note that the
end-points of
two functions
do not meet.
Remember to
draw the given
curve first, then
repeat.

X

4(i) The other roots is 1 — 2i

(i) Since the polynomial has all real coefficients, complex roots must occur

in conjugate pair. The polynomial is of degree 3 so there must be a pair
of complex conjugate roots and one real root.

(iii) 23 +az? +bz+15=0
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5(1) Lot y_ 21
3x-3
y(3x-3)=3x-1
3x(y—-1)=3y-1
woy-1
3y-3
Sy 3x—1
f (x)_—3x_3,x<1
(ii) 20 =ff7(x)=x = £(x)=1f(X), so odd power gives f(X)
f2017(0) — f(o)
_3(0)-1 1
S3(0)-3 3
(iii) Since R, =[0,1) ¢ (-o0,1) = D,
fg exists.
(3\/x—2)—1
fg(X)=F——=—
(3\/x—2)—3
D, =D, =[2,3)
R, zi—w,l}
£ 3
6(i) X+3
£(x) =
(0=
=(x+3)(1-x)"
_ (=n)(=n-1) >
_(x+3)(1+(—n)(—x)+T(—x) +j
:(x+3)(1+nx+(@]xz+..}
:x+nx2+3+3nx+(%+l)}x2+...
:3+(3n+1)x+[n+3n(g+l)Jx2+...
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(i) n+3n(r;+1)=21

3n*+5n-42=0
14, . ;
n=——(rejectasneZ ) or N=3
3

n=3

i
W) Whenn=2, X3 _347x+11x +...

(1-x)

4 4

e 1. : .
By substituting X = 7 into in part (i),

(1-x)°
s
i4r_1‘ PRI

— 4r—1 _(l_ljz 9
4

0 . 2
Z4rr711=3+1+£+...=3+7 DL 4.
~4 4 4

7 (3+ y)2 +x° =(3\5)2
9+6y+Yy>+Xx* =27
x> =18-6y-y’

Area of the sheet, A=2xy

=2y,/18-6y—y’

AN

A

[}

33

L)

v

= 2\/18y2 -6y’ —y*

(i) “a_, ! (36y-18y" ~4y’)
dy 218y -6y’ —y*

_2y(18—9y—2y2)
N \/18y2 —6y’ —y*

[OR A’ =4(18y* -6y’ —y*)
2A;1_d§= 4(36y—-18y* —4y’)

dA
Ad—y= 4y(18-9y-2y*) ]
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A
dy -
4y(18-9y-2y*)=0

For maximum A, 0

(2y-3)(y+6)=0

y:% or y=—6 (rejectas y>0)

2y +9y—18=0 or y=0 (rejectas y>0)

3

3
When y=—,
y 2

3
Y 2
dA
d_y >0 0 <0
. ) 3
A is maximum when y =—
2 3 4
Maximum A == 2,18 E -6 i _ (E) _ 9\/3 —7.79 m>
2 2 2 2

8(i) 4y (2)] (4) (2) (4) (1
1 |- x| =1|=]0|x|-1]=]|0
1 0 2 1 2 -2
Hence a vector perpendicular to the plane p, is parallel to i—2k.
1 4\ (1
Equation of the plane p; : ref 0 |=[ 1) 0 |=2
-2 1){-2
(ii) 2 -2
Equationof | : r=|-1|+4|1 |, 4eR
—4 1
2-22 1
AtC, | =1+ | 0 |=2
—4+1)\ -2
2-21+8-21=2
=>A4=2
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-2
~0C=|1
-2
Coordinates C(-2,1,-2)
(iii) Let F be the foot of perpendicular from D to the plane p, .
2 1
Equation of FD: r=|-1|+8|0 |, feR
4 -2
2+ 1
AtF, | -1 o 0 |=2
—4-28)| -2
2+ +8+4p5=2
8
= pf= 3
)8 2
L 5 5
S OF =| -1 =|-1
8 4
—4— 2(—§) 3
Let E be the image of D under a reflection in the plane p, .
2 6
052 s
~OE=2|-1 |-|-1|=]|-1
4 —4 12
5 5
Coordinates E (—é,—l,zj
5 5
(iv) The line of intersection of the planes p, and p, is AC,
2\ (4) (-6 2
AC=|1 |-[1|=|0 [=-3|0
-2 1 -3 1
4 2
Equation oflinem: r=|1|+A|0]|, A€R
1 1
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9(i)
Let

P, be the statement u, = 3[%) —1forall neZ".

When n=1,
LHS = u, =1

1
RHS = 3[%) -1=1

LHS =RHS .. P, is true.

k
Assume B, is true for some ke Z". i.e. u, = 3(gj -1

k+1
Prove that B, is true. i.e. U,,, = 3(%) -1

2u, -1
uk+1 = 3

k+1
-3 2] _1

- B istrue = P, is true.
Since B is true, B, is true = B, is true,

by mathematical induction, P, is true forall neZ".

(ii) !
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Asn— oo,(gj —0. =) (u +1)—>6.
r=1
The sum to infinityis6 OR S =6.
(iv) \ y
3
25
15
1 4
05
0
D (u+1
r=1
The value of Z:(ur +1) can be obtained by adding up the areas of the
r=1
rectangles of width 1 as seen in the sketch. Since the total area of all the
rectangles is lesser than the total area under the curve for x>0,
(u, +1) is an underestimation of j:3(§} dx.
r=1
100) | &y arax—x?)
dt
when t=0, x=1 and %z—l ,
dt 2
1
——=k(4+2-1
5 ( )
L
10
(i) 442x—x2 = 4—(x2=2x)
= 4-[(x=1)*-1]
=5-(x-1)>
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%=k(4+2x—x2)
dt

1
——dx=| kdt
4+2x—x I

1

J
1
I—S—(x—l)z dx = _Edt

|f+(x 1)|___
2(@ RN TR

Whent=0, x=1
=Inl=0

~-10 |\/_+(x )|
"2 RN 1)\

2 n

f
t=+/5In

t=

V5+(x=1) [
B-(x=-1)

\/g—(X—l)

J5+(x—1)

J5-x+1
t=+SmP=—2"
J5+x-1

(iil) When x=0 ,

J5+1
t:\/gln
J5-1

Time taken is 2.152 minutes

(iv) J5-x+1

t=+3hn f+x 1

\/§—x+1 _L
\/§+x—1 \/3

t

\/§—X+1 N

Bax-1 .

ot
(\B+x D=e V55 -x+1)
e\fx+x=e (f+1) J5+1

In

Py
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t
. 51 -5+1
- t

1+e V5

\ 4

2.152

11 Ve
() i(m): 2X
dx 1-x*
(i) Area of region
1
= Io“ﬁ x(cos’1 (X2 ) —sin™ (X2 ))dx
1
_ﬁ 712_-712%_%£ —4X
—Kz (cos (X) sin (X ))}0 I02 5 = dx
1 (1 (1 = =2x
2l () ()
=L(£_£j_[ I_Xq%
242\4 4 0
__Y2
2
(ii) Volume of solid formed
—njg(%]ﬁdy
_nj.%t{ 2t +sm"](tz)}dt
0 [1_t4
= 2t
4 2 -1 2
= Oﬁ {ﬂ-i_t sin (t )} dt
TPJC P1 Solutions
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(iv) Required volume

= nj.% { 2t +t*sin™ (tz)} dt —ln(ijz [E(LB
0 ﬂ 3 {‘/5 4 3/5

=0.909285—0.489042

=0.42024 (5 sig. fig.)

11
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Section A: Pure Mathematics [40 marks]

1 The curve C has parametric equations
X=2cost, y=3sint.

(1)  Find the equation of the normal to C at the point P with parameter &, leaving your
answer in terms of 4. [3]

(i)  This normal to C at the point P meets the X- and y-axes at points A and B respectively.
Find the cartesian equation of the locus of the midpoint of AB as @ varies. 4]

2 Using partial fractions, find the exact value of
Il 15x% =X +17
0 (2x+1)(x* +4)

[8]

3 Mrs X wants to sew handmade gifts for the guests attending her daughter’s wedding. On the
first day of gift preparation, she spends 270 minutes of her time. Subsequently, she will
decrease the amount of time spent each day on gift preparation by a certain amount. The total
time taken to complete her gift preparation is 9000 minutes.

(1)  Mrs X spends, on each subsequent day, 2.5% less time on gift preparation than on the
previous day. Find, to the nearest minute, the time Mrs X spends on the 10th day, and
find the minimum number of days Mrs X requires to complete her gift preparation. [6]

(i) Tt takes 20 minutes for Mrs X to complete one gift. If Mrs X has the opportunity to
make more gifts using this model, in theory, find the maximum number of gifts she can
complete. [2]

(ili)  After doing some calculations, Mrs X realises that she has to decrease the number of
days spent on gift preparation. She still spends 270 minutes on the first day, but on each
subsequent day, the amount of time spent is 4 minutes less than on the previous day.
Find the minimum number of days Mrs X requires to complete her gift preparation.

[3]
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4 (a) The complex number W is given by 3+ 3(«/5 )i .

(i)  Find the modulus and argument of w, giving your answers in exact form. [2]
(i)  Without using a calculator, find the smallest positive integer value of n for which
w )
— | 1s a real number. [4]
w

(b) The complex number Z is such that 25 =-4\2 .

(i)  Find the values of z in the form re'?, where r>0 and -t <6< . [4]
(i)  Show the roots on an Argand diagram. [2]

(ilf)  The roots represented by z, and z, are such that 0 < arg(z,) <arg(z,) <n. The locus of
all points z such that |z—z |=|Z-2Z,| intersects the line segment joining points
representing z, and z, at the point P. P represents the complex number p. Find, in

exact form, the modulus and argument of p. [2]

Section B: Statistics [60 marks]

5 It is desired to conduct a survey among university students regarding the use of the university’s
facilities. A random sample of 100 students is obtained.

(1)  Explain what is meant in this context by the term ‘a random sample’. [2]

(i)  Now it is necessary to obtain a representative range by faculties. Name a more

appropriate sampling method and explain how it can be carried out. [2]

6 75% of the employees in a factory own a cell phone.
(i) A random sample of 8 employees is taken. Find the probability that the number of
employees who own a cell phone is between 4 and 6 inclusive. [2]

In an industrial park, every factory has 160 employees.
(i) Use a suitable approximation to find the probability that in a randomly selected factory,
at least 115 employees own a cell phone. [3]

(ili) A random sample of 15 factories in the industrial park is taken. Find the probability
that at most 11 of these factories each have at least 115 employees who own a cell
phone. [2]
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7 The average number of parking tickets that a traffic warden issues per day is being
investigated.

(i) State, in context, two assumptions that need to be made for the number of parking

tickets issued per day to be well modelled by a Poisson distribution. [2]

Assume that the number of parking tickets issued per day has the distribution Po (3.6).
(i)  Find the probability that, in seven days, the traffic warden issues more than 22 parking
tickets altogether. [3]

(ili)  The probability that the traffic warden issues more than N parking tickets altogether in
10 days is less than 0.05. Using a suitable approximation, find the least possible value
of N. [2]

8 A fruit stall sells papayas. The mass of papayas is denoted by X kg. The stall owner claims that
the mean mass of the papayas is at least 1.2 kg. The masses of a random sample of 8 papayas

are summarised by
> x=884, > x*=995.

(i)  Find unbiased estimates of the population mean and variance. [2]
(if)  Stating a necessary assumption, test at the 5% level of significance whether there is any
evidence to doubt the stall owner’s claim. [5]

9 Two players A and B decide to play two consecutive card games. A fair coin is tossed to
decide which player has the first move in the first game. The loser of the first game has the
first move in the second game. A player must win both games to be declared the overall
winner. If each player wins a game, the result is a draw.

When A has the first move in a game, the probability that A wins that game is % When B has

the first move in a game, the probability that B wins that game is % Every game ends with

either A or B as the winner.

(1)  Show that the probability that two consecutive card games end in a draw is % [2]

(i)  Given that A wins the second game, find the probability that two consecutive card
games end in a draw. [3]

(ili)  To make their games more enjoyable, A and B agree to change the procedure for
deciding who has the first move in the first game. As a result of their new procedure,
the probability of A having the first move in the first game is p. Find the exact value of

p which gives A and B equal chances of winning both games. [3]
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10(a) Sketch a scatter diagram that might be expected when X and y are related approximately by

y= px2 + ¢ in each of the cases (i) and (ii) below. In each case your diagram should include 5
points, approximately equally spaced with respect to X, and with all x- and y-values positive.

(i) pis positive and q is positive,

(i)  pis negative and q is positive. [2]

(b) A car website gives the following information on the ages in months (m) and resale price in
dollars (P) of used passenger cars of a particular model.

m 10 20 28 35 40 45 56 62 70 74
P 110600 | 79900 | 78700 | 69200 | 66100 | 60200 | 53800 | 50600 | 46700 | 43800

It is thought that the price after m months can be modelled by one of the formulae
P=am+b, P=clnm+d ,
where a, b, ¢ and d are constants.

() Find, correct to 4 decimal places, the value of the product moment correlation
coefficient between
(A) mandP,
(B) Inm andP. [2]

(i)  Explain which of P=am+b and P=clnm+d is the better model and find the
equation of a suitable line for this model. [3]

(ili)  Use the equation of your regression line to estimate the price of a used passenger car
that is 80 months old. Comment on the reliability of your estimate. [2]

11 A group of 5 girls and 7 boys play ice breaker games to get to know each other.

(i)  The group stands in a line.
(a) Find the number of different possible arrangements. [1]
(b) The girls have names that start with different letters. Find the number of different
possible arrangements in which all the girls are separated, with the girls’ names in
alphabetical order. [2]

(i)  The group forms two circles of 6, with one circle inside the other, such that each person
in the inner circle stands facing a person in the outer circle. Find the number of
different possible arrangements. [2]

(iii)  The group has to split into a group of 3, a group of 4, and a group of 5. Find the
number of possible ways in which the groups can be chosen if there is no girl in at least
one of the groups. [4]
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12 A supermarket sells two types of guava, A and B. The masses, in grams, of the guava of each
type have independent normal distributions. The means and standard deviations of these

distributions are shown in the following table.

Mean Standard deviation
(2) (2)
Type A 200 12
Type B 175 12

Find the probability that

(i)  the total mass of 4 randomly chosen guava of type A is more than 810 g,

2]

(i)  the mean mass of 4 randomly chosen guava of type A differs from the mean mass of 3
randomly chosen guava of type B by at least 30 g.

Mr Tan buys 20 guavas, m of them are guava of type A and the rest are guava of type B.

(3]

(iii)  Find the least value of m such that the probability that the total mass of these 20 guavas
exceeding 3500 g is more than 0.95. (Answers obtained by trial and improvement from
a calculator will obtain no marks.)
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Tampines Junior College

2016 JC2 Preliminary Examination
H2 Mathematics Paper 2

Solution

1(i) X =2cost, Yy=3sint

%:—ZSint d—y:3cost
dt dt
ﬂ_ 3cost
dx —2sint
=—§cott
2

Equation of normal to C at P is

y—3sin@ = [%tan@](x—ZcosH)
2 .
y= (gtané’](x—2cos9)+33m0

y =(ztan¢9jx+§sin9
3 3

Gradient of normal to C at P (2 cosd, 3sin 9) is %tan 0.

(i) Wheny =0,
—3sinf = (g it
3 cosd

)(X—2cos6’)
9
X= —EcosH+2cost9

=—§cost9
2

A(—écos 0, Oj
2
2 sind

When x =0, y:(—

3 cosd
B (O,ésin 9)
3

Midpoint of AB = (—%cos 0, %sin 0) .

)(—2005 0)+3sind

=§sin9
3

X z—écosﬁ, y zésinﬁ
4 6

sin’@+cos* =1
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DROE

16X +36y° =25

Note that no
restriction of ¢
given in question

2_
Let I5Xx*=x+17 A +Bx+C

X+ 1)(x* +4) S 2x+1 X244
152 = x+17 = A(X*> +4) + (BXx+ C)(2x +1)

Sub X:—l , A=5
2
Sub x=0,17=4A+C

C=-3
Sub x=1, 31=25+3(B—-3)
B=5
15> = x+17 5 5% -3

= +
2x+D)(x* +4) 2x+1 x> +4

Il 15x2 = x+17
0 2x+1)(x*+4)

1 5 1 X 11
= dx+35 dx-3 dx
I02x+1 I0x2+4 I0x2+4
56 2 5¢1 2X 1

X
2302x+1 290244 0x2 422

1
= Fln|2x+1|+§1n‘x2 +4‘—§tan_l(ﬁ)}
2 2 2

1n3>+§1n5—§tan*1 l —gln1—§1n4
2 2 2) 2 2

In| — |—=tan | —
4 2 2

SRRV N SRRV

1
dX-3| ——

dx

3(i)

Let r be the common ratio.
Let n be the number of days required.
r=0.975

Time spent on 10th day = (270)(0.975)1071
=214.98
~ 215 minutes
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270(1 - 0.975")
1-0.975
=N 10800(1 —0.975“) > 9000

>9000

=1-0.975" Z%

=0.975" < 1
6

n>—0 70771
1n0.975

Hence, n=71

(i)

270

1-0.975

Maximum number of gifts = % =540

Theoretical maximum total time = =10800

(i)

Total number of minutes = 2(2(270) + (n —1)(—4)) >9000

= 2n*-272n+9000< 0
From GC, 56.864 <n <79.136.
Hence, n=57 (time spent each day on task must be positive)

4(a)
(i)

IW|=+/3>+(3V3)’ =6

arg(W) = tan™' (%} =tan"'(\/3) zg

(i)

( )3
n 66‘3] n
3 in 4mn

Al 47mn
Since W—* is real, sin (L)=O.
W 3
Hence, 4%” =0, w, 2m, 37, 4m, ...
n=02,2 23 .
4 2 4

Smallest positive integer value of n is 3.

Alternatively,

n
w .
— | isreal,

means lying on real
axis, so

4%n =0, «t, 2m, 37,

4, ...
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(b) (1) | 25 =_4\2
= 42¢"
2= (42 )7 k=-2,-1,0,1,2
(m 2kn
e
Whenk =0, z = \/Eel(gj
)
Whenk =1, z,=+2¢""
Whenk =2, z,= J2e'™
(%)
Whenk =-2, z,=+2¢" °
Whenk =-1, z,= \/Eel(_gj
ii
(ii) Im
A
/’.’ B S
III \/5 \\
" + : Re
¢ 5 >
\ O N
\\\
\\.\ .- L
iii
(iii) m
A
Vi) . p—
/,/ ~ Zl
i V2
i \
" z : Re
o 5 ,'I >
\\ o 1
\\
\‘\ . _ //
4
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5(i) A random sample is obtained by selecting 100 students from the
population of university students such that every student has an equal
chance of being selected and the selection of students is made
independently.

(i) A more appropriate sampling method is stratified sampling. Divide
the students into mutually exclusive strata (groups) such as the
faculties the students belong to and then randomly select the students
with the sample size proportional to the relative size of each stratum
to form the sample of size 100. The students to be included in the
sample can then be selected from each stratum using random
sampling or systematic sampling.

6(i) Let X be the number of employees who own a cell phone out of 8

employees.

Then X ~ B(8, 0.75)
PA<X<6)=P(X<6)-P(X<3)
=0.60562

~ 0.606 (3 s.f))
(i) Let Y be the number of employees who own a cell phone out of 160
employees
Then Y ~ B(160, 0.75)
Since n =160 > 50 is large, np = 160(0.75) = 120> 5,
n(1-p)=160(0.25)=40>5, np(1 — p) = 30,
Y ~ N(120, 30) approximately
P(Y > 115)=P(Y > 114.5) (c.c)
=0.84235
~0.842 (3s.f)
(iii) Let W be the number of factories with at least 115 employees who
own a cell phone
Then W ~ B(15, 0.84235)
P(W<11)=0.202 (3 s.f)
7(i) The possible assumptions are:
(a) The average / mean number of parking tickets issued per day
is constant.
(b) The parking tickets are issued independently / randomly.
(i) Let Y be the number of parking tickets issued in seven days.
ThenY ~Po (3.6 x 7)i.e. Y ~Po (25.2)
P(Y>22)=1-P(Y £22)
=0.69634 ~0.696 (3 s.f.)
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(i)

Let W be the number of parking tickets issued in 10 days.
Then W ~ Po (36)
Since A =36 > 10 is large , W ~ N(36, 36) approximately
P(W>N)<0.05=P(W>N+0.5)<0.05 (using c.c)
Using G.C.,

When N =45, P(W >N + 0.5) =0.05667 > 0.05

When N =46, P(W >N + 0.5) = 0.04006 < 0.05
Hence, the least possible value of N is 46

Alternative solution
P(W<N+0.5)>0.95
N +0.5-36

>1.64485
N >45.369

Hence, the least possible value of N is 46

8(i)

— X
Unbiased estimate of population mean: X = Z— = % =1.105
n

Unbiased estimate of population variance:

? :l(z X’ —(z—x)] = 1[9.95—¥] = 0.02597

7 8 7

(i)

Let X be the mass of papayas

Totest Hy: u=1.2
against H;: u<1.2
at 5% level of significance

Since n = 8 is small, population variance is unknown,
Use t-test.
Assume that mass of papayas follows a normal distribution.

Test Statistics: T = X _1'2 ~1(7) under H,
S
8
1.105-1.2

ttest B P
0.02597
8

Using t-test, by GC,

p-value = 0.0697

Since p-value = 0.0697 > 0.05, we do not reject Hy and conclude that
there is insufficient evidence, at the 5% significance level, to reject
the stall owner’s claim.
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9(i)

2
5
% A wins <
3
A 5
l first move E
2 1 3
3 B wins
!
*2
5
1 2 A wins <
2 ; 3
B 5
first move 2
3 3
E B wins
I
3

P(games end in a draw) = 21375
e
225

(2 312 2 3 3
SXTH X+ =X +=X
3 3 555

A wins
B wins
A wins
B wins
A wins
B wins
A wins

B wins

g

(i)

P( A wins the second game and games end in a draw )

P( A wins the second game) = %(% X % +

s
225
P(games end in a draw | A wins the second game)

2 2 2
X—+—X—
3 55

1
3

P ( A wins the second game and games end in a draw )

3 2)
+x=
53

P( A wins the second game)

14

_ 45
118
225
35

59
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(i)

2
5 5, Awins
3 A wins <
3 B wins
A 5
first move 2 '
l ; A wins
P 3 B wins <
5 B wins
2
5 A wins
2 A wins
1-p .
5 3 B wins
B —
first move 25 '
3 5 A wins
g B wins
1 B wins
b 3
P(A wins) = px—xg+(1— p)x=x=
8,4
75 25
P(B wins)= px%x—+(1— p)x=x—
4,1
45 5
P(A wins)=P(B wins)
NI B
75 25 45 5
)
44
10(a)
(i) A y
X
X
X
X
X
0 » X
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(i)
y
A
X
X
X
X
X
» X
0
(0)() | (A)r=-0.9492
(B)r=-0.9916
(if) | P=clnm+d is a better model since r is closer to —1. As m
increases, P =clnm+d decreases but cannot be less than zero. / P
decreases at a decreasing rate.
Equation of regression line is
P =-31800Inm + 182000
(iii) | When m =80,
P =-31825.692671n80+181762.4239
P =42300
Estimate is not reliable. m =80 is outside data range.
Extrapolation is not a good practice.
11(i) | Number of different possible orders =12!=479001600
(@)
(b) Number of different possible orders = 7! x °C
= 282240
(i) : . 12 6!
Number of different possible arrangements = “C x 3 x6!
=79833600
(ii) Case 1: No girls in group of 3
Number of ways = 'C, x °C, x °C, = 4410
Case 2: No girls in group of 4
Number of ways = 'C, x *C, x °C, =1960
Case 3: No girls in group of 5
Number of ways = 'C, x 'C, x ‘C, =735
Case 4: No girls in group of 3 and group of 4
Number of ways = 'C, x “C, x °'C, =35
Total number of ways =4410+1960+735—-35=7070
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Alternatively, we can use the complement method (not

recommended)

(There are 6 cases for every group to have at least one girl.)

Number of ways

="C,x’C,x°C,-’°C,x'C,x’C,x °C,x'C,x ‘C,
—°C,x'C,x’C,x °C,x C,x’C,~°C,x 'C,x *C,x°C,x ’C, x ‘C,
—C,x’C,x'C,x'C,x*C, -=°C,x 'C,x *C,x°C, x °C, x °C,
—-C,x'C,x*C,x°C,x'C,x*C,

=7070

12(3)

Let X be the mass of guava of type A
LetY be the mass of guava of type B
X ~N(200, 12%) and Y ~N(175, 12%)

Let T be the total mass of 4 guava of type A.
T~ N(4x200,4x12%)

T ~ N(800,576)

P(T >810)=0.33846 ~ 0.338

W) | XN (200,36), ¥~ N(175,48), X ¥ ~N(25.84)
P([X -Y|230)=1-P(|X -¥|<30)
=0.29269
=0.293
(iii) Let V be the total mass of m guava of type A
Let W be the total mass of (20 —m) guava of type B
V ~N((200m,144m), W ~ N (175(20 —m),144(20 —m))
V +W ~ N(25m+3500,2880)
P(V +W >3500)>0.95
-25m
=PlZ> >0.95
( \/2880j
25m
=P Z<—1>0.95
( \/2880J
25m
=Pl Z< > P(Z <1.64485
( \/2880j ( )
25m
>1.64485
/2880
m>3.53
Least value of m=4
10
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2016 VJC JC2 Prelim Paper 1 Solutions/Comments

Qn | Solution
1 Y A

y=WM+Q

% !

s
- -

—» X

|
|
|
|
|
o __.l 1
M o :
|
T
|
|
|

(1-3,0) © ,-f-"((ék -1,0)
x=1-6k x=6k—1

|2i —4— 2| > |z + 4 - 10i|
|z+4—2i|>|z + 4—10i
|z—(6+5i)<8 |z —(—4+2i)| > |z — (—4+10i)|

B(6,6) \C

'Re

4(6,-4)
By Pythagoras theorem, BC? +1? =82 = BC =+/63
_1463

10

6 =tan

=0.900

Min arg (z — 6 + 4i) :%—tanlﬁ
Ve
10

Max arg (z—6+4i):%+tan =2.24

Alternative : Equation of circle is (x—6)° +(y —5)" =64 ——(1)

Equation of perpendicular bisector isy =6 ———(2)

Substituting (2) into (1)

(x—6) +(6—5) =64=x=6++/63

Min arg (= — 6+ 4i) = arg(6 + /63 + 6i — 6+ 4i

, 10
J63

Max arg (z — 6 -+ 4i) :arg(a—\/@wi —6+4i)

. 10

= arg (/63 +10i) — tan —0.900

:arg(—«/@JrlOi):n—tan’ =224

al
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Qn | Solution
3a 4—7x>x
x—3
4—7x—x(x—3)
>0
x—3
2
X —|—4x—4§0
x—3
2
(x+2) _8§0
x—3 - + - +
| | | »
<x+2+2\/§)(x—|—2—2\/§)<0 —2-22 —2+|2\/§ 3
x—3 -
x<—2-2J2or —2+2J2<x<3
b | Lete, fand g be the ages of Edwin, his father and his grandfather respectively.
e+ f+g=53x3=159 ———— (1)
1 1 1
Zet+=f+-g=65 ————(2
¢T3/ 158 (2)
g—22=2(f —22+e—22)
2¢e+2f—g=66 ————(3)
From GC, e=24, f =51, g =84.
The ages of Edwin, his father and his grandfather are 24, 51 and 84 respectively.
4ia | When k=1, fix— (x—2)2+1 xeR, x<2
Let y=(x—2)%+1
(x—2)2:y—1
x—2=+y-1
x=2+,y-1
Since x<2, x=2—,/y—1,
flix—2—4x—1x>1
b A
0,5
(0.5) y="F(x)
\ y:ffil(X)
§ y=F"(x)
» X
0 (5.0)
il | {keR:k>2}
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Qn | Solution

S PR e S
2 (1+2) 6 6
2-2° 1 2 1
(2+2)! 6 24 12

2-3 1 7 1

M3ZU2+

Uy =Uyg+ T =~ =——=
(3+2) 12 120 40
i u_l_ 2-1 u_i_i_ 3-1 u_i_i_ 4-1
276 (241 ° 12 24 (3411 Y 40 120 (4+1)
By observation, a conjecture is that u, = n-1
(n—l—l)!
iii n—1
Let P, be the statement u, =——, forall neZ".
(n—i—l)!
Check Py:
LHS=u; =0
RHs= 171 _g
(1+1)
P istrue

Assume that P; is true for some positive integer &

We want to show that £, istrue.i.e. u, , = _(k f 2)!

LHS=u, ,
k2
( 2)!
_ k=1 2- K
(k+1)l (k+2)
_(k-)(k+2)+2-k
(k+2)!
kK4 k—242-k
(k+2)!
k

= = RHS
(k+2)!

Since Py istrue, and B, istrue = F,_, is true,
by mathematical induction, P, is true forall ne Z".

6 | If the distance 4B is the least, the line segment AB is perpendicular to /.

B(b,2+/b) and A(a,2a+1)
2\/5 2a—1

—d

Gradient of B4 =
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Qn

Solution

Since gradient of / is 2, M = 1
b—a 2

=4Jb—4a—2=a—b
1

(26 -2a-1) +(b-af
(2vb —2a —1)2 (4 — 4a— 2)2
2\/7 2a — 1)

2\/3—— b+ab-2)- ]2

5

|
5[2JB——b——]

5
2 2b—1)

g2
=Z(20-2b +1)

U‘III—‘ U'IIH

d4B 2 1
24B=22 Lo — b +1)|2— —

db 5( Vbt )[ \/Z]
When %48 _ . %(2b—2x/3+1)[2— 1

db ﬁ}

0

Consider (Zb—z\/Z +1) _

since (—2)° —4(2)(1) <0, (2b—2\/5 +1) =0 has no real solution.

2—i:0:>b:1
4

Jb

the point on C nearest to / is (b,Z\/E) = [%1]

Alternative :

(4BY (2b 2\b +1)
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Qn | Solution

2
Since [\f—%] >0 forall real b, (4B)’ is the least Whenf:% , that is, b:%

Hence the point on C nearest to / is (b, 2\/3) = Gl}

Alternative :

When (4B)’ is the least, tangent to C at B is parallel to /.
i.e. gradient of tangentto C = 2

y2 =4x

Yy

dx
dy 2

2y

dx y

At (b,2b), %:

2 _1_,
b b
b==

4

.".coordinates on C nearest to / is [%1] )

7
a ixex3 :ex3 —|—x3xze’“3
dx
— e (1+3x%)
fxz (l—i— fi)cs)exgdx:xexsx2 —fxex3 2xdx
_ x° 2_2 2,58
=xe" x 3f3x e’ dx
3 50 2 X2
=xe ——e" +C
3
dr 2sec’x+4tanx+7 d—u:seczx
[ sec’ x i dx >
d J 2sec? x +4tanx 47 y :u +1
.
= > L du 1
J2(w? +1)+4u+7
. . secx =u® +1
— —du 2 . 2
R
1 1 Or
) 9du sec?x=tan®x+1
Zd u? +2u+> = .
2 =u?®+1
-
J (u+1)"+-
2
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Qn | Solution

_ 14 anl[\/f(tanerl) L

8i

t
iln

r=2

r(r + 2)
+1)?

(r

=> (Inr=2In(r+1)+In(r+2))

In2 — 2In3

=In2-In3—In(n+1)+In(n+2)
n+2
n+1

2
=In=+1In
3

ii
As n— oo, Inn+2

—In1=0, Inz+lnn+2—>
n+1 3 n+1

Since the series tends to a constant, it converges.

The sum to infinity is In%.

2

In=.

3

iii 13
> In

r=2

13

-3

r=2

(2r)(2r +4)

r(r+2)
(r 4—1)2

(r +1)2

:12In4+lng+lnE
3 1

In4+1In

83886080
=In————

9i
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Qn | Solution

i . oy
V_”fo x"dy Alternative:

[l | (o) 0

0

h
Zﬁj (Zry—yz) dy
0 0

3 3 3"
3 =
r2h——+ h?r
= 3 3
—h 2+r__r_
"33
3
=r hzr—h—]
3
h?
i 2 3
av_ 3" _ o
ds 24 36
d—V:n(Zhr—hz)
dh

d_h_;[_n_ﬁ]
dr n(2hr—n?)| 36

}"3

%6217
7"3
Rate of decrease is —— cmist
36(2hr — 1)
iv | The rate of decrease of the depth is the least when the bowl is full, i.e. 2 = r.
dA e p

E__BGr(Zr—r) T 36
The slowest rate at which the depth of water is decreasing is

r -1
— Ccms .
36

10i | Let O be the angle between p; and p,.
1)(-2
—5[-| 1

2 5
cosf = —i:>0:84.30

J304/30 30

ii x—5y+42z=13,
—2x+y+5z=1
FromGC,x=-2+3L,y=-3+4,z=1
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Qn | Solution

-2 3
c.equationof /isr=|—-3|+1|1|,AeR
0 1

i1

The point of intersection of p,, p, and p, is the point of intersection of 7 and p;.(a,0,b)is a point on
L

al (-2 3] a=-2+34

0|=|-3|+A|l|=21=3

b 0 1) b=14
ca=—2+4+3x3=7andb=3

Alternatively, subst x = a, y =0,z =b into equation of planes
a+2b=13——(1)
—2a+5b=1———(2)
(1)x2 2a+4b=26——(3)
(2)+(3) 9=27=b=3
a=1

1 is perpendicular to p, and intersect p, at A(7,0,3). Let P be apoint on / such that AP = 4+/11,
then P lies in [T.

3 3 )
TP:iMll-i 1|=+4|1
V11 F=T =TT 7
1 1 H ;. P

OP—=OP + AP
7} (3] (-5)] (19 | S
—joeala|=|-alor|a| 2 Hgog
3 1 -1 7 £ i

3) (-5) (3 3] (19) (3
r-|l|=|-4|-|1|=—-200rr-|1|=| 4 |-|1|=68

1] (-1 (1 1 711
two possible cartesian equations of []are {f:B(0=°=P} /ﬂ/
3x+y+z=-20and 3x+y + z=68. e

/7

Alternatively, / : T _l[ f |
The cartesian equation of [] is of the form 3x+y+z=1p. ,L/? | - _LIJ
x=0,y=0andz=psatisfy 3x+y+z=p, B(0,0p) is [ i
a point in II. 4(7.0.3) -

Distance between [Tand p, is 4v/11.
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Qn | Solution

BA-n| =411
I
0 |-—|1]|=411
Vi1
3—p 1

%|24—p|:4\/ﬁ

|p—24|=144
p—24=—440r 44
p=-—200r 68

two possible cartesian equations of []are
3x+y+z=-—20and 3x+ y+z=68.

11a a+4d a+11d
a+2d a+4d
a® +8ad +16d? = a® +13ad + 22d*
5ad = —6d*
Since the terms are distinct, d =0, d = —%a
Required sum = g((a +d)+(a+(2n —1)d))
:g(Za +2nd)=n(a+nd)
bi n | Beginning End
1 | 40000 40000(1.005)
2 | 40000(1.005) 40000(1.005)?
3 | 40000(1.005)% — x 40000(1.005)° — 1.005x
4 | 40000(1.005)° - 1.005x - | 40000(1.005)° - 1.005%x -
X 1.005x
5 | 40000(1.005)* — 1.005% -
1.005x — x

Amount at the beginning of 5" month
= 40000(1.005)" — 1.005%x - 1.005x — x

. x(1.008° 1)
~ 1.005-1
= 40000(1.005)" — 200x(1.005° 1)

= 40000(1.005)

He wishes to repay his in 5 years, n = 60
40000(1.005)"” — 200x(1.005% —1) <0

40000(1.005)"
x>
200(1.005% —1)

x>800.17
His minimum repayment is $800.17

Amount interest bank earned = $(800.17(58) — 40000)
= $6410.06 = $6410 (nearest dollar)
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Qn | Solution

121 since f(x) is a quadratic expression and f (3)=f(—3)=0, f(x)= k<x2 -

k(x* -9
H=9) 1 b

x+a 2 x+a

1

kxz_gk_[zx-i-l](x—f—a)—l-b

x+a x+a

_;xz—i—[l—i—;a x+a+b
x+1

Comparing coefficients,

k:%:ﬁ(x):%(xz —9) ,-,1+%a:0:>a:—2(shown)

9).

a+b=—g:b=—E
2 2
VA
(0,2.25)
(3,(/
5 5
S0 P [ (30)
y—2x i
x=2
-9 1o, 5
"Tox—2) 2 2(x—2)
dy 1 5
dx 2 2(x-2)
Whend—yzl, 1+ 5 ~=1= 5 2:1
dx 2 2(x—2) 2(x—2)° 2
(x—2)>=5
x:2i\/§
Whenx =2 ++/5,
1 5
=>(Q2+B)+1-—==2
y 2( ) N
Whenx=2—+/5,
1 5
=>(@2-B)+1- —2
y=3( ) 235)
The equations of tangent are

y—2:x—(2:|:\/g>

y=x—+/5 ory:x~|—\/§
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1
Y a y=f(x) /1
—— —>
O,Jr"""-------.--" (3k'0) |
/ (0.) i
i X =6k
The diagram shows the curve with equationy =f(x), x < 6k, k >%. The curve crosses the x-
axis and y-axis at the points (3k,0) and (0,—k) respectively. Sketch y = f (|x|+1). [3]
2 Indicate on a single Argand diagram, the set of points whose complex numbers satisfy the

following inequalities

#‘ <4 and |2i—4—27|>|z+4-10i.
Hence, find the least value and greatest value of arg(z — 6 + 4i) . [7]

3 (a) Without using a calculator, solve the inequality

> X. [4]

(b) In 2016, Edwin, his father and his grandfather have an average age of 53. In the same
year, the sum of one-half of his grandfather’s age, one-third of his father’s age and one-
fourth of Edwin’s age is 65. Twenty-two years ago, his grandfather’s age was twice the
sum of his father’s age and his age. What are their respective ages in 2016? [You can
assume that Edwin’s age in 2016 is more than 22.] [3]

4 The function f is defined by f: x> (x—2)°+k, x<2. Itis given that f " exists.

(i) When k=1,
(@) define ™' in a similar form, [3]

(b) sketch, on asingle diagram, the graphs of y =f(x), y=f~(x) and y=ff"(x).
[3]

(i) State the set of values of k, such that the equation f (x)=f"(x) has no real solutions. [1]
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5  Asequenceu,, U,, U,,... issuchthat u, =0 and

2 —n?
=u_+

" (n+2)V

u forall n>1.

n+l

(i) Show that u, :%, and find the values of u, and u,. [2]

]

determined. [1]

(i)  Hence, give a conjecture for u, in the form , Where f(n) is a function of n to be

(ili) Use the method of mathematical induction to prove your conjecture in part (ii) for all
positive integers n. [4]

Y a y,

A curve C has equation y* =4x and a line | has equation 2x—y+1=0. The diagram above
shows the graphs of C and .

B(b,2v/b) is a fixed point on C and A is an arbitrary point on I. State the geometrical
relationship between the line segment AB and | if the distance from B to A is the least. [1]

Taking the coordinates of A as (a,2a+1), find an equation relating a and b for which AB is the
least. [2]

2
Deduce that when AB is the least, (AB)2 = m(2b— 2\/5+1) where m is a constant to be found.

Hence or otherwise, find the coordinates of the point on C that is nearest to I, as b varies.  [5]

[Turn Over
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7 (a) Differentiate xe*’ with respect to x. Hence, find sz (1+ 3x3)ex3dx. [4]

(b) The variables x and y are related by the differential equation

dy sec” X
dx 2sec’x+4tanx+7

Using the substitutionu = tan x, find the general solution of the differential equation. [5]

8 (i)  Use the method of differences to find, in terms of n,

Z":In{r(wz)} 4]

r=2 (r +1)2

(i)  Give a reason why the series is convergent and state the sum to infinity. [2]

B 2r)(2r+4
(iii))  Given Zln {M} =In (gj where p and g are integers and P is in the simplest
q

r=2 (r +1)2
form, find the values of p and g. [3]
9 (i) Sketch the graph with equation x* +(y— r)2 =r®,wherer>0and y<r. [2]

A hemispherical bowl of fixed radius r cm is filled with water. Water drains out from a hole at
the bottom of the bowl at a constant rate.

Use your graph in part (i) to show that when the depth of water is h cm (where h <r), the

volume of water in the bowl is given by

3 h?

3 (3r-h), [3]

\

(i)  Given that a full bowl of water would become empty in 24 s, find the rate of decrease, in
terms of r and h, of the depth of water in the bowl at the instant when the depth of water
ishcm. [3]

(iii)  Without any differentiation, determine, in terms of r, the slowest rate at which the depth
of water is decreasing. [1]
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10  The equations of planes p,and p, are

X—-5y+2z=13,
—2X+Yy+5z=1,
respectively.
(i) Find the acute angle between p,and p,. [2]

The planes p,and p, intersectin a line I.
(i) Find a vector equation of I. [2]

The plane p,is perpendicular to both p,and p,. The three planes p,, p,and p,intersect at the

point (a,0,b), where a and b are constants.
(iii) Showthat a=7 and b =3. [2]
The plane [T is parallel to p,and the distance between [Tand p, is 4411 units,

(iv) Find the two possible cartesian equations of []. [4]

11 (a) An arithmetic progression which consists of 2n terms has first term a and common
difference d. The third, fifth and twelfth terms of the arithmetic progression are also
three distinct consecutive terms of a geometric progression. Find the sum of the even-
numbered terms, i.e. the 2", 4™ ... (2n)" terms, of the arithmetic progression in terms
of aand n. [5]

(b) To renovate his new HDB flat, Douglas is considering taking up a bank loan of $40,000

from Citybank on 1* July 2016. The bank charges a monthly interest of 0.5% on the
outstanding amount owed at the end of each month.

Douglas will pay a fixed amount, $x, to the bank at the beginning of each month, starting
from September 2016.

(i) Taking July 2016 as the 1% month, show that the amount of money owed at the
beginning of the 5™ month is

1.005* (40000) — 200x(1.0053 —1) : [3]

(i)  If Douglas wishes to pay up his loan within 5 years, find the minimum amount of
each monthly repayment. [2]

(ilf)  Using the value found in part (ii), calculate the interest (to the nearest dollar) that
Citybank has earned in total from Douglas’s loan at the end of his last repayment.

[2]

[Turn Over
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f(x
12 The curve C has equation y =(—a)\' where f(x) IS a quadratic expression, a is a constant and
X+
a=+3. It is given that the coordinates of the points of intersection of C with the x-axis are
(3,0) and (-3,0), and the equation of the oblique asymptote is y :%x+l.

(i) Find f(x), and show that a=-2. [5]

(i)  Sketch C, indicating clearly the equations of the asymptotes, and the coordinates of the
points of intersection of C with the x- and y-axes. [2]

A tangent to C is parallel to the liney=x+2. Find the possible equations of this tangent,
leaving your answer in an exact form. [5]

[End of Paper]
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Section A: Pure Mathematics [40 marks]

1 When an object moves through a fluid, it experiences a force that slows it down. This force is
called the drag force. At low speeds, it is known that the drag force causes the rate of change in
the speed of the object to be proportional to its speed. You may assume that the experiment
described below is carried out at low speeds and the only factor that affects the speed is the
drag force.

An experiment is conducted to find out how the speed of an object changes as it moves through
a certain fluid. When the speed of the object slows down to a speed of D m s™', a sensor is
triggered and the subsequent speeds of the object are recorded.

(i) Show that the speed of the object, vm s™, at ¢ s after the sensor is triggered, is given by
v=De ", where p is a positive constant. (4]

(i)  On a single diagram, sketch the curves, C; and C,, of v against ¢ corresponding to p = ¢

and p= 1 .
e
State a single transformation the maps C; onto C. [3]
2  Giventhat y= \/(e" cos’ x) , show that Zy% =y> —¢"sin2x. [2]

(i) Find the series expansion of y in ascending powers of x up to and including the term in
2
X [3]

(i)  Hence, or otherwise, find the series expansion of W in ascending powers of x
e’ cos” x

up to and including the term in x”. [3]

3 (@) The points 4, B, C and D represent the complex numbers —2+5i, z,, 4+i and z,

respectively. Given that ABCD is a square, labelled in an anti-clockwise direction, show
that z, =—1. Find z,. [4]

(b) Show that the equations z° = z and |z|:1 can be reduced to z" =1, where n is a

positive integer to be determined. Find all possible values of z in the form re'? | where

r>0and 0<0<2r. [4]
. T .. (1+1)
Given further that 0 < arg(z) < 7 find the smallest positive real number k for ——to

z
be purely imaginary. [4]
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4 (@) Referred to the origin O, the points 4 and B have position vectors a and b respectively.
The points C on AB and D on OB are such that 24C = CB and 20D =3DB . Show that a
vector equation of the line m passing through C and D can be written as

r=§b+/1(5a—2b),ﬂeD. (4]

It is given that |a| =2,

b| =35 and the angle between a and b is 60°. The point F on m is

such that F is nearest to O. Show that the position vector of F' can be written as
k(5a+2b), where k is a constant to be found. [4]

(b) Plane 7z has equation 3x+2y+5z =45.

Obtain a vector equation of 7 in the form

r=t+ AU+ uv, A, uare real parameters,

given that t and u are of the form pi + pj and 2i + g] respectively, where p and ¢ are
constants to be determined, and U is perpendicular to v. [5]

Section B: Statistics [60 marks]

S) The head of the Physical Education department of a school wants to gather students’ views
about the school’s efforts in promoting student participation in physical activities. On a
particular afternoon, he surveys the first 30 students who turn up at the school gymnasium.

(i) Explain why the above method may not be suitable for the purpose of his survey. [1]

(if)  Describe another sampling method that would yield a sample that is more appropriate in
this context. [2]

6 Numbers in this question are formed using only the digits 1, 2, 6, 7 and 9.
() How many 4-digit numbers can be formed if repetition of digits is allowed? [1]

(i)  How many even numbers between 10,000 and 30,000 can be formed, if each digit can
only be used once? [2]

(iii) A “trick” number is a 6-digit number formed using exactly 3 different digits, and that
each digit is smaller than or equal to the following digit. How many “trick” numbers can
be formed? [e.g. 127777 and 667799 are “trick” numbers, 111122 and 192992 are not
“trick” numbers.] [5]

[Turn Over
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7 Box A contains 10 red, 8 blue and 7 green balls. Box B contains 2 white and 3 black balls. All
the balls are indistinguishable except for their colours. Three balls are taken from Box 4 and
two balls are taken from Box B, at random and without replacement.

Mr Wong guesses that there are at least 1 red ball and exactly 2 black balls taken, while Mr
Tan guesses that all the balls taken are of different colours.

(i) Show that the probability that Mr Wong is correct is 0.241, correct to 3 significant

figures. [3]
(i) Find the probability that Mr Tan is correct. [2]
(iii)  Find the probability that Mr Wong is correct, given that Mr Tan is wrong. [3]

8 A shop sells two brands of refrigerators which are in the same price range. The number of
Tahichi refrigerators sold per week is a random variable with the distribution Po(1.3) and the
number of Sungsam refrigerators sold per week is a random variable with the distribution
Po(1.1).

(i) Show that the probability of a total of at least 10 refrigerators being sold in a randomly
chosen 4-week period is 0.491, correct to 3 significant figures. [3]

(if) A 4-week period is called a “good” period if at least 10 refrigerators are sold. Find, using
a suitable approximation, the probability that, in 52 randomly chosen 4-week periods,
there are more than 25 but at most 32 “good” periods. [4]

(iii)  State, in the context of this question, two assumptions needed for your calculations in
part (i) to be valid. Explain why one of these assumptions may not hold in this context.[3]

9 The masses of grade 4 durians from a plantation are normally distributed with mean 1.96 kg
and standard deviation 0.24 kg and the masses of grade B durians from the same plantation are
normally distributed with mean 1.00 kg and standard deviationo kg.

The probability that a randomly chosen grade B durian has a mass of more than 0.8 kg is 0.95.
Show that o = 0.122, correct to 3 significant figures. [3]

(i) 50 grade 4 and 1 grade B durians are randomly picked from this plantation. Find the
probability that the average mass of the 50 grade 4 durians is more than twice the mass
of the grade B durian. Explain whether there is a need to use Central Limit Theorem in
your working. [4]

(i) A wholesaler buys 50 grade B durians. Using a suitable approximation, find the
probability that more than 47 of the durians will have a mass of more than 0.8 kg. [4]
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10  An ice-cream shop owner in Singapore wishes to find out how the daily sales of ice-cream
depend on the daily average temperature. The following data are collected over 10 days.

Day 1 2 3 4 5 6 7 8 9 10
Daily average temperature,
t°C

No. of cups of ice creams
sold in one day, x

24.0|25.11262|31.0(28.4|34.0|27.2]329|33.5]29.5

100 | 130 | 140 | 171 | 158 | 179 | 150 | 176 | 178 | 163

(i) Without calculating the equation of the regression line of x on ¢, find the coordinates of a
point that will lie on this line. [2]

(i) Draw a scatter diagram to illustrate the data and find the product moment correlation
coefficient between x and ¢. [2]

(iii)  Without any calculations, explain whether a quadratic model is more appropriate than a
linear model to fit the data. [1]

(iv) The model x=a(34.2—t)2+b is used to fit the data. Calculate the least squares
estimates of a and b. [2]

(v) By using the values found in part (iv), estimate the expected number of cups of ice
creams sold in 1 day if the daily average temperature is 31.0°C. [1]

11  The mass X g, of one loaf of “Gardener” wholemeal bread is a random variable with mean u g,
which is claimed to be 400g. A random sample of 5 loaves of wholemeal bread has masses in g

as follows,
371.3, 399.4, 402.3, 388.3, 400.4.

Carry out a test at the 5% significance level to determine whether this claim is valid, stating
clearly any assumption made. [4]

Another random sample of 50 loaves of wholemeal bread is taken, with results summarised
below,

> (x—400)=-102.4, > (x-400)" =8030.2.

Using the second sample, another test was carried out at the £% significance level to determine
the validity of the claim. Find the set of possible values of k& for which the test concludes that
the claim is incorrect.

Explain, in the context of the question, the meaning of “k% significance level”. [5]

n hypothesis tests are carried out at 4% level of significance to test the validity of the claim.
Given that u 1s indeed 400g, find the least value of n such that the probability of at most 1 test

making a wrong conclusion is less than 0.05. [3]

[End of Paper]
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2016 VJC JC2 Prelim Paper 2 Solutions/Comments

Qn | Solution
1i | Since speed is decreasing and v is positive,
d . ..
d—v = —kv, where k is a positive constant
t
ldv
v dt
1
—dv= | —kdt
JLe=t
Inv=—kt+C --v>0
v=RBe
When t=0s,v=Dms"
B=D
Let k= p, hence v=De ”", where p is a positive constant.
ii Va
(0.D)
v=20 .
O Ll
Stretch C; parallel to the f-axis, factor %, v-axis is invariant.
2

y=A+e"cos’ x
dy e' cos’ x —2e" sin xcosx
dx 2+/e* cos’ x
B y* —e*sin2x
= 5

d .
2y—=1y" —e*sin2x
ydx y

Alternative Solution
y=Ae"cos’ x
y* =e"cos’ x
d .
2y e cos? x — 2¢” sin xcos x

=y’ —e"sin2x

&Y & d
2(_3/) +2y_J;: 2y—y—e* sin2x —2e” cos 2x
dx dx dx

Whenx =0, y=+/e’cos’0 =1
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Qn | Solution

1 -1
;z(lJrlx—gxz +j
Ve cos® x 2 8

2! 2
=1—lx+§x2+lx2 +...
2 4
=1—lx+§x2 +...
2 8
3a | From the diagram,ﬂ A(—2, 5Irn D<22>
arg(4+i—zl)+5=arg(—2+5i—zl)
i(4+i—z)=(-2+5i—z) (4,1
4i—1—iz, =—2+5i—z B(z)0 Ze
(1—i)z, = —1+i ‘
Z, =—

Midpoint of AC is [_2; 4 STH] ~(1,3)

Let z, =x+1y
Since the diagonals of a square bisect other,
Midpoint of BD is (1,3)

[x—l,y_—i—()]za,s)

2 2
Sx=3,y=6
z, =3+ 61
bi . . 4 1 Alternativel
Let z=e' =z =¢ ' =~ s« y
z z =z
5 _ -1 *
z ==z b=z :|Z|2
6 _
z b =1

6 2keri
z=e"" kel
ki

z=e? ,k=0,1,2,3,4,5

T dmy 31y
—1e3 a3 3 a3
=1l,e’,e’ ,—-le? ,e
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Qn | Solution
11 T zi i kli
Since 0 < arg(z) < E,Z:e3 =z =e?
i iz Kz z_kr);
—(ltl)zx/ael“.e 3 =x/§e(4 3j
z
If (l; ) is purely imaginary, %— kTﬁ = ig,i%{,.
. . .. T krm T 3z
Since k is positive, ———=——,——,...
3 2 2
kx 3 1x
3 47477
Smallest positive £ when kTﬂ = 37”
Smallest positive k = %
4a W:’:%(zgug),@':%lg
— 3 1 2
CD=3b-3(2a+b)=~5(5a-20)
Since line m passes through D and is parallel to CD,
1;20?—1—/4@
3 2
=—b+—u(2b-5
52 sn(2b=5a)
3 2
=—b——u(Sa—-2b
5”7 15'u( a=2)
I:Z%lng/l(Sg—Zlg),/leD
Equation of m is K=%lg+ﬂ(59—2@),leﬂ .
Fis a point on m
.‘.ﬁz%lfrﬂ,(Sg—ﬂg) for a value of 4 o
OF is perpendicular to /= OF -(5a —2b)=0
5a—2b
:[Elgm(s@—zig)}.(s%z@):o T
5
6 F
=3(a-b)=(b5)+2[25(a-a)-20(a-b) +4(-b) ] =0
6,2 2 2
=3(a-b)-<ll + 2] 25laf ~20(g-b)+4[pf |=0
Since g-l3=|g||lg|cos60° :2><5><%=5
6,2 2 2
=3(5)-3() +2[25(2)" - 20(5) +4(5)" | =0
:>/1=i
20
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Qn | Solution

“OF =2+ (54 ~2b)= ~(5a+2b)
5 20 20

Alternative Method

Sa—2b

DF — D—O"SQ—ZIQ S5a—2b
[5a — 20| }|5a —2b|
1 3 D
=——— | —=b-(5a—2b)|(5a—2b
| st se 2
~3a-b+Jof
= S5a—2b
(sa—28)Ga—2) ¢ 77
-3(5)+ (s
= 2 2 2(5‘3_212)
25(af’ —~20(a-b) + 4[]

25(2)* —20(5)+4(5)
=2 (54— 2b)
20

“OF =2b+2(5a-2b)= —(5q+25)
5 20 20

b | The equation of the plane 7 is 3x+2y+ 5z =45.
(p,p,O) liesin 7 =3p+2p+0=45=p=9

2 3 2) (3
q | is perpendicularto | 2 |=| g |-| 2 |=0
0 5 0)1\5

6+2g=0=>¢g=-3

Since v is perpendicular to both ¥ and #,

3 2 15

uxn=|2|x|-3|=| 10

5 0 -13

9 2 15
r=9+A| -3|+ul 10 |, uel

0 0 -13

Alternative method to find v

X
Let v=|y

z
x) (3 X 2
y|-|2|=0and | y||-3|=0
z)\5 z 0
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Qn | Solution
3x+2y+5z=0and 2x-3y=0
15 10
X=——z,y=——z,z2=12z
13 13
Let z = 13 (any non-zero number will work)
—15
v=|[—10
13

51 | He will not get to survey the students who do not go to the school gymnasium. Hence, the sample
obtained is biased.

ii | He can obtain a numbered list of all the students (labelled 1 to N) in the school. Using a random
number generator, he generates 30 distinct numbers. He will survey the students corresponding the
numbers generated.

Alternatively.
Let the total number of students be N
Sampling interval = N

pling 30
He can obtain a numbered list of all the students (labelled 1 to N) in the school.
Using a random number generator, select a starting number k£ where 1< £ < % . He can interview the
students corresponding to the numbers 4, & + l, k+ ﬁ,. Lk + 29—N .

30 15 30

6i | Number of 4-digit numbers = 5* = 625

ii | Casel: Starts with 1 1 2
No. of ways =2(3!) =12 > 6
Case 2: starts with 2
No. of ways=31=6 2 6
Total number of ways = 18

iii | Case 1: XXXXYZ
No. of ways = >C5(°C;) = 30
Case 2: XXXYYZ
No. of ways = >C5(°C)(*C;) = 60
Case 3: XXYYZZ
No. of ways = °C3=10
Total number of ways = 100

7i 15 e
P(Mr Wong is correct) = |1 —5—> |x+—==0.24065 = 0.241

G G,
i 10~ 8 7 3 2
P(Mr Tan is correct) = G ><25C1 x G X C15>< G _ 84 0.146
G, C, 575
Alternative method:
P(Mr Tan is correct) :MXN x&x 2!
25x24x23 5x4

VJC P2 Solutions

713



Solution

_ 3 0146
575

iii

P(Mr Wong’s guess is right, given that Mr Tan’s guess is wrong)
_ P(Mr Wong is correct and Mr Tan is wrong)

P( Mr Tan is wrong)
_0.24065
1-0.14609
=0.282

8i

Let T be the total number of refrigerators sold in a 4-week period.
Tu Po((1.3 + 1.1) x4)

Tu Po(9.6)

P(T=10)=1-P(T £ 9)=0.49114=0.491 (3sf)

il

Let X be number of good periods out of 52.
X 1UB(52,0491) or X[ B(52, 0.49114)

Since np =25.532 > 5 and np(1 — p) =26.468 > 5
X 11 N(25.532, 12.996) approx. or X [1 N(25.539,12.996) approx.

P(25 <X < 32)=P(25.5 <X < 32.5)=0.477 (or 0.478)

il

We need to assume that the sales of all the refrigerators are independent of one another.
We also need to assume that the average rate of refrigerators being sold is constant.

The first assumption may not hold as the two brands of refrigerator are in the same price range and
they can be competing in terms of sales.
OR

The average rate of refrigerators sold is unlikely to be a constant due to sale, festive seasons,
economic conditions etc.

Let A kg and B kg be masses of a randomly chosen grade 4 and grade B durian respectively.
AL N(1.96, 0.24%) and B LI N(1.00, & ?)
P(B>0.8)=0.95

p[z >Mj=o.95
o

P[z gwj=o.os
o

-0.2
o

=-1.64485=0=0.12159~0.122

AL N(1.96, 0.24%) and B LI N(1.00, & ?)

2
- N 0.24

] and
0

1.96,
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Qn | Solution
2B [1N(2.00,2* (0.122%) or 2B0] N(2.00,2*(0.12159)’

A—2B~N(—0.04,0.060688) or A — 2B~ N(—0.04,0.060290)

P(4—2B>0)=0436 (or 0.435)

Central limit theorem is not needed because the masses of grade 4 durians follow a normal

distribution.

ii | Let ¥ be the number of grade B durians with a mass of more than 0.8 kg out of 50 durians.

Y 0 B(50, 0.95)
np=50x0.95=47.5>5 and n(1- p) = 50x0.05=2.5 < 5

Let Y’ be the number of grade B durians with a mass < 0.8 kg out of 50 durians.
Y'l Po (2.5) approx.

P(Y>47)=P(50-Y"'> 47)
= P(Y'<2)
=0.544

10i | 7and x t=29.18, x=154.5

Hence, (29.18, 154.5) lies on the regression line x on ¢.

11

200 ,

180 e o®

160 - ¢ ¢

140 IS

120

100 .
%N > t/°C
<) 25 30 35

r=0.934 (3s.f)

iii | From the scatter diagram, x increases by decreasing amounts as ¢ increases. Hence, a quadratic model
might be more appropriate.

iv | By GC, a=-0.673 (3sf), b = 179 (3sf)

v | Substituting = 31.0,
x=-0.67342(34.2-31.0)’ +179.28
=172.388
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Qn | Solution

Expected number of cups of ice cream sold is 172.
11 | Hy: ¢ =400

H,: u#400

Level of significance: 5%
X — 400

S/5

Test Statistic: When H, is true, T =

Computation: v=5-1=4.
By GC, x=392.34,5=12.971, p-value = 0.257 (3sf)

Conclusion: Since p-value = 0.257 > 0.05, Hy is not rejected at 5% level of significance. So there is
insufficient evidence to conclude that the claim is invalid.

It is assumed that the masses of loaves of “Gardener” wholemeal bread follow a normal distribution.

7 =400— 1924 _ 397 957
50

~102.4Y)
§7 = i[803o.2 _ %] —159.60

49
H,: u =400
H,: u#400
Level of significance: k%
Test Statistic: When H, is true, Z = Ei¢0]
159.601730y
55

Computation:
By GC, x=397.952, p-value = 0.252 (3sf)
For Hy to be rejected at £% level of significance,
p-value < LS =k>252
100

Set of values = {k el] :k >25.2}

“k% significance level” in this context means there is a probability of % (or k%) that the test will

conclude that the mean mass of “Gardener” wholemeal bread is not 400g, when it is actually 400g.

Let Y be the number of wrong conclusions out of n hypothesis tests
Y[ B(n,0.04)

P(Y <1)<0.05

By GC,

n P(Y L1)
116 | 0.05121
117 | 0.04952
Leastn=117

Alternatively
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Qn | Solution
P(Y <1)<0.05

()(}).96)" +n(0.96)"" (0.04) <0.05

y=(0.96)" +0.041(0.96)" "

=0.05 116.71,0.05)
i
0 n
Leastn =117
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1 A bakery sells strawberry, blueberry and walnut muffins. During a promotion, a
customer purchased all 3 types of muffins and twice as many strawberry muffins as
walnut muffins. The promotion price of each strawberry, blueberry and walnut muffin
is $1.60, $1.75 and $2.20 respectively. Given that the customer paid $53.40 for 30

muffins, find the number of each type of muffins purchased. [4]
2 Solve the inequality —2_ > X*1 [3]
X+2 3
. . 2 X+2
Hence, find the range of values of x for which ——2>——. [2]
x+3 3
3 (@) Find L(xe). [1]
dx

X — X2

eX

(i) Hence, find J dx. [4]

4 It is given that h(x)=xcosx for 0<x s% . It is also known that h(—x)=h(x) and
h(z + x) =—=h(x) for all real values of x.
(i)  Sketch the graph of y=h(x) for —2n <x <2m. [3]
(i)  On a separate diagram, sketch the graph of y* =h(x) for —2n <x <2n. [2]

5 The planes p,, p, and p, have equations 3x+4y—-7z2=2, x—2y =4 and
5x—4y+a z =3 respectively, where a is a constant. The point C has position vector

—-1+2)+k.

(i) Given that a=2, find the coordinates of the point of intersection of p,, p, and
Ps. [2]

(if)  Find the coordinates of the foot of perpendicular from C to p,. [3]

(iif) Find the value of a such that p,, p, and p, have no common points. [3]

6 Do not use a calculator in answering this question.

The complex number z is given by z = ?
-1
(i) Find |z| and arg z in exact form. [2]
(i)  Hence, find the exact values of x and y, where —z <y < x, such that
i 3+i
ex+|2y == 3
2—1i 3]

2 n
(iii)  Find the smallest positive integer n such that [Z—j is purely imaginary. [3]

*

Page 2 of 5
YJCP1 Questions 719



Yishun Junior College ¢ 2016 JC2 Preliminary Exam ¢ H2 Mathematics 9740/01

7 A company manufactures a container of length 150 mm. The container has a uniform
cross section made up of a rectangle y mm by x mm and 2 semi-circles of diameter
X mm (see diagram).

150 m

xmmi(

A
v

y mm

Given that the container has a volume of 7200 mm®, find the exact value of x which
gives a container of minimum external surface area. [8]

8 (@ A bowl of hot soup is placed in a room where the temperature is a constant
20 °C. As the soup cools down, the rate of decrease of its temperature 6 °C after
time t minutes is proportional to the difference in temperature between the soup
and its surroundings. Initially, the temperature of the soup is 80 °C and the rate of
decrease of the temperature is 4 °C per minute. By writing down and solving a

1

differential equation, show that =20 + 60e 15 [6]
Find the time it takes the soup to cool to half of its initial temperature. [2]

(b) The gradient of a curve C is given by

dy 2
—=(X .
i (X+y)

Use the substitution u=x+Yy to show that the above equation reduces to
du

&:14'”2. [2]

Hence find y in terms of x given that C passes through the origin. [2]

9 (@) Giventhat y=In(cosx), show that

d’y (dyY
—+|—=| =-1. 2
dx? (dxj (2]
(i) By further differentiation of this result, find the Maclaurin series for y, up to
and including the term in x*. [5]
(i)  Hence, find the Maclaurin series for tan x, up to and including the term in
X . [2]
(b) Using an appropriate expansion from MF15, find the first three terms of the
Maclaurin series for In(k +x)", where n and k are positive constants. [3]

Page 3 of 5
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. . 1
10 Find | —————dy. 1
(i) Fin J1+(3—y)2 dy [1]
(i)
i yA i
x:I—Z Y::Z

The diagram shows the curve with equation y=3- . Find the exact

X
V4 —x?
volume of revolution when the region bounded by the curve, the line y =1 and
the y-axis is rotated completely about the y-axis. [4]

By using the substitution x =2sin @, find the exact area of the region bounded by
the curve, the line x =1 and the axes. [4]

11 In a training session, athletes run from a starting point S towards their coach in a
straight line. When they reach the coach, they run back to S along the same straight
line. A lap is completed when athletes return to S. At the beginning of the training
session, the coach stands at A which is 25 m away from S. After the first lap, the coach

moves from A to A, and after the second lap, he moves from A, to A, and so on. The
points A, A,, A, ..., are increasingly further away from S in a straight line where

AA..=1m,iel”. The training session will stop only when the athletes have run
more than 1500 m.

An athlete completes his first lap in 20 seconds but the time for each subsequent lap is
15% more than the time for the preceding lap. Given that the athlete must complete
each lap he runs and there is no resting time between laps, find the least amount of time
to complete the training session, giving your answer correct to the nearest minute.  [5]

Assuming that the athlete runs at a constant speed for each lap, find the number of

complete laps when he has run for 15 minutes. [2]

Hence, find the distance from S and the direction of travel of the athlete after he has run

for exactly 15 minutes. [3]
Page 4 of 5
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-2
12 Planes p and q are perpendicular to each other. Plane p has equation ] 3 |=-4 and
1
. . . . z2-2
plane g contains the line | with equation x =0, y+1:T.
()  Find a cartesian equation of g. [4]
(i)  Find a vector equation of the line m where p and g meet. [2]
(iii)  Find the coordinates of the point C at which | intersects m. [3]

(iv) The points A and B have coordinates (0, —1, 2) and (x, 0, 0). If the area of triangle
ABC is increasing at a rate of 17 units® per second, find the rate of change of x

when x=+/5. [5]

~ End of Paper ~

Page 5 of 5
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Solution

Let S, Band W be the number of strawberry, blueberry and walnut muffins purchased
respectively.

S+B+W =30
1.6S+1.75B+2.2W =53.40
S=2W=S-2W =0

FromGC, S=12, B=12, W =6

2 x+1
- > -
X+2 3
L_X_-'_lzo
X+2 3
6—(x+1)(x+2) -0
3(x+2) B
2
—X —3x+4>
3(x+2)

—(x+4)(x-1) S0
3(x+2)

Hence, x<-4 or -2<x<1

2 X+2

From above, Xx+1<-4 or -2<x+1<1

Xx<-5 or —-3<x<0
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3(i d
W —(xe™)=—xe" +e”
dx
=e*(1-x)
(i) X—Xx? 1-x
I —dx= I XQ dx
e e
= x%e —I xe *dx
= x%e —[—xe‘X +J-e‘xde
=xe*+xe*+e*+C
4(i) Va
(-5.42, 0.561) (~0.860, 0.561)| (0.860, 0.561) (5.42, 0.561)
-2 \ 0 z 3z 21 X
(~4.00, ~0.561) (2,28, —0.561) (2.28,-0.561) (4.00, —0.561)
4(ii
(i) Ya
(05.42,0.749) (-0.860, 0.749) (0.860, 0.749) (5.42,0.749)
=y iz I o I = 27 X
(-5.42, ~0.749) (-0.860, —0.749)|(0.860, ~0.749) (5:42,-0.749)
2
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5(1) | 3x+4y-7z=2
X—2y=4
5X—-4y+2z2=3
From GC, x——E Yy=- 139 Z=— >
31 62 31
". the point of intersection is —E —@ _>
317 62 31
(ii) | Let F be the foot of perpendicular from C to plane.
Equation of CF:
-1 1
r=| 2 [+A]-2|, 1eR
1 0
-1 1
OF =| 2 [+A]| -2, forsome LeR
1 0
F also lies on plane p,
1
OF+ -2 |=4
0
-1+ ( 1
2-21 s -2 |=4
1 0
-1+ A-4+41=4
54=9
2=2
5
.9 L[
OF = = -2 -9
5
1
the coordinates is ﬂ —§,1j
5 5
(iii) | 3x+4y-7z=2
X—2y=4
From GC, p, and P, intersect at the line
2 14
r=|-1+ul 7 |,uekR
0 10
No common points = P, must be parallel to the line.
3
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51(14
—4 1 7 |=0
a )10
42+10a=0
a=-4.2

5 : .
() | 3+i (3+'2)(2+')=1(5+5i)=1+i
2 2°+1 5
Therefore, | z| = V2
3+i \/—
[or [2|= 55| =" =2
argz= =
92= 7
(”) ex+i2y:Z
x |2y \/_84
_ iz '(—Lﬂj
—e=J2 or e =e4ore' *
1 T 771'
=x=Inv2==In2 or = A0y
2 "8 " s
(iii)

2 n
For (: ] to be purely imaginary,

2 n
arg (Z—] = (2k+)E kez
z* 2
n[2argz—argz*] =(2k+1)%

T T
n[z ﬂ = (2k +1)—

n=—(2k+1
3( )

Hence, the smallest positive integer n = 2
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Let A and V be the external surface area and volume of the container respectively.

2
A:300y+150ﬂx+2xy+27r(§j
X 2
V =150xy +1507 (Ej

7200 =150xy + ?nx2

48 X

X 4

. 48 7X . :
Substitute y = ——% into surface area equation:
X

2
A=300[ X 1500x 4 2x[ B X, 7X
X 4 X 4 2
= 14400 +96+ 757X
X
9A_ ~14400%* + 757
dx

To find least surface area, (;—')A(‘ =0

14400

Xz,/ 1/ (rejected “x>0)

By 2" Derivative Test

d?A 28800
dx? X3
192 2
When X= d°A
" dx?

8(a)

Note that @ > 200r & —20>0

99 _ k(6-20),k>0
dt

Givenwhent=0, 6= 80, i—f:—4
—4=—k(80—20):>k=i

15
d_gz_i(g_zo)
dt 15
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L _do--L1a
0-20 15

In (0-20) :—it+C
15
(~-60-20>0)
! C
9-20=¢'
1
0-20= Ae 5 , Where A=¢°

1

—0 =20 + Ae B

Whent=0, 6=380,

=80=20+A e, A=60

1
~0=20+60e

1
40 = 20+60e
csto 1
3
—it:InE:—InB
15 3

t=15In3

Alternatively:
In|6-20| = —it+C
15

—it+C
10-20|= e

1
0-20= Ae 5
where A=+e°
1

—0 =20 + Ae B

(b)

U=x+y

= d—u:1+d—y
dx dx

:d_y: du

dx dx

1
du=(1dx
.[l+u2 I

tan'(u) =x+C

tan " (x+y)=x+C
Whenx=0,y=0,C=0

SoX+y=tanx
Hence, y = tan X — X

YJCP1 Solutions

728



9(a) | y=In(cosx)
dy _ —sinx
dx cosx
dzy 2 2
P x:—(1+tan x)

2 2
d_y =—|1+ (d_yj
dx? dx

2 2
dx dx
i 3 2
dx

=—tan x

dx? dx?
4 3 2 2
d_y+2(d_y]d y+2d yd y:0

dx* dx Jdx®  dx? dx?
2 3 4
Whenx =0,y =0, ay_, , d_i/:_l, d_zzo, d_i/:_g
dx dx dx dx
X2 X4
y:In(cosx):E(—1)+E(—2)+...
=l Loy
2 12
(i) tanx=—d—y
dx
__i[_l 2 L }
dx| 2 12
:—(—x—lx3+...]
3
:x+1x3+
3
;
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(b)

f(x)=In(k+x)"
=nln(k +x)

wre(1{5)
o[ rwenfoed)

:nlnk+nln(1+E]

x 1(xY
=nlnk+n| ——=| —| +---
k 2\k

10
(i)

(i)
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Volume of revolution about the y-axis
:nf x* dy
3 4
=r| d———dy
J.l 1+(3- y)2
3;2 dy
'1+(3-y)

=z[4y] —4n [~tan™(3-y)]
=8r —4rtan™(2)

Using the substitution x =2sin@

%=2c059

do
When x:l,sinezlzgzﬁ
2 6

=7TJ.134 dy —4r

3
1

When x=0,sin0=0=60=0
Area under the curve

:J.I 3- X dx
0 /4—X2

z 2sin 60
=% | 3———={(2c0s0)doO
0 { \/4—4sin29]( )

J 4sin@coso
2cosf

:J'f 6cos O do

=[6sin6 + 20039]0%

=1++/3

YJCP1 Solutions 731



11

Distance travelled per lap is in AP:
ar=50,d=2x1=2

Given total distance travelled > 1500
% [ 2(50) + (n — 1)2] > 1500

n +49n — 1500 >0
(n+70.33)(n-21.33) >0
n<-70.33o0rn>21.33

Sincen eZ", least n =22

Time taken per lap is in GP:
ar=20,r=115

Required least time taken
_20((1.15)* -1)
C 1151

=~ 46 min

20((1.15)" 1)
1.15-1
(1.15)" > 7.75

In7.75
>
In1.15

n > 14.65
Number of complete laps = 14

> 900

20((2.15)" 1)

1.15-1
=810.094 s

S14 =

He needs to run for another 900 —810.094 =89.906 s

Distance T15s =50 + (15-1)2 =78

89906 78— 49,555
20(1.15)

He is running towards S and at a distance 78 — 49.555~ 28.4 m away from S.
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12
(i)

0 0
l'r=|-1|+4|1|,AeR
2 4

-2

.. the Cartesian equation is 11x +8y —2z = -12

(i)

—2X+3y+z2=-4
11x+8y—-2z=-12

(iil)

.". the coordinates of C is (O—gé) )

YJCP1 Solutions
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(iv) | AB=0OB-0A

X 0
=/0|-| -1
0 2
X
=1
-2
AC =0C-0A
0 [°
=== |- _21
2
7
0
3
|7
12
7

Area of ABC, R= %‘EXE‘

X 0
:% 1 |x —%
—2 12/
12% :E 4x

_3% —X

(6)" +(4x)" +(—x)’

N |-~

_3
14

= i\/36 +16x%% + X°
14
:£%J36+17x2

12
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Z—R:ixl(36+17x2)_é(34x)
X 14 2
B 102x
 28436+17%2
B o1x
14+/36+17%
dx dx dR
when x :\/E,E:d—RxE
_1ay
51./5
154 .
:ﬁ units per second
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Section A: Pure Mathematics [40 marks]

1 Assequence Uj,U,,Ug, ... is given by
u =1 and u,,=nu +1 forn>1I.
Use the method of induction to prove that

n-1

0 =(-13 = [4]

r=0 r!
Hence, find the exact value of Iim( u”l)'. [1]

n—oo n_ !
2 Show that f(x) = SX 2 can be expressed as i+E+L, where A, B and
x(x-1)(x+2) x-1 x x+2

C are constants to be determined. [1]

Hence, find Zf(r). (There is no need to express your answer as a single algebraic
r=2

fraction.) [3]

Explain, with the aid of a sketch of y=f(x), x > 1, why Zf(r) > me(x) dx for
r=2

n>2. [2]

3 The parametric equations of a curve C are x=t—asint, y =tcost, where

—% <t S% and a is a constant. It is given that the normal to C at x = 0 is parallel to

the x-axis.

(i)  Show that a=1. [3]
(i)  Sketch C, giving the coordinates of any points of intersection with the axes.  [2]
(iii) Find the area of the region enclosed by C and the x-axis. [3]

4 The functions f and g are defined as follows.

2
fix— X +1, X >0,
2X

g: X 1 x>0.
X

(i) Determine whether the composite function gf exists. If it exists, define gf in a

similar form and find the range of gf. [4]
(i)  Give areason why f does not have an inverse function. [1]
(iii)  If the domain of f is further restricted to x > k, state the least value of k for which
the function f* exists. Find f*(x) and write down the domain of f™. [4]
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5 (i)  Solve the equation
2’ +64=0,
giving the roots in the form re'*, wherer>0and —r<a <. [3]

(i) The roots in part (i) represented by z, , where 1<n<6, are such that

—r <arg(z,) <arg(z,) <---<arg(z;) < z. Show the roots on an Argand diagram
and describe geometrically the relationship between the roots. [4]

The complex number w satisfies the equation ‘iw+4+4«f§i‘ =2.

(iii)  On the same Argand diagram, sketch the locus ‘iw+4+4x/§i‘ =2. [3]
(iv) Hence, find the maximum possible value of |w — z,|. [2]

Section B: Statistics [60 marks]

6 The CEO of a company with 40 000 employees wishes to investigate employees’
opinions about the food stalls in the staff canteen. 2% of the employees will be chosen
to take part in the survey. Explain briefly how the CEO could carry out a survey using

(i)  random sampling, [2]
(i) quota sampling. [2]
7 In a certain town, every car license plate number is a 4-digit number where the digits

are chosen from 1 to 9 and cannot be repeated.
Find the number of different car license plate numbers if

(i)  there are no restrictions, [1]
(if)  the digits of the car license plate number must not be in ascending order from left

to right, [2]
(iii) exactly one of the digits is an even number. [2]

Due to an increasing population, it is decided that the digits used in the car license plate

number can be repeated.

(iv) Find the number of different car license plate numbers where no digits can be
larger than the third digit. [2]

8 (a) Given that events X and Y are independent, prove that events X and Y ' are

independent. [2]
(b) For events A and B, it is given that P(A) = 0.5, P(B) = 0.6 and P(A'|B") =0.3.

Find

() P(AnB), [3]

(i) P(B'[A). [2]

Stating your reason, determine if events A and B are

(i) mutually exclusive, [1]

(iv) independent. [1]
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9 Rickie takes the train home after work on weekdays.
(i)  The number of days in a week where Rickie finds a seat on the train is denoted by
A. State, in context, two assumptions needed for A to be well modelled by a
binomial distribution. [2]

Assume now that A has the distribution B(5, 0.65).

(i)  Rickie is contented if he finds a seat on two or three days in a week. Using a
suitable approximation, find the probability that in a year (52 weeks), Rickie is
contented in no more than 30 weeks. [5]

10 In a certain country, it is to be assumed that the number of drug trafficking cases per
week can be modelled by the distribution Po(0.2) and the number of cigarette
trafficking cases per week can be modelled by the independent distribution Po(0.7).

(1)  Find the probability that, in a randomly chosen period of 8 weeks,
(a) the country has more than 6 drug trafficking cases, [2]
(b) the total number of drug and cigarette trafficking cases is fewer than 5.  [2]

(i) The probability that the country sees fewer than 2 drug trafficking cases in a
period of n weeks is less than 0.01. Express this information as an inequality in n,
and hence find the smallest possible integer value of n. [3]

(iii)  Give two reasons in context why the assumptions made at the start of the question
may not be valid. [2]

11 In this question, you should state clearly the values of the parameters of any normal
distribution you use.

The masses, in grams, of towels manufactured by companies Alpha and Bravo are
modelled as having independent normal distributions with means and standard
deviations as shown in the table.

Mean Standard Deviation
Alpha H 20
Bravo 275 15

(i) Given that 6.68% of the towels from Alpha have mass more than 380 grams,
show that the value of x is 350 grams, correct to 3 significant figures. [2]

Towels from Alpha and Bravo are soaked in water to investigate their absorbency. A
soaked towel from Alpha is 60% heavier than its dry towel, while a soaked towel from
Bravo is 50% heavier than its dry towel.

(i)  Find the probability that the total mass of 4 soaked towels from Alpha and 2
soaked towels from Bravo exceeds 3 kilograms. [4]

Page 4 of 5
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12 A new Burger Chain, Burger Queen, claims that the mean waiting time for a burger is
at most 4 minutes. The CEO of Burger Jack decides to record the waiting time, x
minutes, for a burger at Burger Queen at 80 different locations. The results are
summarised by

D (x-4)=25, > (x—4)" =140.

(i)  Find unbiased estimates of the population mean and variance. [2]
(i) Test, at the 1% level of significance, whether there is any evidence to doubt
Burger Queen’s claim. [4]

(iii) It is assumed that the standard deviation of the waiting time for a Burger Queen
burger is 1.5 minutes. Given that the mean waiting time at another 80 locations is
X , use an algebraic method to find the set of values of X for which Burger
Queen’s claim would not be rejected at the 10% level of significance. [3]

13 (i) Sketch a scatter diagram that might be expected when x and y are related
approximately as given in each of the cases (A), (B), (C) below. In each case your
diagram should include 6 points, approximately equally spaced with respect to X,
and with all x- and y- values positive. The letters a, b, c, d, e and f represent
constants.

(A) y=a+bx?, where a is positive and b is negative,
B) y= c+9, where both ¢ and d are positive,
X
(C) y=e+ fx, where e is positive and f is negative. [3]

An archaeologist found an unknown substance on an excavation trip. Research is being
carried out to investigate how the mass of the substance varies with time, measured
from when it is placed in a cooled chamber. Observations at successive times give the
data shown in the following table.

Time (x hours) 100 800 1500 3000 6000 8000
Mass (y grams) 25 8 5 4 35 3.3

(i)  Draw the scatter diagram for these values, labelling the axes. [1]
(iii) Explain which of the three cases in part (i) is the most appropriate for modelling
these values, and calculate the product moment correlation coefficient for this
case. [2]
(iv) Use the case that you identified in part (iii) to find the equation of a suitable
regression line and estimate the time when the mass of the substance is 10 grams.
Comment on the reliability of the estimate. [3]

~ End of Paper ~
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Qn | Solution

n-1
Let Pn be the statement “u. =(n —1)!21I ”
r=o I':
Whenn=1, L.H.S.=u1=1(Given)
RH.S = (1-1)!(% _q
0!

Hence, Py is true.

Assume that P is true for some ke Z",
k-1
ie, u, =(k-1)! i.
r=0 r!

k
To show Py+1 is true, ie, u, ., = (k)! il .
r—o I
U, =ku, +1
k-1 1
= -1)! -
k(k-1)1y] +1

r—o I

Therefore, Py is true = P41 IS true

By Mathematical Induction, Py is true for alln > 1.
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2 Jfpgo -2 _ 1 1 2
_x(x—l)(x+2) X—1 X X+2

Zn:f(r) :Zn“(ril-FE_ 2 ]

r r+2

i (1 2 2 j
= —— _+_+_

3 n n+l n+2
y & L y=f(x)
f(2) f--+--
x=1. 2 3 4 5 nntl )

From the above diagram,
Sum of areas of (n—1) rectangles
> Area under graph of y = f(x) from x = 2 to n+1

WF(2) +OF @)+ OF(4) +...+ D (n) > L””f(x) dx .- Zn:f(r)> Ln+lf(x) dx
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3(i)

Xx=t—asint y=tcost

% =1-acost d_y: —tsint+cost
dt dt

dy _dy ot
dx dt dx
_ —tsint+cost
~ 1-acost

normal parallel to x-axis =1—acost=0

Whenx =0, t—asint=0 ----- 2
Sub (1) into (2): t—tant=0

. T /4
From GC, t = 0 (since _EStSE)

Subinto (1): a= 1 =1 (shown)
cos0

(i)

» X

(0.571, 0)

(iii)

Area of region

J'lo_,z, y dx

+IE_1y dx

+j05tcost(1—cost)dt

j_ogtcost(l—cost) dt
2

=0.408
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4(1)

gf exists when R, = D, .

Since R, =[1,0) < (0,) = D, . therefore gf exists.

x2+1
gf(X)zg( o ]

4(ii)

The line y = 2 cuts the graph of f more than once. Hence, f is not a one—one function.
Therefore, f does not have an inverse.

A(iii)

From the graph, least value of k = 1

X2 —2yx+1=0

_ 2y+./4y* -4 _

2

Sincex>1,x=y+4y -1
f1(x) = x+Vx*-1,x>1

X yEy* -1
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5(i)

(i)

(iii)

2% =— 64 =64¢"
= 64e*V keZ
2k +1

z:2ei( 6 ]”,kzo,il,iZ,—3

Z= Ze{%], Ze{%j, 2ei(_%j, 2ei[%ﬂ), 2ei(“

[ 57

Z, = Ze{_ ° j z, = 2ei(_%) 7, = 2ei(_%)

T T

NC I P

The 6 points representing the 6 roots are the vertices of a regular hexagon.

liw+ 4 +4-/3i| =2
li||w—i(4+43i)=2
W — (—4+/3+ 4i)| =2

Im(z) A
4)

liw + 4 + 4/3i| = 2 ié)(: \ 2

l

! ,/\' 1
\’(, O \)(2

R;e(z)
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() As arg (—4«/§+ 4i) = % O, C and B are collinear.
Hence, maximum |w — z,| =|w — z3| = AB
=0C+CA+0B
= (4\/5)2 +4% 4242
=12
6(i) | Number the employees from 1 to 40 000. Randomly select 800 numbers using a random
number generator. The employees corresponding to these 800 numbers are selected for
the survey.
The manager can survey the first 400 male employees and first 400 female employees
(it) | who step into the canteen on a particular day.
7(i) | Noofways = 9x8x7x6
= 3024
(i) | No of ways = 3024—C?
= 2898
(i) No of ways = C;' x C; x 4!
=960
. 9
(V) | No of ways= >’
r=1
= 2025
8(@) | P(XNY)=P(X)-P(X NY)
=P(X)—-P(X)xP(Y) since X and Y are ind.
=PXOR-P((Y)]
=P(X)xP(Y")
Since P(X NY ) =P(X)xP(Y"),events X and Y ' are independent.
(b) P(A’|B")=0.3
() |PANB)_ 43
P(B)
P(A'mB")=0.3x(1-0.6)
=0.12
P(AuUB)=1-0.12=0.88
P(AuB)=P(A)+P(B)-P(AnB)
P(AnB)=0.5+0.6-0.88
=0.22
6
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(i)

(iii)

(iv)

P(B'nA) =P(A)—P(ANB)
=0.5-0.22=0.28

_P(B'nA)

~P(A)

0.8

=——=0.56
0.5

P(B'A)

Since P(AnB)=0.22#0,
events A and B are not mutually exclusive

P(ANB)=0.22
P(A)xP(B) =0.5x0.6=0.3

Since P(AnB) = P(A)xP(B), events A and B are not independent.

9(i)

(i)

(1) The probability of Rickie finding a seat on the train is constant every weekday.

(2) The event of Rickie finding a seat on the train on one weekday is independent of the
other weekdays.

A~B(5, 0.65)
P(A=2or3)=P(A<3)-P(A<1)
=0.51756

Let X be the number of weeks, out of 52, that Rickie is contented.
Then X ~B(52, 0.51756)
Since n =52 is large, np = 52(0.51756)=26.91312 > 5,

nq = 52(1-0.51756)=25.08688 > 5,
X ~N(26.91312, 52x0.51756 x (1—0.51756)) approx.
i.e. X ~N(26.91312,12.98397) approx.
P(X <£30) > P(X <30.5) using continuity correction
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10(i)
(€))

(i)
(b)

(i)

(iii)

Let X and Y be the r.v. “number of drug trafficking and cigarette trafficking cases in 8
weeks respectively”.
Then X~Po(1.6), Y ~ Po(5.6)

P(X >6)=1-P(X <6)
~0.00134 (3s.f)

X+Y~Po(7.2)
P(X+Y <5)=P(X +Y <4)
~0.156 (3s.f)

Let W be the number of drug trafficking cases in a period of n weeks.
Then W~Po(0.2n)
PW <2)<0.01

P(W <1)<0.01
e " +0.2n(e**") < 0.01

Using GC,

If n=233, P(W <1)=0.0103>0.01

If n =34, P(W <1)=0.00869 < 0.01

.. smallest possible integer value of n is 34.

Alternative method: Plot graph
Using GC, n>33.19176
.. smallest possible integer value of n is 34.

The number of drug and cigarette trafficking cases per week may decrease after police’s
raids so the trafficking cases may not occur with a constant average rate.

A person can be both a drug and cigarette trafficker so the drug trafficking cases and
cigarette trafficking cases may not be independent.

11(3i)

Let A and B be the mass of a randomly chosen towel from Alpha and Bravo
respectively.

P(A>380) = 0.0668

P(A<380)=0.9332

p(z <3804
20

) =0.9332

380 - i

Using GC, =1.5000556
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(i)

380 11 = 30.001112
1 = 349.998888
=350 (3s.f)

T=16(A+A+A +A)+15(B +B,)
~ N(1.6x4x350+1.5x2x 275, 1.6* x 4x 20° +1.5* x 2x15%)
i.e. T ~N(3065, 5108.5)

P(T >3000) = 0.81843...

12(3i)

(i)

(iii)

_ Xx—4
Unbiased estimate of population mean, x = %Jf 4

_ 254 = 43125
80

2
Unbiased estimate of population variance, s :i 140—Zi
80-1 80

=1.673259...

Ho:u=4
H:u>4

Under H,, the test statistic is Z = X=p N(0,1) approx. (by CLT), where

S/\n
u=4, x=43125 s*=1.6733, n=80
Level of significance=1%
Using GC, p-value=0.015357 (5 s.f)
Since p-value=0.015357>0.01, we do not reject H,and conclude that at the 1% level,

there is no sufficient evidence to doubt Burger Queen’s claim.

Critical value=1.28155
In order not to reject H,,

x—4
15180
X <4.2149...

Required set = {x e R : x < 4.21}

<1.28155
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13(3i)

(A) y=a+bx*, where a is positive and b is negative

Ya
X
X
X
X
X
X
> x
d -
(B) y =c+—, where both ¢ and d are positive
X
Y a
X
X
X X X X
X

(C)y =e+ fx, where e is positive and f is negative

y A

v
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(i)

(iii)

(iv)

Y a
X (100, 25)

X (8000,3.3)
X X X

>

»X

Case (B) is the most appropriate because as x increases, y decreases at a decreasing rate.
From GC, r =0.994981...
~ 0.995 (3s.f)

2154.915
X

From GC, y =3.62896 +

y:3.63+i)(50(3 sf)

2154.915
X

Wheny =10, 10 =3.62896 +

X ~ 338 (3s.9)

The estimate is likely to be reliable as y =10 is within the range of giveny values and r
value is close to 1.
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